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Abstract
This paper proposes a modified adaptive sliding-mode control technique and
investigates the reduced-order and increased-order synchronization between two
different fractional-order chaotic systems using the master and slave system
synchronization arrangement. The parameters of the master and slave systems are
different and uncertain. These systems exhibit different chaotic behavior and
topological properties. The dynamic behavior of the proposed synchronization
schemes is more complex and unpredictable. These attributes of the proposed
synchronization schemes enhance the security of the information signal in digital
communication systems. The proposed switching law ensures the convergence of
the error vectors to the switching surface and the feedback control signals guarantee
the fast convergence of the error vectors to the origin. Lyapunov stability theory
proves the asymptotic stability of the closed-loop. The paper also designs suitable
parameters update laws the estimate the unknown parameters. Computer-based
simulation results verify the theoretical findings.
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1 Introduction
Recently, the study of fractional calculus has attracted a great attention due to its poten-
tial applications in various fields [1–5]. As a branch of mathematical analysis, fractional
calculus can be considered as the generalization of the conventional calculus. Most of the
systems in interdisciplinary fields can be described via fractional calculus [6–14]. More-
over, fractional-order model can provide an explicit description and gives a further insight
into physical process. That is, fractional-order systems can serve as a valuable tool in the
modeling of many phenomena. Due to the fact that fractional calculus provides another
good way to describe, predict, and control physical systems accurately, it has been ap-
plied to control system, physics, and system modeling. With the development of interdis-
ciplinary applications, it has been investigated that various research fields can be elegantly
described with the help of fractional derivatives, such as viscoelastic bodies, quantitative
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finance, dielectric polarization, electromagnetic waves, and polymer physics. On the other
hand, there exist many significant differences between fractional-order system and the
corresponding integer-order differential systems. As compared to the integer-order sys-
tem, the fractional-order nonlinear system can display a richer dynamical behavior, such
as showing various bifurcations under certain conditions which are different from the cor-
responding integer-order system.

Synchronization of chaos occurs in a process where in two (or many) chaotic systems
(either equivalent or inequivalent) have a common behavior due to diffusive and multi-
plicative couplings [15, 16]. The idea underlying the phenomenon of synchronization of
chaos is that two chaotic systems may evolve on different attractors, but when coupled,
they initially start on different attractors and then somehow eventually follow a common
trajectory. Such a synchronization between two systems is achieved when the trajectories
of the systems are equal, which is the case when one of the two systems changes its tra-
jectory to follow that of the other system or when both systems follow a new common
trajectory. Nowadays, after the pioneering work of Pecora and Carroll [17], various types
of chaos synchronization such as complete synchronization [18, 19], phase synchroniza-
tion [20, 21], generalized synchronization [22, 23], lag synchronization [24, 25] projective
synchronization [26, 27], Q–S synchronization [28], amplitude envelope synchronization
[29], anticipated and lag synchronization [30, 31] have been described. There are many
methods of synchronization, such as the active control, adaptive control, linear or nonlin-
ear feedback control, and sliding mode control [32–49]. The fractional-order of the chaotic
systems effects the transient performance of the chaotic synchronization, it has been in-
vestigated that the error in the synchronization of fractional-order systems decreases if
the fractional order is increased. In other words, for the larger value of the fractional-
order, synchronization starts earlier [50]. Using a nonlinear feedback control technique,
[51] investigates that the chaotic and hyperchaotic systems with fractional orders are syn-
chronized, while their integer orders do not, so the aim of the present article is to develop
a technique which will serve the purpose of synchronization of fractional order as well as
integer-order chaotic systems.

The main object of this paper is to study the synchronization of the fractional-order
chaotic with different order and with unknown parameters using the modified adaptive
sliding-mode controller. Synchronization controller and parameter identification tech-
nique are designed based on the Lyapunov stability method. Computer simulations based
on the Adams–Bashforth–Moulton method support the theoretical findings. The orga-
nization of this paper is as follows. In Sect. 2, preliminaries of fractional-order calculus
is presented. In Sect. 3, presents a methodology for the modified adaptive sliding-mode
synchronization controller design. Two simulations examples are presented to verify the
effectiveness of the proposed method in Sects. 4 and 5. Finally, a conclusion in Sect. 6
closes the work.

2 Properties of fractional derivative
Fractional calculus is a generalization of integration and differentiation to a non-integer-
order integro-differential operator aDα

t defined by

aDα
t =

⎧
⎪⎪⎨

⎪⎪⎩

dα

dtα , R(α) > 0,

1, R(α) = 0,
∫ t

a (dτ )–α , R(α) < 0,

(1)
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where α is the fractional order which can be a complex number, R(α) denotes the real
part of α and a < t, a is the fixed lower terminal and t is the moving upper termi-
nal. There exist several definitions for fractional derivatives and fractional integrals like
the Riemann–Liouville, Caputo, Hadamard, Riesz, Griinwald–Letnikov [52–55]. The two
most commonly used are Riemann–Liouville and Caputo definitions. Each definition uses
Riemann–Liouville fractional integration and derivatives of whole order. The difference
between the two definitions is in the order of evaluation. Caputo’s definition which is a
modification of Riemann–Liouville definition has the advantage of dealing properly with
initial value problems in which the initial conditions are given in terms of the field vari-
ables and their integer order which is the case in most physical processes. The commonly
used definition is the Riemann–Liouville definition, defined by

aDα
t x(t) =

dn

dtn Jn–α
t x(t), α > 0, (2)

where n = �α�, i.e., n is the first integer which is not less than α. Jϕ is the fractional
Riemann–Liouville integral operator which is described as follows:

Jϑ
t ϕ(t) =

1
Γ (ϑ)

∫ t

0

ϕ(υ)
(t – υ)1–ϑ

dυ, (3)

with 0 < ϑ ≤ 1, Γ (·) is the gamma function. The Caputo differential operator of fractional
order α is defined as

cDα
t x(t) = jn–α

t xn(t), α > 0, (4)

where n = �α�.

Lemma 1 For Riemann–Liouville derivatives if s > n ≥ 0, α and β are integers such that
0 ≤ α – 1 ≤ s < α, 0 ≤ β – 1 ≤ n < β , then we obtain [1]

aDs
t
(

aD–n
t x(t)

)
= aDs–n

t x(t). (5)

Lemma 2 For Riemann–Liouville derivatives if s, n ≥ 0, α and β are integers such that
0 ≤ α – 1 ≤ s < α, 0 ≤ β – 1 ≤ n < β , then we obtain [1]

aDs
t
(

aDn
t x(t)

)
= aDs+n

t x(t) –
n∑

j=1

[
aDn–j

t x(t)
]

t=a
(t – a)–s–j

Γ (1 – s – j)
. (6)

3 Problem description
Given the fractional-order chaotic system, i.e., the drive system is

Dq
t xd = f (xd) + F(xd)α, (7)

where xd ∈ Rm is the state vector of system (7), α ∈ Rk is the unknown parameter vector
of the system, f (xd) : Rm → Rm, F(xd) : Rm → Rm×k . On the other hand, the controlled
response system is given by

Dq
t xr = f (xr) + F(xr)β + u, (8)
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where xr ∈ Rn is the state vector of the system, β ∈ R	 is the unknown parameter vector
of the system, f (xr) : Rn → Rn, F(xr) : Rn → Rn×	, U ∈ Rn. When order m = n, 	 = k and
the functions f (xd) = f (xr), F(xd) = F(xr), the response system is identical to the drive sys-
tem, and the synchronization problem has been well studied. When two systems satisfy
the condition m �= n (of course f (xd) �= f (xr), and F(xd) �= F(xr)), that is, the order of the
response system is lower or higher than that of the drive system, the synchronization is
only attained in reduced order or increased order. The aim of this section is to address
the synchronization of two coupled fractional-order chaotic systems via modified adap-
tive sliding mode control with different order, namely, reduced-order synchronization and
increased-order synchronization.

3.1 Reduced-order synchronization of fractional-order chaotic systems
To achieving reduced-order synchronization of fractional-order chaotic systems via mod-
ified adaptive sliding mode control, we divide the drive system into two parts,

Dq
t xdı = fı(xd) + Fı(xd)α, (9)

where xdı ∈ Rn, fı : Rm → Rn, and Fı : Rm → Rn×k . Furthermore,

Dq
t xdj = f (xdj ) + F(xdj )α, (10)

where xj ∈ Rv, fj : Rm → Rv, Fj : Rm → Rv×k and orders n, v satisfy n+v = m. The dynamics
of the reduced-order synchronization errors can be expressed as

Dp
t e(t) = f (xr) + F(xr)β – fı(xd) – Fı(xd)α + u, (11)

where e = xr – xdı . Our goal is to introduce a modified adaptive sliding-mode procedure
to design the controller u to make the controlled uncertain response system synchronous
with master system asymptotically, such that

lim
t→∞‖e‖ = lim

t→∞‖xr – xdı ‖ = 0. (12)

In accordance with the design procedure used for a modified adaptive sliding-mode con-
trol, if the nonlinear control function u is selected in (8) as follows:

u = fı(xd) + Fı(xd)α – f (xr) – F(xr)β + Dp–1
t

[

Fı(xd)(α̂ – α) – F(xr)(β̂ – β)

–
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))
– w(t)k

]

, (13)

where α̂, β̂ are estimate values of the unknown parameters and k = [k1, k2, . . . , kn]T is a
constant gain vector. Now, substituting u into the synchronization error system (11) yields
a form that is comfortable for the oncoming stability analysis:

Dp
t e(t) = Dp–1

t

[

Fı(xd)(α̂ – α) – F(xr)(β̂ – β) –
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))

– w(t)k
]

. (14)
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Here w(t) ∈ R is a control input and can be determined as

w(t) =

⎧
⎨

⎩

w+(t), s(e) ≥ 0,

w–(t), s(e) < 0,
(15)

where s = s(e) is a switching surface which introduces the desired sliding dynamics. The
sliding surface function is designed as

s(e) = ce, (16)

where c = [c1, c2, . . . , cn] is a constant vector. There are necessary two conditions for the
state trajectory on the sliding surface:

s(e) = 0 and ṡ(e) = 0. (17)

The second condition is a necessary condition to constrain the state trajectory to stay on
the switching surface s(e) = 0. In accordance to the sliding-mode design strategy, we design
the sliding mode as follows:

w(t) =
[

s
|s| + γ

]

, (18)

where γ > 0. The update laws parameters are defined as

˙̂α = –
[
Fı(xd)

]T
λ,

˙̂
β =

[
F(xr)

]T
λ,

(19)

where λ = scT .

Theorem 1 Considering the error dynamic systems (14) with control laws (13) that obeys
update laws parameters in (19). Then the error dynamic systems trajectories will converge
to the sliding surface s(t) = 0.

Proof Consider the following Lyapunov candidate function:

V =
1
2
[
s2 + α̃T α̃ + β̃T β̃

]
, (20)

where α̃ = α̂ – α and β̃ = β̂ – β . The time derivative of (20) is

V̇ =
[
sėT cT + α̃T ˙̃α + β̃T ˙̃

β
]
. (21)

Using (6) in (21) yields V̇ :

V̇ = s
[

Dp–1
t

(
Dp

t e
)

+
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))

]T

cT + α̃T ˙̃α + β̃T ˙̃
β . (22)



Al-sawalha Advances in Difference Equations        (2020) 2020:417 Page 6 of 17

From (14) and (21), we obtain

V̇ = s
[

Dp–1
t

(

Dp–1
t

[

Fı(xd)α̃ – F(xr)β̃ –
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))

–
s

|s| + γ
k
])

+
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))

]T

cT + α̃T ˙̃α + β̃T ˙̃
β , (23)

since ∀p ∈ [0, 1], (1 – p) > 0 and (p – 1) < 0. Now, using (5) and (19), (23) reduces to

V̇ = s
[(

Fı(xd)α̃ – F(xr)β̃ –
(
Dq–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))
–

s
|s| + γ

k
)

+
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))

]T

cT + α̃T ˙̃α + β̃T ˙̃
β , (24)

V̇ = s
(

Fı(xd)α̃ – F(xr)β̃ –
s

|s| + γ
k
)T

cT – α̃T Fı(xd)Tλ + β̃T F(xr)Tλ. (25)

Then (25) yields

V̇ = –ck
[

s2

|s| + γ

]

< 0. (26)

Since s2 > 0 and |s| > 0 both hold true, when e �= 0 and ck > 0, the inequality V̇ < 0 holds.
According to the Lyapunov stability theory [56] V is positive-definite, and V̇ is negative-
definite. Thus, the trajectories of the fractional error dynamical system (14) asymptotically
converge to s(t) = 0. Therefore, the state variables of the of the drive system (9) and the
states variables of the response (8) system can be synchronized asymptotically and globally
with the control law (13) and the adaptive parameter update laws (19). Here, the proof is
completed. �

3.2 Increasing-order synchronization of fractional-order chaotic systems
To formulate the adaptive increasing-order problem, we consider response system as fol-
lows:

Dq
t xr ı = fı(xr ı) + Fı(xr ı)β + uı(xd, xr ı), (27)

the response system xr ı ∈ Rn is the state vector of system (27), β ∈ R	 is the vector of
system parameters, fı(xr ı) : Rn → Rn, Fı(xr ı) : Rn → Rn×	, uı(xd, xr ı) ∈ Rn is the control
input, hence, the controlled response system is rewritten as follows:

Dq
t xr = f (xr) + F(xr)β + u(xd, xr), (28)

where

xr =

(
xr ı

xrj

)

, f (xr) =

(
fı(xr ı)

0

)

, F(xr) =

(
Fı(xr ı)

0

)

,

u(xd, xr) =

(
uı(xd, xr ı)
uj (xd, xrj )

)

, xrj , uj ∈ Rm–n.
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The dynamics of the add-order synchronization errors can be expressed as

Dp
t e(t) = f (xr) + F(xr)β – f (xd) – F(xd)α + u, (29)

where e = xr – xd . Our aim is to design a suitable adaptive sliding-mode controller u to
achieve the add-order synchronization between two different systems i.e.,

lim
t→∞‖e‖ = lim

t→∞‖xr – xd‖ = 0. (30)

In accordance with the design strategy for adaptive sliding-mode control, we choose the
input signal vector as follows:

u = f (xd) + F(xd)α – f (xr) – F(xr)β + Dp–1
t

[

F(xd)(α̂ – α) – F(xr)(β̂ – β)

–
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))
–

s
|s| + γ

k
]

, (31)

where α̂, β̂ are estimate values of the unknown parameters and k = [k1, k2, . . . , kn]T is a
constant gain vector. Substituting a particular expression for u and (31) into the error
dynamics (29) yields a form that is convenient for the forthcoming stability analysis:

Dp
t e(t) = Dp–1

t

[

F(xd)(α̂ – α) – F(xr)(β̂ – β) –
(
Dp–1

t e(t)
) (t)–(p–1)–1

Γ (–(p – 1))

–
s

|s| + γ
K

]

. (32)

The laws for updating parameters can be specified as follows:

˙̂α = –
[
F(xd)

]T
λ,

˙̂
β =

[
F(xr)

]T
λ,

(33)

where λ = sCT . The following theorem introduces the necessary conditions for verify-
ing the stability of the error system in (29): Assume a positive Lyapunov function V =
1
2 (s2 + α̃T α̃ + β̃T β̃], where α̃ = α̂ – α and β̃ = β̂ – β . With the choice of the updating laws
(33) and reasonable control function u, the time derivative of V along the solution in (32)
will be smaller than zero. In other words, the error vector will approach zero as time goes
to infinity, and from Lyapunov stability theory [56], the states of the (28) system is asymp-
totically synchronized with the drive system (27). This completes the proof.

4 Reduced-order synchronization of fractional-order hyperchaotic Lorenz and
fractional-order chaotic Lorenz systems via modified adaptive sliding mode
control

To observe the reduced–order synchronization between the fractional-order hyper-
chaotic Lorenz [57] and fractional-order chaotic Lorenz [58] systems via modified adap-
tive sliding mode control, we assume that the x – y – z projection of the fractional-order
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hyperchaotic Lorenz systems is the drive system and it can be presented in the form of

Dp1
t x1 = a1(y1 – x1) + w1,

Dp2
t y1 = b1x1 – x1z1 – y1,

Dp3
t z1 = x1y1 – c1z1,

(34)

and the response system can be presented in the form of

Dp1
t x2 = a2(y2 – x2) + u1,

Dp2
t y2 = b2x2 – x2z2 – y2 + u2,

Dp3
t z2 = x2y2 – c2z2 + u3,

(35)

where the variables (u1, u2, u3)T are controllers to be designed. Let e1 = x2 – x1, e2 = y2 – y1,
e3 = z2 – z1. Then, we get the following error dynamic system between the drive (34) and
response (35) systems:

Dp1
t e1 = a2(y2 – x2) – a1(y1 – x1) – w1 + u1,

Dp2
t e2 = b2x2 – x2z2 – y2 – b1x1 + x1z1 + y1 + u2,

Dp3
t e3 = x2y2 – c2z2 – x1y1 + c1z1 + u3.

(36)

The goal of the modified adaptive sliding-mode control is to find an effective controller
function (u1, u2, u3)T capable synchronizing the states of the response and drive systems
with a parameter estimation update law. An appropriate sliding surface can be chosen as

s(e) = e1 + e3,

w(t) =
s

|s| + 0.01
.

(37)

It is assumed that the constant vectors are c = (1, 0, 1), k = (2, 0, 40)T , and γ = 0.01. The
adaptive sliding-mode controller of the error dynamic system (36) can be calculated as
follows:

u1 = –a2(y2 – x2) + a1(y1 – x1) + w1 + Dp1–1
t

[

–â2(y2 – x2) + â1(y1 – x1)

–
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))
–

2s
|s| + 0.01

]

,

u2 = –b2x2 + x2z2 + y2 + b1x1 – x1z1 – y1 + Dp2–1
t

[

–b̂2x2 + b̂1x1

–
(
Dp2–1

t e2(t)
) (t)–(p2–1)–1

Γ (–(p2 – 1))

]

,
(38)

u3 = –x2y2 + c2z2 + x1y1 – c1z1 + Dp3–1
t

[

ĉ2z2 – ĉ1z1

–
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))
–

40s
|s| + 0.01

]

.
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The adaptive laws for estimating the parameters â1, b̂1, ĉ1, â2, b̂2, and ĉ2 are chosen as
follows:

˙̃a1 = –(y1 – x1)s,

˙̃b1 = x1s,

˙̃c1 = z1s,

˙̃a2 = (y2 – x2)s,

˙̃b2 = x2s,

˙̃c2 = –z2s.

(39)

Theorem 2 The state variables of the response system (35) and and the states variables
of (x – y – z) projection of the drive system (34) can be synchronized asymptotically and
globally for all initial conditions using the control law (38) and the adaptive parameter
update laws (39).

Proof Substituting (38) into (36), this yields

Dp1
t e1 = Dp1–1

t

[

–ã2(y2 – x2) + ã1(y1 – x1) –
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

–
2s

|s| + 0.01

]

,

Dp2
t e2 = Dp2–1

t

[

–b̃2x2 + b̃1x1 –
(
Dp2–1

t e2(t)
) (t)–(p2–1)–1

Γ (–(p2 – 1))

]

,

Dp3
t e3 = Dp3–1

t

[

c̃2z2 – c̃1z1 –
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))
–

40s
|s| + 0.01

]

,

(40)

where ã1 = â1 – a1, b̃1 = b̂1 – b1, c̃1 = ĉ1 – c1, ã2 = â2 – a2, b̃2 = b̂2 – b2, and c̃2 = ĉ2 – c2. We
select a Lyapunov function candidate in the form of

V =
1
2
(
s2 + ã2

1 + b̃2
1 + c̃2

1 + ã2
2 + b̃2

2 + c̃2
2
)
. (41)

Taking the derivative of (41) with respect to time using (6), one has

V̇ = (sṡ + ã1 ˙̃a1 + b̃1
˙̃b1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + b̃2

˙̃b2 + c̃2 ˙̃c2)

=
(

s
[

D1–p1
t

(
Dp1

t e1(t)
)

+
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

]

+ s
[

D1–p3
t

(
Dp3

t e3(t)
)

+
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))

]

+ ã1 ˙̃a1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + c̃2 ˙̃c2

)

= s
[

D1–p1
t

(

Dp1–1
t

[

–ã2(y2 – x2) + ã1(y1 – x1) –
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

–
2s

|s| + 0.01

])

+
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

]

+ s
[

D1–p3
t

(

D1–p3
t

[

c̃2z2 – c̃1z1
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–
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))
–

40s
|s| + 0.01

])

+
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))

]

+ ã1 ˙̃a1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + c̃2 ˙̃c2, (42)

since ∀p ∈ [0, 1], (1 – p) > 0 and (p – 1) < 0. Now, using (5) and introducing update laws
(39), in (42) one obtains

V̇ = s
(

–ã2(y2 – x2) + ã1(y1 – x1) –
2s

|s| + 0.01

)

+ s
(

c̃2z2 – c̃1z1 –
40s

|s| + 0.01

)

+ ã1
(
–(y1 – x1)s

)
+ c̃1(z1s) + ã2

(
(y2 – x2)s

)
+ c̃2(–z2s). (43)

Then (43) reduces to

V̇ = –
42s2

|s| + 0.01
. (44)

Since s2 > 0 and |s| > 0 both hold true, when e �= 0 and ck > 0, the inequality V̇ < 0 holds.
According to the Lyapunov stability theory [56], V is positive-definite, and V̇ is negative-
definite. Thus, the trajectories of the fractional error dynamical system (36) asymptotically
converge to s(t) = 0. Therefore, the state variables of (x – y – z) projection of the drive sys-
tem (34) and the states variables of the response (35) system can be synchronized asymp-
totically and globally with the control law (38) and the adaptive parameter update laws
(39). Here, the proof is completed. �

In the numerical simulations, the Adams–Bashforth–Moulton method is used to solve
systems. The uncertain parameters are set to a1 = 10, b1 = 28, c1 = 8/3, a2 = 10, b2 = 28,
c2 = 8/3. The initial values of the fractional-order drive and response systems (34)–
(35) and the estimated parameters are, respectively, and arbitrarily set in simulations to
x1(0) = 12, y1(0) = 22, z1(0) = 31, w1(0) = 4, x2(0) = 0, y2(0) = 1, and z2(0) = 2 and ã1(0) = 10,
b̃1(0) = 10, c̃1(0) = 10, ã2(0) = 10, b̃2(0) = 10 and c̃2(0) = 10. Figures 1–2 depict the mod-

Figure 1 State trajectories of drive system (34) and response system (35): (a) signals x1 and x2; (b) signals y1
and y2; (c) signals z1 and z2. in (x – y – z) projection
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Figure 2 (a) error signals between the drive system (34) and the response system (35) systems, (b)–(c):
Estimated values for unknown parameters in (x – y – z) projection

ified adaptive sliding-mode synchronization of systems (34)–(35) via the adaptive con-
trol laws (38) and (39). Figure 1(a)–(c) displays the steady-state trajectories of the drive
(34) and the response (35) systems. Figure 2 (a) displays the synchronization errors e1, e2,
and e3 as functions of time t. Figure 2(b)–(c) displays the temporal response of the esti-
mated parameter values ã1, b̃1, c̃1, ã2, b̃2, and c̃2 of the drive (34) and the response (35)
systems.

5 Increasing-order synchronization of fractional-order hyperchaotic Lü and
fractional-order chaotic Lü systems via modified adaptive sliding mode
control

This section investigates the increase–order synchronization behavior via modified adap-
tive sliding mode control. The drive system is assumed to be a fractional-order hyper-
chaotic Lü [59] while the fractional-order chaotic Lü [60] system is taken as the response.
The definitions of both systems have unknown parameters:

Dp1
t x1 = a1(y1 – x1) + w1,

Dp2
t y1 = b1y1 – x1z1,

Dp3
t z1 = x1y1 – c1z1,

Dp4
t w1 = x1z1 + r1w1,

(45)

and

Dq1
t x2 = a2(y2 – x2) + u1,

Dq2
t y2 = –x2z2 + b2y2 + u2,

Dq3
t z2 = x2y2 – c2z2 + u3,

Dp4
t w2 = u4,

(46)
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where the variables (u1, u2, u3, u4)T are controllers to be designed. Let e1 = x2 – x1, e2 =
y2 – y1, e3 = z2 – z1 and e4 = w2 – w1. Then, we get the following error dynamic system
between the drive (45) and response (46) systems:

Dp1
t e1 = a2(y2 – x2) – a1(y1 – x1) – w1 + u1,

Dp2
t e2 = –x2z2 + b2y2 – b1y1 + x1z1 + u2,

Dp3
t e3 = x2y2 – c2z2 – x1y1 + c1z1 + u3,

Dp4
t e4 = –x1z1 – r1w1 + u4.

(47)

The goal of the modified adaptive sliding-mode control method is to find proper control
functions ui (i = 1, 2, 3, 4) capable of synchronizing the states of the response and drive
systems with fully unknown parameters. Then, the switching surface is described as

s(e) = e1 + e3,

w(t) =
s

|s| + 0.01
.

(48)

It is assumed that the constant vectors are c = (1, 0, 1, 0), k = (7, 0, 10, 0)T , and γ = 0.01.
The adaptive sliding-mode controller of the error dynamic system (47) can be calculated
as follows:

u1 = –a2(y2 – x2) + a1(y1 – x1) + w1 + Dp1–1
t

[

–â2(y2 – x2) + â1(y1 – x1)

–
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))
–

7s
|s| + 0.01

]

,

u2 = x2z2 – b2y2 + b1y1 – x1z1 + Dp2–1
t

[

b̂1y1 – b̂2y2 –
(
Dp2–1

t e2(t)
) (t)–(p2–1)–1

Γ (–(p2 – 1))

]

,

u3 = –x2y2 + c2z2 + x1y1 – c1z1 + Dp3–1
t

[

ĉ2z2 – ĉ1z1 –
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))

–
10s

|s| + 0.01

]

,

u4 = x1z1 + r1w1 + Dp4–1
t

[

r̂1w12 –
(
Dp4–1

t e4(t)
) (t)–(p4–1)–1

Γ (–(p4 – 1))

]

.

(49)

The adaptive laws for estimating the parameters â1, b̂1, ĉ1, â2, b̂2, and ĉ2 are chosen as
follows:

˙̃a1 = –(y1 – x1)s,

˙̃b1 = –y1s,

˙̃c1 = z1s,

˙̃r1 = –w1s, (50)

˙̃a2 = (y2 – x2)s,
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˙̃b2 = y2s,

˙̃c2 = –z2s.

Theorem 3 The state variables of the of the drive system (45) and the states variables
of the response (46) system can be synchronized asymptotically and globally for all initial
conditions using the control law (49) and the adaptive parameter update laws (50).

Proof Substituting (49) into (47), this yields

Dp1
t e1 = Dp1–1

t

[

–ã2(y2 – x2) + ã1(y1 – x1) –
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

–
7s

|s| + 0.01

]

,

Dp2
t e2 = Dp2–1

t

[

b̃1y1 – b̃2y2 –
(
Dp2–1

t e2(t)
) (t)–(p2–1)–1

Γ (–(p2 – 1))

]

,

Dp3
t e3 = Dp3–1

t

[

c̃2z2 – c̃1z1 –
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))
–

10s
|s| + 0.01

]

,

Dp4
t e4 = Dp4–1

t

[

r̃1w12 –
(
Dp4–1

t e4(t)
) (t)–(p4–1)–1

Γ (–(p4 – 1))

]

,

(51)

where ã1 = â1 – a1, b̃1 = b̂1 – b1, c̃1 = ĉ1 – c1, r̃1 = r̂1 – r1 ã2 = â2 – a2, b̃2 = b̂2 – b2, and
c̃2 = ĉ2 – c2. We select a Lyapunov function candidate in the form of

V =
1
2
(
s2 + ã2

1 + b̃2
1 + c̃2

1 + r̃2
1 + ã2

2 + b̃2
2 + c̃2

2
)
. (52)

Taking the derivative of (52) with respect to time using (6), one has

V̇ = (sṡ + ã1 ˙̃a1 + b̃1
˙̃b1 + c̃1 ˙̃c1 + r̃1 ˙̃r1 + ã2 ˙̃a2 + b̃2

˙̃b2 + c̃2 ˙̃c2)

=
(

s
[

D1–p1
t

(
Dp1

t e1(t)
)

+
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

]

+ s
[

D1–p3
t

(
Dp3

t e3(t)
)

+
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))

]

+ ã1 ˙̃a1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + c̃2 ˙̃c2

)

= s
[

D1–p1
t

(

Dp1–1
t

[

–ã2(y2 – x2) + ã1(y1 – x1) –
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

–
7s

|s| + 0.01

])

+
(
Dp1–1

t e1(t)
) (t)–(p1–1)–1

Γ (–(p1 – 1))

]

+ s
[

D1–p3
t

(

D1–p3
t

[

c̃2z2 – c̃1z1

–
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))
–

10s
|s| + 0.01

])

+
(
Dp3–1

t e3(t)
) (t)–(p3–1)–1

Γ (–(p3 – 1))

]

+ ã1 ˙̃a1 + c̃1 ˙̃c1 + ã2 ˙̃a2 + c̃2 ˙̃c2, (53)
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since ∀p ∈ [0, 1], (1 – p) > 0 and (p – 1) < 0. Now, using (5) and introducing update laws
(50), (53) one obtains

V̇ = s
(

–ã2(y2 – x2) + ã1(y1 – x1) –
7s

|s| + 0.01

)

+ s
(

c̃2z2 – c̃1z1 –
10s

|s| + 0.01

)

+ ã1
(
–(y1 – x1)s

)
+ c̃1(z1s) + ã2

(
(y2 – x2)s

)
+ c̃2(–z2s). (54)

Then, (54) reduces to

V̇ = –
17s2

|s| + 0.01
. (55)

Since s2 > 0 and |s| > 0 both hold true, when e �= 0 and ck > 0, the inequality V̇ < 0 holds.
According to the Lyapunov stability theory [56], V is positive-definite, and V̇ is negative-
definite. Thus, the trajectories of the fractional error dynamical system (47) asymptotically
converge to s(t) = 0. Therefore, the state variables of the drive system (45) and the states
variables of the response (46) system can be synchronized asymptotically and globally
with the control law (49) and the adaptive parameter update laws (50). Here, the proof is
completed. �

In the numerical simulations, the Adams–Bashforth–Moulton method to solve systems.
The uncertain parameters are set to a1 = 36, b1 = 20, c1 = 3, a2 = 36, b2 = 20, c2 = 3. The ini-
tial values of the fractional-order drive and response systems (34)–(35) and the estimated
parameters are respectively and arbitrarily set in simulations to x1(0) = –1, y1(0) = 0.2,
z1(0) = –0.6, w1(0) = 0.4, x2(0) = –2, y2(0) = 4, z2(0) = –13, and w1(0) = 0.1 and ã1(0) = 1,
b̃1(0) = 1, c̃1(0) = 1, r̃1(0) = 1, ã2(0) = 1, b̃2(0) = 1 and c̃2(0) = 1. Figures 3–4 depict the mod-
ified adaptive sliding-mode add-order synchronization of the systems (45)–(46) via the
adaptive control laws (49) and (50). Figure 3(a)–(d) displays the steady-state trajectories
of the drive (45) and the response (46) systems. Figure 4(a) displays the synchronization

Figure 3 State trajectories of drive system (45) and the response system (46): (a) signals x1 and x2; (b) signals
y1 and y2; (c) signals z1 and z2; (d) signals w1 and w2
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Figure 4 (a): Error signals between drive (45) and response (46) systems, (b)–(c): Parameter estimates for the
drive (45) and the response systems (46)

errors e1, e2, e3, and e4 as functions of time t. Figure 4(b)–(c) displays the temporal re-
sponse of the estimated parameter values ã1, b̃1, c̃1, r̃1, ã2, b̃2, and c̃2 of the drive (45) and
the response (46) systems.

6 Conclusion
In this paper, a new modification of the adaptive sliding-mode synchronization scheme has
been proposed for fractional-order chaotic (hyperchaotic) systems with fully unknown
parameters. A suitable controller and a parameters update law are designed to achieve
the reduce- and add-order synchronization of two different order fractional-order chaotic
(hyperchaotic) systems, based on the Lyapunov stability theorem. Simulations show that
these kinds of reduce- and add-order order synchronization exists between many existing
fractional-order chaotic (hyperchaotic) systems. Numerical simulations are also given to
show the effectiveness of the proposed scheme.

Acknowledgements
The author would like to thank the editor, associate editor and the anonymous reviewers for their many helpful
comments and suggestions, which have helped to improve the quality of this paper.

Funding
No funding is available.

Availability of data and materials
Not applicable.

Competing interests
The author declares to have no competing interests.

Authors’ contributions
The author read and approved the final manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 7 May 2020 Accepted: 31 July 2020



Al-sawalha Advances in Difference Equations        (2020) 2020:417 Page 16 of 17

References
1. Podlubny, I.: Fractional Differential Equations. Academic Press, New York (1999)
2. Caputo, M.: Linear models of dissipation whose Q is almost frequency independent. J. R. Astral. Soc. 13, 529–539

(1967)
3. Yang, X.J., Feng, Y.Y., Cattani, C., Mustafa, I.: Fundamental solutions of anomalous diffusion equationswith the decay

exponential kernel. Math. Methods Appl. Sci. 42, 4054–4060 (2019)
4. Yang, X.J., Tenreiro Machado, J.A.: A new fractal nonlinear Burgers’ equation arising in the acoustic signals

propagation. Math. Methods Appl. Sci. 42, 7539–7544 (2019)
5. Yang, X.J.: Advanced Local Fractional Calculus and Its Applications. World Science Publisher, New York (2012)
6. Cattani, C., Srivastava, H.M., Yang, X.J.: Fractional Dynamics. de Gruyter, Berlin (2019)
7. Liu, J.G., Yang, X.J., Feng, Y.Y., Iqbal, M.: Group analysis to the time fractional nonlinear wave equation. Int. J. Math. 31,

20500299 (2020)
8. Rivero, M., Trujillo, J.J., Vazquez, L., Velasco, M.P.: Fractional dynamics of populations. Appl. Math. Comput. 218,

1089–1095 (2011)
9. Metzler, R., Schick, W., Kilian, H.G., Nonnenmacher, T.F.: Relaxation in filled polymers: a fractional calculus approach.

J. Chem. Phys. 103, 7180–7186 (1995)
10. Debnath, L.: Fractional integral and fractional differential equations in fluid mechanics. Fract. Calc. Appl. Anal. 6,

119–155 (2003)
11. Liu, J.G., Yang, X.J., Feng, Y.Y., Zhang, H.Y.: Analysis of the time fractional nonlinear diffusion equation from diffusion

process. J. Appl. Anal. Comput. 10, 1060–1072 (2020)
12. Eshaghi, S., Ghaziani, R.K., Ansari, A.: Stability and chaos control of regularized Prabhakar fractional dynamical systems

without and with delay. Math. Methods Appl. Sci. 42, 2302–2323 (2019)
13. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. Elsevier,

Amsterdam (2006)
14. Kiryakova, V.: Generalized Fractional Calculus and Applications. Longman/Wiley, New York (1994)
15. Jack, K.H.: Diffusive coupling, dissipation, and synchronization. J. Dyn. Differ. Equ. 9, 1–52 (1997)
16. Navickas, Z., Marcinkevicius, R., Telksnys, T., Ragulskis, M.: Existence of second order solitary solutions to Riccati

differential equations coupled with a multiplicative term. IMA J. Appl. Math. 81, 1163–1190 (2016)
17. Pecora, L.M., Carroll, T.L.: Synchronization in chaotic systems. Phys. Rev. Lett. 64, 821–824 (1990)
18. Xifen, W., Haibo, B.: Finite time complete synchronization for fractional-order multiplex networks. Appl. Math.

Comput. 377, 125188 (2020)
19. Li, X.F., Andrew, C.S., Leung, H.X.P., Liu, X.J., Chu, Y.D.: Complete (anti-)synchronization of chaotic systems with fully

uncertain parameters by adaptive control. Nonlinear Dyn. 63, 263–275 (2011)
20. Park, E.H., Zaks, M.A., Kurths, J.: Phase synchronization in the forced Lorenz system. Phys. Rev. E 60, 6627–6638 (1999)
21. Banerjee, S., Saha, P., Chowdhury, A.R.: On the application of adaptive control and phase synchronization in non-linear

fluid dynamics. Int. J. Non-Linear Mech. 39, 25–31 (2004)
22. Yang, S.S., Juan, C.K.: Generalized synchronization in chaotic systems. Chaos Solitons Fractals 9, 1703–1707 (1998)
23. Xinmiao, L., Jianwei, X., Xia, H., Hao, S.: Generalized synchronization for coupled Markovian neural networks subject to

randomly occurring parameter uncertainties. Phys. A, Stat. Mech. Appl. 540, 123070 (2020)
24. Zhao, L.H., Wang, J.L.: Lag H∞ synchronization and lag synchronization for multiple derivative coupled complex

networks. Neurocomputing 384, 46–56 (2020)
25. Yanli, H., Jie, H., Erfu, Y.: General decay lag anti-synchronization of multi-weighted delayed coupled neural networks

with reaction–diffusion terms. Inf. Sci. 511, 36–57 (2020)
26. Al-sawalha, M.M.: Projective reduce order synchronization of fractional order chaotic systems with unknown

parameters. J. Nonlinear Sci. Appl. 10, 2103–2114 (2017)
27. Al-mahbashi, G., Noorani, M.S.M., Abu Bakar, S., Al-sawalha, M.M.: Adaptive projective lag synchronization of uncertain

complex dynamical networks with delay coupling. Adv. Differ. Equ. 2015, Article ID 356 (2015)
28. Adel, O., Zaid, O., Ahmed, A., Aatef, H., Tasawar, H.: Investigation of Q–S synchronization in coupled chaotic

incommensurate fractional order systems. Chin. J. Phys. 56, 1940–1948 (2018)
29. Gonzalez-Miranda, J.M.: Amplitude envelope synchronization in coupled chaotic oscillators. Phys. Rev. E 65, 036232

(2002)
30. Ge, Z.M., Wong, Y.T., Li, S.Y.: Temporary lag and anticipated synchronization and anti-synchronization of uncoupled

time-delayed chaotic systems. J. Sound Vib. 318, 267–278 (2008)
31. Dibakar, G., Chowdhury, A.R.: Dual-anticipating, dual and dual-lag synchronization in modulated time-delayed

systems. Phys. Lett. A 374, 3425–3436 (2010)
32. Hao, Z., Shangbo, Z., Zhongshi, H.: Chaos synchronization of the fractional-order Chen’s system. Chaos Solitons

Fractals 41, 2733–2740 (2009)
33. Qiao, W., Qi, D.L.: Synchronization for fractional order chaotic systems with uncertain parameters. Int. J. Control.

Autom. Syst. 14, 211–216 (2016)
34. Hamri, N.D., Ouahabi, R.: Modified projective synchronization of different chaotic systems using adaptive control.

Comput. Appl. Math. 36, 1315–1332 (2017)
35. Deepika, D., Sandeep, K., Shiv, N.: Uncertainty and disturbance estimator based robust synchronization for a class of

uncertain fractional chaotic system via fractional order sliding mode control. Chaos Solitons Fractals 115, 196–203
(2018)

36. Ouannas, A., Al-sawalha, M.M.: Synchronization between different dimensional chaotic systems using two scaling
matrices. Optik 127, 959–963 (2016)

37. Wafaa, J., Noorani, M.S.M., Al-sawalha, M.M.: Robust active sliding mode anti-synchronization of hyperchaotic systems
with uncertainties and external disturbances. Nonlinear Anal., Real World Appl. 13, 2403–2413 (2012)

38. Al-sawalha, M.M., Noorani, M.S.M.: On anti-synchronization of chaotic systems via nonlinear control. Chaos Solitons
Fractals 42, 170–179 (2009)

39. Al-sawalha, M.M., Noorani, M.S.M.: Anti-synchronization of two hyperchaotic systems via nonlinear control. Commun.
Nonlinear Sci. Numer. Simul. 14, 3402–3411 (2009)



Al-sawalha Advances in Difference Equations        (2020) 2020:417 Page 17 of 17

40. Al-sawalha, M.M., Noorani, M.S.M.: Adaptive increasing-order synchronization and anti-synchronization of chaotic
systems with uncertain parameters. Chin. Phys. Lett. 28, 110507 (2001)

41. Al-sawalha, M.M., Noorani, M.S.M.: Chaos anti-synchronization between two novel different hyperchaotic systems.
Chin. Phys. Lett. 25, 2743 (2008)

42. Ouannas, A., Al-sawalha, M.M.: On Λ–Φ generalized synchronization of chaotic dynamical systems in
continuous-time. Eur. Phys. J. Spec. Top. 225, 187–196 (2016)

43. Al-mahbashi, G., Noorani, M.S.M., Bakar, S.A., Al-sawalha, M.M.: Robust projective lag synchronization in
drive-response dynamical networks via adaptive control. Eur. Phys. J. Spec. Top. 225, 51–64 (2016)

44. Utkin, V.I.: Sliding Modes in Control and Optimization. Springer, Berlin (1992)
45. Ahmad, I., Saaban, A.B., Ibrahim, A.B., Shahzad, M., Naveed, N.: The synchronization of chaotic systems with different

dimensions by a robust generalized active control. Optik 127, 4859–4871 (2016)
46. Song, X., Song, S., Li, B.: Adaptive synchronization of two time-delayed fractional-order chaotic systems with different

structure and different order. Optik 127, 11860–11870 (2016)
47. Hajipour, A., Aminabadi, S.S.: Synchronization of chaotic Arneodo system of incommensurate fractional order with

unknown parameters using adaptive method. Optik 127, 7704–7709 (2016)
48. Agrawal, S.K., Das, S.: A modified adaptive control method for synchronization of some fractional chaotic systems

with unknown parameters. Nonlinear Dyn. 73, 907–919 (2013)
49. Almatroud, A.O.: Synchronisation of two different uncertain fractional-order chaotic systems with unknown

parameters using a modified adaptive sliding-mode controller. Adv. Differ. Equ. 2020, Article ID 78 (2020)
50. Sachin, B., Varsha, D.G.: Synchronization of different fractional order chaotic systems using active control. Commun.

Nonlinear Sci. Numer. Simul. 15, 3536–3546 (2010)
51. Hegazi, A.S., Ahmed, E., Matouk, E.E.: The effect of fractional order on synchronization of two fractional order chaotic

and hyperchaotic systems. J. Fract. Calc. Appl. 1, 1–15 (2011)
52. Yang, X.J.: General Fractional Derivatives: Theory, Methods and Applications. CRC Press, New York (2019)
53. Yang, X.J., Gao, F., Machado, J.A.T., Baleanu, D.: A new fractional derivative involving the normalized sinc function

without singular kernel. Eur. Phys. J. Spec. Top. 226, 3567–3575 (2017)
54. Liang, X., Gao, F., Zhou, C.B., Wang, Z., Yang, X.J.: An anomalous diffusion model based on a new general fractional

operator with the Mittag-Leffler function of Wiman type. Adv. Differ. Equ. 2018, Article ID 25 (2018)
55. Yang, X.J., Gao, F., Ju, Y.: General Fractional Derivatives with Applications in Viscoelasticity. Academic Press, New York

(2019)
56. Liapunov, A.M.: Stability of Motion. Elsevier/Academic Press, New York/London (1966)
57. Wang, X.Y., Song, J.M.: Synchronization of the fractional order hyperchaos Lorenz systems with activation feedback

control. Commun. Nonlinear Sci. Numer. Simul. 14, 3351–3357 (2009)
58. Zhou, P., Zhu, W.: Function projective synchronization for fractional-order chaotic systems. Nonlinear Anal., Real World

Appl. 12, 811–816 (2011)
59. Li, T., Wang, Y., Yang, Y.: Synchronization of fractional-order hyperchaotic systems via fractional-order controllers.

Discrete Dyn. Nat. Soc. 2014, Article ID 408972 (2014)
60. Al-Sawalha, M.M., Al-Sawalha, A.: Anti-synchronization of fractional order chaotic and hyperchaotic systems with fully

unknown parameters using modified adaptive control. Open Phys. 14, 304–313 (2016)


	Synchronization of different order fractional-order chaotic systems using modify adaptive sliding mode control
	Abstract
	PACS Codes
	Keywords

	Introduction
	Properties of fractional derivative
	Problem description
	Reduced-order synchronization of fractional-order chaotic systems
	Increasing-order synchronization of fractional-order chaotic systems

	Reduced-order synchronization of fractional-order hyperchaotic Lorenz and fractional-order chaotic Lorenz systems via modiﬁed adaptive sliding mode control
	Increasing-order synchronization of fractional-order hyperchaotic Lü and fractional-order chaotic Lü systems via modiﬁed adaptive sliding mode control
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


