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1 Introduction
The present paper deals with the investigation of the oscillatory behavior of fourth-order
advanced differential equation

j
(a@ (" ©)") + Y aitigy(ni(v)) =0, =1, (1)

i=1

where j > 1 and B is a quotient of odd positive integers. Throughout this work, we sup-
pose that a € C'([to,00),R), a(t) > 0,a'(t) > 0,q;,n; € C([to, ), R), qi(t) = 0,m:(t) > ¢,
lim;_, o0 7;(£) = 00,i = 1,2,...,j,g € C(R,R) such that g(x)/x? > k > 0, for x # 0 and under
the condition

/too#ds=oo. (2)

allB(s)

Definition 1.1 The function y € C3[ty, 00),ty, > to is called a solution of (1), if a(f) x
(" (t)P € Cl[ty, 00), and y(t) satisfies (1) on [¢,,00). Moreover, Eq. (1) is oscillatory if all
its solutions oscillate.

Definition 1.2 Let

D:{(t,s)eRzztzszto} and Doz{(t,s)eRzzt>szt0}.
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A kernel function H; € C(D,R) is said to belong to the function class J, written H € , if,
fori=1,2,
(i) H;(t,s) =0 for t > ty, H;(t,s) > 0, (t,s) € Dy;
(i) H;(z,s) has a continuous and nonpositive partial derivative dH,/ds on Dy and there
exist functions 7,9 € C1([ty, 00), (0,00)) and #; € C(Dy, R) such that

D 65+ "D by (6,5) = (6, OHE D 1,9) 3)
as 7(s)
and
d ¥ (s)
B—Hz(t, S) + ——H,(t,s) = hy(t,s)/ Hy(t, s). (4)
s ?(s)

In this paper the following methods were used:

(a) The Riccati transformations technique.

(b) The method of comparison with second-order differential equations.

(c) The integral averaging technique.

From them we obtained new criteria for oscillation of Eq. (1).

Advanced differential equations can find application in dynamical systems, mathemat-
ics of networks, optimization, as well as, in the mathematical modeling of engineering
problems, such as concerning electrical power systems, materials, energy; see [1-4].

During the past few years, there has been constant interest to study the asymptotic prop-
erties for oscillation of differential equations in the canonical case, see [5-7], and the non-
canonical case, see [8—10]. One active area of research in this decade is the study of the
qualitative behavior for oscillation of differential equations, see [11-32].

Our aim in this paper is to complement and improve results in [33—35]. To this end, the
following results are presented.

In particular, by using the comparison technique, the equation

(6*0)) +q)y () =0 )

has been studied by Agarwal and Grace [33]. They proved that it is oscillatory, if

0] 00 1/B _
liminf / ! (n(s)-s)“‘2< / q(t)dt) ds» © =2 ®)

e

Agarwal et al. in [34] extended the Riccati transformation to obtain new oscillatory criteria
for (5) under the condition

o0

lim sup ££¢<~) / qls)ds> ((c — 1))’ @)
t—00 t

Authors in [35] studied the oscillatory behavior of (5), for 8 = 1. Also, they proved it to be

oscillatory, if there exists a function T € C'([£y, 00), (0, 00)), by using the Riccati transfor-

mation. If

f Oo(r(s)q(s) - M) ds = oco. (8)

23—2/{ Sk—2 T (S)
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To prove this, we apply the previous results to the equation
Y@ +by(rt) =0, t>1, 9)

where k = 4,b = go/t* and r = 3, and we find:
1. By applying condition (6) in [33], we get

qo > 13.6.

2. By applying condition (7) in [34], we get
qo > 18.

3. By applying condition (8) in [35], we get
qo > 576.

From the above we find that the results in [34] improve the results in [35].
Moreover, the results in [33] improve results [34, 35].

Our aim in the present paper is to employ the Riccati technique, the integral averaging
technique and the theory of comparison to establish some new conditions for the oscil-
lation of all solutions of Eq. (1) under the condition (2). Our results essentially improve
and complement the results in [33—35]. Some examples are provided to illustrate the main
results.

2 Some auxiliary lemmas
The proofs of our main results are essentially based on the following lemmas.

Lemma 2.1 ([36]) Suppose thaty € C*([ty, ), (0,00)), y) is of a fixed sign on [t,,o0), y*
not identically zero and there exists a t; > to such that

Y0y @) <o,

forallt > t,. If we have lim;_, », y(£) # 0, then there exists ty > t; such that

y(t) >

’

tK—l ‘y(/(—l)(t)

(k= 1)

forevery 6 € (0,1) and t > ty.
Lemma 2.2 ([13]) Let B be a ratio of two odd numbers, V > 0 and U are constants. Then

B B+1
Ux — VaPIB < p ur

— 0 V>0
S BrpT v

Lemma 2.3 ([15]) Suppose thaty is an eventually positive solution of (1). Then, there exist
two possible cases:

(S1) ¥(8)>0,y(8)>0,5"(£)>0,y"(£) >0,y (2) < 0,

(S2) ¥(£)>0,y(£)>0,y"(t) <0,y () > 0,y¥(¢) < 0,
for t > t1, where t1 > ty is sufficiently large.
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3 Main results
In this section, we shall establish some oscillation criteria for Eq. (1).

Remark 3.1 ([37]) It is well known that the differential equation

[a®)(y )] +q(e)y? (2(0) =0, (10)

where 8 > 0 is the ratio of odd positive integers, 4, g € C([£, 00),R*), is nonoscillatory
if and only if there exist a number ¢ > t5, and a function ¢ € C!([t, 00), R), satisfying the
inequality

<@ +ya @) (s)" + g <.

Theorem 3.1 Assume that (2) holds. If the differential equations

1 ’ j
(Fartor) e aoro=s

and

. o J 1/B
6300 [ (—ﬂ(lg) / qus)ds) ds =0 (12)
t 13

i=1
are oscillatory, then every solution of (1) is oscillatory.

Proof Assume, for the sake of contradiction, that y is a positive solution of (1). Then,
we can suppose that y(t) and y(n;(¢)) are positive for all ¢ > ¢; sufficiently large. From
Lemma 2.3, we have two possible cases, (S;) and (S,).

Let case (S;) hold. Using Lemma 2.1, we find

0
y(6) = Etzy”’(t), (13)

for every 0 € (0,1) and for all large ¢.
Defining

a(t)y" (t)” )

pt) = r(t)( o

(14)

we see that ¢(t) > 0 for ¢ > t;, where T € C([ty, 00), (0, 00)) and

a(t)(y" ())? . (a(y")P) (t)

¥ (t) yA(2)

YOy (Da®)(y" (£)P
y28(¢)

@) =1'(t) (¢)

- pr(t)

Combining (13) and (14), we obtain

, T, (2) (a(®) (" )Py
@'(t) < WQD(t) + T(t)yﬂT
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0 La®)y"(®)"!
R e

_T0 @@®"(©))Py
=70 o) + t(t)iyﬁ(t)

o PO, (15)
2(z(t)a(®))?

From (1) and (15), we get

: / 4 i +1
2y o(t) - kz(2) 21 4P (ni(®)) Bot? . pi1

) < B ;
¢ 0 ¥P (o) 2z (Da(t)?

Note that y/(t) > 0 and 7,(¢t) > ¢. Thus

, ( por* Bl
(1< —kt(®)Y qil) - 0 . (16)
0 ' Zq 2eOalin

‘Oclb‘

If we set 7(¢) = k = 1 in (16), we obtain

o)+ Lo
2615 (t)

"5 (t)+2q,

Thus, we can see that Eq. (11) is nonoscillatory, which is a contradiction.
Let case (Sz) hold. Defining

y'(t)
y(t)’

Y(t):=

we see that ¥/ (¢) > 0 for ¢ > #;, where ¥ € C1([£, 00), (0, 00)). By differentiating v (), we
find
0 (t) y'(¢)

50 +9(2) o) —mlﬂ (2). (17)

V'(t) =

Now, by integrating (1) from ¢ to m and using y'(t) > 0, we have

alm) (" 0m)" - a()(y"'(0)" / qu(s)g (1))

By virtue of y'(¢) > 0 and n;(£) > t, we get

u J
)y ()’ ~a®"0) = -k0) [ Y aio)ds
L

Letting m — 0o, we see that

() ( >ky t)/ qu
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and so

k o J 1/B
¥ (®) zy(t)(m / > ais) ds) :
L=

Integrating again from ¢ to oo, we get

. . o J 1/p
y'(8) + (0) / (T;) / > ails) ds) dg <0. (18)
¢ S =1

Combining (17) and (18), we obtain

R0 o kel R
V)= w090 / (@ /g iZqi(s)ds) ds - 500 (19)

If 9(t) = k = 1 in (19), then we get
1/8

W0 + W2(8) + / (%g) f > ails) ds) dg <o0.
¢ S =1

Hence, we see that Eq. (12) is nonoscillatory, which is a contradiction. The proof of the

theorem is complete. d

Based on the above results and Theorem 3.1, we can easily obtain the following Hille

and Nehari type oscillation criteria for (1) with 8 = 1.

Theorem 3.2 Let 8 = k = 1. Assume that

0o 9t2
/ dt =00
to 2ﬂ(t)

and

t 952 (o] J 1

0
for some constant 6 € (0, 1),
liminft/ / —/ gi(s)ds | dedv > —, (21)
s Jy ) \ato) L Zl 4

then all solutions of (1) are oscillatory.

In this theorem, we employ the integral averaging technique to establish an oscillation

criterion for (1).
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Theorem 3.3 Let (2) hold. If there exist positive functions T, € C!([ty, 00), R) such that

¢ j
112 sup - (1’ vl <H1(t,s)kt(s) 21: qi(s) - n(s)) ds =00 (22)
and
t h2 :
li{r_l)sogp Hz(i, A <H2(t, 8)0(s)w (s) — M) ds = oo, (23)
where

(5) = W (8, s)HE (8,5) 281 (s)als)
TR T BT ey

forall 8 € (0,1), and

. k . j 1/
w“):/t (@[; Zqi<s)ds> ds,

i=1
then (1) is oscillatory.

Proof Assume, for the sake of contradiction, that y is a positive solution of (1). Then,
we can suppose that y(t) and y(n;(t)) are positive for all ¢ > t; sufficiently large. From
Lemma 2.3, we have two possible cases, (S;) and (S,).

Assume that (S;) holds. From Theorem 3.1, we find that (16) holds. Multiplying (16) by
H;(¢,s) and integrating the resulting inequality from ¢; to ¢, we find that

t j ¢ ,
/tl Hi(t,9)ke (s) gqi(s) ds < (e Hy (6 11) + f (%Hl(t, 9+ %Hl(t,s))go(s) ds

- f t Lzlm(t,s)gp% (s) ds.
o 2(t(s)a(s))?

From (3), we get

¢ J ¢
/ Hi(t,9)kT(s) Y qi(s)ds < p(t)Hi (6, 1) + / hy(t,)HY PV (8, 5)(s) ds
t i=1 t

t 2 +1
_ / P 656 (5) s, (24)
n 2(t(s)a(s))?

Using Lemma 2.2 with V = ﬂ@sz/(Z(r(s)a(s))%)Hl(t,s),L[ = hl(t,s)Hf/(ﬁH)(t,s) and y =
@(s), we get
6s? :
& HY 6,900 - — L2699 F ()
2(z(s)a(s))?

B W (8, s)HY (8,5) 281 (s)als)
(B +1)P+t ©s2)F
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which with (24) gives

1 t J
e ). (Hl(t,s)kt(s) ;qi(s) - n(s)) ds < o(t1).

This contradicts (22).
Assume that (S;) holds. From Theorem 3.1, (19) holds. Multiplying (19) by H;(¢,s) and
integrating the resulting inequality from ¢; to £, we obtain

/ Hit,5)9 (5)(s) ds < () Ha(t, 1)

+ /H (%Hz(t, 5) + IZT(SS))Hz(t, S)>1/f(s) ds

t1
_-/t1 %Hg(t,S)lﬁz(S) ds.

Thus, from (4), we get
/ H(t,5)9/(5) (s) ds < () Ha(t, 1) + / Iy (2, )/ Ha(t, ) () ds

t 1 )
- f SN0 ds

£ 2
<Y (t)Ha(t 1) + / % i

and so

1

B O (s)h3(2,5)
Hy(t,t1) Jy

(Hz(t,sm(s)w(s) -

) ds < ¥ (),
which contradicts (23). The proof of the theorem is complete. O

4 Examples
In this section, we give the following examples.

Example 4.1 Consider the equation

Y () + %y(zt) -0, t>1, (25)

where gy > 0 is a constant. Note that 8 = 1,k = 4,a(t) = 1,q(t) = qo/t* and n(t) = 2¢. If we
set k = 1, then conditions (20) and (21) become

L os? oo J £\ [ g0
hgél"lf(/;o 2a(s) dS> /t ;qi(s)ds - hﬂéfﬁ(g) _/t & ds

90
=—>
9

I
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and
t poo 1 co J 1/8 "
mirte | [ (a5 [ Zaoa) s av=timinee(%).
q 1
N
6

respectively. From Theorem 3.2, all solutions of (25) are oscillatory, if go > 2.25.

Remark 4.1 We compare our result with the known related criteria

Condition (6) (7) (8)

Criterion ¢qo>25.5 ¢qo>18 ¢qo>1728.

Therefore, our result improves results [33-35].

Example 4.2 Consider the differential equation (9), where g > 0 is a constant. Note that
B =1,k =4,a(t) = 1,9(t) = go/t* and n(t) = 3¢. If we set k = 1, then condition (20) becomes

q0
—>
9

ANy

Therefore, from Theorem 3.2, all solutions of (9) are oscillatory, if ¢ > 2.25.

Remark 4.2 Our result improves results [33—35].
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