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1 Introduction

Fractional integral operators are useful in the generalization of classical mathematical con-
cepts. Nowadays researchers of different fields are utilizing fractional integral operators
to get amazing results, for instance, fractional differential equations and fractional or-
der systems are used to interpret different physical and mathematical phenomena. In the
near past, fractional integral operators have been used in the formation of fractional ver-
sions of many well known integral inequalities. The inequalities of Hadamard, Ostrowski,
Griss, Minkowski, and many others were studied in terms of fractional calculus opera-
tors (derivative and integral), see [1-5, 7, 9-18, 25]. Our goal in this paper is to establish
Hadamard and Fejér—Hadamard inequalities for a generalized fractional integral operator
containing Mittag-Leffler function for a monotone increasing function. The most classical
fractional derivative and integral formulas are renowned as Riemann-Liouville fractional
integral and derivative operators. The Riemann—-Liouville fractional integral operators are
defined as follows [24]:

Definition 1 Letf € L;[a, b]. Then Riemann—Liouville fractional integrals of order 7 € C

where 9(t) > 0 are defined as follows:

I.fx) = % / k-0 dt, x>a, (1.1)
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I fx) = — /(t X (Hdt, x<b. (1.2)

I(r)

After establishing the existence of Riemann-Liouville fractional integral operators, the
researchers started to think in this direction and consequently they further generalized
and extended these operators in different ways, for instance, see [3, 8, 19, 26] and refer-
ences therein. A generalization of the Riemann-Liouville fractional integral operators by

a monotone increasing function is given in [19].

Definition 2 Let f: [a,b] — R be an integrable function. Also let g be an increasing and
positive function on (a, b], having a continuous derivative g’ on (a, b). The fractional in-
tegrals of a function f with respect to another function g on [a, b] of order ; € C where
N(u) > 0 are defined as follows:

¢larf (%) = ﬁ/a (gx) —g(t))'klg/(x)f(t) dt, x>a,

1 b n=L
{f )= i [ (0 -ew) g0 ds, x<b
where I'(-) is the gamma function.

The Riemann-Liouville fractional integral operators were also generalized by using the
Mittag-Leffler function. In [24] Salim and Faraj defined the following fractional integral
operators involving an extended Mittag-Leffler function in the kernel.

Definition 3 Let o, 8, k, [, y be positive real numbers and w € R. Then the generalized
fractional integral operators containing Mittag-Leffler function, 65,’§Z§w,a+ f and Eg:g:]l(,w,b, f
for a real valued continuous function f are defined as follows:

(65,’§Z§w,a+f)(x)= f (x—t)f~ 1Ey (w(x 0%)f () dt, (1.3)
(€5 S ) ) = f (£ = %) EL ) (ot - x)")f (0 dt, (L4)

where the function EZ”Z”II((L‘) is the Mittag-Leffler function defined as

= (V)i t"
EVOK(p) = ) 1.5
w119 2 s pron, (19
where (), is the generalized Pochhammer symbol (y )« = & ([l’<+y”;k).

Further, fractional integral operators containing the extended generalized Mittag-Leffler
function in their kernels are defined as follows:

Definition 4 ([3]) Let w,u,a,L,y,c € C, R(w), R(x), R() > 0, R(c) > R(y) > 0 with p > 0,
§>0and 0< k <85+N(u ) Letf € Ly[a, b] and x € [a, b]. Then the generalized fractional

operators €”>%¢ £ and ¢”

o lw - _f are defined as follows:

/J,alwb

(€ro5e of ) wp) = / (x =" ELT (w(x — 05 p)f (O dit, (1.6)
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(€25, f)p) = / (6= 0 EZPRE (ot ) p)f(0) d, a7
where
y,8,k,c = V + nk,c— )’)(C)nkt"
Eunt (59 = ZO (rrc= P+ o) D (9

is the extended generalized Mittag-Leffler function.
Recently, Farid defined a unified integral operator in [8] (see also [20]) as follows:

Definition 5 Let f,g: [a,b] — R, 0 < a < b be functions such that f is positive and f €
L,[a, b] and g are differentiable and strictly increasing. Also let ‘j% be an increasing function
on [a,00) and w,«,l,y,c € C, R(a), R() > 0, R(c) > N(y) >0 with p > 0, 1,6 >0 and 0 <
v <38 + . Then for x € [a, b] the left and right integral operators are defined as follows:

(GELT f) (w3 p) = MEZ:i’E‘(w(gm—g(t))“;p)f(t)d(g(a), (1.9)

. &) —gl(?)
Fq& V58,0, ¢(g g(x ¥,8,V,¢ ",
(oS ) s o0 —g() E (o(gt) - g@) 5 p)f(0d(g(0).  (1.10)

The following definition of a generalized fractional integral operator containing ex-
tended Mittag-Leffler function in the kernel for a monotone increasing function g can
be extracted by setting ¢(x) = x* in Definition 5.

Definition 6 Let f,g: [a,b] — R, 0 < a < b be functions such that f is positive and f €
L,[a, b] and g are differentiable and strictly increasing. Also let w, 7,6, p, ¢ € C, R(t), R(S) >
0, N(c) >N(p) >0withp>0,0,r>0and 0 < k <r+o.Then for x € [a, b] the left and right
integral operators are defined as follows:

(28N = [ () -g(0) T L (oo g sp) Od(eto), (111

b
(YLre  f)xp) = / (2(t) - g(0) T EX (w(g(8) - g@) s p) (0 (e@).  (1.12)

The following remark provides a connection of Definition 6 with already known opera-
tors:

Remark 1
(i) If we take p = 0 and g(x) = x in equation (1.11), then it reduces to the fractional

integral operator defined by Salim and Faraj in [24].

(i) If wetake 6 =r=1and g(x) =« in (1.11), then it reduces to the fractional integral
operator defined by Rahman et al. in [23].

(iii) Ifwesetp=0,8 =r=1and g(x) =« in (1.11), then it reduces to the integral
operator introduced by Srivastava and Tomovski in [26].

(iv) If wetake p=0,8 =r =k =1 and g(x) =« in (1.11), then it reduces to the integral
operator defined by Prabhaker in [22].
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(v) If we take p = w = 0 and g(x) = x in (1.11), then it reduces to the Riemann-Liouville
fractional integral operator.

2 Preliminary results

The aim of this paper is to generalize the Hadamard and the Fejér—Hadamard-type in-
equalities for fractional integral operators containing extended generalized Mittag-Leffler
function given in [1, 11, 15]. The Hadamard inequality is an equivalent presentation of
convex function which has a fascinating graphical interpretation. Convex functions play
an important role in the formation of new functions and inequalities. A lot of mathemati-
cians have considered their analytical and geometrical properties to develop the theory of
inequalities.

Definition 7 A function f : [a,b] — R is said to be convex if

flex+ (1-ty) <f @) + (1 -f ()
holds for all x,y € [a,b] and £ € [0, 1].
The Hadamard inequality is stated in the following theorem:

Theorem 1 Let f : [a,b] — R be a convex function. Then the following inequality holds:

a+b 1 b fla)+f(b)
f( ) )Em/;f(x)dxff.

The very first generalization of Hadamard inequality is the Fejér—Hadamard inequality

which is its weighted version stated as follows:

Theorem 2 Let f : [a,b] — R be a convex function with a < b. Then the following inequal-
ity holds:

b b b
f(“;b) / @) dx < / fegeax <TI0 / @) dx,

atb
5

where g : [a,b] — R is a nonnegative, integrable and symmetric function about

Clearly, for g(x) = 1, x € [a, b], the Hadamard inequality can be obtained. In recent past
decades, by using fractional calculus operators, the Hadamard inequality has been stud-
ied extensively, see [1-5, 10-12, 15, 16, 18, 25]. For example, in [25] Sarikaya et al. gave
the fractional version of the Hadamard inequality by using Riemann-Liouville fractional

integral operators.

Theorem 3 Let f: [a,b] — R be a function with 0 <a <b and f € L,[a, b]. If f is convex
on [a, b), then following inequality for the fractional integral operator holds:

APEACLD @ +/(b)
f(ﬂ; ) < i )+ @) < [OS®) s o
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In [25] the authors also studied the error bounds of inequality (2.1).
Farid in [6] proved the following version of Hadamard inequality using fractional inte-
gral operators given in (1.3) and (1.4).

Theorem 4 Let f : [a,b] — R be a function with 0 <a < b and f € Li[a,b]. If f is convex
on [a, b), then following inequality for the fractional integral operator holds:

a+b k 1 k
I3 €O < S5O+ (€L 1))

(@) +f(B) , sk /
< % (GZ,;,;,w’,b_ 1)(a), o' = b_ay (2.2)

Abbas and Farid in [1] studied the error bounds of inequality (2.2). In [16] Kang et al.
proved the following version of Hadamard inequality using fractional integral operators
given in (1.6) and (1.7).

Theorem 5 Let f : [a,b] — R be a function with 0 < a < b and f € L1[a,b]. Iff is convex
on [a, b], then following inequality for the extended generalized fractional integral holds:

a+b\, wsarc 1o, osarc o Sare
f<—2 )(ea!,i'ié,f 1)(b;p) < 5[(ea+,‘iffq,rf)(b;p) + (207 (s p)]

SO SO (wsarery ) oo @

5 b fir o' = b—ar (2.3)

In [11] Farid et al. studied the error bounds of (2.3). Many authors have analyzed the
fractional versions of the Hadamard inequality and further produced a plenty of such ver-
sions for other fractional integral operators (see [1, 4, 5, 10-12, 16, 21, 23, 25]). In Sect. 3
we will derive the generalized Hadamard and Fejér—Hadamard fractional integral inequal-
ities for fractional integral operators given in (1.11) and (1.12). In Sect. 4 we will study the
error estimates of these inequalities by proving two identities. The connection with al-
ready known results is described by considering particular functions and parameters of
Mittag-Leffler function.

3 Hadamard and Fejér-Hadamard inequalities
Theorem 6 Let f,g: [a,b] - R, 0 < a < b, Range(g) C [a, b], be functions such that f is
positive, f € Ly[a,b] and convex on [a, b, and g is differentiable and strictly increasing.

Then the following inequalities for the extended generalized fractional integral operators
defined in (1.11) and (1.12) hold:

b
(S ke )

1
< LG re S 2 Q) Bp) + (X0 1o f 08)a@ip)]
Sf(g(d)) +f(g(b)) (TP , w

2 0,1,6,0 b*l)(a;p); w = (g(b) _g(a))o :

Proof For the convex function f, we have

b)
2f<7“) + 8 ) <f(tg(@) + (1 - )g®)) +£((1 - )g(@) + t(b)). (3.1)
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Further, from (3.1), one can obtain the following inequality:

2f(—a);g(b))fo LT (ot p) dt
1
< /0 FVEPE (01 p)f (tg(a) + (1 — Dg(b)) di

1
+ /0 tEY ;];C(a)t“;p)f((l - t)g(a) + tg(b)) dt. (3.2)

Setting tg(a) + (1 — £)g(b) = g(x), that is, £ = ‘Lg(;‘; and (1 - t)g(a) + tg(b) = g(y), ie., t =

(®)
gg) §Z in (3.2), we get the following inequality:

( d)+g(b)) Tprkc )(bp)
0,780 at ’
=

(Y2050 o 0Q)BiD) + (Y1155, f 0 8)@p)]. (3.3)

Further, by using the convexity of f, one can obtain
f(tg(a) + (1 - g®)) +£((1 - t)gla) + tg() < f(g(@)) +£(g(b)). (3.4)
This leads to the following integral inequality:
1
/ T EDTR (wt; p)f (tg(a) + (1 - £)g(b)) dt
0

1
+/0 £ IE::;];C( t“;p)f((l—t)g(a)+tg(b))dt

< (f(g@) +f(g®))) / £EDT (wt; p) dt. (35)
Setting £g(a) + (1 - H)g(b) = g(x), that is, ¢ = £2-50% and (1 - t)g(a) + g(b) = g(y), i.e., £ =
j(% i((z in (3.5), and after some calculations, we get

(1005 o f 08)Bsp) + (Y005, f 08)(@p)

< ((e@) +/(eW) (Y 5y - D) @ ). (3.6)
Combining (3.3) and (3.6), we get the required result. O

Theorem 7 Letf,g,h:[a,b] - R, 0 < a < b, Range(g), Range(h) C [a, b], be functions such
that f, h are positive, f,h € Li[a,b] and f convex on [a,b], where g is differentiable and
strictly increasing. If f(g(a) + g(b) — g(x)) = f(g(x)), then the following inequalities for the
extended generalized fractional integral operators defined in (1.11) and (1.12) hold:

b
A(H0 ) vzt he g

Page 6 of 14
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1 I,K,C 7,K,C
< LG h e o 0 ) bip) + (X 50y - (o O ) (@;p)]

@) +fC®) i e
ST Wb hed)@n = g gy

Proof Multiplying both sides of (3.1) by " th(tg(a) + (1 - t)g(b))E? ke (wt?; p) and inte-

0,T,8

grating on [0, 1], we get

1
zf(g_(“) < (")) /0 EVETE (0t p)h(tg(a) + (1 - )g(b) de

1
< [ B o sp)h(egta) + (- (B (tg) + (1 - g6

1
+ /0 tf’lEgii’f;’c(a)t“;p)h(tg(a) +(1- t)g(b))f((l —t)gla) + tg(b)) dt. (3.7)

Setting tg(a) + (1 - )g(b) = g(»), that s, ¢ = £355 and (1-)g(a) + tg(b) = g(a) + g(b) - g (),

in (3.7), also using f(g(a) + g(b) — g(x)) = f(g(x)), the following inequality is obtained:

b ke
<[ Y5 e (o @) 0 @) Bip) + ()15 (B0 Q) 0 9) (@ )] o

Multiplying by 7 'h(tg(a) + (1 - t)g(b))Eg:;’fs’c(a)t"‘; p) both sides of (3.4) and integrating

over [0, 1], we have

/0 1 VDT (s p)((tg(a) + (1 - Dg(b))f (tg(a) + (1 - £)g(b)) dt
+ /0 1 £ D (0t p) h(tg(a) + (1 - Dg(B))f (1 - )g(a) + tg(b)) dt
< (f(g@) +£(g®)) /0 1 £ EDTS (w0t p) h((tg(a) + (1 — £)g(b)) dit. (3.9)
Setting tg(a) + (1 - £)g(b) = g(x) and using f(g(a) + g(b) - g(x)) = f(g(x)), we get

(GTLrse, (o @)(f 0 ) bip) + (Y17, - (hog)(f 08))(ap)
< (flg@) +f(g®)) (TL75e, - (ho @) (@ p). (3.10)

Combining (3.8) and (3.10), we get the required result. O

Remark 2 The Hadamard and Fejér—Hadamard inequalities given in Theorems 2-5 are

special cases of theorems of this section.

4 Estimates and error bounds of Hadamard and Fejér-Hadamard inequalities
To find error estimates of inequalities proved in Sect. 3, first we prove the following lem-

mas.
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Lemmal Letf,g:[a,b] - R, 0<a<b,Range(g) C [a, b], be functions such that f is posi-
tiveand f € Ly[a, b), and g is differentiable and strictly increasing. If f (g(t)) = f (g(a) + g(b) —
g(2)), then we have

(gTﬁ’f;sk,Z,ff og)(b;p) = (gT(ﬁ’:,’(]s(,ﬁ,bff o g)(a;p)

1

= E[(grsz,f),a*f Og)(b?P) + (gTzﬁsz];‘:),b’f Og)(“?P)]' (4.1)

Proof By Definition 6 of the extended generalized fractional integral operator, we have
(175 naf 8)B3P)
b
= / (2(b) - g(0) T EX (w(g(b) - 2(0)) s p)f 0 g(0)d(g(0)). (4.2)
a

If we replace g(¢) by g(a) + g(b) — g(¢) in (4.2), then we get

b
(Y2750 f 08)bip) = / (e®) - g(@)" " EX7 4 (w(g(t) - g(@)) 5 p)f 0 g()d(2(0)).

This implies
,1k,C J1k,c
(gn’iz,;w,mfog) (b;p) = (gTr:ir,S,a),b*fog)(d;p)‘ (4.3)
By adding equations (4.2) and (4.3), we get (4.1). |

Lemma 2 Let f,g,h: [a,b] — R, 0 < a < b, Range(g) C [a, ], be functions such that f is
positiveand f og € Ly [a, b], where g is differentiable, strictly increasing and h is continuous.
If f' o g € Ly[a,b) and h(g(t)) = h(g(a) + g(b) — g(t)), then the following equality for the
extended generalized fractional integral operators (1.11) and (1.12) holds:

b
(LED GO (et nog)np) + (22 hog)(a)

[T o (ho)(f 0 @) Bip) + (X115 - (o g)(f 0 ) (a;p)]
b t
- / [ / (e(b) —g(5)) " B2 (w(e(6) - 2(6)) s p) 0 g(s)d(g(6))
b
- f (05) - £(@) BV (wo((s) - gl@) s ) og(s)d(g(s))]
x f'(g(t))d(g(t)). (4.4)

Proof To prove this lemma, we consider its right-hand side. Upon integrating by parts and
after simplification, we have

b t
/ [ / (¢(6) — ¢9) " ELK (w(g(h) —g(S))”;P)h(g(s))d(g(S))}/’ (¢(0)d(g(0))

b
=f(g®) < / (g(b) - g(s)) T EL (w(g(b) - g(5)sp) h(g(s))d (g(s))>

Page 8 of 14
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b
- / ((g(®) - g(0) ™ ELZ ((g(B) - 20))50) ) (g(8)f (2(0))d (2(0))
= (D) (XL7EE oo @) bip) — ((YLTKE (o @)(f 00)) (b p).

By using Lemma 1, we have

b t
/ [ / (¢8) - g(5)) ™ E”< (g b) —g<s>)”:p)h(g@))d(g(s))}// (¢(0)d(2®)

b ,K,C rk.c
S (gz( DI(rrrke hog)bsp)+ (1275 , hog)@p)]

— (YT (o @)(f 02))(bip). (4.5)

Similarly,

b b
/ [— / (¢(5) - g@) " ELTA (@(g(s) —g(a))”;p)h(g<s>)d(g(s))]

x f'(g(t))d(g(t))
LD (e hog)bip) ¢ (12, o g)aip)]
— (1L (o g)(f 0g))(@p). (4.6)
Adding (4.5) and (4.6), we get (4.4). 0

In [3], Andric et al. proved the absolute convergence of the function Eg:;’fs’c(t; p) for k <

r+%(0). I welet 3, |m% | = M, then [EZ"%“(£; p)| < M, which we will use

to prove the next results.

Theorem 8 Let f,g,h: [a,b] — R, 0 < a < b, Range(g) C [a, b], be functions such that f
is positive and (f o g)' € Li[a, b], where g is differentiable and strictly increasing, and h
is continuous. Also let h(g(t)) = h(g(a) + g(b) — g(2)) and |(f o g)'| be convex. Then for k <
r+ N(o), the following inequality holds:

b
(PP TN (gt o) + (282 W)

~[YET5E (o) ho@)Bip) + (Y755 - (fog)(hog)) <a;p>]\

_ Il Me®) - g(a)™
- t(r +1)

L1- o) (ea@) + f (e

It

where ||l oo = SUp,, 5 1A(t)| and
o L [<g(%>—g<a>)f+2+<g(b>—g(%>>”2]
T+2|\ g(b)-gla) gb) -gla)
B T+1 [(g(#) —g(ﬂ)>r+2 . (g(b) _g(%))r+2:|
T+2[\ g(b)-gla) gb) -g(a)

~ (g(#) —g(a)>”1 (g(b) —g(#)> . <g(#) —g(zz)) (g(b) - g(%h) ) ol
g(b) - g(a) g(b) - g(a) g(b) - g(a) g(b) - g(a) '

Page 9 of 14
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Proof By using Lemma 2, we have

o,7,8,w,at

PO oy o))+ (7228 o))
[ o) o @) Bip) + (X1, (f 0 @)(h og))(ﬂ:p)]‘
<[ b
- ' (¢6) @) EL ol —g(a))”;p)h(g(s»d(g(s))]‘

x |f'(¢(®)) |d(g()). 4.7)

[ / (2(b) - g(s))" T ELN ((g(b) - g(5)) 5 p)h(g(s))d (2 (s))

Using the convexity of |f'(g)| on [a, b], we have

tela,b]. (4.8)

1 (e0)| < £ =50l @) |+ SP=E 7 ),

If we replace g(s) by g(a) + g(b) — g(s) and use h(g(s)) = h(g(a) + g(b) — g(5)), t' = g (g(a) +
g(b) — g(t)) in the following second integral, we get

f (2(b) - g(s))" " EA ((2(b) - g()) 5 0)h(g(s))d (2(5))

b
- f (605 - 2(@) " ELA (w(g(s) - 2(@)” 3 p)h{e()d (g(5))

= ‘— / (g(b) - g(s))" T LR (w(g(b) - g(5)) 5 p) h(g(s))d (g (s))

- / (g(b) - g(s)) " ELN (w(g(b) - g(5)) s p)h(g(s))d(g(s))

- / (e(6) — 2()) B2 (o(g(8) - 9()) s ) (e(9)) d (5))

(4.9)

/;“ug(b) — g(6) Y (w(g(b) - g(5)7; p)h(g(s)d(g(s)), ¢ e [a,%L],
L|<g(b () LEL M (w(g(b) - g(5))7; p)h(g(9))|d(g(s), ¢ € [42,b].

From (4.7), (4.8), (4.9), and using the absolute convergence of Mittag-Leffler function, we

have

0,7,8,w,a* o,7,8,w,b™

b
’w[(ﬂ”’“ hog)bip) + (Y7, ho )@ p)]
XL o (f 0@ (ho@)(Bip) + ((XLrss - (f 0 @) o g)) (@ p>]\

/ ’ (/ (e TE (@ (g(b)—g(s))U:P)h(g(s))!d(g(s)))
X( R ()V( @) + £7-4 )lf(g(w)l)d(g(t))

g(b) —g(a) g(b) —g(a)

Page 10 of 14
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b t
* ﬁw ( f (8~ ¢6) " EL (wo(eh) - £5)) ) (g(6) |d(g(s))>

gb)-g@® gt -g@ )
)| )d
* (g(b)—g(a) fle@)]+ g(b)—g(a)lf (€®)])d(e®)

1]l oo M
~ 1(g(b) - gla))

atb

x [ / " (&) -2®)" - (e(t) - (@) ((B) - g0) If (e(@) ) d(g(®)

a

atb

+ f " ((e0) - g0)" - () - g@)" (e(t) - g(@) | (e®)) ) d(e(0)

a

[ (e -gt@)" ~ (-0 6) 200 () )

2

b
+ fi ((g®) ~g@)" - (e(b) - ()" (¢(0) - g(@) |f(¢(8)) |)d(g<t>)] (4:10)

After combining the terms of the above inequality, we have the following values:

atb
2

((gb) - ()" - (g(t) — g(@))") (g(b) - g(8))d(g(D))

a
b

=/ (&) -2(@)" - (¢) -2(8)") (¢(t) - g(@)d(g(2)

a+b

gb)-g@)™ (gb) - g(&ky)r2
T+2 T+2

(@(%") -ga)™ a+b\\ (@(%L)-gla) 2
ETS! (g(b)’g< 2 ))’ T+ 1)(c+2)

and

a+b

f 7 () -g0) - (g0 - g(@)") (¢(0) - g@)d(g(0))

b
- [, () -gt@)" - (¢(6) - g0)) ¢(8) - ¢(0) o)

atby _ T+1
_ @57 -g@) (g(b)—g(“+b>>
T 2

+1
g(b) -gl@)™  (g(%5*) —g@)™  (g(b) —g(5*)™*
(t+1(r+2) (t+D(r+2) T+2 ’
Using the above calculations of integrals in (4.10), we get the required inequality. O

Remark 3
(i) In Theorem 8, if we put g = I, we get [11, Theorem 2.3],
(i) In Theorem 8, if we put p =0 and g = I, we get [1, Theorem 2.3].
(iii) In Theorem 8, if we put w = p = 0 and g = I, we get [15, Theorem 2.36].
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Theorem 9 Let f,g,h: [a,b] — R, 0 < a < b, Range(g) C [a, b], be functions such that f
is positive and (f o g)' € L1[a, b], where g is differentiable and strictly increasing, and h is
continuous. Also let h(g(t)) = h(g(a) + g(b) — g(t)) and |(f 0 g)'|7, g > 1 be convex. Then for
k <r+MN(o), the following inequality holds:

b
‘(W)[( s ho@)Bip) + (X1 - h o g) @i p)]

—[(YLE5E o (f 0o @) (Bip) + ((YLINE - (f o @) o)) (ip)]

 2WhlMe) ~gla)™
- t(t+1)

x (Lf/(g(a))lq ; Wgwmq)é
. ,

(1-w)""1(1-@)7]

(4.11)

)r+1’ and

) g(42)
where ||lloc = SUp;eiap 11O, ¥ = (s )”1+(gg(h

_ 1 [(g(#) —g(ﬂ)>r+2 s (g(b) —ﬂ#))m]
T+2|\ g(b)-gla) g(b) —gla)
T+l [(g(”—;l’) —g(a))”2 N (g(b) —g(%))”z]
t+2|\ g(b)-gla) g(b) —gla)
_ (g(%) —g(a))”l<g(b) —g(‘%")) . (g(%) —g(oz)><g(b)—g(#)>”1
gb) - g(a) gb) —g(a) gb) —g(a) gb) —g(a) )

Proof Using Lemma 2, power mean inequality, (4.9), and convexity of |f'(g)|?, we get

b
(TN (rzzte o)) + (2545, hog)aip)]

(XL o (f o) ho@)bip) + (X5 - (f 0 g)(H o g)) <a;p>]\

([

x h(g(s))d(g(s))
a+b—t
( / (eb) —g(s)) " EL" (o) —g<s>>“;p))h<g<s>>d(g<s>)

o

x [f’(g(t))|qd(g(t))] " (4.12)

a+b-t
([ e -eo) ™ Bt (wlet®) -0 0))

1
q

d(g(::))}l_

Since |f'(g)|7 is convex on [a, b], we have

¢) -0 d0-¢@
0" = gtV EON"* oy g €O (413

Page 12 of 14
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Using (4.13), [|h]lco = SUP,¢|, 4 |4(2)], and the absolute convergence of Mittag-Leffler func-
tion, inequality (4.12) becomes

b 7,K,C 7,K,C
LTt hog) i)+ (1242, hog)aip)]

[ (fo @) o @) Bip) + (X1 - (f 0 @) o 9) (@ip)]

h 0 # T T
M[ f [(2(b) - g()" - (2(2) - gB))" }d(g®))

a

2

b 1_%
" / {(e®-g@)" - (g0) - g®)" }d(g(t))]

<[ He®-¢0) - 0 -eo)]

M 1 q M , q)
(5 €+ S O Jalso)

b
* /m {(e®) - ga)" - (g(b) -g(1)"}

) -g(®) |, g &t)-gla),, q) ];1,
o(b) — o(a) N b d .
(S e Sy BN et

After integrating and simplifying the above inequality, we get (4.11). O

Remark 4
(i) In Theorem 9, if we put g = I, we get [11, Theorem 2.5].
(ii) In Theorem 9, if we put p =0 and g = I, we get [1, Theorem 2.6].
(iii) In Theorem 9, if we put w = p = 0 and g = I, we get [15, Theorem 2.8].

5 Concluding remarks

The results of this paper provide the fractional Hadamard and Fejér—Hadamard inequali-
ties in a generalized form. By proving two identities, the error estimates of these inequal-
ities are established. Furthermore, the results deducible from the proved inequalities are
published in [1, 11, 15]. Also in special cases the reader can obtain results for fractional
integral operators described in Remark 1.
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