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Abstract
In this paper, we establish and examine a mathematical model that combines the
effects of vitamins intervention on strengthening the immune system and its role in
suppressing and delaying the growth and division of tumour cells. In order to
accomplish this, we propose a tumour–immune–vitamins model (TIVM) governed by
ordinary differential equations and comprised of two populations, namely tumour
and immune cells. It is presumed that the source of vitamins in TIVM originates from
organic foods and beverages, based on the food pyramid. The simulation of TIVM
employs the fourth order Runge–Kutta method. It is found from the analysis and
simulation results that one of the side effects of weakening the immune system is the
possibility of transforming immune cells into immune cancer cells to prevent or delay
the growth and division of tumour cells. Evidently, for regular intakes of vitamins,
which is projected at 55% of vitamins per day, the immune system is strengthened,
preventing the production of tumour cells.

Keywords: Dynamic model; Nonlinear ordinary differential equations; Stability;
Numerical simulation; Immune cells; Tumour cells; Vitamins

1 Introduction
Cancer is defined as unregulated cell growth and division, exemplified by rapid division
and invasion of other cells in the adjacent tissue compared to normal cells that grow and
divide as a result of either cell death or the replacement of dead cells. Multiple epidemi-
ological studies have shown that transformations of nutrition, lifestyle, environmental in-
clinations and other factors are closely linked to high mortality rates of several cancers
[1–3]. Additionally, the pioneer genomic researcher Craig Venter remarked, at the Lead-
ership for the Twenty-First Century conference, that “Human biology is far more compli-
cated than we imagine. Everybody speaks about the genes that they received from their
ancestors for certain traits. However, these genes have very little impact on life outcome.
The body is way complex with the involvement of hundreds of thousands of independent
factors. Genes are not determined by fate. Genes provide beneficial information about the
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increased risk of a disease but they will not, in most situations, assess the exact cause of
the disease or the actual occurrence of it. Most biological issues come from the complex
interaction between all the proteins and cells that function with environmental factors,
not specifically influenced by the genetic code” [4]. The relationship between nutrition
(such as the A, D, C, E and B-group vitamins) and immunity has recently received signif-
icant attention. It has been shown that these vitamins play a vital role in controlling the
activity of the immune system to protect tissues from injury [5–7]. In addition, mathemat-
ical models have been used to explain disease behaviour over time, which has improved
treatment methods. Since 1994, researchers began to mathematically study the behaviour
of cancer. A tumour–immune interaction has been studied using the Michaelis–Menten
function [8, 9]. Mayer and others used ordinary differential equations in the formulation
of a basic mathematical model to describe the immune system’s response when pathogens,
such as tumour cells or viruses, invade the body [10]. Ordinary differential equations
(ODEs) [11–13], partial differential equations (PDEs) [14] and delay differential equations
(DDEs) [15–17] have been used to suggest cancer models and study the effects of tumour
growth on the dynamics of other cells or dynamics of brain diseases. Most of these models
have been formulated for the development of new cancer therapies. Several models have
been formulated to identify the key risk factors of cancer, such as obesity, hormones and
diets, but such factors have mainly remained hidden. In 2012, Mufudza and others de-
veloped a mathematical model using ODEs to associate the influence of estrogen on the
breast cancer dynamics [11]. Roberto and others also used ODEs in the formulation of
an obesity–cancer model, which has been used to associate obesity as a cancer risk fac-
tor [18], and discussed the connections between obesity and cancer in tumour response
to chemotherapy [19]. In 2019, Alharbi and Rambely proposed a healthy–immune model
that illustrates dynamically how the immune system prevents the evolution of abnormal
cells into tumours and compares its results with the analytical results of an unhealthy–
immune model [20]. This study considers unhealthy diet to be one of the main risk factors
for increasing cancer cases. In this research, an unhealthy diet has been regarded as one of
the major cancer risk factors. With the emergence of abnormal cells in the tissue, vitamins’
potential to boost the response of the immune system is dynamically studied such that nu-
merical simulation of the model suggests that the immune system can be boosted when
a person regularly intakes vitamins, simulated by 16% a day [21]. The tumour–immune–
unhealthy diet model (TIUNHDM) and the tumour–immune–vitamins model (TIVM)
governed by systems of ordinary differential equations are proposed based on models in
[10, 20, 21]. The TIUNHDM and TIVM dynamics contribute towards investigating the ef-
fects of changes in the rate of vitamin intake on the dynamics of immune and tumour cells.

The remainder of this paper is arranged as follows. TIUNHDM is presented and anal-
ysed in Sects. 2 and 3, respectively. The modification of the dynamic behaviour of TIVM
by the intervention of vitamins is presented and analysed in Sects. 4 and 5, respectively.
Section 6 presents the numerical simulations of both TIUNHDM and TIVM. This paper
is concluded in Sect. 7.

2 The tumour–immune–unhealthy diet model (TIUNHDM)
In this section, the tumour–immune–unhealthy diet model (TIUNHDM) is developed
based on a system of equations called the immune–unhealthy diet model, as described
in [20]. In addition, we established TIUNHDM using the following hypothesis: tumour
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cells start to emerge in the tissue as a result of the immune system’s inability to eliminate
or suppress the abnormal cells, where the immune system’s main function is to prevent
the body from developing cancer. Previous studies have shown that some unhealthy diet,
such as Western-style diet, can cause cancer development and damage the immune system
[22–24]. The tumour–immune–unhealthy diet model (TIUNHDM) governed by ordinary
differential equations contains two main populations. The first population is the tumour
cells, denoted by T . In the condition of a weak immune system, this type of cell can divide
rapidly while invading and countering other cells in the same or neighbouring tissues [25].
The behaviour growth of tumour cells is represented by the following ordinary differential
equation:

dT
dt

= α1T(1 – α2T) – α3TI.

The rate of the parameter α1 determines the growth limit of tumour cells. The second pa-
rameter α2 represents the tumour reduction due to the deformed tumour from the body
during dietary metabolisation. The third parameter α3 is the rate of elimination or sup-
pression of tumour cells due to the immune cell response, assuming that the response of
the immune system is weak due to the practice of an unhealthy diet.

One of the main functions of the immune system is to prevent the development of cancer
in the body. Several immune cells can be generated due to the presence of tumour in the
tissue. These cells are sometimes inefficient in activating elimination of tumour cells or
delaying their growth. The behaviour of the immune system response, which is denoted
by I , is represented by the following ordinary differential equation:

dI
dt

= σ – δI +
ρIT

m + T
– μIT .

The first parameter σ represents a constant source of immune cells that are produced
daily in the body. The second parameter δ represents the natural death rate of immune
cell. The Michaelis–Menten term ρIT

m+T discloses immune cells’ ability to eliminate tumour
cells [10], so that the presence of tumour cells incites the response of the immune system
[11]. The parameter ρ represents the rate of this response, and the threshold rate of the
immune system is given by the parameter m. Additionally, the rapid division and activity
of the tumour cells can suppress the activity of the immune cells. The parameter μ denotes
the rate of suppression of the immune cells.

Therefore, TIUNHDM is expressed by the following system:

dT
dt

= α1T(1 – α2T) – α3TI,

dI
dt

= σ – δI +
ρIT

m + T
– μIT .

(1)

3 Analysis of the tumour–immune–unhealthy diet model (TIUNHDM)
3.1 Conditions and positivity solution
TIUNHDM (1) dynamic system is proposed to evaluate the ability of a weak immune sys-
tem to dynamically suppress tumour cells. Hence, the variables T and I are positive, while
the following parameters α1, α2, α3, σ , δ, ρ , m, μ are real, positive and at most equal to
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one. The feasible region is given as follows:

Ω =
{

(T , I) ∈ R2
+
}

.

The initial values of TIUNHDM (1) are selected as follows:

T(0) = 1 [26] and I(0) = 1.22 [20, 21].

For all time t, the set solutions of the positive conditions are also positive. Hence, the
following theorem is obtained.

Theorem 3.1 For any time t, the dynamic system region of TIUNHDM Ω ⊂ R2
+ is

positivity-invariant, and there exist positive solutions.

Proof Let

Ω = Ωc :=
{

(T , I) ∈ R2
+, T =

1
α2

, I =
σ

δ

}

for any time t, the set solution (T(t), I(t)) of TIUNHDM (1) is positive. From the first
equation of TIUNHDM (1), we get

dT
dt

≤ α1T(1 – α2T). (2)

By using Bernoulli’s method, the solution of equation (2) will be

T(t) ≤ 1
α2 + ce–α1t .

As t → ∞, we get

T(t) ≤ 1
α2

.

We show that the solution of the second equation of TIUNHDM (1) is positive for all time
t, using a separate variables process, and is given by

I(t) =
σ

δ
. �

3.2 Equilibruim points
The steady states of the TIUNHDM dynamic system in (1) occur as follows:

• dT
dt = 0 ⇔

T
(
α1(1 – α2T) – α3I

)
= 0. (3)

• dI
dt = 0 ⇔

σ – δI +
ρIT

m + T
– μIT = 0,

(σ – δI)(m + T) – μ(m + T)IT + ρIT = 0.
(4)
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Hence, the equilibrium points of TIUNHDM (1) are given by solving equations (3) and
(4):

First, by solving equation (3), for T , we get

T = 0 or T =
α1 – α3I

α1α2
.

By substituting T = 0 into equation (4), the following value of I is obtained:

I =
σ

δ
.

Hence, the first equilibrium point is given by

p0 =
(

0,
σ

δ

)
.

By substituting T = α1–α3I
α1α2

into equation (4), we get one real solution, while the other so-
lutions will be complex. The real solution is given by

I =
1

6α2
3μ

[
2α2α3A1 +

2 4
3 α1α

2
3(–α1A2

1 + B1)
(C1 +

√
C2

1 + 4D1) 1
3

]
+

1
3 ∗ 2 1

3 α2
3μ

(
C1 +

√
C2

1 + 4D1
) 1

3 ,

where

A1 = 2μ + α2(δ + mμ – ρ) > 0,

B1 = 3μ
[
α1(1 + mα2)(α2δ + μ) – α1α2ρ + α2α3σ

]
> 0,

C1 = α2
1α

3
3
[
α1A1

(
–μ(A1 – μ) + α2

2
(
2δ2

2 + 2(–mμ + ρ)2 – δ2(5mμ + 4ρ)
))]

+ 9
(
μ + α2(δ2 + 2mμ + ρ)

)
α2

1α2α
4
3μσ < 0

and

D1 = –α3
1α

6
3
[
α1

(
μ(A1 – μ) + α2

2
(
δ2 + (–mμ + ρ)2 – δ2(mμ + 2ρ)

))
– 3α2α3μσ2

]3

> 0.

Furthermore, the second equilibrium point is given by p1 = (T1, I1), where

T1 =
1

6α2

[
6 –

2 2
3 (C1 +

√
C2

1 + 4D1) 1
3 + 2α1α3A1

α1α3μ
+

2 4
3 α3(–α1A2

1 + B1)
μ(C1 +

√
C2

1 + 4D1) 1
3

]
,

I1 =
1

6α2
3μ

[
2α2α3A1 +

2 4
3 α1α

2
3(–α1A2

1 + B1)
(C1 +

√
C2

1 + 4D1) 1
3

]
+

1
3 ∗ 2 1

3 α2
3μ

(
C1 +

√
C2

1 + 4D1
) 1

3 .

Remark 3.1 By applying Theorem 3.1, we deduce that there are no complex equilibrium
points for TIUNHDM (1).

Therefore, biologically, the equilibrium points of TIUNHDM p0 and p1 are classified as
follows:
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• The response stage p0: This stage indicates the immune system’s ability to respond
when tumour cells start to appear in the tissue.

• The interaction stage p1: The immune cells are activated to be active in the interaction
due to the presence and behaviour of tumour cells in the tissue despite the weak
immune system.

Remark 3.2 By applying Theorem 3.1 and the biological meaning of the equilibrium point
p1, it is deduced that:

• The tumour cells compete for survival at the interaction stage by rapidly dividing and
growing. Therefore,

1 ≤ T1 <
1
α2

, where 0 < α2 < 1.

• The rate of the immune cells active in the interaction will be reduced due to the
weakness of the immune system during the interaction stage. Therefore,

1 ≤ I1 <
σ

δ
, where 0 <

σ

δ
= 1.22.

3.3 Stability of tumour–immune–unhealthy diet model (TIUNHDM)
From the concept of the Hartman–Grobman theorem [27], the Jacobian matrix of the
nonlinear dynamic system of TIUNHDM (1) is given by

J[T , I] =

[
FT [T , I] FI[T , I]
GT [T , I] GI[T , I]

]

, (5)

where F[T , I] = dT
dt and G[T , I] = dI

dt . According to the statements above, the stability cases
of the equilibrium points of TIUNHDM (1) are as presented in Theorem 3.2.

Theorem 3.2 The response stage equilibrium point p0 of TIUNHDM (1) is an unstable
point.

Proof For analysing the behaviour of p0, Jacobian matrix (5) at p0 is given as follows:

J[T , I]p0 =

[
α1 – α3σ

δ
0

α2–μm
δm –δ

]

. (6)

We have

Det
(
J[T , I]p0

)
=

(
–δ

(
α1 –

α3σ

δ

))
< 0,

where the sign of (α1 – α3σ

δ
) is affected by the hypothesis of TIUNHDM. If the immune

system is weak, the rate of suppression of tumour cells by the immune cells denoted by α3

will be small compared to the rate of tumour cells growth. Hence,

α1 –
α3σ

δ
= α1 – α3I > 0.
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This indicates that matrix (6) has two eigenvalues, which are real and of opposite sign.
This implies that the response stage p0 is unstable. �

Theorem 3.3 TIUNHDM has a stable interaction equilibrium point p1.

Proof For analysing the behaviour of p1, Jacobian matrix (5) at p1 is given as follows:

J[T , I]p1 =

[
α3I1 – α1 –α3T1

I1( mρ

(m+T1)2 – μ) ρT1
m+T1

– δ – μT1

]

. (7)

Considering remark (3.2), we rewrite Jacobian matrix (7) at p1, such that T1 = 1 and
I1 = 1, as follows:

J[T , I]p1 =

[
α3 – α1 –α3
mρ

(m+1)2 – μ
ρ

m+1 – δ – μ

]

. (8)

Now, we compute the characteristic equation of Jacobian matrix (8) as follows:

λ2 – F2λ + H = 0, (9)

where

F2 = trac
(
J[T , I]p1

)
= α3 +

ρ

m + 1
– α1 – δ – μ < 0,

H = det
(
[J[T , I]p1

)
= (α1 – α3)

[
δ –

ρ

(m + 1)2

]
+ (α1 – 2α3)

[
μ +

mρ

(m + 1)2

]
> 0.

Then the Routh–Hurwitz theorem is applied for the characteristic equation (9) as follows:

∣∣∣∣∣∣∣

λ2 1 H
λ1 –F2 0
λ0 H 0

∣∣∣∣∣∣∣
.

The equilibrium point p1 is stable for all time t as indicated by the positivity of the elements
in the first column. �

An evaluation of the immune–healthy diet model (IHDM) [20] shows that the immune
system role is classified as healthy if it succeeds in passing three following stages of elimi-
nation or suppression of disease pathogens, namely, stable primary stage, unstable inter-
action stage and stable recovery stage. The following remark is evident from the analysis
of the TIUNHDM dynamics.

Remark 3.3
• TIUNHDM has an unstable response stage, which implies that the immune system is

weak and tumour cells have chances to divide and grow rapidly [25].
• TIUNHDM has a stable interaction stage, which shows that immune cells might

transfer to immune cancer [11]. Furthermore, this point mathematically indicates that
the number of tumour cells starts to escalate, while the number of immune cells is
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Figure 1 Phase portrait of TIUNHDM and solutions
around its equilibrium points

reduced to less than the initial number of immune cells. Figure 1 illustrates the phase
portrait of TIUNHDM and its solutions around the equilibrium points.

4 Modification of the tumour–immune–unhealthy diet model (TIUNHDM) by
vitamins intervention (TIVM)

In 2018, the third report from WCRF and AICR [28] recommended a dietary source of
vitamins from natural foods and beverages. However, high doses of dietary supplements
is not recommended due to their unforeseen side effects, especially in cancer patients. In
2019, Alharbi and others deduced dynamically that switching to a healthy diet with a rich
source of vitamins, estimated at 16% per day, could boost the immune system and pre-
vent the body from accumulating progressive abnormal cells, such as tumour cells [21].
Based on these recommendations, the behaviour of the dynamic system TIUNHDM was
expanded with vitamins intervention derived from a healthy diet pattern as an external
factor. In order to achieve this, moderate dietary patterns are suggested following the food
pyramid, as shown in [7, 20, 26, 29]. This food pyramid follows recommendations from
a report from the World Cancer Research Fund (WCRF) and the American Institute for
Cancer Research (AICR), which recommends drinking water, eating a diet rich in whole
grains, vegetables, fruits and beans, and having a lower intake of red and processed meats,
as well as sugars and sweets, as indicated in Fig. 2. Though nutrients and glucose are nec-
essary for cell growth, there are differences between glucose metallisation by cancer cells
and other cells [30].

Hence, the tumour–immune–vitamins model (TIVM) is designed to study the effects
of vitamins intervention when tumour cells are pose in tissue from stages I and II. The
intervention of vitamins is denoted by V . It is assumed that a regular rate of vitamins from
natural sources of food and beverages (external factor) denoted by k1 has been consumed
by the individual, and the glucose rate is maintained in the blood. Thus, the rate of vitamins
which are attracted by cells is denoted by k2. The intervention of vitamins equation is given
as follows:

dV
dt

= k1 – k2V .
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Figure 2 Management of a diet based on the recommendation by WCRF and AICR, where the amounts of
food are estimated by nutritional analysis

The vitamins intervention effect on the dynamic behaviour of tumour cells T and im-
mune cells I is presented, where the rate of the effect of vitamins on tumour cells is rep-
resented by c1. A regular rate of vitamins and maintained rate of blood glucose serve to
boost the immune system and its function. Hence, the rate of the effect of vitamins on
immune cells is represented by c2.

Consequently, TIVM is expressed by the following system:

dT
dt

= α1T[1 – α2T] – α3TI – c1TV ,

dI
dt

= σ – δI +
ρIT

m + T
– μIT + c2IV , (10)

dV
dt

= k1 – k2V .

5 Analysis of the tumour–immune–vitamins model (TIVM)
5.1 Conditions and positivity solution
TIVM dynamics (10) shows the impact of vitamins intervention on the actions of the
immune system by eliminating or suppressing the growth and division of tumour cells.
Hence, variables T(t), I(t) and V (t) are real and positive. Furthermore, parameters α1, α2,
α3, σ , δ, ρ , m, μ, c1, c2, k1 and k2 are real, positive and at most equal to one. Therefore, the
feasible region is given by

Ω =
{

(T , I, V ) ∈ R3
+
}

.
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We performed simulations using Mathematica program to identify the initial value of vi-
tamins and discovered that the best response occurred when V (0) = 5. Thus, the initial
values of TIVM dynamics (10) are given by

T(0) = 1 [26], I(0) = 1.22 [20, 21] and V (0) = 5.

For 0 ≤ t < ∞, the set solutions are positive for positive conditions. Based on Theorem 3.1,
the following theorem is obtained.

Theorem 5.1 For any time t, the dynamic system region of TIVM Ω ⊂ R3
+ is positivity-

invariant, and there exists a positive solution.

Proof Let

Ω = Ωd =
{

(T , I, V ) ∈ R3
+, T =

1
α2

, I =
σ

δ
and V = 1

}
.

Thus, for any time t, the set solutions (T(t), I(t), V (t)) of TIVM (10) are positive. By apply-
ing Theorem 3.1, we can prove the solution positivity of T and I . First, we illustrate that
the solution of third equation of TIVM (10) will be V (t) = 1. As

dV
dt

≤ k1 – k2V (t), (11)

by using the separation of variables method, we get

V (t) ≤ 1 + ce–kt .

Let t → ∞, we get

V (t) ≤ 1.

Since Ω = {(T , I, V ) ∈ R3
+}, thus V (t) = 1 at t → ∞. �

5.2 Equilibrium points
The steady states of TIVM in (10) occur as follows:

• dT
dt = 0 ⇔

T
(
α1(1 – α2T) – α3I – c1V

)
= 0. (12)

• dI
dt = 0 ⇔

σ – δI +
ρIT

m + T
– μIT + c2V = 0,

(
(σ – δI) – μIT – c2VI

)
(m + T) + ρIT = 0. (13)

• dV
dt = 0 ⇔

V =
k1

k2
. (14)
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Hence, the equilibrium points of TIVM (10) are given as follows:
First, by solving equation (12) for T , we get

T = 0 or T =
α1 – α3I – c1V

α1α2
.

Now, substituting T = 0 into equation (13), we obtain

I =
σk2

δk2 – c2k1
, where δ >

c2k1

k2
and k2 ≈ 1.

Therefore, the first equilibrium point is given by

q0 =
(

0,
σk2

δk2 – c2k1
,

k1

k2

)
.

Next, substituting T = α1–α3I–c1V
α1α2

into equation (13), we get one real solution, while the
other solutions are complex. The real solution is given by

I =
1

6μ

[
–

2A2

α3k2
+

2 4
3 (A2

2 – B2)

(C2 +
√

C2
2 + 4(–A2

2 + B2)3α6
3k6

2) 1
3

]

+
1

6μ

[2 2
3 (C2 +

√
C2

2 + 4(–A2
2 + B2)3α6

3k6
2) 1

3

α2
3k2

2

]
,

where

A2 = (α1α2c2 + 2μc1)k1 +
(
α2ρ – (2 + mα2)

)
,

B2 = 3μ
[
μc2

1k2
1 +

(
μ + (δα2 + mμ – ρ)α2k2 – (1 + mα2)α2c2k1

)
α2

1k2
]

+ 3μ
[
α2c2k1 – (2 + mα2)μk2 + α2ρk2

]
α1c1k1,

C2 = α3
3k3

2
[
–2α3α

3
2c3

2k3
1 + 2μ3c3

1k3
1 – 3c2

1k2
1k2α1μ

2((2 + mα2)μ – α2ρ
)

– 3c1k1k2
2α

2
1μ

2[–2μ2 + 2α2μ(–mμ + ρ) + α2
(
–6δμ + (–mμ + ρ)2)]

+ k2
2α

2
1
[
μ

(
μ + α2

(
3α2δ + m(4 + mα2)μ

))
+ 2(2 + mα2)μρ – 2α2

2ρ
2]

+ 3c1k1α1α2
[
c2

1k2
1μ

2 – 2c1k1k2α1μ(μ + 2mα2μ + α2ρ)
]

+ 3c2
2k2

1α
2
1α

2
2
[
c1k1μ + k2α1

(
(mα2 – 1)μ + 2α2ρ

)]]
.

Furthermore, the second real solution is given by

q1 =
(

T∗, I∗,
k1

k2

)
,

where

T∗ =
1

α1α2

[
α1k2 – c1k1

k2
– α3I∗

]
,
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I∗ =
1

6μ

[
–

2A2

α3k2
+

2 4
3 (A2

2 – B2)

(C2 +
√

C2
2 + 4(–A2

2 + B2)3α6
3k6

2) 1
3

]

+
1

6μ

[2 2
3 (C2 +

√
C2

2 + 4(–A2
2 + B2)3α6

3k6
2) 1

3

α2
3k2

2

]
.

Remark 5.1 The second solution of equations (12)–(14) is the equilibrium point of TIVM
(10) if and only if 0 < I < T . This condition will be satisfied if the immune system is weak or
the tumour cells are strengthened, contrary to the case of the response stage. Thus, TIVM
has only a response equilibrium point q0 = (0, σk2

k2δ–c2k1
, k1

k2
).

5.3 Stability of tumour–immune–vitamins model (TIVM)
Applying the concept of the Hartman–Grobman theorem [27], the Jacobian matrix of the
nonlinear dynamic system of TIVM (10) is given as follows:

J[T , I, V ] =

⎡

⎢
⎣

FT [T , I, V ] FI[T , I, V ] FV [T , I, V ]
GT [T , I, V ] GI[T , I, V ] GV [T , I, V ]
HT [T , I, V ] HI[T , I, V ] HV [T , I, V ]

⎤

⎥
⎦ , (15)

where F[T , I, V ] = dT
dt , G[T , I, V ] = dI

dt and H[T , I, V ] = dV
dt . The stability cases of the equi-

librium points of TIVM (10) are discussed in what follows.

Theorem 5.2 TIVM (10) has a stable response equilibrium point q0.

Proof For analysing the behaviour of q0, Jacobian matrix (15) at q0 is given as follows:

J[T , I, V ]q0 =

⎡

⎢
⎣

α1k2–c1k1
k2

+ α3σk2
c2k1–δk2

0 0
(–mμ+ρ)σk2
(c2k1+δk2)m

c2k1–δk2
k2

c2k2σ

c2k2+δk2

0 0 –k2

⎤

⎥
⎦ . (16)

To analyse the behaviour of the equilibrium point q0, the characteristic equation of ma-
trix (16) is computed as follows:

(–k2 – λ)
(

c2k1 – δk2

k2
– λ

)(
α1k2 – c1k1

k2
–

α3σk2

c2k1 + δk2
– λ

)
= 0. (17)

Hence, the eigenvalues of matrix (16) are given as follows:

λ1 = –k2,

λ2 =
c2k1 – δk2

k2
< 0, where from the equilibrium point q1, δ >

c2k1

k2
≡ δ1,

λ3 =
α1k2 – c1k1

k2
–

α3σk2

δ – c2k1
k2

=
(α1 – c1k1

k2
)(δ – δ1) – α3σk2

2

(δ – δ1)k2
.
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Then TIVM will be stable if λ3 < 0, which can be shown as follows:

(
α1 –

c1k1

k2

)
(δ – δ1) – α3σk2

2 < 0,

α1 –
c1k1

k2
<

α3σk2
2

δ – δ1
,

α1 <
α3σk2

2
δ – δ1

+
c1k1

k2
.

Hence, the equilibrium point q0 is stable if and only if

0 < α1 <
α3σk2

2
δ – δ1

+
c1k1

k2
. �

Remark 5.2 Comparing the response stage equilibrium points of TIUNHDM and TIVM,
we make the following remarks:

• The stability of the TIVM response stage results from vitamins intervention. This
indicates that vitamins contributed to boosting the immune system and regulating the
behaviour of the solutions around the equilibrium point q0. Compared to the initial
value of the immune cells, this effect can be deduced from the increase in immune
cells at this stage. This increase was not observed in the response stage of TIUNHDM,
where the response of the immune cells was represented by the initial value problem.

• Tumour cells exist to survive and do not have an automatic death mechanism,
compared to other types of cells. On the other hand, there are internal factors that
contribute to their growth suppression. The growth of tumour cells may be delayed by
boosting and increasing the immune cells. Dynamically, this is only possible if and
only if the suppression rate of tumour cells by immune cells is higher than the growth
rate of tumour cells; that is, α3 < α1.

• The parametric solution of TIVM and its behaviour around the equilibrium point are
shown in Figs. 3–4.

Figure 3 Parametric solution of TIVM
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Figure 4 The behaviour of solutions of TIVM around
the equilibrium point

6 Numerical simulation
NDSolve command in Mathematica 11.2 is used for the simulations of TIUNHDM (1) and
TIVM (10). A fourth order Runge–Kutta method is used via NDSolve to obtain a stable and
convergent solution for the model simulations. The simulations of TIUNHDM and TIVM
were carried out by selecting step integration as 1

1000 and thirty days as a time unit. These
simulations showed that the shifting from an unhealthy to a healthy diet had a substantial
impact on suppressing tumour cells growth. Additionally, the vitamins which came from
a natural source of foods and beverages in a healthy diet played a role in boosting the
immune system and improving its functionality in suppressing or delaying tumour cells
growth, especially in primary stages. As illustrated in Figs. 5–8, the residual error values
validated the robustness of the proposed methods. Both TIUNHDM (1) and TIVM (10)
simulation results were compared with numerical results evaluating estrogen effect on the
breast cancer dynamics, as presented in [11].

The simulation results of both TIUNHDM and TIVM showed that the appearance of
tumour cells stimulated the division of immune cells, even when the immune system was
weak, but there was a differentiation in immune cell functions. This differentiation could
be deduced from the values of parameters that affected the behaviour of both TIUNHDM
and TIVM. From the simulation of both models, it can be concluded that there are two
parameters that directly affect the behaviour of tumour and immune cells, namely the
suppression rate of the tumour cells by immune cells denoted by α3 and the suppression
rate of immune cells as a result of being attacked by tumour cells denoted by the parame-
ter μ. Furthermore, it is obvious that delaying the growth of tumour cells occurred if the
following conditions are satisfied:

The suppression rate of tumour cells > The suppression rate of immune cells,

α3 > μ.

Vitamins were used to regulate the rates of parameters α3 and μ and the TIVM simulation
results showed that the body intake needed k1 = 55% from vitamins derived from natural
foods and beverages, where the highest rate of vitamins will support attack on the tumour
cells and other rates will support the immune cells as follows: the rate involving vitamins
was simulated by k2 = 97%, c1 = 60% and c2 = 36%. The cell behaviour in TIUNHDM and
TIVM is shown in Figs. 9–10.
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Figure 5 Residual error at various steps for TIUNHDM

Figure 6 Residual error at time t for TIUNHDM

Figure 7 Residual error at various steps for TIVM

Figure 8 Residual error at time t for TIVM
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Figure 9 The cell behaviour in TIUNHDM, with α1 = 0.4426, α2 = 0.4, α3 = 0.1469, σ = 0.7, δ = 0.57,
μ = 0.3634, ρ = 0.7829 andm = 0.8620

Figure 10 The cell behaviour in TIVM, with α1 = 0.4426, α2 = 0.4, α3 = 0.5140, c1 = 0.6142, σ = 0.7, δ = 0.57,
μ = 0.1859, ρ = 0.7829,m = 0.8620, c2 = 0.3628, k1 = 0.5463 and k2 = 0.9757

7 Conclusion
The appearance of tumour cells in tissues is caused by the failure of the immune system
to eliminate or suppress abnormal cells, as was dynamically shown in [20]. In this pa-
per, a mathematical tumour–immune–unhealthy diet model (TIUNHDM) and a tumour–
immune–vitamins model (TIVM), which are governed by ordinary differential equations,
were developed to illustrate the existence of relationship between diet habits and the
growth of tumour cells. The analysis of TIUNHDM showed that the immune system be-
came involved in the interaction as a result of the activity of the tumour cells. It is possible
to turn these immune cells into cancer immune cells. Mathematically, there was no recov-
ery stage for TIUNHDM since the immune cells did not go to zero. Moreover, there was
no co-existent stage between the cells, where there was no consideration of normal cells.
From the results of simulation of the model, it can be concluded that the model achieved
cells interaction when the suppression rate of the immune cells is greater than the suppres-
sion rate of the tumour cells. Additionally, we suggested that status of the immune system
is boosted by shifting from an unhealthy diet to a healthy diet that is rich in vitamins. This
effect was incorporated into TIUNHDM to form the tumour–immune–vitamins model
(TIVM). It can be concluded from the analysis and simulation of TIVM that boosting the
immune cells by the vitamins intervention may serve to delay the growth and division
of tumour cells. Dynamically, TIVM does not have an interaction stage, which indicates
that there was an opposite relationship between boosting the immune system by the vi-
tamins intervention and delaying the growth and division of tumour cells. According to
the simulation of TIVM, body intake of meals containing 55% from vitamins per day is
recommended to boost the immune system and prevent tumour cells from developing. In
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summary, this paper evaluated the effects of vitamins intervention on delaying tumour cell
growth and reducing the risk of cancer through dynamic modelling. We hope to conduct
more experimental studies to clinically investigate the results of this paper and contribute
to identifying the specific diet patterns which are most suitable for reducing the growth
of tumour cells. In future studies, we will develop these models by studying the effects
of other factors which are correlated with an increase in the risk of cancer based on the
effects of diet and the dynamics of other diseases.
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