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Abstract

In this paper we consider a fractional differential system with coupled integral
boundary value problems on a half-line, where the nonlinearity terms depend on
unknown functions and the lower-order fractional derivative of unknown functions,
and the fractional infinite boundary value conditions depend on the coupled infinite
integral of unknown functions. By virtue of the monotone iterative technique, we find
two explicit monotone iterative sequences which converge to the positive minimal
and maximal solutions when the nonlinearities can satisfy certain nonlinear growth
conditions.
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1 Introduction

Fractional-order differential equations is a natural generalization of the case of integer or-
der, which has become the focus of attention involving various kinds of boundary condi-
tions because of the wide application in mathematical models and applied sciences. Some
latest results on the topic can be found in a series of papers [1-15] and the references
therein. In particular, a monotone iterative technique is believed to be an efficient and im-
portant method to deal with sequences of monotone solutions for initial and boundary
value problems. For some applications of this method to nonlinear fractional differential
equations, see [16—24]. We also note that there are some results about monotone iterative
solution of a single fractional order equation on a half-line, see [25-29].

In [25] Zhang considered a nonlinear fractional boundary value problem on a half-line

D%u(t) + f(t, u(t),D* u(t)) =0, te€(0,+00),a € (1,2],

(1.1)
u(0) =0, D* 1 y(+00) = Bu(k), B >0,
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where f € C(J x R x R,R). By utilizing the monotone iterative technique, iterative se-
quences of the positive extremal solutions were acquired.
In [27] Pei et al. studied the Hadamard fractional integro-differential equation on an

infinite interval

Dul(t) +f(t, u(t), 'u(®),D*1u(t)) =0, 1<a<2,te(l,+00),

(1.2)
u(1) =0, D lu(o0) = Y1 AidPiu(n),

where IV is the Hadamard fractional integral and «, 1, i, A; (i = 1,2,...,m) are some

m A ()
i=1 T(a+f,)

technique, the existence of positive solutions was established.

given constants with I'(a) > ) (logn)**Fi~1. By using the monotone iterative

On the other hand, integral boundary conditions are considered to be more reasonable
than the local boundary conditions, which can depict phenomena of heat transmission,
population dynamics, blood flow, etc. A large number of results about fractional differen-
tial equations with integral boundary condition have been obtained, see [9, 10, 30—43] and
the references cited therein. Meanwhile, we note that the coupled systems of fractional-
order differential equations have also attracted much attention due to their extensive ap-
plications, we refer to [3, 9, 10, 14, 22, 29, 32-43].

In [9] Jiang et al. utilized the fixed point index to construct the existence of positive

solutions for the following system on a finite interval:

DPu(t) + it u(t),v(t)) =0, l<t<e,

DPv(t) + fot, u(t),v(t)) =0, 1<t<e,

u(l)=v(1)=u/(1)=v'(1) =0, (1.3)
ule) = [ h(s)v(s)%,

vie) = [{ g(s)u(s) %,

where the nonlinearities f; (i = 1,2) can grow superlinearly and sublinearly, and boundary
value conditions depend on the coupled integral of unknown functions.

In [29] a coupled system of fractional differential equations on an infinite interval is
studied

D*u(t) + (t,v(t), D" v(£)) =0, «€(2,3],11 €(0,1),

DPv(t) + ¥ (6 u(®), D?u(t)) =0, B €(2,3],2€(0,1),

I**y(0) = 0, D*2y(0) = fohgl(s)u(s) ds, D* L y(+00) = Mu(€) + a,
I*~Pv(0) = 0, DF-2y(0) = fohgz(s)v(s) ds, DF1y(+00) = Nv(n) + b,

(1.4)

wheret €] =[0,+00),¢,¥ € C(J x RxR,J), M, N are real numbers satisfying 0 < Mg <
I'(@),0<Nnf1t<r(B),&nh>0,and a,b € R*, g,g0 € L'[0, k] are nonnegative func-

tions, the nonlinear terms ¢, ¥ and boundary conditions of the system are not coupled.

Page 2 of 20
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In [32] Aljoudi et al. studied the sequential fractional differential equations on a finite
interval

(D7 + kDT Y u(t) = f(t, u(t), v(2), D*v(t)), k>0,
1<g<2, O<acx<l,

(D + kD Yul(t) = g(t, u(t), v(t), D°u(?)),
1<p<2, 0<é6<1,

(1.5)

u(1) =0, u(e) =1"v(n), y >0, l<n<e,
v(1) =0, v(e) = IPu(), B >0, 1<éc<e,

where D and I") denote the Hadamard fractional derivative and Hadamard fractional
integral, f,g: [1,e] x R® — R are given continuous functions, and boundary value condi-
tions depend on the coupled fractional integral of unknown functions.

Inspired by the works above, in this paper we utilize the monotone iterative technique
to study the existence of positive extremal solutions of a fractional differential system on
a half-line

Du(t) + o(t,u(®), v(t),DPv(t)) =0, 2<a <3,
DBv(t) + (&, u(t), v(t), D u(t)) =0, 2<B <3,
u(0) = /(0) =0, D*u(+o00) = [ h()v(t) dt,
v(0) =v'(0) =0, DFly(+o00) = [ g(H)u(t) dt,

(1.6)

where D%, D are the Riemann—Liouville fractional derivatives. Here we emphasize that
the nonlinearity terms ¢, ¥ include not only unknown functions, but also the lower-order
fractional derivative of unknown functions. By the way, the fractional infinite boundary
value conditions depend on the coupled infinite integral of unknown functions. To the
best of the authors’ knowledge, the system with coupled infinite integral boundary value
conditions is yet to be investigated. ¢, i satisfy the following assumptions:
(CO) p,y eCJ xR xR xR,J),J=[0,+00).
(C1) h(t),g(t) € L[0,+00) with [(™h(@®)tP1dt = 11, [{ T g@)* 1 dt = 1o, T <
(eI (B).
(C2) The nonnegative functions a;(t), b;(¢) € L[0,+00) (i = 0,1,2,3) and constants 0 <
Mo Tk < 1 (k = 1,2,3) satisfy

lo(t, u, v, w)| < ao(®) + a1 ()|l + ax(OIVI™2 + as () lw*®, w,v,weR,Vt €],
with
+00 +oo A
/ ao(t)dt = af < +o0, / ar(8)(1 + P 1) de = af < +oo,
0 0
+00 2 +00
/ ax(£)(1+ P71 dt = a} < +o0, / as(t)dt = aj < +o0,
0 0
and

|V (&, u,v,2)| < bo(t) + bi(O)ul™ + ba(OIVI™2 + as(t)l2l®,  w,v,zeR,VEe],
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with
+00 +00
/ bo(t) dt = b} < +00, f bi(H)(1 + P dt = b} < +o0,
0 0

/ by(t)(1 + 1) dt = b} < +o0, / b3(t)dt = b < +oo0.
0 0

(C3) @(t,u,v,w) and ¥ (¢, u,v,z) are increasing with respect to the variables u, v, w and
u, v, z, and ¢(t,0,0,0) £ 0, ¥(¢£,0,0,0) £0, Ve € /.
For convenience, we set A = I'(a)['(B) — 11>, @ = max{['(B) + 11, (a) + T3,
rr @) +1), FBC (@) + 1)), A= g,

2 Preliminaries
In this section we only list some definitions and lemmas of the Riemann-Liouville frac-

tional integral and derivative; for more details, we refer the readers to [1].

Definition 2.1 (see [1]) The Riemann-Liouville fractional integral of order g > 0 for an

integrable function g is defined as

1

q -
Ig(x) )

/%—m&ma
0

provided that the integral exists.

Definition 2.2 (see [1]) The Riemann-Liouville fractional derivative of order g > 0 for an

integrable function g is defined as

_ 1 d " ¥ n—q-1
Dqg(x)_['(ni—q)(d_x> /o(x_t) T g(t)dt,

where n = [q] + 1, [g] is the smallest integer greater than or equal to ¢, provided that the
right-hand side is pointwise defined on (0, +00).

Lemma 2.3 (see [1]) Let g > 0 and u € C(0,+00) N L(0, +00). Then the general solution of
fractional differential equation D7u(t) = 0 is

u@) =t + ettt t T,
wherec; €R,i=1,2,...,n,andn—-1<q<n.

Lemma 2.4 Let x,y € C(0,+00) N L(0, +00) and assumption (C1) be satisfied. Then the

fractional differential system with coupled integral boundary conditions

Du(t) +x(t) =0, 2<a <3,

DPv(t) +y(t) =0, 2<B <3,

u(0) = u/(0) = 0, D*lu(+00) = [ h(t)v(2) dt,
v(0) =V (0) =0, DFly(+00) =

(2.1)

+00

o &u(t)de,
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has a solution which can take the integral representation

u(t) = 0+°° Ki(t,s)x(s ds+f Ks(t,5)y(s) ds,

(2.2)
v(t) = [ Kot 8)y(s)ds + [ Ka(t, 5)x(s) ds,
where
Ki(t,s) = K11 (t, 5) + Ki2(t, 5), Ky (t,s) = Ky (t,s) + Koy (L, 5),
F(ﬂ)ta_l +00
Ks(t,s) = T/o h(£)Ky (¢, s) dt, (2.3)
Ia tﬁ—l +00
1(4(1’, S) = L / g(t)Kn(t,s) dt
A 0
with
1 |t =(t-s)*", 0<s<t=<+oo,
Kyi(t,8) = ——
o) | g1, 0<t<s<+00,
7, ta—l +00
Kin(t) = 25— [ gokue dr
0
1 |tP - (t-5)f7!, 0<s<t<+oo,
Ko (t,8) = ——
@) |1, 0<t<s<+00,
T tﬂ—l +00
K (t,s) = = / h(t) Ky (t,s)dt.
0
Proof By Lemma 2.3, we can turn system (2.1) into an equivalent integral system
u(t) = —% fot(t —8)%x(s) ds + 1297 + cot*72 + ¢52%73, 2.4)
v(t) = 5355 Jo (¢ = $)Py(s) ds + dat? ! + dotP 2 + dstP =,

where ¢;,d; € R (i = 1,2, 3). Notice that #(0) = 2/(0) = 0 and v(0) = v/(0) = 0, we have ¢, =
¢3 =dy = dz = 0. From (2.4) we have

u(t) =~ Jot =9 x(s)ds + ere*, (2.5)
(t):—%ﬁ) ft( —5)Py(s)ds + dytPL. '
As a result,
D u(t) =1 I (@) - fot x(s) ds, (2.6)
DFv(t) = di T(B) ~ [ 3(5) ds. |
That is,
D*u(+00) = 1 () — [ x(s)ds, 2.7)

DFly(+o0) =di I (B) - [ y(s) ds.

Page 5 of 20
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By means of conditions D* 1 u(+00) = [ h(¢)v(t) dt and DP1v(+00) = [ g(t)u(t) dt, we

have
c = F%a) “he)v(e) de + a) ++°:ox(s) ds, 2.8)
f g(t)u(t)de + F}ﬂ) o y(s)ds.
Submitting (2.8) to (2.5), we obtain
u(t) = fo —8)%x(s)ds + ﬁ(al) [f h(e)v(t) dt + f s) ds]
- fo Kll(t S)a(s)ds + L5 [ h(e)v(e) dt, 29
V() = s fo (= )Py(s) ds+ i 1)[ 2 g(Ou(e) de + [y y(s)ds] '
= fO ](21 t S) ( )dS+ tﬁ(ﬂl) 0 ( )M(t) de.

Multiplying both sides of equality (2.9) by g(¢) and /4(t) and integrating from O to +o00, we
have

“g(t)u(t)dt = 0+°og(t)f+ool<u(t s)x(s)dsdt+

Fhve)de = [ h@) [ Kalt, s)y(s)dsdt+

“ h(t)v(t) dt,
© g(t)u(t) de.

a)O

/3)0

Then

Jo ™ g)u(r)dt = )A LS g(t) [ K (¢, s)a(s) ds de
+ 75 Jo S n(e) [y Kot s)y(s) dsd],
Jo ™ h(ev(e) de = ”")F >[ 5 [ g(0) [ Kun(ts)x(s) dsdt

“h(t ) % Ky (t,5)y(s) ds dt].

(2.10)

Submitting (2.10) to (2.9), we have

u(t) = [y~ Kult, s) (s)ds + &= 7 g(0) [y K (6 s)x(s) dsdt
+ LB (20 )[4 1(21(t,s)y(s) dsde
= I Kn(t,s)x(s) ds + [;° Kia(t,8)x(s) ds + [~ Ks(t,s)y(s) ds
=[S Ki(t, s)x(s)ds + [;° Ks(£,8)y(s) ds,
v(t) = [ Kaa(t,)y(s) ds + L@ [5 g(g) [+ Ky (£,5)x(s) ds e
+ m f h(t)f Ky (t,s)y(s)dsdt
*Kou(t,8)y(s)ds + [ Koo (t,s)y(s)ds + f; ™ Ka(t, s)x(s) ds

F Ko, 9)y(s)ds + [, Kalt, )x(s) ds.

(2.11)

The proof is completed. d
Lemma 2.5 For (s,t) € ] x ], if assumption (C1) is satisfied, then

o-1
0<Ki(ts) < r(p)t o< Ki(ts) < F(ﬁ)
A 1+ peth-1 A

I'(@)tP! K(t,s r
0<Ky(ts) < LW o Koty @)
A 1+ to+B-1 A

)
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1yt* ! Ks(t, s 7]
0Kyt < N g K9 T
A 1+¢t-1 = A

TPl Ku(t, T

0 < Kilt,s) < ——, Osﬂf—z.
A 1+ttF-1 = A

Proof From (2.3), it is obvious that

ta—l
0 < Kji(¢, v(t, ’
< Ky ( S)SI"() ts)e] x]
and
0<K (t )< Tlta—l /+oog(t)tcx—1 ~ Tszt"“l V(t )EJX]
SRy = 1 T T Twa s '
Thus
F -1
0 < Ki(t:9) = Kin(6,9) + Kiolt,) < -0 V(s €] x ).
Furthermore,
Ki(t, r
0< Kb T ooy

T 1l4ethl T A

By a similar calculation, we can prove other inequality results about K(¢,s), Ks(t,s), and
K,4(t,s). So the proof is completed. d

Remark 2.6 From (2.5), (2.8), and (2.10), by a direct calculation, we have

D y(t) = 0+°o Hi(t,s)x(s)ds + f0+°° Hs(t,s)y(s) ds, 2.12)
DFLy(e) = [ ot s)y(s) ds + [, Ha(t, s)x(s) ds, '
where

Hi(t,s) = Hii(t,s) + Hia(t, s), Hy(t,s) = Hi1(t,s) + Hy(t,s),

Hi(t,s) = —22 ) O‘)F ) f h(6)Koy (2, 5) dt,

H4(t,S) F(a)r(ﬂ)/ 1<1l(t S)
with
0, 0<s<t=<+oo, nr +00
Hy (t,s) = Hiy(t,s) = — @ f 2Ky (5,5)dt.
1, 0<t<s<+o09, 0
Hx(t,s) = Tﬂ; ®) / h(t) Ky (t,s) de.
0

Remark 2.7 From Lemma 2.5, by a direct calculation, we can easily obtain that

0= Hylt,s) = Hyt(t,) + His(t,9) < 1+ sz I (“)A”’g ) W) el %),
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N, TI'(a)I(B)

OSHZ(t)S):Hll(t»S)+H22(t)s)§1+ A = A ’ V(t,S)E]X],
0= < "N, Vg e,
0 < Hylt,s) < %, Y(t,s)e] x].

Define two spaces

sup |u(2)]
tE] 1 + tD(+/3—l

X = {ueC(]),Da_lueC(]) <+oo,sup’Do‘_1u(t)’ <+oo},
te]

v(t
Y= {v e C()),D* v e C(J)|sup L)'l < +00,sup| DFv(t)| < +oo},
te] 1 + b te]
equipped with the norms
lu(2)] 1
ullx = maxq{sup ——————,sup|D* " u(t)| ¢,
[l x {te}outwﬂ—l te]}@! (t)
[v(®)] g
I :max{su —— sup|D*"v(p)| ¢,
! :e? 1+ goth-l te?|

where 2 < o, 8 < 3. C(J) denotes the space of all continuous functions defined on [0, +00).
Lemma 2.8 (X, | - |x) and (Y,] - ||y) are two Banach spaces.
Proof The proof is similar to that of Lemma 2.4 in [29], so we omit it. g

Lemma 2.9 (see [44]) Let U C X be a bounded set. Then U is relatively compact in X if
the following conditions hold:
(i) Foranyuel, lft((f),l and D*'u(t) are equicontinuous on any compact interval of J;

(i) Forany e >0, there is a constant C = C(¢) > 0 such that | uey) _ _ulty)
|D*u(ty) — D*ulty)| < & for any ty,t, > C and u € U.

| < & and

a-1 a-1
1+¢7 1+ty

Remark 2.10 Let U C X be a bounded set. According to Lemmas 2.8 and 2.9, it is clear
that U is relatively compact in X if the following conditions hold:
(i) Foranyu e U, % and D*!u(t) are equicontinuous on any compact interval
of J;

(ii) For any e > 0, there is a constant C = C(e) > 0 such that | 1) ulty)

a+p-1 a+p-1
1+¢; 1+ty

| <& and

|D*Yu(ty) — D*u(ty)| < & for any ty,£, > C and u € U.

3 Main results

We define the cone P C X x Y as P = {(4,v) € X x Y|u(t) > 0,v(t) > 0,D* u(t) >
0,DP~'y(t) > 0,t € J}. From Lemma 2.4 it is easy to know that the fractional differential
system (1.6) is equivalent to the following system of Hammerstein-type integral equations:

w(®)\ _ [ fo 7 Ki(t,8)paun(s)ds + [5° Ka(t,8)Pum(s) ds
w(z) o K (6 8) W (8) ds + fi Kalt, )¢ (s) ds

- (rlw,v)(t)

foru,ve Pt e, 3.1
Fz(u,V)(t)) oru,veP,te] (3.1)
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and for convenience, we set

Pl (s) = @(s, u(s), v(s), DP1(s)),
Vi (8) = (s, u(s), v(s), D" uls)).

Then we can define an operator f : P x P — P x P as follows:
F (i, v)(t) = (F 1, F 2)(u,v)(t) foru,veP,te].

Therefore, if (1, v) € (P x P)\{0} is a fixed point of F, then (u, ) is a positive solution for
the fractional differential system (1.6). Next, we will directly study the existence of fixed
points of the operator F.

By Remark 2.6 and (3.1), we have

D1 (u,v)(2)
DPE o (u, v)(2)
_ (fo“’" Hy(t,5)00u (8)ds + 5™ (8, 8)Wu(s) ds

. . foru,ve P,te]. (3.2)
0 = Hj(t,8)V(u,y)(s) ds + fo = Ha(t, 8)9(u)(s) dS)

Lemma 3.1 If assumptions (CO) and (C2) are satisfied, then
+00 3 N
/ |g0(w)(s)| ds<aj+ Za}i || (u,v) ||Xk>< y Y(v)eXxY,
0 k=1
and
+00 3 .
/ V@] ds < b5+ Y b w5, Vv eX xy.
0 k=1

Proof For ¥(u,v) € X x Y, by assumptions (C0) and (C2), we have

+00
f [ (9)| ds
0

< h (ao(s) + al(s)|u(s)"\1 + 612(5)‘1/(5)"\2 + ag(s)’Dﬁ’lv(s)‘h) ds
0
|ua(s)*1

(1 +Sa+ﬂ—l))»1

|v(s)*>
(1 + SDZ+/3—1))»2

+00 3
<aj+ / al(s))(l + s‘”ﬁ_l) !
0

+/ ax(s))(1 +s°""3‘1)A2 ds+/ olg(s)\D‘s‘lv(s)r\3 ds
0 0

A A A
<ag+ailully +azlvly +azllvily

3

<ay+ Y ai| vy,
k=1

Page 9 of 20
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and

/ |1//(u,v) (S)’ ds
0
< / (bo(s) + b1(8)|u(s)|™ + ba(9)|v(s)|™ + b3 (s)| D" uls)| ) ds
0

oo na lu@)"
< b* b 1 a+f-1\T1 17\
< 0+A 1(5))( +$ ) (1+Sa+ﬁ—1)1’1

+/0 by(s))(1 +s°‘“3_1)127|v(8)| i ds+/0 bs(s)| D" Mu(s)| ™ ds

(1 + Sa+ﬂ—1)r2

T T T
< by +billully +b3lvIly +b3lluly

3
* * Tk
<55+ Bl Wl .
k=1
Lemma 3.2 [fassumptions (CO), (C1), and (C2) are satisfied, then the operator F : P — P

is completely continuous.

Proof Since K;(t,s) > 0,V(t,s) €] xJ,i=1,2,3,4,and ¢ >0, ¥ >0, V(u,v) € P x P, we

have F 1(u,v)(t) > 0, F 2(u,v)(t) > 0, V(u,v) € P, t € ]. So it is obvious that f : P — P.
Next we show that the operator F : P — P is relatively compact. First let U = {(u,v)|

(u,v) € P, ||(u,v)|lxxy < M}. For ¥Y(u,v) € U, by Lemma 2.4, Lemma 2.5, and Lemma 3.1,

we have

|F 1, v)(8)]
te] 1 + ratB-1

o Kt s
/ Kalbs) s ds
0

S SLlp 1+ tot+/3—1

te]

1" +00 T +00
< %/ !(ﬂ(u,v)(S)\dHXl/ W) (s)| ds

3
< ”‘””’1[ Zaknm,»uxxy b + szn(u,vwli&y}
k=1

+ sup
te]

¥ Kot s)
./0 W%,W(S)ds

3
=IO g it v @3
k=1

By Remark 2.6, Remark 2.7, and Lemma 3.1, we have

sup’D"‘_lFl(u, v)(t)‘

te]
SSUP/ Hl(t:s)w(u,v)(s)ds +SUP/ H3(t:5)w(u,v)(5)ds’
te] |J0 te] |J0
1" I" +00 1" ’r +00
5#/ | QG (s)| ds + @) 1/ |V (s)| ds
0 0

3
5 W[ o+Zak||<u,v>||Xxy+b3+sz||<u,v>||§?xy}
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3
T ) [ﬂs o S e Mfk)}, 6
k=1
Thus
|1,
= max{su] |T:L;%,suE)]D“‘"lﬂ(u, v)(t)‘}
te te
3
M) T M)+ ) [az; By Y (e 45 Mfk)} 65)
k=1
Similarly
3
Fan)], < M@+ T IA"(ﬂ)(F(oc) + 1)) [ﬂé b Y @A b Mfk)}
k=1

Therefore

)

[ Gy = max{| £ 16v)]

X’

3
Faluv)|,} < X |:a$ +b}+ Z(azM)»k +b,tMTk):|’
k=1

which implies that TU is uniformly bounded.

Second, let I C J be any compact interval. Then, for all t;,£, € I, t, > t; and (»,v) € U,
we have

I OUS S

</+oc‘ I(l(tQ,S) I(l(ths)
= 1+ tg+/3—1 1+ tiﬁﬁ—l

+00
/
0

Notice that Ki (¢,5)/(1 + t**#71), K3(t,5)/(1 +t**#~1) are uniformly continuous for any (t,s) €
I x I. Furthermore, K (t,s)/(1 +t**#~1), K3(t,s)/(1 +t**#~1) only depend on ¢ for s > ¢, which
implies that K (,s)/(1 + t**#~1), K3(t,s)/(1 + t**#~1) are uniformly continuous on I x (J \ 1).
Thus, for all s € J and ¢, £, € I, we have

‘Fl(u, V() Fi(wv)(h)

| @) ()] ds

I(g(tz, S) 1(3(t1,$)

AL Al

|w(u,v) (s) | ds. (3.6)

1+

Ve > 0,35(¢) such that if |£; — £5] < §, then
‘ Ki(ty,s) Ki(t1,5)

a+p-1 1+ t<11+;3—1

1+t

<e. (3.7)
1+ tgHH 1+ t‘{”ﬂ_l

‘ Ks(t2,5) Ks(t1,5)

Combining (3.6) and (3.7) with Lemma 3.1, for all s € J, (4, v) € U, and t3, £, € I, we have

|F1(M, V()  Fiuv)(t)

IS

3 3
< |:a3 + ) apM o+ by + Zb,";M’k:|e,

k=1 k=1

which implies that /1 (2, v)(£)/(1 + t£**#~1) is equicontinuous on 1.
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Note that
DU () (6) = / HL (6, 5)0m(s) ds + / (b8 W () ds
0 0

and H,(¢,s), Hs(t,s) € C(J x J) do not depend on ¢, which infers that D* ! 1 (i, v)(t) is
equicontinuous on I. In the same way, we can show that / 5(u,v)(t)/(1 + t**#~1) and
DP=1F 5(u,v)(t) are equicontinuous. Thus condition (i) of Remark 2.10 is satisfied.

Then we show that operators [ 1, f 5 are equiconvergent at +00. Since

. Kl (t) S)
lim =

Ks(t,
——=0, lim 3(4,5) =0
t—>+o0 | 4 ta+p-1

t—>+o0 1 4 ta+p-1 B

]

we can infer that, for any € > 0, there exists a sufficiently large constant C = C(¢) > 0, for
any 1, > C and s € /, such that

Ki(t2,5) Ki(t1,s)
1+ 14 £

I(B(tZ:S) I<3(tlys)
' 1+t§‘+’571_1+t({‘+’371 =

Therefore, by Lemma 3.1 and (3.6), we conclude that / 1 (u, v)(£)/1 + t**#~1 is equiconver-
gent at +00. On the other hand, the functions H;(¢,s), Hs(¢,s) do not depend on ¢, it is
obvious that D*~1f 1 (u, v)(¢) is equiconvergent at +0c. Similarly, f 5(z, v)(£)/1 + t**#~1 and
DL 5(u,v)(t) are equiconvergent at +00. Thus condition (ii) of Remark 2.10 is satisfied.

As can be seen from the above discussion, all the conditions of Remark 2.10 are satisfied.
Thus the operator f : P — P is relatively compact.

Finally, we prove that the operator f : P — P is continuous. Let (u,,v,), (4, v) € P such
that (u,,v,) = (4, v)(n — o0). Then ||(t4y, Vi) llxxy < +00, ||(#,V)|lxxy < +00. Similar to
(3.3) and (3.4), we can obtain

S |F1(um Vn)(t)|
te] 1+ ta+ﬂ_1

r e 3 .
< 7('B)A+ ! |:a3 + b5+ Z(az ||(un,vn)||§(kxy + b ||(uy,, 1/,,)”;X Y)j| < +00
k=1
and
Sup‘Da_lrl(Mm Vn)(t)|
te]
o) 7 3 .
[P [ by S @) [y + B )] ;XY)} .
k=1
By the continuity of function ¢, ¥ and the Lebesgue dominated convergence theorem,
we have
1~ Fl(unrvn)(t)
im

n—oo 1 4 patp-1

. o0 I<1(t>s) oo I<3(t:s)
nlgglo[/; W‘p(un,vn)(s) d5+/(; Wlﬁ(un,vn)(s) ds

0 Ki(t,s) " Ks(ts) F1(u,v)(2)
<[ e eds [ e T

Page 12 of 20
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and

lim Da_lrl(um Vn)(t)

n—0o0

lim [ / Hi (£, 8)@(u,,v,) () ds + / H3(t, 8) Y (0, (S) dS]
0 0

n—0o0

/0 H, (£, )@, (s) ds + /O H(t,8)Yun(s) ds = D711 1 (1, v)(2).

Then, as n — oo,

“ |F 1@t vi) () = F 1 (s, v) @)
tE}) 1+ tot+/3—l

+00 [(1(15,5)
= Stlg’/o 1+ eh1 |<ﬂ(un,vn)(5) - ‘/’(u,v)(S)| ds

00 Kt 5)
+ S,:lg)/o Toap1 |1//(u,,,vn)(5) — Yy (S)| ds

<F(I3)+Tl

= A [/ |(/7(un,vy,)(s) - (p(u,v)(s)| ds + / }w(un,vn)(s) - 1p(u,v) (S)| dS:|
0 0

— 0,
and as n — 00,

sup|D°"1F1(umVn)(t) -D* ' (u, V)(t)|

te]

+00
< sup / H(6,) 001 (5) = 9m ()] s
0

te]

+ Sup/ H3(tr S)’w(un,vn)(s) — Pu,y) (S)’ ds
0

te]

F 1-' T +00 +00
< HXEEION [ g9 915+ [ 9~ 1009 5

— 0.
So, as n — 00,

| F 1t vi) = F ()|

F (i, vo) () — F 1(u, v)(E _ _
:max{sup' il ) +ﬂ_11( i )l,sup|D°‘ Y 1ty v (8) = D¥LF 1(u,v)(t)|}
te] 1+t te]

— 0,

which implies that the operator F ; is continuous. By the same way, we can obtain that the
operator F 5 is continuous. That is, the operator F is continuous.
In view of all above arguments, the operator f : P — P is completely continuous. So the

proof is completed.
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Define a partial order over the product space:

IZ5% < Uy
151 - Vo
if w1 (£) > ua(2), vi(8) > va(2), D*uy (£) > D Luy(2), DP1vi(8) > DP 1y (2), t €. O

Theorem 3.3 Suppose that (C0), (C1), (C2), and (C3) are satisfied. Then there exists a
positive constant R such that system (1.6) has two positive solutions (u*,v*) and (w*, z*) sat-
isfying 0 < ||(u*, v*)llxxy < Rand 0 < ||[(W*, 2%)|xxy < Rwith lim,,_, o (uy, vy) = (u*,v*) and
limy,, oo (Wy» 241) = (W*, 2%), where (u,, v,) and (Wy, z,,) can be given by the following monotone
iterative sequences:

u,(t) _ F 11, vu)(8) =12 with uy(t) _[(R” (3.8)
Vn(t) FZ(Mn—ern—l)(t) VO(t) Rtﬁ
and
wa(®)\ _ (F1Wn-1,25-1)(2) =12 with wo(®)) _ (0 ' (39)
Z,(£) F oW1, 24-1)(2) 2o(t) 0
In addition,
wo)\ _(wi®) _  _(wa\ _ _(w@®)_ _(w®
2o ) " \z@® ) T \z®/) " T\z@) " T \v(@
<...< n(t) <...< uy(t) < u (¢) < uo(t) (3.10)
T T \w@®) T T\ @) T \n@)) T \n@)
and
D o (t) _ D* i (b) - D* 1w, (¢) - D lyw*(p)
DFlz0) ) —\DFlzi(0) ) — ~\DFlz,0))] — T \DFlz*p)
<...< D lu (1) <...< D" uy (1) <. < Da_luz(t)
- TAD2W ) T TA\DP 0] T T \DFlwn)
D uy(t) *Lugo(t)
= (Dﬁ—lvl(t)> = (Dﬁ—lvo(t))’ (310
Proof First, Lemma 3.2 brings about the fact that F (P) C P for any (4,v) e P, t €.
Next, let

R > max{84a3, 84B3, (84a;)" 7, (8487)"" W, k= 1,2,3)

and define Ug = {(u,v) € P: ||(u,v)||xxy < R}. For any (u,v) € Uy, similar to (3.3) and (3.4),
we obtain

3
|F1(,v)(2)] A
TRBI Al g+ b 2( “RM 4 b*R%) | <R
i‘;}’ 14 h1 =% 0+/<:1(ak +biR™) | <

Page 14 of 20
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and
3
sup| D*~'u(?)] < A [az +0+ ) (@R + b,’:R’k)} =R
teJ k=1

This means that || £ 1 (&, v)||x < R.In the same way, || F 2(u, v) ||y < Rforall (u,v) € Ug. Thus
we know

IF el = ] [Faenl],) <2

X
That is, F (Ug) C Ug.

Through (3.8) and (3.9), it is obvious that (u(2), vo(2)), (wo(£), 20(¢)) € Ug. By the com-
plete continuity of the operator f, we define the sequences (i, v,) and (wy, z,) as (4, v,) =
F (t6-1, V1), Wi, 2) = F Wy_1,2,-1) forn =1,2,.... Since | (Uz) C Ug, we can obtain that
(¢4, Vi), Wy, 2) € F (UR) for n=1,2,.... Hence we need to prove that there exist (u*, v*)
and (w*,z*) satisfying lim,_, oo (1, v,,) = (u*,v*) and lim,,—, 5o (Wy,, 2,) = (W*,2*), which are
two monotone sequences for positive solutions of the fractional differential system (1.6).

For ¢t € J, by Lemma 2.5, (3.1), and (3.8), we have

3 3
ur(£) = F1(uo, vo)() <197 A [ﬂ’o‘ +) GR by bZRTk} < Re“™ = o (t)
k=1 k=1
and
3 3
vi(t) = F 2(uo, vo)(t) < P71 A [bg + Y BiR% +ay+y azze*k] <Rt = v(2),
k=1 k=1
that is,

m(@) _ (Filuovo)@) _ (R fuo(e)) (3.12)
210) F (w0, v0)(2) Rt vo(t)

Then we consider the monotonicity of the fractional derivative of (1, v). By (3.12) and
Remark 2.6, we know

Da_lul(t) = Da_lFl(u()! VO)(t) = / Hl (t;S)(ﬂ(uo,vo)(S) dS + / HB(t! S)w(uo,vo)(s) dS
0 0

3 3
<TI'(a)A [a(’; + Za,’ink +by+ Zb,’:R”{| < I'(a)R =D Luy(t),
k=1 k=1

+00 +00
DP i (6) = DT (o vo) (1) = / it W ey (6) s + / Halt, )Pt ey (5) s
0 0
3 3
<r(p)a [a;; +Y @R + b+ Zb}ﬁR’ki| < I'(B)R = Dy (2),

k=1 k=1

that is,

D"y (2) D7 (uo, vo)(£) - I'(a)R D ug(2)
_ < _ . (3.13)
DF1y,(t) DPL 5 (g, vo)(2) T'(B)R DP Ly (2)

Page 15 of 20
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By the monotonicity assumption (C3) of functions ¢ and , similar to (3.12) and (3.13),
for Vt € J, we do the second iteration:

us(%) _ F 1y, vi)(2) - I 1(uo, vo) () _ uy(£)

va(2) Fauy,vi)®) ) — \Fa(uo, vo)(2) vi)]’

D*up(e)\ _ (DTN Fa(ua, ) (@) _ (D7 F a(uo,v0) (@) _ (D (1)
DFlyy(t) ) \DP U o(ur,vi)(©) ) — \DP 1 a(uo,vo)®))  \DF1i(t) )

By recursion, for ¢ € J, the sequence {(u,, v,,)}>2, satisfies

Mn+1(t) < un(t) Dailunﬂ(t) < Dailun(t)
Vn+l(t) N Vn(t) ' Dﬁ—1V”+1(t) N Dﬁ_lvn(t) .

Applying the iterative sequence (¢4,+1, Vns1) = F (4y, v,) and the complete continuity of the
operator F, it is easy to infer that (u,,v,) — («*,v*) and F (u*,v*) = (u*,v*). Thus (u*,v*)
is a fixed point of f .

For the sequence {(w,,z,)}.°,, we take a similar discussion. For ¢ € /, we attain

wi®)\ _ (F1wo,20)(®)\ _ (Jo Kilt:$)Pwo.0) () ds + fo " Ks(t,8)Wiwg,z) () ds
Zl(t) F2(W0)ZO)(t) 0+0° [<2(tls)l//(wo,zo)(s) ds + f0+00 1(4(t15)§0(wo,20)(s) ds

-(0)-(z6):
—\0 zo(t)
Dwi(® _ ([ fo " Hilt:8) oo $) ds + f3™ H(t8)¥tun,z0)(5) ds
o " H () Wiwo,z) () ds + [y ™ Halt, )P z0) () ds

Dﬂ‘lzl(t)
- 0 _ Da_IWO(t) '
—\O Dﬁ_lzo(t)
Using the the monotonicity assumption (C3) of functions ¢ and v, we can obtain
wo(0)) _ (Faw,20@)) _ (F1lwo,20)(8)| _ (wi(D)
25(2) Fawi,z1)®) ) — \F 2(wo,20)(¢) at) )’
D*wy(6)\ _ (DT Falwi,z)(@)) _ (D7 awo, 20)()\ _ (DI wa(0)
DFlz(t) ) \DP'Fa(wiz)(®)] ~ \DPFa(wozo0)(8))  \DPlz(e) )

Analogously, for n=0,1,2,... and ¢ € ], we know

Wn+l(t) - Wn(t) Da_lwn+1(t) - Da_lwn(t)
Zn+1(t) - Zn(t) ’ Dﬂ_lzrﬁl(t) - Dﬁ_lzn(t) ‘

Applying the iterative sequence (W,41,24+1) = F (Wy,2,) and the complete continuity of
the operator £, it is easy to acquire that (w,,z,) — (w*,z*) and F (w*,z*) = (w*,z*). Thus
(w*,z*) is also a fixed point of F .

Finally we prove that (&*,v*) and (w*,z*) are the minimal and maximal positive solu-
tions of system (1.6). Suppose that (£(¢), n(¢)) is any positive solution of system (1.6), then
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F(&@),n()) = (§(2),n(#)) and
wo®)) _ (O) _ (@) _ (Ree™) _ [uo(®)
2@ ) \o) = \n®) = \rRe# ] \w()’
D*two(t)) _ (D*'E(0)) _ (D" Muo(t)
D zo(e) ) ~\DF ()] ~ \DPwo(0) )
Using the monotone property of the operator F, we obtain that
wi(t) _ F 1(wo, 20)(2) - &(1) - F (w0, vo) () _ u1(t)
z1(¢) Falwo,z0)(8) ] — \n(®) ] — \F 2(u0, vo)(2) vi(t))’
Dl (@) _ (D@ _ (D a0
Dz ) \DP @) T \DF )

Repeating the above process, we have
Wi (t) < &(2) < un(2) ,
Z,() n(t) Vi (£)
D*lwy(t)\ _ (D*E@)) _ (D unlt)
DFlz,(t) ) — \DFn(e)) ~ \DPvu(e) )
Combining lim,_, oo (Wy, z,) = (W*,z*) and limy,_, oo (4, V) = (u*,v*), the results (3.10) and
(3.11) come naturally.
Again ¢(¢,0,0,0) #0 and ¥(¢,0,0,0) #0 for all ¢ € /, we know that (0,0) is not a solution
of system (1.6). By (3.10) and (3.11), it is obvious that (w*,z*) and (u*, v*) are the extreme

positive solutions of system (1.6), which can be constructed by means of two monotone
iterative sequences in (3.8) and (3.9). Thus the proof is completed. O

Remark 3.4 When the parameters Ax, 7 (k = 1,2, 3) take different values, the same result

can be obtained by using a similar method, so we omit the details.

Example 3.5 Consider the following fractional differential system on a half-line:

25,0 = 2, <@l el D0t
-D>’u(t) = @0+ T ee0T T aiges T 2
21 _ 1 e—3t|u(t)|0,2 e—4tlv(t)|0,4 3t2|D1‘5u(t)|0‘2
-D>"v(t) = 20+ T 1r3602 T qi36)02 G2 (3.14)

u(0) = u'(0) = 0, D" u(+o00) = [ 7 e v(t) dt,
v(0) =v(0) =0, DMy(+00) = [ 715X u(t) dt,

where o = 2.5, B = 2.1, h(t) =t Mle™, g(t) =t %%, A, = 0.1, 3 = 0.3, A3 = 0.4, 7; = 0.2,
T = 04, 13 = 0.2, I'(2.5) = 1329340, I"(2.1) = 1.046486, 11 = [ h()i*'dt = 1, 1, =
Jo 7 g0t dt = 0.5, and
2 e—t|u|0.1 e—2t|V|0.3 |W|0.4
= + + + ,
(10+8)2 (1 +36)01 ~ (1+¢36)03 1442

o(t, u,v,w)
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1 e—3t|u|0.2 e—4t|V|0.4 3t2|Z|0'2

t, tl ) = ’
vtuv.2) (20 + £)3 * (1 + £36)02 ’ (1 + ¢36)04 * (3 +3)2

It is easy to know that I"(2.5)I"(2.1) > 71 7>. So assumptions (C0) and (C1) are satisfied.
Noting that

and

W)| - 2 . e—t|u|0.l N e—2t|v|0.3 N |W|0‘4
T (10+2)2  (1+£30)01 (1 4£30)03 1442

lo(t, v,

= ao(t) + a1()|ul®" + ax(Dv|*? + az ()| w|**,

1 €_3t|14|0‘2 6_4t|V|0‘4 3t2|Z|0'2
+ + +
20+8)3  (L+£30)02 (1 +¢36)04 (3 +¢3)?

= bo(t) + b1 (8)[u]*? + ba(£)|v|** + bs(2) |22,

|¢(t,u,v,z)| < (

. +00 1 . +00 36 01
ay = A uo(t)dtzg, ay = | al(t)(1+t ) dt =1,

Q

+00 03 1 +00 T
: / a () (1+3°) " dt = =, a; =/ as(t)dt = =,
0 2 0 2

+00 1
by = / bolt)dt = o
0

+00 1
R bi(t)(1+£39) % dt = =,
b /0 (01464 de=

+00 04 1 +0Q0
b;:/o by(t)(1 +£°)" dtzz, b;:/o by(t)dt =,

which means that assumption (C2) is satisfied.

From the expression of functions ¢, ¥, it is obvious that ¢, ¥ are increasing with re-
spect to the variables u, v, w and u, v, z, and ¢(t,0,0,0) £ 0, ¥ (£,0,0,0) £ 0, V£ € /. Thus
assumption (C3) is satisfied. By Theorem 3.3, it follows that the fractional differential sys-

tem (3.14) has two positive solutions, which can be established by the limit means of two

explicit monotone iterative sequences in (3.8) and (3.9).

4 Conclusions

In this paper, we apply the monotone iterative technique to study a fractional differential

system with coupled integral boundary conditions in a half-line. We first transform sys-

tem (1.6) into an equivalent operator equation (3.1), and then we construct some norm

inequalities related to nonlinear terms ¢, ¥ and a new Banach space. Finally, some ex-

plicit monotone iterative sequences for approximating the extreme positive solutions are

obtained.
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