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1 Introduction
Approximation theory basically deals with problems to find approximation of functions
by simpler functions like polynomial. Bernstein [8] was first to construct a sequence of
positive linear operators to provide a constructive proof of the well-known Weierstrass
approximation theorem. Since then several operators have been defined to study approx-
imation properties in different spaces.

In [13], Jakimovski and Leviatan introduced the following operators and obtained some
of their approximation properties:

Rulls) = s > Qutmpi( ). (11)

For all 1 € E[0,00), the set of functions of exponential type on [0, 00) with |A(x)| < Be**,

a, B >0, where Qk(y) = Z,]'(:o bj&k—_;])! (k € N), are Appell polynomials [5] defined by the iden-
tity
Pw)e” =3 Quiy)w", (1.2)
m=0

such that P(w) = Y o> b,,w", P(1) #0 is an analytic function in the disk |w| < r (r > 1).
Note that, for P(1) = 1, Q,,(y) = - and operators (1.1) are reduced to Favard—Szé4sz oper-

m:

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-02848-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02848-x&domain=pdf
http://orcid.org/0000-0003-4128-0427
mailto:mursaleenm@gmail.com

Nasiruzzaman and Mursaleen Advances in Difference Equations (2020) 2020:393

ators:

m

00 k
Sulliy)=e™ (”Z) h(f). (13)
k=0

Recently, Biiyiikyazici et al. [9] studied the following operators:
S*(h~)—e_ﬁyiQ " \u( Xy (1.4)
mE =y =\, ) ) '

In this paper, we generalize the above operators and study their several approximation
properties. We investigate a Korovkin-type theorem and obtain the order of convergence
by using the modulus of continuity. Furthermore, we obtain the approximation with the
help of Lipschitz continuous functions and give some direct theorems.

For more details on the related work, we refer to [1-4, 6, 7, 11, 14, 15, 17-19, 21, 23-26].

We define an integral type modification of Jakimovski—Leviatan operators by introduc-
ing the sequences of unbounded and increasing functions {u,,}, {v,,} such that

m 1 o1
lim U _ 1+ O(—) and lim — — 0. (1.5)
m—00 VY, Vin m—oo V,,
Letm e N, ¢ > m and
h € Cy[0,00) = {h € C[0,00) : h(t) = O(¢?) }. (1.6)

For Q,(y) > 0 and P(1) # 0, we define

e Umy i

Um>Vm ( ]+ — ! * t @
Ly (s y) = () X:Qr(umy)B(rJer)/0 (1+t)r+m+1h( )dt. (1.7)

vV,
r=0 m

2 Moments

Lemma 2.1 Suppose e; = t'™! (i = 1,2,3). Then the following hold true for operators (1.7):
(1) Lymrm(eyy) = 1;
(2) Ll (en;y) = o sy 4 Lo (B 1);
(3) Ly (es;y) =

U \2 m? 2 U m> P'(1) 1 m? P’(1) P'1)
G2 oY + 23 s (0 * 29+ 72 mjons (2 *+ 450+ 2)-

Proof We can easily see that

Z Q(umy) = P(1)e", (2.1)

r=0
00

> " rQu(umy) = [P'(1) + (wny)P(1)] e, (2.2)

r=0
00

Z *Q(ty) = [P”(l) + 2(u,y)P' (1) + P'(1) + (u,,9)P(1) + (umy)ZP(l)]e”’”y. (2.3)

r=0
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(1) Take /1 = e;

_Mmy o]

Limm(ey; %) =

Z Qrluny) g

(2020) 2020:393

1 o0 tr
/ de
r+1,m) J, (1+¢)+ml

B(r+1,m)

- P(l) ZQV my)B(r+1 m)

=1.

(2) Take 11 = e,

tr+1

memy 2 1 o d
Lim¥m (ey;y) = } r\Um L
m (62 J’) VmP(].) an Q (u J’)B(r + Lm) v/0 (1 + t)r+m+l

me—“’”y B(r+2,m-1)
= ZQr UmY) (r+1—,m)
B m etmy B(r+1,m)
=) P &V
m m e~umy 2
T vm-1) " vm—-1) P(1) ;’Q’(”"”)
B m My, 1 P(1)
TV m=1) " vum-1) <“ i P(l))‘
(3) Take /1 = e3
LumVm . m2e—umy S 1 - tr+2 dt
€)= by ;Q’(”’”y ) B0+ 1,m)/0 1+ Oyt
= m e ZQ umy)(r* +3r +2)
V2 (m-2)(m-1) P(1) e
~ 2m? 3m? P(1)
TR m-)m-1) 2 m-2)(m-1) (pu) * ”my>
+ i (P//(l) +2u P + PQ) + Uy + U 2)
2m-2m-n\ P pa) T e T ) O

Lemma 2.2 If7; = (e; -

yY forj = 1,2, then we have

<} mVm m 1 P’(l) .
1o Ly (Ta;y) = (v_(mm)_l)y+ﬂ(m)( (1) 1)
o m>Vm N 2 2 m
20 Limvm(Yy;y) = [( B ) ) — 2 +1]y* +
2 P() um _m_(P'(1)
7 +2) - 25 aty (G +

[ZZT:: (m—gl(m—l) (

D+ 2o (B0 4 20 1),

3 Approximation in a weighted space
In this section we present approximation results in the space Cz[0, 00) of all bounded and

continuous functions on [0, 00), which is a linear normed space with the norm

I72]l cl0,00) = sup|h()|.
y=0
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For our convenience, we rewrite
C,[0,00) = {h € C[0,00): |h(t)| < K(1 +t)? for some K > O}.

Let

E-= {h € C[0,00) : lim ()/)2 exists}.

y—>oo l+y
Theorem 3.1 Leth e C,[0,00) NEand y > 2. Then
r}gllm Lym m(hyy) = h(y)  uniformly.
Proof In the lighting of Korovkin’s theorem and Lemma 2.1, it is obvious that
lim Limvm(esy) =y, j=1,2,3. O

Following Gadziev [12], we recall the weighted spaces for which the analogues of Ko-

rovkin’s theorem hold [20]. Let ¢ be a continuous and strictly increasing function and
0(») =1+ ¢*(¥), lim,_, » 0(y) = 00. Moreover,

B,[0,00) = {h: |h(y)| <Kio(y)} and C,[0,00) = B,[0,00) N C[0,00)

with ||l = sup,- %, where the constant K}, depends only on /. The sequence of posi-

tive linear operators {L%""},.-, maps C,[0, 00) into B, [0, c0) if and only if
Ly (0;9)] = Ko®),

where y € [0,00) and K > 0 is a constant. Finally, let CS[O, 00) C C,[0, 00) satisfying

lim 70) _ K.

y—00 Q(y)

Theorem 3.2 (cf. [16]) Let the sequence of positive linear operators K,,, acting from
C, 10, 00)to B, [0, 00), satisfy the conditions

lim [[K(£59) -], =0 (k=0,1,2).
Then, for each h € CJ[0,00),
lim || K,k =k, = 0.
m—> 00
Theorem 3.3 Forevery h e CS [0, 00), operators Lim"m satisfy

im [ L3 (s ) k[, = 0.
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Proof In view of Theorem 3.2, suppose ¢(y) = y, then o(y) = 1 + y*. Since

|Lém¥m (eg;y) — y' 1|
0 1+ 52 )

|2 (e =y~
Fori=1, from Lemma 2.1 we get

lim HLfn"”"”‘ (e;) -1 ||Q =0.

m— 00

Fori=2,
LmVm V) — m
up| m " (e2;9) =yl <Ml
=0 1+y? Vi (m—1) y=0 1+92
m 1 P(1) 1
+ + su .
vam -\ P(1) )30 1452
Therefore
W}LmOO [ L (€23 y) —y||g =0.
Fori=3,
Lum:Vm ; _ a2 - 2 2 2
sup 1L (eZZ)Ms(M—) m 1 sup 2
y=0 1+y V) (m=2)(m-1) y=0 1+92
7 m? P(1) y
+ | = 2 +4
v2 (m—=2)(m-1) < P(1) ) 2‘;103 1+)2

su .
yZIO) L+y?

m? (P”(l) P(1) 2)

" v2,(m—2)(m—1) 4

P P ¢
Therefore,

Tim L3 (e359) - 52, =0.
Lemma 2.1 implies that

Jim [ L3 (s y) k[, = 0. 0
4 Rate of convergence
We write C3[0, oo) for the set of all uniformly continuous and bounded functions on [0, 00)

with [[f | cz10,00) = SUP, < (0,00) f®)|. For

w°(h,6°) = sup |h(t)-h(y)|, 8°>0,he Cpl0,00), (4.1)
[t-yl<8
we have
|(t) - h(y)| < (W)w(mf)) (4.2)

and limgo*,()*. w® (h, 80) =0.
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For C >0 and 0 < ¢ < 1, the Lipschitz class is defined by
Lipc(¢) = {h:|h(n) = h(n2)| < Clm = mal* (1,712 € [0,00)) }.
Theorem 4.1 Let m € N and m > 2, then for all h € C}[0, 00)

(L3 (59) = )| = 200 (s W),

where (,,)? = [(M)zwm——Z%%+1]y2+[ n m@ﬂ D q)— i

(1)
1 2 P’1) , P(1)
2)]3’+ Z (m—Zn)q(m—l) ( ) TR T 2)'

Proof We have

(L85 3) = h)| = [ 5 3) — )L™ ;)|
= [Li () - hy))|
< L (|h(t) - h(y)];).

In the light of (4.1) and (4.2), we get

(L (s 3) - hi(y)| < Ll (1+ It(;yl;y>wo(h’30)
- (1 ; S%Lzﬂwu-y|;y>)w°<h,a°>‘
Apply the Cauchy—Schwarz inequality
L (1€ - y19) < [L (exsy)Li™ (¢ - 9)59)])
so that

(L4 s ) = hly)| < ( Ly y)2> (1 5%).

Choosing §° = W,, = /L' (T>; y) yields the result.

Remark 4.2 For u,, =v,, = 1, the above estimate is reduced to [22], i.e.,

L5 9) - )| < 200° (1, ),

m? 2 2 2 P 2
where (®,,)* = (I()’ ))(m 0~ (m}fll) + 1)3’ + [(m—Z)y(nm—l)(P(l)) +2) - 1)
1 P//
(m—2)(m—1)( Z60) Ly 70 +2)

Theorem 4.3 For every h € Lip-(¢), we have
|Lum’”’vm(h;y) - h()/)| <C(¥,),

where m >2, m €N, and W,, = /L, (Y»;y) by Theorem 4.1.

P'(1
P(1)

(4.3)

(4.5)
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Proof We use (4.3) and Holder’s inequality to get

|Limm () — h(y)|
< |Limm (h(t) — h(y); )|
< 12 (|h(t) - h(y)

;7)
<cry (It -yl sy).

e umy o 1 00 t
<C (U t—y*dt
= va(l);Q(u DB+ 1,m)/0 e gyt

¢
etmy >

o0 17
1
= 3,.P(1) (XO: Qlwmy) g l,m))
g
1 A e t"
- 1 _¢
x(Qr(umy)B(HLm)) /0 gl e

e tm

1-
y 1 o) t
< C<—va(1) VZO: Qr(umy)B(r T fo TR dt)

ey & 1 oy )
(4, t—y2dt
8 <VmP(1) X():Q W) B 1, ) /o e gyt 7Y )

= CLr”nm’Vm(Tz;)’)%-

[l

<
2

This completes the proof.

5 Direct theorems
Let

C510,00) = {f € C510,00) :f',f" € Cy[0,00)}

with the norm

I lcgione = W lcsioo + I leyiome + 1 ley000r

and let £2° = {f € Cg[0,00) : f,f" € Cp[0,00)}. For i € Cg[0,00), Peetre’s K-functional is

defined by

K3 (h,6°) :fiefgo{(llh—fllcg[o,oo) +8°||f” ||C§[0]OO)) :f € 2°}.

For a positive constant M, one has K3 (4, 5°) < Mw$(h, V/8°), where 8° > 0 and the second

order modulus of continuity wj is defined by

w3 (h, «/8_0) = sup sup \h()/ +2u) = 2h(y + u) + h(y)|.
0<u<+/3° y€[0,00)

Page 7 of 10
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Theorem 5.1 Let m >2, m € N. Then for all f € C§[0, 00) we have

(¥)?
+ ;n I lcsi0,00)

L (fs9) = f )] < <¢'m
where W, is defined by Theorem 4.1.

Proof By Taylor’s formula, one has
. y)2
F@&)=fO)+f ()t - y+f() x €1),
[F(&) —fo)| < Walt -yl + EWZ(t—)/)z»
where
W= sup |[f'()]= Hf/”CB[O,OO) = Ifllcgroco,
y€(0,00)
Wa= sup [f"O)] = [ cyi000 = fllcsloco-
y€l0,00)

Therefore,

(t y)2

6 -10)]| < (|t—y| )ufnmm

and

Lo (f,9) = fO)] = [ Lo (F©) = f D) 9)| < L™ ( i9)-
Thus, we get
LtmVm _ 2;
i) 0] = (L (=) + 2 Y g

2
< (wm W) )ufncBoOo

where

L' (|t = yl;y) < \/Li’n’””’” (E-p)%y) = \/Lfn”“”’”(Tz;y)-
Hence the result.

Theorem 5.2 For every h € Cp[0,00) and m > 2, m € N, we have

|Lm'm (s ) — h(y))|

/ @,,)? @,,)?
§2M{a)§<h; 2lI/m+( 4) >+min<1,2l11m+ ( 4) >||h||CB[O,oo)}~

Page 8 of 10
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Proof As previously, we easily conclude that

| m (s 9) = h(y)| < [Liw"m(h—f39)| + [Liw"™ (F59) = £ O)] + |h() = £ )]

(¥m)?
5 | licsioo0)

<2|lh—fllcyme) + (‘I’m +

(W)
< 2(||h ~fllcglo0) + (2‘1’m = Iflcsio00) )-

By taking infimum and using (5.3), we get

|Limm (h;y) = h(y)| < 2K, <h;2l1/m + (WZ)Z).
Now, for an absolute constant M > 0 [10], we use the relation
K (h;8°) < M{wj(h;~/5°) +min(1,6°) |||}
This completes the proof. O

6 Conclusion

We have constructed an integral type modification of Jakimovski—Leviatan operators by
using beta function and two sequences of unbounded and increasing functions {u,,}, {v,,,}
such that lim,,_, Z—Z =1+ O(i) and lim,,,_, o i: 0. We derived some uniform conver-
gence results of these operators via Korovkin’s theorem and obtained the rate of conver-
gence by using the modulus of continuity and Lipschitz class. Furthermore, we obtained

some direct theorems with the help of Peetre’s K-functional.
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