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1 Introduction

In the last decades, the study of piecewise smooth systems has attracted great interest for
their wider range of application in modeling real phenomena [2, 3]. Quite a few meth-
ods and interesting results have been obtained on limit cycle bifurcations of piecewise
smooth systems. For example, the authors in [4, 5] studied the problem of homoclinic
bifurcation of piecewise smooth systems and the authors in [6, 7] studied the problem
of Hopf bifurcations of piecewise smooth systems. Many research works concerned pla-
nar piecewise quadratic systems with two zones separated by a straight line. For example,
the authors in [8] studied the maximum number of limit cycles which can bifurcate from
the periodic orbits of the quadratic isochronous centers perturbed inside discontinuous
quadratic polynomial differential systems. By perturbing a center of discontinuous Bautin
system, nine limit cycles have been found in [9] and ten limit cycles have been obtained in
[10]. Recently, the authors in [11] claimed the lower bound for the Hilbert number is 16
in piecewise quadratic systems with two zones.

Roughly speaking, there are several methods to estimate the number of limit cycles
of planar piecewise smooth systems. For example, by computing Lyapunov constants to
study the maximal number of limit cycles obtained in switching systems, see [9, 10]. By
using the averaging theory to study the periodic solutions of discontinuous piecewise sys-
tems, see [8, 12—14] etc. In [15], an expression of the first order Melnikov function is de-
rived to study the number of limit cycles bifurcated from the periodic orbits of piecewise
Hamiltonian systems. Later, the authors [16, 17] developed the Melnikov function method
to near-Hamiltonian systems with multiple parameters. Specifically, for the following sys-
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tem:
HY (x,y,)u)+sp+ (xd,,)h)
. y
(") N Gty #>0 (1.1)
. H (x,9,0)+ep~ (x,y,1) '
y
y (‘Hi(xvy,)n)wq*(x,y,)h))’ x <0,

where 0 < ¢ € A < 1, H*, p*, and g* are C* functions in (x,y) and depend on small pa-
rameter A. In this case, the first order Melnikov function M of (1.1) depends on parameter

A and it has an expansion of the form
M(h,2) = Mo(h) + MM, () + > M (h) + O(23). (1.2)

The formulas for M; and M, were deduced in [17] under some conditions. When My (%) is
not zero identically, then for 0 < A <« 1 one can study the number of limit cycles by using
My(h). When My(h) = 0 and M (k) is not zero identically, then for 0 < A <« 1 one can study
the number of limit cycles by using M (%), and so forth.

The authors [1] considered the following planar piecewise smooth system:

@) (1 + ax) + eP*(x,y), —x(1 + ax) + eQ*(x,y)), x>0, 3)
x%,9) = .
Y (y(1 + bx) + &P (x,9), —x(1 + bx) + eQ (x,9)), x <0,

Prxy) =Y pixy, Q)= q;ay.

i+j=0 i+j=0

It is not hard to see that system (1.3)|.-¢ has a first integral of the form H(x,y) = %(x2 +92)
and the origin is a center. Let L, denote the periodic orbit of (1.3)|s—o, given by L, = L} UL;
for i € (0, 3n?), where

1 1
L= {(x,y)‘i(xz +y2) =hx> 0}, L, = {(x,y) E(x2 +y2) =hx < O},
and
min{—é, %}, a<0,b>0,
—%, a<0,b<0,
=3,
B a>0,b>0,
+00, a>0,b<0.

The authors in [1] gave a linear estimation of the maximum number (denoted by H(n))
of limit cycles which bifurcate from any compact region of the period annulus of system
(1.3) for all possible bounded coefficients pff and qut independent of the small parameter
¢ up to the first order averaging method, and proved the following results:

(i) Ifab #0 and a # —b, then H(n) = 2["7*1] +n+1.
(ii) If ab #0 and a = —b, then H(n) = [”241] + 1.
(i) Ifa#0,b=00ra=0,b+0,then H(n) = [21] +n+ 1.
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Clearly, for the case of n = 2, one has particularly

5, forab+#0anda #-b,
H(2)=13, forab+#0anda=-b,
4, fora#0,b=00ra=0,b+#0.

Inspired by [15, 17], we construct a system with multiple parameters and obtain its lower
bound for the maximum number of limit cycles by using M; (%) in (1.2). Our main result
can be stated in the following.

Theorem 1.1 There is a system of the form (1.3) with n = 2 and |¢| sufficiently small such
that it has
(i) seven limit cycles for ab # 0 and a # —b;
(ii) four limit cycles for ab # 0 and a = —b;
(ili) five limit cycles fora #0,b=00ra=0,b#0.

We remark that for a = b = 0 system (1.3) is a piecewise smooth near-Hamiltonian sys-
tem and can have # limit cycles, which has already been studied in [15]. Comparing with
[1], for the case of n = 2, our lower bound for the maximum number of limit cycles is one
or two bigger for each case.

This paper is organized as follows. In Sect. 2, we introduce a second small parameter A
to (1.3) with # = 2 and give some preliminaries. In Sect. 3, we calculate the function M; (%)
for each case and prove our main result.

2 Preliminaries

Consider the following piecewise quadratic polynomial system with multiple parameters:

(y+)LH lerc)Jns(PJr (x y)+)\P+ (x9))
X _ ( —(x+1H{, )(1+ax)+s(Q0(xy )+AQ} (&, ))) x>0, .
] T (y+AHT,)(1+bx)+e(Py (x,y)+AP] (%)) (2.1)
y ( Y ) x < 0’
—(x+AHT,) (1+bx)+e(Qy (x,9)+1Q7 (%,9)) =
where 0 < |e| € A < 1, HE(x,9) = ZH] N * iy, and
2 2
P/f(x,y) = Zpki[].xly/, Q,f(x,y) = Z qliijly], k=01, 22)
i+j=0 i+j=0

Obviously, (2.1) is a piecewise smooth near-integrable system. In the region {L,|h €
(o, %772)}, system (2.1) is equivalent to the following near-Hamiltonian differential system:
Pyey) . P} (xy)

+1 -1

l+ax )

y+Any+s( Trax ) 0<x<
. . Qe Qe ) >
x — _x_)‘Hlx'H:( Trax t* Trax ) (2 3)
¥ b e FLO) S PTG .
( yt 1}'+8( 1+6x T4 1vbx ) ) n<x< 0
Q) Qe ) TS
s 1x+£( 1+bx T 1vbx

Therefore, by [15], the first order Melnikov function of (2.3) can be expressed as

H+(Ak1)\)

—_ dx —p~ dy, (2.4)
H (A5, 1) BAAAq v

M(h,\) = //\ qtdx—p*dy+
A, By,
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Figure 1 Cloed orbit [, A)Y
A}\.
. >
B}\
where
2, .2
H*(x,y,1) = LA AHT (x,9),
. _Pixy) s xpl (x,y), . Q (x,y) Ql (x,y) (2.5)
1+ax 1+ax 1+ax 1+ax
- _ Py API(x,y) - QW) . AQl ()
1+bx 1+bx’ 1 1+bx 1+bx’

and A; = (0,a(h, 1)), B, = (0,b(h, 1)) with a(h, 1) > b(h, A) satisfying H*(A;) = H*(B,) = h,
H (A;)=H (By) for h € (0, %nz). m is an orbital arc starting from A, and ending at B;,
defined by H* (x,y,1) = h, x > 0; B/X\AA is an orbital arc starting from B, (%) and ending at
A; (h) defined by H™(x,y,1) = H(Bs.(h)), x < 0. Clearly, for given & € (0, %772), A/,\E and
B/Ax form a closed orbit L, with clockwise orientation(see Fig. 1).

By [17], for 0 < & < 1, (2.4) has an expansion of the form (1.2), where

+ P — Ps
2 dx— —2—dy+ % 0

i 1+ax 1+axy Ba l+bx C1+bx

Mo(h) =

dy, (2.6)

with A = A, |5-0, B = By |s-0. Obviously, for given 4 € (0, %nZ), AB and BA form a closed
orbit Lo(h), defined by 3 (x* + %) = h.

Suppose hy; = hy; (j = 1,2), so that the points on A/XE and EA\,\ satisfy

H*(x,y,)) = h, £2 > 0, h € (0, 3n*). Then, by Theorem 1.1 of [17], M, (h) has the form

My (h) = My (h) + Mia(h) + Mas(h), (2.7)
where
Q7 Py Qr Py
Mii(h) = dx — d dx — dy,
uh) ,@1+ax x 1+ax ¥ g;l+bx * 1+bxy
MIZ(h) T ( ( ) ) dt
1+ax

(2.8)

(5
B <<1+

Mz(h) = I<1 >
+ax

).
bx ) <1+bx> )dt’
(%),
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with
Z(r) = r(0,a(h, 1)) g—: —r(0,b(h, 1)) % (2.9)

for a C* function r(x, y).

Since the authors in [18] have proved the equivalence of the Melnikov function method
and the averaging method, by using M (/) we can obtain the same number of limit cycles
as that obtained by using the first order averaging method in [1]. By formula (15) of [1], itis
not hard to obtain the following lemma that gives the necessary and sufficient conditions
for Mo(h) =0.

Lemma 2.1 For ab #0 and a # —b, My(h) =0 if and only if

B 1 _ 1, _
Pooo = Pooos do01 = ;(Pgoz + q(+)11)r qoo1 = Z(pooz + %11)r
+ + 1, - _ 1 _
Po10 = @Pooo t ;Pozor Poro = bPooo + Epozot (2.10)
- b + + + - -
Poo = 2 (1”002 * Pox * qou) —Pooz ~ 9o11-
Forab #0 and a = —b, My(h) =0 if and only if
— + - 1 + + — - +
Pooo = Pooo’ oo1 = ;(Pooz *+ 49011 — Poo2 — qou) — 4001
I _ 11
Po1o = ;(Pooz +qo11 — Poo2 — q&u) - Poros (2.11)
P20 = Pooa + Poo + do11 — Pooz — To11-

Fora #0,b =0, My(h) =0 if and only if

B B B _ 1
Pooo = Pooos Poo2 = —2Po0 — do11) do01 = = (P(;oz + 61311)7
a
) 1 (2.12)
P10 = @Pooo + ;Pazo’ Poro = 2 (P(J;oz +Poo + ‘1311) = do01-
Forb+#0,a =0, My(h) =0 if and only if
— + + + + - L _ -
Pooo = Pooo’ Pooz2 = —2Po0 — 9o11) oo1 = A (1”002 + ‘1011)’
(2.13)

_ _ 1 _ 1, _ _ _
Poro = bPooo + Epozo’ Poo = b (Pooz +Poxo + ‘1011) ~ qoo1-

3 Proof of the main result
In this section we prove Theorem 1.1. By (2.7), we know that M; (h) = M1 (h) + My (h) +
Mji3(h). In the following, we first divide three cases to calculate My;(4) (i = 1,2, 3).
Casel.ab#0and a #-b
Suppose that (2.10) holds, so that My(4) = 0. Let V/2h = r. Then Lo(h) can be represented
7 3w

asx=rcos6,y=rsind,r € (0,n), 0 € [-7, =] Then, by (2.8), we rewrite

M1 (h) = My, (h) + My, (h),
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where
M) = /’5 Y im0 7 (g1 cos! 0 sind™ 0 + p; cos™ 0 sin’ 0) -
H -z 1+ arcos6 .
and
M () = ¥ Z?ﬂ‘:o ri* gy, cos' 0 sinf*1 6 + pr;cos’t1 O sir/ 6) 0
! z 1+ brcosf ’
_ /% S im0 (1) gy cos' 0 sin'™! 0 + pi cos*l O sind 0) 2 52
-3 1-brcosb .

For the sake of convenience, introduce some notations as follows:

T aricod T (=bYr cos §
I(r) = ——do, I (r) = ——do, 3.3
") /_% (1 + arcos @) () /_% (1 = brcos )t (33)

whereab#0andieZ,jeN.
By [1] and some simple definite integral calculations, we have

If o(r) = 2ar

B I (r) + 2br
) = WS Il -

) A4
1-b2%r2 (34)

where

o) =J@n, L =J(=b),

with
ﬁ(% - arctan(\/ﬁ)), v<0,re(0,-1),
4 1-vr 1
](U r) = W arCtan(\/; ’ V> Oyr € (O, ;),
2 v>0,r= %’

2 Jv2r2 — 1
mln(w+ v2r2—1), v>0,re(3,+00).

Moreover, noting that @/r/ cos/ 6 = (1+ar cos —1), then by using the binomial expansion

j
(1+arcosh —1Y = Z C"(-1Y™ (1 +arcosf)”, jeN,

m=0
it is easy to deduce the following relationship:
j .
) =Y G (-1 "IE,0(n), i€Z,jeN. (3.5)
m=0
It is direct that

1
Igo(r) =, I o(r) =7 + 2ar, I (r) = +dar + Enazrz,
(3.6)

1
Ioo(r)=m, I o(r) =7 = 2br, I, 0(r) =7 —4br + inbzrz.

Page 6 of 16
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In the following we will use Ilj; instead of Il.j;(r) for simplicity.
Now, coming back to Mlil(h), (3.1) and (3.2) can be read as

+ .2 +
yu” +p1001+

M+ (h _y_1+3]+ y_1+21+ *p2IF 3.7
1) = P 13+ 2 et 1,1t Y10 11,00 (3.7)

_ _ -2 _
_ Viz,— Y2, Y’ *tPioo - - 2
My, (h) = ﬁll,s + ﬁlm + 0 Iy +yiorLi (3.8)
where
+_ + + +_ + +
Y13 = P120 — P02 — 91110 Y12 = P110 ~ 91010 (3.9)
+_ o+ + +_ + '
Y11 = P12 t 9111 Y10 = 4101-

Obviously, y;f (i = 0,1,2,3) can be taken as free parameters.

By (3.5) we have
Ili,l = —Ifo + Ig,to» Ifz = Ili,o - 213?0 + Ii:l,O’ (3.10)
I = Iy + 35 — 315 4 + Iy .
Inserting (3.6) and (3.10) into (3.7) and (3.8) respectively yields
My, (h) =diy (= I} o) + diyr*I} o + by r + biyr?, (3.11)
My (h) = dyy (= I o) + diyr*I g — byyr + biyr?, (3.12)
where
_ Ploo  Vi2 Vi3 _ Y11
dﬁ—T—? B dfz—)’ﬂr;»
2y 2145 7T (Vs
b+:———, bt = A3 + ,
11 P P =175 LS
B L _ (3.13)
_Pioo Vi2 Vi3 - _Yu

dﬁ—T—ﬁ+ﬁ: d1_2=1/10—b»

_ 2y 2y _ nwfyn

Clearly, di, b{. (i = 1,2) can be taken as free parameters.
Next, we calculate M, (/). Note that along the curve Lo(k), dt = -1 dy. Hence, by (2.8),

X
we have

Mz (h) = M7y (h) + My, (h),

where
% Pa +Q5 aPt
Mi,(h)=— | Hi(rcos6,rsin6 G 0 , 3.14
12(h) /_g Y e )<1+ar0039 (1+arcos9)2> (3.14)
3
v Py, +Qq bP=
My, (h) = - Hj 0,rsin@ Y 0 do. 3.15
2(#) /% 1(reosd,rsin )<1+br0039 (1+brcos€)2) (8.15)

Page 7 of 16
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Through a direct computation, we obtain

Miy(h) = - / :

- a((a§0r4 + Egorz) + (aglrz + Zi;l)rcose + (a§272 + Egz)r

2, >+ + 52 2 + 3.3 3
+dj;)rcos +aj,r*cos® 6 + aj;r’ cos® 6

+ 2.2 +
aior + (ajr
1+arcosé

[CE]

2 cos? 0

+ayyr° cos® 0 + aj,r* cos*0)/((1 + arcos 6)2)] de,

and

3 cos®o

T ~.
Mo () 2 [aj,r? — (apyr? +dgy)reosd + aj,r? cos’ 0 — apyr
12 -z 1-brcosé

— b((axr* + dyyr?) = (ayr* +dy;)rcosd + (azr” + dy,)r* cos® 6

— a7 c08> 0 + ay,r* cos* 0)/((1 - brcos 6)2):| do,

where
aj = (1”010 + ‘1001) + Iy (Pou + 2%02) an = hﬁ)(]’glo + qg(n)»
“ﬁ = h(;:z (2198:20 + qoiu) + h1i1 (P(;_Ln + 2‘1&)2)’ ‘ﬁs = hzio (21”8_30 + qoiu) - “1i1’
ay = (I’om + 61001) + h10(2p02() + %11) - dyp, o = Hg1Po0n + MaPioos (3.16)
“20 = hozpooz’ “21 = h1ol9000’ “21 = h01P011 + hoizl’om + h11l9001 + hliop(ﬂ)toz’ '
22 = (h hoz)Pooo h01P001 + hlopom» “23 = hwpozo + hzopow “2i11
ay = (h 2h02)p002 + h(j)tzpozo + hupou: dyy = hzopozo h(j)tzp(i)z - dj).

Further, by (3.3), one achieves
Mij,(h) =N*(a,r),  Mp(h)=N"(br),

where

+ 2 ~t + +
(ajr” + “11)Ii ﬂuli “131
E—— T T SR

+ g + 4 ~E oo\rk
N*¥(v,7) = —ajyr’l, - > 1+ v(agr® + ay "),

+ 2, ~+ + 2, ~+ + +

anr +dx .+  Apl +dy .+ 4y, Gy .4

+v I3 3 1 —=1 —=1
v g v

In view of (3.5), we have

+ +
Ly =-Liy+ Ly Ls=-l+3l -3, + I, (3.17)
Ly = Iy — 2Ly + Iy, Ly = g — 4 + 615 — 417 o + Iy .

It follows from (3.10) and (3.17) that

L) = kit o + KL + kT o + ki (m = Ifo) + kir + ki r?, (3.18)

Page 8 of 16
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My (h) = kir* Ly + kLo + kP Iig + kg (m = 1) —ksr + kg 12,
where
kT = m} (a), ki =m;(b), i=12,...,6,

with

mf(v) = vazio,

a;, a;
N R N S o
my (V) =— L ¥yt~ F =y~ Vdy — vy + Vi,

+ +
2a;, + 91 +

+
my (V) =——=+ay + —ayy
3 N at ) 10
+ £ o~k + £ o~k
4o\ 3dy 24y dy a3 4 dy
myV) = — -t sty T
v v v v v v
+ + + +
6a 4a 2a 2a - -
mE()=——2 4 228 T8 T2 ot L oG,
5 02 » 2 N 22 21

+ Tk £ _ = +
mg (v) = 5(424 +2ay, — dis - 243).

Now we are in the position to calculate M;3(%). Recall that

H*(0,a(h,1),A) = H*(0,b(h,A),1) =h, a(h,2) > b(h,1).

Thus, we have from (2.5)
—hi A A —hi A=A
R L C i Tt
1+ 2k, 1+ 2k,
where

A = BE202 + dhli, ) + 2h.
Consequently,
a(h, Mlx=0=~v2h,  b(h,A)|=0 = —V2h,

and

da

db
= = =k + 20,
I {520

A=0

= —hgy —hgyV 2k,
Therefore, by (2.8) and (2.10), we obtain
Mi3(h) = 2hg, (P(_>01 —P$01)’" +2hg, (P(_)oz —P&u)r?’-

Noting that /g, = h{,, by (3.16), (3.20) and (3.21), (3.24) reads

1 1
M3(h) = 2hg, (17(_)01 —P(;m)” + 2(51(1_ - ;kf)r?’.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Page9of 16
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Hence, combining (3.11), (3.12), (3.18), (3.19), and (3.25), we find that

2
Ml(h) = ll (}’A[;O - —F3> + 12}”2];0 + 131"21;0 + 14(7'[ —1{0) + 15}” + 16}"2
3 a ) ) B

2
+1 (r‘*lz’,o + er) + 1577 Iy o + lor*I o + Lo (7 — I i), (3.26)

where
ll ZkI, lg =k§, l3 =k§+d{2, l4=k2 +d1—1,
Is =ki — ks + b, — byy + 2k, (P&n —p&n), le = k¢ + kg + b], + b1y, (3.27)

l7=k1_, lg=k2_, lg=k3_+d1_2, llo=k;+d1_1.

Case2.ab#0and a =-b
Suppose that (2.11) holds, so that Mo(h) = 0. If a = —b, then I}, = I}, (i = 1,2). By (3.26),

we have
~ 2 ~ ~ ~ ~ ~
Mi(h) =1 <r415'0 - —r3) + lzrzlgo + lgrzlfo + 14(71 —1{'0) +lsr + lgr?, (3.28)
0T, X X K

where

71=ll+l7, 72:lz+lg, 73:lg+lg,

~ ~ - (3.29)

Iy =1g + ho, Is =15, l = ls.

Case3.a#0,b=00rb+#0,a=0
Suppose that (2.12) holds, so that My (/%) = 0. Note that, for a #0, b = 0, M7, (h), M7, (h),

and M;3(h) are identical to (3.11), (3.18), and (3.24) respectively. Hence, in order to give
M; (h), it suffices to calculate M7, (/) and M1, (k).
We have from (3.2)
2

3
3 iy S A ,
My, (h) = / E ' (g cos' 6 si'h 6 + pr cos™ 6 i/ 0) df
5 =0

_ % & +j+1( — ie 'nj+19 - i+18 nje 4o
= : Z(—r) (qll'jCOS S1 +p1ijCOS S1 )

z
2

itj=0

=—y1‘3r3/ cos39d9+y1‘2r2/ cos® 0 do

z T
2 2

el

2
- (yﬁr2 +p[00)r/ cosOdo + yl’orzn. (3.30)

_z
2

Through a direct computation,

5 4 5 5
/ cos® 0 do = 3 / cos’0do = %, / cosfdo =2. (3.31)

s
2
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Thus, (3.30) becomes

T 4
My, (1) = =2pror + (wfo + 3?13)”2 - <§y;3 + 2V1‘1>V3~ (332)

By (3.15), together with (3.31), we have

M, (h) = —/7 H[(rcos(@ + 1), rsin(0 + JT)) (ng + ng) (rcos(@ + 1), rsin(f + n)) do

T
2

T 4
_ -2 -3~ -2 - .3
=-—magr +2(anr +a11r)—50112r +§a13r

=2d,r - g(ZaIO +an)rt + (26111 + %“13) . (3.33)
Combining (3.11), (3.18), (3.24), (3.32), and (3.33), one can obtain
Mi(h) = er4I£0 + erzlrzo + Zgrzlio + 74(71 - 1{0) +lsr + Igr? + 7%, (3.34)
where
L=k, I=ks, l=ki+d}y, ly=ki+d},,
Is = k3 + 24y, + bj, = 2100 + 251 (Poor = Poon)»
lg =k - %(2:1;0 +ay,) +bi, + Ty + %y{z,
4

) 4 L .
l; =2a7, + 3%~ 3V~ 2y11 + 2hPo0;-

Similarly, suppose that (2.13) holds to ensure My(/#) = 0. Then, for the case b #0, a = 0,

we can obtain
M (h) :’1\1;"412_,0 +’l\2r212_,0 +7;r21i0 +/l\4(7r - 11_,0) +/l\5r +’l\6r2 +’l\7r3, (3.35)
where

L=k, b=k, T=k+dy =k +dy,

ls = —ks — 2dyj; — by +2pjog + 2hgy (P(_)(n —Pam)’

o~ B T _ T
le = kg — E(Zafo + ai’z) +b, + Ty + Eyl"z,

—~ 4 4
l; = -2aj, - gﬂfs + gl/fs + 271y = 2h5Poon-
We can prove the following theorem.

Theorem 3.1 Suppose that My(h) = 0 and M (h) is not zero identically. Denote by Z,(2)
the maximum number of zeros of M (h) with 0 < A < 1. Then

7, forab+#0anda+-b,
Z1(2)=14, forab+#0anda=-b,
5 fora#0,b=0o0ra=0,b+#0.

Page 11 of 16
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Proof First, for the case ab # 0 and a # —b, we study the number of zeros of M; (k) in (3.26).
We introduce the following coefficients:

ot ot ot ot g+ ot ot _ o+ -
c1 = hoPoors 2 =hypoins c3 =diy, ¢ = hg1 G0z ¢s = by = by,

e N g 1= _ 1t —
€6 = hopPoors ¢7 =l Porns cs =diy, ¢o = N1 qogns cio = by, + biy.

Since plii}- and qlii}- are independent of pé:.j and q(j,j./, so by (3.13) it is easy to see ¢; (i =
1,2,...,10) can be taken as free parameters as long as h(J;. #0 (i = 1,2). Under condition
(2.10), for ab # 0, one can obtain by (3.16), (3.20), (3.21), and (3.27)

a(ll’llwurllo) 16
det —— = —
8(c1,02,...,cw) ab

#0.

Similar to the proof of Corollary 2.4.1 in [19], one knows that /; (i = 1,2,...,10) in (3.26)
can be taken as free parameters.
For 0 < r < 1, we have the following Taylor expansions:

7 4 3 16 5 32
-1}, =2ar - —a*r* + —a’r’ - Lty 2o 2T 55 L 22 O(rs),
’ 2 3 8 15 16 35
4 3 16 5 32
w—1I,=-2br- zbzr2 - bR - —nb4r4 - b - —nb6r6 - =0 + O(rg),
’ 2 3 8 15 16 35

1 4 3 16
rzlio =mr? —2ar’ + Ena2r4 - §a3r5 +-ma*r® - —a’r" + O(rs),

4 38 1615 (3.36)
Iy =mr* +2br° + T2+ 2035 + 2t by 4 o(r®),
’ 2 3 8 15
3 16 15 32
Iy =’ —dar® + Tt - a5 S 22y O(rg),
’ 2 3 8 5
3 16 15 32
Ly =+ 4br + B b S L 22 o(r®).
’ 2 3 8 5
Inserting (3.36) into (3.26), we get
M) =) Ar', 0<r<1, (3.37)
i>1
where
A1 = 261[4 + l5 - 2bll(),
L, L,
A2:7T 12+13—§ﬂl4+18+19—5h110 +16,
2 4 2 4
As = —Z1 —daly - 2aly + —a’ly + =1y + 4blg + 2bly — — b1y,
a 3 b 3
3 1 3 3 1 3
A4 =7 (11 + Edzlz + 561213 - §ﬂ4l4 + l7 + Ebzlg + Ebzlg - §b4llo>,
16 4 16 16 4 16
As = —daly — —a’ly — —~a’ly + —a’ly + 4bl; + —b’lg + —bly — —b°ly, 3.38
5 aly 3612 301 3+15ﬂ4+ 7+3 s+3 9 15 10 ( )

3 15 3 5 3 15 3 5
A6 = ﬂ(iﬂzll + §Il4lz + §6l413 - 1—66l614 + 519217 + §b4lg + §b4l9 - 1—6b6110>,
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16 32 16 32 16 32 16 32
Ay 2Bl = 22— 2Bl 4 22+ B+ o2 bBls + —bPly — 2 b I,
TETRA T pa R pd Bt gpd ol T e g e T 5g P ho

15 35 5 35 15
Ag=r( 2ath + a5 + 2 ably - 2> aBly + b
8 ”(8“”16“”16“3 1280 g0

35 . 5 . 35 4
+ 16b lg + 16b 19— 128b llO>

and A; (i > 9) are linear combinations of /; (i = 1,2,...,10).
By direct computation, for ab # 0 and a # —b, we have by (3.38)

8(A1,A2,...,A3) T 878 9

det = b b 0. 3.39
© 3(la, 13,1, I, U6, I3, Lo, L10) 30,2406Z (@b (3:39)
Fix ll and l7. Take lg = —13 = _alzll: lg = —19 = —blzl% and l4 = l5 = l6 = llO =0such thatA1 =
Ay =---=Ag =0.Thus, by (3.39), (3.38) has the inverse [; = [;(A1, A, ..., Ag),i=1,2,...,10,
and consequently A; =0 (i > 9) as A; = Ay = --- = Ag = 0. It follows that (3.38) can be

rewritten as

8
My(h) = A1+ P(n)r, 0<r<1, (3.40)

i>1

where P;(r) = O(r), i = 1,2,...,8. Hence, by Rolle’s theorem, (3.40) implies that M; (k) has
at most seven zeros in /4 for 0 < v/2/ < 1.

On the other hand, (3.39) implies that Ay, A,,...,Ag can be taken as free parameters.
Letting & = (I3, 13, 14, [5, ls, I3, Lo, [10) and taking 8y = (—aizll, a%ll, 0,0,0, —b%l% bizl% 0), we can

choose proper value § near §, such that
0<A; € -4 A3 K -A KA K A K A7 € A5 K 1,

which ensures that M; (%) has seven zeros in /1 for 0 < +/2h < 1.

~

Second, consider the case ab # 0 and a = —b. Obviously, /; (i = 1,2,...,6) in (3.29) can be
taken as free parameters.
Inserting (3.36) into (3.28), we get

M) =Y A, 0<r<1, (3.41)

i~1
where

y O A A (72 V-5 ) 4T

As = —%71 —daly —2als + %a% As=7 (71 + 24272 + %aqg - ga‘%), (3.42)

~ ~ 16 4 16
As = —4dal; — ?a‘ﬁz - gﬂﬁg + Ea%

Page 13 0of 16
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and Z,- (i > 6) are linear combinations of7i (i=1,2,...,6). Moreover, for ab #0 and a = -b,
we have by (3.42)

3(A,,Ag,..., A 2
WAv Az As) 2T sy, (3.43)
8(12)13114; 15;16) 45

Similar to the above case, Zi =0(i>6) if;ll = 712 == ;15 = 0. Thus, M; (/%) in (3.41) has
at most four zeros in /1 for 0 < /2h < 1.
Also, (3.43) implies that ZI,ZZ, ... ,Zs can be taken as free parameters. Let 5 =

Hence, we can choose proper value 8 near 8, such that
0<A; < Ay € A3 < ~As < A5 < 1,

which ensures that M; (%) has four zeros in % for 0 < +/2h <« 1.
For the case a #0, b = 0, it is easy to see 1, (i=1,2,...,7) in (3.34) can be taken as free
parameters. Then, by inserting (3.36) into (3.34), we get the expansion

Mi(h)=) Ar', 0<r<1, (3.44)

i>1

where
_ - — - 3 - 1, 3,
A1 = 261[4 + 15, A4 = ﬂ(ll + Etlle + 561213 - §6l4l4>,

— T - — - 16 .- 4 .- 16 -
A2 =7 (lz + 13 - 561214) + 16: A5 = —4-(111 - §61312 - gﬂglg + Edslz;, (345)

— - S A — 3 - 15 ,- 3 ,- 5 =
Az = —4dal, —2als + §a3l4 + 17, Ag=m (Eazll + 34412 + §ﬂ4lg - Ea6l4>

and A; (i > 7) are linear combinations of /; (i = 1,2,...,7). By calculation, for @ # 0 and
b =0, we have by (3.45)

(A1, Ay,..., A 2
et M = —n—ﬂll ?/0. (3.46)
8(12’ 13) 14’ 15) l6; l7) 240

By using the similar analysis, one can obtain that M; (%) in (3.44) has at most five ze-
ros in 4 for 0 < +/2h < 1. Moreover, (3.46) implies that Aq,A,,...,Ag can be taken as

Ay =Ay=---=As =Ag =0 if § = 8. Hence, we can choose proper value § near 8, such
that

0<A] € ~-Ay KAz K -Ag K A5 & —Ag K 1,

which ensures that M; (%) has five zeros in % for 0 < +/2k < 1. In the case of b #0, a = 0,

the proof is similar. Theorem 3.1 is proved. d
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Proof of Theorem 1.1 It is not hard to see that system (2.1) can be rewritten as

. (y(1 + ax) + AF*(x,y), —x(1 + ax) + AG*(x,7)), x>0,
() = (347)
(y(1 + bx) + AF~(x,9), —x(1 + bx) + AG~(x,9)), %<0,

where
F*(x,y) _ fy(l +ax) + o Py (x,y) + eP; (x,%) %50
G*(x,) —H; (1 +ax) + o Qi(x,y) + £Q (x,9) ] ’
and
F(x,9) _ (1 +bx) + 0Py (x,y) + ePy (x,) <
G (x,9) —H7, (1 +bx) + 0 Qy(x,9) + Q1 (x,9) -

with 0 < ¢ €« A < 1and o = . Obviously, 0 < |o| K 1.

By Theorem 3.1, there exists Ao > 0 such that, for any A € (0,10], M(h, 1) for system
(3.47) has k (k = 7,4,5 for each case) zeros in /4 for 0 < v/2k < 1. It follows that, for any
A € (0,A0] and 0 < |e| K A, system (3.47) can have k limit cycles. That is to say, for any

A € (0, 1], there exist &9 and o = 2 satisfying 0 < |go| < 4 and 0 < |op| < 1 such that

system (3.47) can have k limit cycles. Note that system (3.47) has the form of (2.1) with
n =2. The proof is then completed. d
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