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Abstract

In this paper, a two-species competitive model with Michaelis—Menten type
harvesting in the first species is studied. We have made a detailed mathematical
analysis of the model to describe some important results that may be produced by
the interaction of biological resources. The permanence, stability, and bifurcation
(saddle-node bifurcation and transcritical bifurcation) of the model are investigated.
The results show that with the change of parameters, two species could eventually
coexist, become extinct or one species will be driven to extinction and the other
species will coexist. Moreover, by constructing the Lyapunov function, sufficient
conditions to ensure the global asymptotic stability of the positive equilibrium are
given. Our study shows that compared with linear harvesting, nonlinear harvesting
can exhibit more complex dynamic behavior. Numerical simulations are presented to
illustrate the theoretical results.

Keywords: Competitive; Michaelis—-Menten type harvesting; Stability; Bifurcation

1 Introduction
During the past decade, a competitive system has been extensively investigated by many
scholars [1-24], many excellent results concerned with the permanence, extinction, and
global attractivity of the competition system have been obtained.

Traditional two-species Lotka—Volterra competitive system is as follows:

dx
d_tl =x1(b1 — anx1 — aax),
(1.1)
a2 (by —anx Xx7)
— =X - —a ,
dr 2002 21%1 22%X2

where x; and x, denote the population density of the first and second species at time ¢,
respectively. b;, ay, i,j = 1,2, are positive constants. System (1.1) has been investigated
in mathematical biology books [25]. Depending on the relationship of the coefficients of
system (1.1), it has the following dynamic behaviors.
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1) If

an b1 an

_—>—> ,
ay by axn

holds, system (1.1) has a unique positive equilibrium, which is globally attractive.
(2) If

by an by ap

b—z g an’ b—z g ay’
holds, then the second species will be driven to extinction, while the first species
will approach %‘

On the other hand, the study of resource-management, including fisheries, forestry, and
wildlife management, has great importance as human activity is the main cause of the
extinction of endangered species. It is necessary to harvest the population, but harvest-
ing should be regulated so that both the ecological sustainability and conservation of the
species can be implemented in a long run. Many scholars are interested in establishing ap-
propriate biological models to further understand the scientific management of renewable
resources. For example, based on model (1.1), Sharma and Samanta [26] further consid-

ered the harvesting and obtained the following model:

d"g;p ) [P (1) = (1) P (Brn (0
— (b12) P (br12)Py(t) ] - q1Ex(), 12)
dy(t;p) )

at =y(t)[(rzz)“"”)(rzu)” — (B22)) P (b VP y(2)

= (b21) " P (b1, x(8)] - 42 Ey (),

where p € [0, 1]. Due to the difficulty in the estimation of the model parameters, the au-
thors argued that taking account of the imprecise of biological parameter values makes
some situations more realistic. They developed a method to handle imprecise parame-
ters. In addition, they discussed the existence and stability of the system equilibria, as
well as the bionomic equilibrium and optimal harvesting policy. The equilibrium solu-
tion of the control problem was given and the harvest strategy was optimized dynami-
cally.

Ecosystem with harvesting has been extensively investigated by many scholars [27-37].
May et al. [31] proposed two types of harvesting: (1) constant harvest and (2) linear har-
vest. For the first case, it is impossible to harvest a certain number of species every year.
Although this type of harvest may be relatively easy to study, it is not a reality. For the sec-
ond case, the harvesting term takes the form /(x) = gEx, obviously, when x or E tends to
infinity, 4(x) tends to infinity. Clearly this contradicts the facts, because in reality there is
limited harvesting capacity or number of species, so the amount of species that can be har-

vested is limited. To overcome the drawback of the two kinds of harvesting, Clark [32] pro-

qEx
mE+nx

posed the Michaelis—Menten type harvesting /4(x) = when x or E tends to infinity,

h(x) tends to % or £ In this type of harvesting, if the number of species tends to infinity,
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the final harvest depends on the harvesting capacity, and if the harvesting capacity tends
to infinity, the final harvest depends on the number of species, which is in accordance with
the actual situation. Since such kind of harvesting is more suitable, it brings many scholars
to do works in this direction (see [33—37] and the references cited therein). For example,
Yu, Chen, and Lai [35] introduced Michaelis—Menten type harvesting into a May type
cooperative system and discussed the extinction of the first species and the global attrac-
tion of the unique positive equilibrium. Chen [36] studied the Lotka—Volterra commensal

symbiosis model with Michaelis—Menten type harvesting; the modified model takes the

following:
dx x y qEx
. 1- sl |- —22
dt y1x( ki T ki ) miE + mox

(1.3)

where x and y denote the population density of the two species at time ¢, respectively.
q denotes the fishing coefficient of the first species and E denotes the fishing effort. ry,
ry, K1, Ky, a, my, m; are all positive constants. The results show that the system has a
globally asymptotically stable positive equilibrium. In addition, the two species can coexist
stably when o and K, are large enough. On the contrary, the first species will be driven to
extinction.

After that, Liu et al. [37] considered the two-species amensalism model with Michaelis—
Menten type harvesting and a cover for the first species; the modified model takes the

following:

dx
prlate bix* — ey (1 —k)xy —

qE(1 - k)x

miE + my(1 - k)x’ (14)

% = ayy — byy?.
Here, x and y denote the population density of the two species at time ¢, and k is the refuge
(0 < k < 1). When the parameters satisfy certain conditions, saddle-node bifurcation and
transcritical bifurcation will occur in the system, and the maximum threshold of species
without extinction risk under continuous fishing is obtained. Scholars’ research shows
that compared with the linear harvesting model, the Michaelis—Menten harvesting type
model can not only reflect the harvesting process more realistically, but also show richer
dynamic behavior.

Nevertheless, to the best of our knowledge, no scholars have proposed and studied the
dynamic behaviors of the two-species competitive model with Michaelis—Menten type

harvesting. So in this paper, based on model (1.1), we propose the following system:

dx ( x) q1Ex
—=rx|l-—) - xy— ———-7-—,
ky

(1.5)
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where r1, 1y, k1, ko, 01, @2, q1, M1, hy, and E are all positive. For simplicity, we make the

following nondimensional scheme:

(1.6)
dy
— = py(1 -y —axx),
It py(1 -y — asx)
_ ok _ _qE _mE _ _n _ ki . i
where a; = — b = T L= Tk P = a2 = =102, and the initial conditions
x(0) =x9 >0, ¥(0) = y0 > 0. (1.7)

Biologically, we consider system (1.6) is defined on the set
R{ xR} = {(x,y) ER’|x>0,y> O}.

The organization of this paper is as follows. The basic properties of the model are dis-
cussed in the next section. We analyze the existence of the equilibria of the system in
Sect. 3. The local stability of the equilibria of the system are investigated in Sect. 4. We
consider the global stability of the positive equilibrium in Sect. 5. The possible bifurcation
of the system is studied in Sect. 6. Numerical simulation is presented to show the feasibil-
ity of theoretical results in Sect. 7, and a brief discussion of our results is given in the last
section.

2 Basic properties of the model
Lemma 2.1 ([38]) When a,b >0 and % < (=)x(t)(a — bx(t)) with x(0) > 0, then

lim sup x(¢) < Z(ltiinglofx(t) > g)

t—+00

Definition 2.1 System (1.6) is said to be permanent if there exist two constants m and M
(0 < m < M) such that each positive solution (x(t,xo, yo), ¥(£,%0,¥0)) of system (1.6) under
the initial condition (xo, o) € Int(R?) satisfies

min[lim infx(t, %0, yo), liminf y(¢, x0, yo) } > m,
t—+00 t—+00

max{lim sup x(t, x0, ¥o), lim sup y(¢, xo,yo)} <M.
t—>+00

t—+00

Theorem 2.1 All solutions (x(t),y(t)) of system (1.6) are positive under initial condition
(1.7), i.e., x(2) >0, y(t) > 0 for all t > 0.

Proof Since

(1) :x(o>exp{/t(1 —x(s) — any(s) = —2 )ds} 50
0

c1 +x(s)
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and
¥(2) = y(0) exp{/o p(1 = y(s) — axx(s)) ds} >0.

So x(£) > 0, y(¢) > 0 for all £ > 0 with initial condition (1.7).
This completes the proof. O

Theorem 2.2 All solutions (x(t), y(t)) of system (1.6) that satisfy initial condition (1.7) are
bounded, for all t > 0.

Proof Based on the positivity of variable x, y, from system (1.6), we have

dx 1 b1
—=x(1-x-a1y-
dt v c1+x

>§x(1 - x). (2.1)
From Lemma 2.1, we can obtain

limsupx(¢) < 1. (22)

t—+00

Meanwhile, from system (1.6), we have

d
d—z = py(1 -y —axx) < py(1-y). (2.3)

Again from the same Lemma 2.1, we can get

limsupy(¢) < 1. (2.4)
t—+00
This completes the proof. d

Theorem 2.3 Assume that a; + % <1,0<ay <1, system (1.6) is permanent with initial
condition (1.7).

Proof From (2.2) and (2.4), for ¢ > 0 small enough, there is T > 0 such that, for ¢t > T, we
have

x(t)<1+eg, y(t)<1+e.

Then from the first equation of system (1.6), one could get

dx 1 b >x|1 (1+e) b
—=x(1-x—-a1y- x{1-a -——x).
dt i 1 +Xx - ! C1

From Lemma 2.1, when 1 —a;(1 + &) — 12—11 >0, we can get

b
liminfx(f) >1-a;(1 +¢) - L
t—+00 C1
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Let ¢ — 0 in this inequality, we can obtain

.. b
liminfx(¢£) > 1 —a; — - w1.
t—+00 C1

In the same way, we can obtain the following results for y(¢):

liminfy(t) > w,,

[—+00
where wy, =1 -a, >0,i.e,0<ay <1. So we choose m = min(w;, w,), M = 1.

This completes the proof. d

3 The existence of equilibria

The equilibria of system (1.6) are determined by the following equations:

x(l—x—uly— ):O,
1 +Xx (31)

py(1—y—axx) =0.
Obviously, system (1.6) always has two boundary equilibria Ey(0,0) and E;(0, 1) for all
parameters. For other possible boundary equilibria and positive equilibria, we consider
the following cases:

(i) When x # 0, y = 0, the other boundary equilibria of system (1.6) satisfy the following
equation:

X —1-c))x+b—c; =0. (3.2)
Let A; denote the discriminant with express A; in terms of by, i.e.,
Al(bl) = (1 + C1)2 — 41’)1

If the equilibria for system (1.6) exist, then A;(b;) >0, i.e.,

(Hy) by < 2= b,

and

1—C1—«/A1(b1) 1—C1+\/A1(b1)

mETTT, T sy
If (1 - ¢1)? = A1(b1), one could calculate that
(Hy) by =ci.
Therefore, we can calculate that
(H3) if by > ¢y, then (1 —¢1)? > A1(By);
(Hy) if by <cy, then (1 —¢1)? < A(by).
Besides, we have ¢; < b} and ¢; = b} ifand only if ¢; = 1.
From conditions (H1), (Ha2), (H3), and (Ha), we can get that:
(1) If0< by <c1, %91 <0, %99 >0.
(2) If by =1, when 0 < ¢ <1, X917 = 0, x93 > 0; when ¢; = 1, X371 = X920 = 0; when ¢; > 1,
X971 <0, x99 = 0.
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(3)Ifc1 < by < by, when 0 <c; <1, %31 >0, %25 >0; when ¢; > 1, %21 <0, 32 <0.

(4)If by = b}, when 0 < ¢y <1, x93 > 0.

(5) If by > by, system (1.6) has no other boundary equilibria.

(ii) When x # 0, y # 0, the possible positive equilibria of system (1.6) are determined by
the following equation:

by
l-x—-a1y- =0,
1 +X%x (33)
1-y—ax=0,
ie.,
Ax®> -Bx+C=0, (3.4)

where A =aya, —1,B=a; +c¢; —aiaxc; — 1, C =c; —ajc; — b;.
Let the discriminant of (3.4) be denoted by Ay, i.e.,

Ay =B? —4AC = (—c1A — a1 + 1) + 4b1A.

It is obvious that A, >0if A > 0.

When A, > 0, the existence of positive equilibria of system (1.6), and

(3.5)

X31 = ) X32 =

B—/\/Az B+\/A2
24 24

(6) If Ay >0, let us discuss the following cases:

Case 1: When (a) A>0,B>0,C<0or(b)A>0,B<0,C<0,thenx* =x3,>0,x31 <0
and system (1.6) has only one positive equilibrium E*(x*, y*) = (x*, 1 — azx™) if % > x*,

Case 2: When (¢) A<0,B>0,C>00r(d) A<0,B<0,C>0,then x* =x3; >0, x3, <0
and system (1.6) has only one positive equilibrium E*(x*, y*) = (x*, 1 — azx™) if % >x*,

Case 3: When A <0, B< 0, C <0, then x3; > %37 > 0 and system (1.6) has two positive
equilibria:

E31(x31,931) = (%31, 1 — aax31)

and

E3(x32,32) = (%32, 1 — aax3z).

Both E3; and E3; will exist if % > max{xs1,X32}.

Case 4: When A > 0, B< 0, C =0, then x3; = 0 > x3; and system (1.6) has no positive
equilibria.

Case 5: When A <0, B> 0, C =0, then x3; = 0 > x35 and system (1.6) has no positive
equilibria.

Case6: When A < 0,B <0, C =0, then x3; > 0 = x3; and system (1.6) has only one positive

1ol e g1
equilibrium E3;(x31,y31) = (%31, 1 — apx3y) if 2 > %31
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(7) If A, =0, B<O0, then x3; = x35 = x33 > 0 and system (1.6) has only one positive equi-
B B

247 24°

(8) If Ay <0, then system (1.6) has no positive equilibria.

librium Es3(xs33,¥33) = (55,1 —aa %) if é >

From what has been discussed above, we can get the following theorem.

Theorem 3.1 System (1.6) always has two boundary equilibria Ey(0,0) and E1(0, 1) for all
parameters. The other possible boundary equilibria and positive equilibria are as follows:
(i) For other possible boundary equilibria:
(1) If0< by < ¢y, system (1.6) has only one other boundary equilibrium Ex(x2;,0).
(2) Ifb1 =c1and 0 < c; < 1, system (1.6) has only one other boundary equilibrium
Ex (%22, 0).
(3) Ifci < by <bi and 0 < ¢y < 1, system (1.6) has two other boundary equilibria
Ey1(%21,0) and Ey(x22,0).
(4) Ifby = by and 0 < c; < 1, system (1.6) has only one other boundary equilibrium
Ej3(%23,0).
(5) If by > by, system (1.6) has no other boundary equilibria.
(i) For positive boundary equilibria:
(6) If Ay > 0, we have the following.
(a) When A>0,B>0,C<00rA>0,B<0,C<00rA<0,B<0,C>0or
A<0,B>0,C >0, then system (1.6) has only one positive equilibrium
E*(x*,y%) lf% > x*.
(b) When A <0,B<0, C<O0, then system (1.6) has two positive equilibria
E31(x31,31) and Ezy(x3),y32) lf% > max{x31, %32}
(7) If Ay =0, then system (1.6) has only one positive equilibrium Es3(x33,33).
(8) If Ay <0, then system (1.6) has no positive equilibria.

4 Stability of equilibria
Theorem 4.1 For the boundary equilibria Ey and E; of system (1.6), which always exist,
we have:
(1) Ey is always unstable.
(2) For E;, we have the following results:
(@) Ifby < c1(1 — ay), Ey is a saddle;
(b) Ifby > c1(1 — aq), E; is a stable node;
(c) Ifby <c1(1 — aq), Eq is a saddle node with aja; — 1 + "4 0, Ey is a saddle with

€1

1-,
aiay — 1+ Cfl =0.

Proof Firstly, we calculate the Jacobi matrix of system (1.6):

bia

1-2x—ayy— -
J(x,y) = PRI “r . (4.1)
—payy pl—axx -2y +1)

(1) The Jacobian matrix of system (1.6) at Ey is
1-2 0
J(Eo) = ( a ) . (4.2)
0 »

Obviously, the eigenvalues of J(Eg) are A; =1 — i—ll and Xy = p > 0, so Ey is always unstable.

Page 8 of 25
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(2) The Jacobian matrix of system (1.6) at E; is given by

P
J(E) = (1 a0 ) (4.3)
—paz —-pP

It is obvious that the eigenvalues of J(E;) are A} = 1—a; — % and A, = —p < 0, so the stability
of J(E,) depends on A;. E; is a saddle if b; < ¢1(1 — a1) and a stable node if b, > ¢1(1 — ay).
When b; = ¢1(1 — a1), we cannot directly come to the conclusion.

Let us first move E; to the origin by transforming (X, Y) = (x,y — 1) and make Taylor’s

expansion around the origin, under which system (1.6) is as follows:

dX b] 2 b13 b14
— =5 -1 —awxy— —=x"+ —x",
i (ga)emam g

dy )
= TPaX = py = Py = parxy.

Next, making the following transformation

X _ ay 0 Xl
0)-( )6

and letting t = pt, system (4.4) becomes

ax, ) 3
e an X1 Y1 + ape Xy + apsX; + P1(X1, Y1),
T
Jy (4.6)
1
- Y1 + b1 X1 Y1 + boaXi + b3 Y + boaX; + Q1(X1, Y1) := P(X1, Y1),
where
aa; as(ci(aar — 1) +1—ay) by}
ao1 = — ) ao2 = ) ap3 =——3,
o per pe;
2 2 3
ay(a - p) ay(ci(ara; - 1) + 1 -ay) bia
bo1 = 2=, boy = — ! ’ bos = a1, bos = 32'
pey o

And P;(X3,Y7) and Qq(X3, Y1) are power series in (Xj,Y;) with terms X{ Y{ satisfying
i+j>4.

From the implicit function theorem, there exists a function Y7 = ¢(X7) that satisfies
¢(0) = 0 and P(X;, ¢(X1)) = 0. By using the second equation of system (4.6), we can ob-
tain

Y1 = 0(X1) = —boX7 +0(X3). (4.7)

Substituting (4.7) into the first equation of system (4.6),we have

ax;
dr c?

a2(1-a;)
= ﬂozXlz — (ﬂmboz + 2)071))(? + .
1
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By Theorem 7.1 in Chap. 2 in [39], when ag, #0, i.e., m = 2, E; is a saddle node; when
24—
dagz = 0, then we have m = 3, a,, = “2(;112 Y < 0and E is a saddle.
This completes the proof. O

1

Theorem 4.2 Assume that other boundary equilibria Ey,, Ex,, and Ea3 of system (1.6) exist,
we have:
(1) Ey is always unstable.
(2) For Ex, we have the following results:
(a) ]f% > X292, Eoy is a saddle;
(b) If% < X99, Eoy is a stable node;
(c) [fé = X99, E99 is a saddle node.
(3) Ifax(c1 — 1) # =2, Eys is a saddle node; on the contrary, Exz consists of a hyperbolic

sector and an elliptic sector.

Proof When other boundary equilibrium points exist, we have

b
1= %9 — a1y — =0,
C1 + X9;
here, i=1,2,3.
So (4.1) can be written as
X2i _ AV _ 3
J(Ey) = [ @ (b1 = (e1 +x2:)%) a1%i . (4.8)
0 p(1 —azxy;)

(1) It is easy to get from (4.8) that the eigenvalues of J(E,;) are A; = —2L—(b; — (¢1 +

(c1+x21)?
%21)%) and Ay = p(1 — ayxy1), while

X21
1=V
(c1 +9621)2

2013/ A (01)(y A1(by) + 4by = /Ay (by)) N
- 2(c1 + %21)?

(b1 —(c1+ x21)2)

0,

so E,; is unstable.

(2) From (4.8), one could obtain A; = (qfazc;)z (b1 — (c1 + %x22)%) and Ay = p(1 — arxy0) are

the eigenvalues of J(E;;); nevertheless,
_ X22
(c1 +%22)?

_ —x22/ 21(b1)(v/ A1 (b1) +4by + /A1(br)) p

2(c1 + %2)?

A (br = (c1 +x22)°)

O;

so the stability of J/(Ey;) depends on A,. If A5 > 0, i.e., é > %99, then Eos is a saddle; if Ay < 0,
ie., é < X997, then E», is a stable node; if A, = 0, i.e., é = X9, it is difficult for us to draw the
conclusion.

Now, let us use Theorem 7.1 in Chap. 2 in [39] to determine its stability. First of all, we

make transformation (X, Y) = (x — x22,) to move Ey; to the original, and then expand in

Page 10 of 25
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power series up to the third order around the origin, which makes the system as follows:

ax 9 3
— = CmX - Y -alXYy + 602X + CQ3X ,
dt
(4.9)
ar XY - pY?
- _pa _ ,
dr paz P
_ b _ _ bic _ _ __bha
where co, = x22((61+xl22)2 1, o = (01+196212)3 1, cos = (c1+x22)*”

Next, we make the following transformation:

X _ 1 -1 Xy (4.10)
Y 0 —Co1 Yz ’ '

and let T = ¢p1£, system (4.9) becomes

ax,
I Xo + don XoYa + doa X5 + dos Yy + Pa(Xa, Ya) 1= P(Xa, Y2),
o (4.11)
3
P enXoYs +enY; + Qa(Xa, Vo),
where dy; = ailcm—gﬁz—zm vdoy =B, dos=p—ay+ —Cozcgfaz seor = =52, e = p(3= + 1), and

Py(X,,Y5) and Q,(X3, Y>) are power series in (X, Y) with terms Xé Yé satisfying i + j > 3.
According to the implicit function theorem, there is a function X, = ¢(Y3) such that
¢(0) = 0 and P(¢(Y2), Y2) = 0. From the first equation of system (4.11), we have

X = p(Ya) = —dos Y3 +0(Y3). (4.12)

Substituting (4.12) into the second equation of system (4.11), we can get

dy, )
—— =ey Y+,
dr 0272
By Theorem 7.1 in Chap. 2 in [39], because eg, > 0 and Ej; is the saddle node.
(3) From (4.8) and x93 = 1‘%, one could get the eigenvalues of J(Ey3) are A; = 0 and
A2 = p(1—axy3). In order to get the stability of Ejs, firstly, we make transformation (X, Y) =
(¢ — x93, ¥23) to move Ejs to the original, and then expand in power series up to the third

order around the origin, which makes the system as follows:

ax ) 3
n =ag Y +a02XY + apX* + agsX°,
(4.13)
dy )
E = b()lY-l- bozXY + bogY )
where ag; = al(czl_l),ﬂoz =—dy, a3 = 2—1, aps = (C_licll)z, by, = QZ(CI;)Q» by = —azp, bpz = —p.

Secondly, we discuss it in two cases.

Case 1: If A, # 0, the stability of E3 can be proved by the same method in Theorem 4.2(2),
so Ej3 is a saddle node if x53 # é
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Case 2: If 15 = 0, let T = —%¢, then system (4.13) becomes

az

=Y + XY + cn X2 + cop X + P5(X, Y) := P(X, Y),

ax
Z; (4.14)
—_— = d()lXY + d02Y2 + Qg(X, Y)

T

2
4
ﬁ, Cop = ﬁ, d(n = pa_alz’ doz = %, andP3(X, Y) and Qg(X, Y) are power
series in (X, Y) with terms X'Y’ satisfying i +j > 3.

Here, cy; =

According to the implicit function theorem, there is a function Y = ¢(X) such that ¢(0) =
0 and P(X, (X)) = 0. From the first equation of system (4.14), we have

ax(cp - 1)

Y =¢(X)= X2 +o0(X%). (4.15)

ai(c; +1)
Substituting (4.15) into the second equation of system (4.14),we can get

ay asp(c; —1) 3
dr  al(c; +1)

and
ay (2(1-c
v(X) = —z(u+pa2>X+--- .
ay 1+c
3 (e —
By Theorem 7.3 in Chap. 2 in [39], because k =2m + 1 =3, m =1, a; = “:Zp(icllﬂl)) ,
1
N=1,By= %(_2(11;:11) +paz) >0, A = B +4(m + 1)agy, = (Z—f(—z(ll;cll) — pay))? >0, then Ey;
consists of a hyperbolic sector and an elliptic sector.
This completes the proof. O

Theorem 4.3 When the positive equilibria exist, we have:
(1) Esy is a stable node.
(2) Esy is a saddle.
(3) Ess is a saddle node.

Proof Notice that when the positive equilibria exist, (4.1) can be simplified as follows:

by
x3i(—=5 —1) -—a1x3;
J(E3) = 3l((q+x3")2 ) ), (4.16)
—PaA2Y3i —PYsi
where i =1,2,3.
Thus,

by

tr](Es;) = x3i<—2 - 1) — PY3ir
(c1 +x3)

detJ(E3) = _lox3iy3l'( — PaA1AX3;Y3i

L -1
(1 +x31)?

by
=—px3ysi| ———— - 1+aa, ).
14 31y31<(cl T x3)? 1 2>

Page 12 of 25
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Using
by
1—x3;—ays — =0
C1 + X3;

and

1-y3 —ayx3 =0,
we have

det/(Ex) = 222 (2 Ay, - B).

C1 + X3;

(1) According to (3.5), we get that

—0X32)324/ D2 <
C1 + X33

detJ(Esp) = 0,

so E3y is a saddle.
(2) Similarly, we have

Px31Y314/ D2 S
C1 + X31

detJ(Es;) = 0.

Therefore, we consider the sign of trJ(Es;). Let N(x) = b—1x)2 —1,x € (0, +00), then we have

(c1+

NG b
dx (e +x)3

Note that N(x) is monotonically decreasing in the interval (0, +00). It is clear that
0 < X33 < X33 < X371

and

by

Ns) = enp

-1= —a1ay < 0.
So we can obtain N(x31) < 0, and it is easy to calculate that

trJ(E31) = 231N (x31) — py31 < 0.

The above analysis shows that E3; is a stable node.
(3) From x33 = %, we can get

- B
det ] (Ess) = 2233033 (ZA . = —B) -0,
C1 + X33 2A

trJ(Es3) 7191 1
=X — —
33 33 (1 +x33)? PY33

= —aiaxx33 — py33 <0,

Page 13 of 25
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Figure 1 E31 (X31 «}/31) is a stable nOde/ Eaz(st,)@z) is X'=x(1-x-04y-151/(25+x)
y'=y(l-y-2x

a saddle, and the red line is the separatrix

Figure 2 E3] (Xg} ,yg]) is a stable node, E32(X32,y32) is X'=X(1-x-04y - 1.51/(25+X)
a saddle, and the red line is the separatrix. Figure 2 is vz
an enlarged version of Fig. 1

> 05

so the eigenvalues of J(Es3) are A; < 0 and A, = 0, we use the same method as Theo-
rem 4.2(2) and easily get E33 is a saddle node.

In order to verify the above results, let a; = 0.4, a3 = 2, b; = 1.51,¢; = 2.5, p = 1. By simple
computation, we have A <0, B< 0, C <0,and A, > 0, E3;(0.3618,0.27639) is a stable node,
E55(0.138197,0.72361) is a saddle. From Fig. 1, it is easy to get the red line that divides the
first quadrant into two parts, recorded as I (left one) and II (right one). Assume that the
initial conditions are located in region I, all the solutions tend to E;(0, 1) which is a stable
manifold and E5,(0.138197,0.72361) is an unstable manifold. From the biological point of
view, when the initial values are located in region I, the first species will be driven to ex-
tinction. On the contrary, assume that the initial conditions are located in region II, all the
solutions tend to E3;(0.3618,0.27639) which is a stable manifold, E3,(0.138197,0.72361)
and E»,(0.49599,0) are unstable manifolds. From the biological point of view, when the
initial values are located in region II, two species can always coexist. This is the bistable
phenomenon which is shown in Figs. 1 and 2.

This completes the proof. d

Theorem 4.4 For the unique positive equilibrium that exists for system (1.6), our results
are as follows:
(1) WhenA>0,B>0,C<00rA>0,B<0,C<00rA<0,B<0,C=>0,E*"isasaddle;
(2) When A <0,B>0,C>0,E* isa stable node.
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Proof Through the discussion in Theorem 4.3, we can get

det) (E') = - (24x" = B),
% * bl *
tr](E):x m—l - Py
= c:i pos ((A —1)x*—(B+ (1161261)) - py*.

In order to analyze the stability of E*, let us consider the functions
f(x)=2Ax-B

and
gx) = (A= 1)x — (B+aiaxci).

Next let us discuss them in different cases:

Case1: WhenA>0,B>0,C<00rA>0,B<0, C <0, note that x* = x3, > %, thus it is
easy for us to get f(x*) > 0, i.e., detJ(E*) < 0, so E* is a saddle.

Case 2: When A <0, B< 0, C > 0, we have x* = x31 < %, which gives f(x*) > 0, i.e.,
det/(E*) <0, so E* is a saddle.

Case 3: When A <0, B> 0, C > 0, we have x* = x3; > 0, which implies that f(x*) < 0,
g(x*) <0, i.e., detJ(E*) >0, trJ(E*) < 0, so E* is a stable node.

In order to verify the above results, let a; = 0.6, a3 = 2, by = 042, ¢; =04, p = 1. By
simple computation, we have A > 0, B< 0, C < 0. E*(x*,y*) and E»;(0.03542,0) are saddle,
E;(0,1) and E»,(0.56458,0) are stable nodes. From Fig. 3, it is easy to get the red line that
divides the first quadrant into two parts, recorded as I (left one) and II (right one). Assume
that the initial conditions are located in region I, all the solutions tend to E;(0,1) which
is a stable manifold, E*(x*, y*) and E»;(0.03542,0) are unstable manifolds. From the bio-
logical point of view, when the initial values are located in region I, the first species will
be driven to extinction. On the contrary, assume that the initial conditions are located in
region II, all the solutions tend to E5;(0.56458,0) which is a stable manifold, £*(x*, y*) and
E51(0.03542,0) are unstable manifolds. From the biological point of view, when the initial

X'=x(1-x-06y-0.42/(0.4 +x)
Vv

Figure 3 £*(x*,y*) is a saddle, the red line is the
separatrix

y(1-y-2x)

Page 15 of 25
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values are located in region II, the second species will be driven to extinction. This is the
bistable phenomenon which is shown in Fig. 3.
This completes the proof. O

5 Global stability of equilibrium
Theorem 5.1 When E* is locally stable, which is globally asymptotically stable.

Proof We will adapt the idea of Yu [40] to prove Theorem 5.1. More precisely, we will
consider a Lyapunov function

V(x,y) = (a1 +x*)<x—x* —x*In ﬁ) +pa2(y_y* —y*In l>,
X* y*

It is easy to see that the function V(x,y) is zero at the equilibrium E*(x*,y*), which is
positive everywhere in the first quadrant except at E*. Then the time derivative of V'(x,y)

along the trajectories of (1.6) is

D'V(t) = (¢ +x*)x—xx* (x(l —Xx—ayy - b ))

1 +X%x

*

2 (py(1 -y - a)

+ ,()(lzy —

:(c1+x*)(x—x*)(x*+a1y*+ b —X—a1y— bl)

c1 +x* c+x

+pay(y - ") (0" + axx™ — y — arx)

xS - ) - =)

C1+Xx

- (al (c1 + x*) + pa%) (x - x*) (y —y*)

< (x_x*f(ﬁ _ c1> ~oar(y-y).

a

Note that B > 0, C > 0 when E* exists, and we have % <l-a; <1 -aa), ie,

IZ—i —¢1 <0, so one could obtain D* V() < 0 strictly for all x,y > 0 except the equilibrium
E*(x*,y*), where D* V(t) = 0. Hence, V(x,y) satisfies Lyapunov’s asymptotic stability theo-
rem, then the equilibrium E*(x*, y*) of system (1.6) is globally asymptotically stable. From
the biological point of view, two species can always coexist (see Fig. 4).

This completes the proof. d

6 Bifurcation analysis

In this section, we are interested in studying the various possible bifurcations of system
(1.6). From Theorem 3.1, we know that system (1.6) may undergo saddle-node bifurcation
at Ey3 and Ejs, respectively, and transcritical bifurcation around the equilibria Ey and Ej,

which is a very interesting phenomenon.

6.1 Saddle-node bifurcation
From Theorem 3.1, it is easy to find that when ¢; < b; < b} and 0 < ¢; < 1 the system has
two different boundary equilibria, which may coincide if b; = b} and 0 < ¢; < 1 or which
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Figure 4 E£*(x*

y*) is globally asymptotically stable

=x(1-x-06y-04/(12+x)
=y(l-y-x

[ ! ] ! ! / ! j j j j !
09 o
0.8 o
071 8 4

3
06 N\ 1

04f 8

031 q

021 4

01k =

X =x(1-x-05y-06/(05+x)
y'=y(1-y-3x)

X’ =x(1-x-05y - 0.5625/(0.5 + x))
y'=y(-y-3%

08

04

02

X =x(1-x— 05y 0.5625/(0.5 + X))
y'=y(1-y-4x

/

Figure 5 Dynamics behaviors of system (1.6)

may disappear if b; > b}. The emergence or appearance of the equilibria is due to the

saddle-node bifurcation at Ey3 (see Fig. 5 and Fig. 6).

Theorem 6.1 System (1.6) undergoes a saddle-node bifurcation around Ey; when by =

(l+61

b 1SN =

and 0 < c1 < 1, where b, is the bifurcation parameter.

Page 17 of 25
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X’ =x(1-x-2y-055(05+x) X’ =x(1-x-2y-054/(05+x)
X

y'=y(1-y-25x) y'=y(1-y-25x)

X'=x(1-x-2y-052(05+x)
y'=y(i-y-25x%)

Figure 6 Dynamics behaviors of system (1.6)

Proof By the proof of Theorem 4.2, we have an eigenvalue of J(E,3) that is zero, named
A1. Let V7 and Wi represent the eigenvectors of A; for the matrices J(E;3) and J(Ea3)7T,
respectively. After simple calculation, we have

Vi1 1 Wi 1
Vl = = ; WI = = a (l—c )
Vio 0 Wiz e
plaz(c1-1)+2)
Moreover,
—x c1—-1
1
Fy (Eassb1sn) = Cl(;x ={ar)
x=x23
2 2 2
—3 le V121 + 2—3 l;l Vn V12 + —8, ZFI V122
D*F(Eysibisy)(Vi, Vi) = | o 07
(Ex3; b1sn)(V1, V1) 2 a2 2
92Fy 1,2 92F, 92Fy 2
2 Vll + 2—8x8y V11V12 + 92y V12
y (E233b15N)
2biey
— [ (cr+x23)3

0
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X'=x(1-x-04y-151/(25+x)

X '=x(1-x-04y-15125/(2.5 +Xx))
2% y'=y(i-y-2%

yi=y(-y-

\

(a) (b)

Figure 7 Dynamics behaviors of system (1.6)

Clearly, we can get that V; and W; satisfy

-1
W\ Fp, (Ea3;bisn) = - 70,
c+1
2(c; - 1)
W\ [D*F(Es; bisn)(Vi, V)] = % 70.

This implies that when b; = bysy, the saddle-node bifurcation occurs at Eys.

This completes the proof.

O

Similarly, the conditions for the existence of positive equilibria of system (1.6) are given
in Theorem 3.1, and we could find that when A, > 0,4 <0, B <0, C <0, the system has two

different positive equilibria, which may coincide if Ay =0 and A < 0, B < 0 or which may

disappear if A; < 0. The emergence or appearance of the equilibria is due to the saddle-

node bifurcation at E33 (see Fig. 5 (a) and Fig. 7).

Theorem 6.2 System (1.6) undergoes a saddle-node bifurcation around Es3 when by = bisn

and A <0, B <0, where by is the bifurcation parameter.

Proof By the proof of Theorem 4.3, we know that an eigenvalue of J(E,3) is zero, named

A1. Let V; and W, represent the eigenvectors of A, for the matrices J(Es3) and J (Es3)7,

respectively. After simple calculation, we have

V21 1 WZI 1
V, = =l _ ) W, = = e B
Voo a W oyss

Moreover,

—X —X33
F E ’b - Cc1+x - C1+X33 ,
b (Es3; bisn) 0 0
X=X33

Page 19 of 25
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32F1 2 9%F Fl 2
sz V21 +2—1 8x8 V21 V22 + V22

32F F 2
2 V21 V21 V22 + == sz
(E33:b15N)

D*F(E33;b15x)(Va, Va) =
axa

— (2((51211;313)3 tady — 1))
0 .

So, we can obtain V; and W, satisfy

—X33

W Fy, (Es3;bisn) =
C1 + X33

40,

AB
W3 [DPF(Ess i) (Va, V)] = 5o 0,

which means that when b; = b;gy, the saddle-node bifurcation occurs at E33.

This completes the proof. d

6.2 Transcritical bifurcation

Through the discussion of Theorem 3.1, we find an interesting phenomenon: when b; = ¢;,
E»; will coincide with Ej if 0 < ¢; < 1; Eyy will coincide with Ey if ¢; > 1. Therefore, the
emergence of this phenomenon is owing to the transcritical bifurcation at Ey (see Fig. 8).

Then we obtain the following.

Theorem 6.3 System (1.6) undergoes a transcritical bifurcation around Ey with by as a

bifurcation parameter, when by = bigy = c;.

Proof Here, we use Sotomayor’s theorem to verify the transversality conditions for trans-
critical bifurcation. The Jacobian matrix of system (1.6) evaluated at the point E is given
by (3.2). Obviously, the eigenvalue A; = 0 of J(Ep) if b1 = ¢1. Let V3 and W3 be the eigen-

vectors of J(Ey) and J(Ey)T corresponding to A; = 0, respectively. Then we can obtain
V- 1 W- -1
Vs = 31 ’ W, = 31 '
Furthermore,
F (E b ) _ c;fx _ 0
b1 \L0, 91TC 0 0 »
x=x0
=y 0\(1 -
DFy, (Eg; birc)Vs = | 109" =( &)
0 0/\0 0
(Eosb171C)

3%2F1 2 F1 2
o2 Va t 8x3 BV Vi + ng

D?F(Eo; byrc)(Vs, V3) 92F) 1,2 92F, 2
e V Zaxéy Va1V + V32 (EosbiTC)

_(¥&-D
-(Fa 7).
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X'=x(1-x-2y-04/(04+x) X =x(1-x=-2y-1/(1+x)
y'=y(-y-2%

y'=y(-y-2x

o $E(E, )

L L L L ! L L L L L L L
-02 0 0.2 0.4 0.6 0.8 1 12 0 0.2 0.4 0.6 0.8 1 1.2

(a) 0<er <1 (b) 1 =1

X'=x(1-x-2y-15/(1.5+x)
y'=y(-y-2%

(c)er>1

Figure 8 The phase portraits of transcritical bifurcation of system (1.6) around £

Thus, we have
W4 Fy, (Eg; birc) =0,

1
W' [DEy, (Eo; birc) V3] = —#0,
1
1
WgT[DzF(Eo; birc)(Vs, V3)] = 2(1 _ C_) #0.
1

So from Sotomayor’s theorem system (1.6) undergoes a transcritical bifurcation at Ej.
This completes the proof. g

In the same way, for the positive equilibria of system (1.6), when by = ¢;(1-a;) and A < 0,
E;;, will coincide with E; if B > 0; E3; will coincide with E; if B < 0. Hence, the appearance
of this phenomenon is owing to the transcritical bifurcation at E; (see Fig. 9). Then we can
get the following.

Theorem 6.4 System (1.6) undergoes a transcritical bifurcation around Ey with by as a
bifurcation parameter, when by = bigy = c1(1 —ay) and A < 0.
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X'=x(1-x-04y-168/(28+x) X'=xX(1-x-04y-18/(3+x)
X) =

y'=y(-y-2%

y'=y(-y-2

B\ (Egy Byl |

(a) B>0 (b) B=0

X'=x(1-x-0.4y-2.4/(4+Xx)
y'=y(-y-2x

E32

(c) B<O

Figure 9 The phase portraits of transcritical bifurcation of system (1.6) around £;

Proof Here, we use Sotomayor’s theorem to verify the transversality conditions for tran-
scritical bifurcation. The Jacobian matrix of system (1.6) evaluated at the point E; is
given by (3.2). Clearly, the eigenvalue 11 = 0 of J(E}) if b1 = c1(1 — a1). Let V4 and W,

be the eigenvectors of J(E;) and J(E;)T corresponding to A1 = 0, respectively. Then we can

Furthermore,

=X 0

E, (Ep;b — [ a+x — ,
by (E1; b11C) 0 0

X=X1

=4 _ 0 1 _1
DFy, (Ey;byzc)Va = | @ = a),

0 0/ \-ay 0

(Evsbr1C)

get
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82F1 1,2 82F) 8%F1 1,2
W V41 + 2—V41 V42 + 3_231 V42

) 92 dxdy

D°F(E;;b17¢)(Va, Vi) = | 5 2 >
3F2V2+28F2V \% +MV2
a2 V4l dxgy " ALVA2T Tay Va2 (Evbirc)

()

WALTFbl (El;blTC) = 0;

Thus, we have

1
WLLT[DFbl (El;bch)V4] = _C_ 7{0’
1
[ 2 2B
Wi [D*F(Ey; birc)(Va, Va)| = -— #0.
1

So from Sotomayor’s theorem system (1.6) undergoes a transcritical bifurcation at E;.

This completes the proof. O

7 Numeric simulations
Now, let us give the following examples to illustrate the main results.

Example 7.1 Let a; = 0.6, a; =1, by =04, ¢c; = 1.2, p = 1, then we have E* is globally
asymptotically stable (Fig. 4).

Example 7.2 Let a; = 0.5, c; = 0.5, p = 1, by simple computation, we have:
(1) Foray; =1, by = 0.6, we get b} = 0.375 < by, Ay = —0.6375 < 0, and the system has no
other boundary equilibria and positive equilibria.
(2) For a; =3, we get Ey3 is a saddle.
(3) For a; =4, we get Ey3 consists of a hyperbolic sector and an elliptic sector.

Figure 5 shows the above results.

Example7.3 Leta; =2,a; =2.5,¢; =0.5, p = 1, by simple computation, we have é =04,
(1) For by = 0.55, we get xp; = 0.3618 < é and E, is a saddle, E,; is unstable.
(2) For by = 0.54, we get xp; = 0.4 = é and E,, is a saddle node, E,; is unstable.
(3) For by = 0.52, we get xp; = 0.4562 > é and E, is a stable node, E,; is unstable.

Figure 6 shows the above results.

Example 7.4 Leta; =04, a; =2,c; =2.5, p =1, we have:
(1) For b; = 1.5125, we get A, = 0 and the unique positive equilibrium Ejs; is a saddle
node.
(2) For by =1.51, we get A, >0 and Ej; is a stable node, Es; is a saddle.

Figure 7 shows the above results.

Example7.5 Leta; =2, a; =2, p = 1, by simple computation, we have:
(1) For by =04, ¢; = 0.4, we get Ey; coincides with Ey.
(2) For by =1, c; =1, we get both Ey; and Ey, coincide with Ey.
(3) For by = 1.5, ¢; = 1.5, we get Ey coincides with Ey.
Figure 8 shows that system (1.6) undergoes transcritical bifurcation at Ey.
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Example 7.6 Leta; = 0.4, a; =2, p = 1, by simple computation, we have:
(1) Forc; = 2.8, we get by = 1.68 and Ej; coincide with Ej.
(2) For c¢; =3, we get b; = 1.8 and both Es3; and Es; coincide with Ej.
(3) Forc¢; =4, we get by = 2.4 and E3; coincides with Ej.
Figure 9 shows that system (1.6) undergoes transcritical bifurcation at Ej.

8 Conclusion

In this paper, we have considered a two-species competitive system with Michaelis—
Menten type harvesting. The model shows rich dynamic behaviors. We have studied the
permanence condition of the system, and by analyzing the stability of the system equilib-
ria, we obtained that the system cannot collapse for any parameter value as the origin is
always unstable. In addition, from the global asymptotic stability of the positive equilib-
rium, it can be seen that two species can coexist stably under appropriate conditions. We
also get that there are two different cases of bistability in the system: on the one hand, a
boundary equilibrium and a positive equilibrium are globally asymptotically stable; on the
other hand, the two boundary equilibria are globally asymptotically stable.

Qualitative analysis indicates that Michaelis—Menten type harvesting plays an impor-
tant role in the dynamic behaviors and bifurcations of the system. Firstly, the parame-
ters b; and ¢; of the Michaelis—Menten type harvesting term will affect the number and
stability of the system equilibria, compared with system (1.1), the boundary equilibria
and positive equilibria of system (1.6) are both increased. Secondly, from the Michaelis—
Menten type harvesting term /(x) = C%’;, we know that system (1.6) is supplementary to
system (1.1). Because system (1.6) becomes unharvested situation if b; = 0, system (1.6)
becomes constant harvested situation if ¢; = 0. Thirdly, we give a strict proof of the bi-
furcation of system (1.6) by Sotomayor’s theorem, which has important ecological signif-
icance. Through saddle-node bifurcation and transcritical bifurcation, one could obtain
the maximum threshold without extinction risk of species in continuous harvest. This
provides important reference for decision makers to make reasonable strategies to ensure
the sustainable development of ecosystem and maximize economic benefits.
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