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1 Introduction

Porcine reproductive respiratory syndrome, also known as blue ear disease and epidemic
abortion respiratory syndrome, is caused by Lelystad virus. It was first reported in the
United States in 1987 and isolated by Dutch scientists in 1991. Since then it has spread to
most of the European pig industry and has a global trend. Porcine reproductive respiratory
syndrome has a major economic impact on the swine industry with cost of about 664
million USD annually in the United States [1-3]. In the same way, porcine reproductive
respiratory syndrome has also caused huge economic losses to pig industry in China. For
example, the porcine reproductive respiratory syndrome epidemic in 2006 forced Chinese
farmers to slaughter millions of pigs, leading to China’s highest inflation rate in the past
decade [4, 5].

To better understand the population dynamics of infectious diseases, mathematical
models for infectious disease dynamics have been formulated and studied for a long time.
For example, delayed epidemic model [6—10], stochastic epidemic model [11-16], age-
structured epidemic model [17-19], and so on. Since porcine reproductive respiratory
syndrome is a devastating infectious disease among a swine population, it is reasonable to
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use mathematical modeling describing the propagation of porcine reproductive respira-
tory syndrome virus among a swine population. Arruda et al. [20-23] proposed different
forms of a stochastic model to investigate transmission dynamics of porcine reproductive
respiratory syndrome virus. In [24], Suksamran et al. proposed a structured model for the
spread of porcine reproductive respiratory syndrome virus incorporating both time and
spatial dimensions as well as the decline of infectiousness with time.

Studies have shown that porcine reproductive respiratory syndrome virus is a double-
edged sword to the immune system of pigs [25]. On the one hand, porcine reproductive
respiratory syndrome virus can specifically bind to immune cells, especially macrophages,
and once it is widely replicated, the immune system will be inhibited, resulting in immune
failure of a variety of infectious diseases vaccines; on the other hand, as virus infection
stimulates the immune system of pigs, the body produces immunity, which will protect
the body from secondary infection. Accordingly, vaccination is an important method used
for controlling the spread of porcine reproductive respiratory syndrome virus. Based on
this consideration, Phoo-ngurn et al. [26] proposed the following susceptible-infectious-
recovered (SIR) model for the transmission of porcine reproductive respiratory syndrome

virus among a swine population:

B~ (1 - g)b(1 - SOHORO ) (§(4) + 71(£) + R(E))

K
- BSOI(t) — (1 +v)S(2),
L~ BS(E)I(0) - (1 + ¥)1(0), M
RO — gb(1 ~ SOLORD) (1) 4 rI(E) + R(2))

+y1(2) + vS(£) - uR(2),

where S(¢), I(£), and R(£) stand for the numbers of susceptible swines, infectious swines,
and the recovered swines at time ¢, respectively. b is the birth rate of the susceptible swines;
q denotes vaccination coverage; K is the swine carrying capacity; u is the natural death
rate of the swines; y is the recovery rate of the infectious swines; v is the vaccination rate of
the susceptible swines; 8 is the transmission coefficient and r is the abortion proportion.

One of the significant features of porcine reproductive respiratory syndrome virus is its
latent characteristic, which means that when viruses enter a pig, they hide themselves and
only become active after a certain period. It is therefore easy to show that when the suscep-
tible swines are infected by porcine reproductive respiratory syndrome virus, there will be
a time delay before these swines develop themselves into the infectious ones. Likewise, a
certain period of time is usually needed for the infectious swines to recover. On the other
hand, many research works about a delayed dynamical system in epidemics [6, 9, 27-29],
population dynamics [30—35], and neural networks [36—40] have shown that delay dif-
ferential equations exhibit much more complicated dynamics than ordinary differential
equations since a time delay could cause the equilibrium of a dynamical model to lose its
stability and cause the occurrence of Hopf bifurcation, which is not welcome for a dynami-

cal system. Due to these facts and without loss of reality, we consider the following delayed
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Figure 1 The flow diagram of system (2)
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SIR model for the transmission of porcine reproductive respiratory syndrome virus:

B — (1 - q)b(1 - SOHORO)(5(¢) 1 r1(2) + R(2))

- BS(t—t)I(t—11) — (n +v)S(1),

A0~ BS(t— 1)t - 71) - ul(t) - y1(t - ), ©)
4RO _ (1 — SOHORO)(S(1) 1 1 (t) + R(D))

+yI(t — 1) + vS(¢) — uR(t),

where 7 is latent period delay of the porcine reproductive respiratory syndrome virus; 7,
is time delay due to the period the infectious swines need to recover. The flow diagram for
system (2) is illustrated in Fig. 1.

The remainder of this paper is planned as follows. In Sect. 2, sufficient criteria to ensure
local stability of the disease-present equilibrium and the existence of Hopf bifurcation of
the involved model are presented. In Sect. 3, global stability of the disease-present equilib-
rium is analyzed. Direction and stability of the Hopf bifurcation are investigated in Sect. 4.
Numerical simulations are performed to check our obtained theoretical results in Sect. 5.

Finally, a brief conclusion is presented.

2 Local stability and existence of Hopf bifurcation
According to the analysis in [26], we know that system (2) has disease-present equilibrium
E*(S*,I*, R*) when the basic reproduction number Ry > 1 where

g kY
B
R* < A -quS*+ (A -qyI* +gBS*I* + q(u +v)S*
(1-q)u '
where I* satisfies
az(l*)2+a11*+a():0 (3)

with

’

_ (b )((M+V)(M+V)) b(p+v)*(u+y)
ag=\| —— 1 -
" B Ku2B*(1-¢q)
4o <(1—q)b— b(M+V)(M+J/))<r_1+ 1ty )_ b(p +v)(u+y)*
' Kup (l-qu)  KBw(-9

(m+vy)
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_—b(u+y)< Kty )
ay=——1—|r-1+

Kp 1-qu
and
Ro=(1- q)ﬁ(l - u/b)uK.
(m+v) (1 +y)

For the distribution of positive roots of Eq. (3), we have Lemma 1.

Lemma 1 (i) Ifthe coefficients in Eq. (3) satisfy one of the conditions in (a)—(d), then Eq. (3)
has one positive root. (): if ay = 0 and apa; < 0; (b): ifw/a% —4ayay > 0 and aga, < 0; (c):

if Jai —4azag > 0, ag = 0, and aya, < 0; (d): if /a} — 4azay = 0 and ara; < 0; (ii) if the
coefficients in Eq. (3) satisfy the condition in (e): ‘/a% —4dasagy > 0, aras < 0, and aga, > 0,
then Eq. (3) has two positive roots.

The linear section of system (2) at E* is

BU = p1iSE) + pr2l(t) + p13R(E) + quiS(E - 1) + qr2l(t - 1),
dfi—(tt) = pl(t) + gnS(t — 1) + qoal(t — 71) + s221(t — 2), (4)

% = p315(t) + p3al(t) + p33R(E) + s321(t - 12),
with

~ (1 -q)b(2S8* + (1 + r)I* + 2R*)

pu=01-qb-(u+v)

’

K
(1-—q)b((1 +r)S* +2r* + (1 + r)R¥)
p12=1-q)br - ,
K
(1-q)b(2S8* + (1 + r)I* + 2R*)
p13=1-q)b- ) P22 =~
K
gb(2S8* + (1 + r)I* + 2R¥)
ps1=gb+v— ,
K
gb((1 +r)S* + 2r* + (1 + r)R*)
P32 = qbr — ,
K
gb(25* + (1 + r)I* + 2R*)
p33=qb— - K ,

qu = -pr’, q12 = -BS”, qa1 = BI", g2 = BS", $22 =Y, S32 =Y.
Thus, the associated characteristic equation is

A3+ PyA% + Pih+ Py + (QoA + QA + Q)e ™™™

+(S2A% + S1h + So)e™*™ + (T1A + To)e ™1+ = 0, (5)
where

Py = pra(p1aps1 — p11ps3)s

Py = puipan + p11p33 + P22pP33 — P13P31,
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Py = —(p11 + pa2 + p33),

Qo = p33(P12g21 — P22q11 — p11922) — P13(P31922 + P32g21),
Q1 = qu1(p22 + p33) + q2(p11 + p33) — p12gan,

Q2 = —(qu1 + q22),

So = s22(P13p31 — p11p33),

S1=sn(p11 +p33), Sz = =2,

To = —(P13q21532 + P33911522), Ty = quis2.
Case 1. 11 = T = 0. Equation (5) becomes
23 4+ Ppd? + PjyA + Py =0, (6)
where
Pio=Py+ Qo+ Sy + T, Py=P+Q1+81+T1, Py =Py + Qy + S,
Thus, in view of Routh—Hurwitz criteria, if condition (H;): Pio > 0, P12 > 0, and P15 P;1 >
Pp holds, then all roots of Eq. (6) have a negative real part.
Case 2. 11 > 0, 7o = 0. Equation (5) becomes
A3+ Py + Pyyh + Pog + (QeA? + Qarh + Qao)e ™ =0, (7)

where

Pyy = Py + Sy, Py =P + 8, Py =Py + 8,
Q20 = Qo + T, Q21 =Q1 +T7, Q= Q.

Let A = iw; be the root of Eq. (7). Then

Quw sin w1 + (Qao — Quaw?) cos Tywy = Pyywi — Pao,

Quwicos Tiw; — (Qao — nga)f) sintyw; = 60% - Py.
Then
Ct)? + 1,12260;L + Um&)% + U20 =0 (9)
with

U = P35y — Q3,
Uy = P3) — 2PyPy — Q3 +2Q0Qa2,

Uy, = P3, — 2Py — Q3,.
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Let @) = w?, then Eq. (9) becomes
wf + Uzgwlz + ulel + UQ() =0. (10)
For the distribution of roots of Eq. (10), we have Lemma 2.

Lemma 2 (i) If Uy < 0, then Eq. (10) has at least one positive root; (ii) If Uyy > 0 and

U3, - 3Uy; <0, then Eq. (10) has no positive root; (iii) If Uy > 0 and U3, — 3Us; > 0, then
_ Sz~

Egq. (10) has positive roots if and only if Uy, = M > 0 and fi(Us,) <0, where

fl(wl) = wf’ + Uzgwlz + nglwl + UQ().

Assume that (Hy;) Eq. (10) has at least one positive root. With loss of generality, we
suppose that Eq. (10) has three positive roots denoted by @, @13, and @13, respectively.
Then Eq. (9) has positive roots wy; = /@y, i = 1,2, 3. For wy;,

L0 _ S {arccos|:(Q21 — P3Qn)wf; + (P2 Qaz — Pa1 Qa1 + Paz Qo) w3, — P20Q20]
1 Q01 +(Q3) — 2Q2 Q)i + Q3

Wi
+2jrr},
wherei=1,2,3and;j=0,1,2,.... Define

(0) . (0) ,
Ti0 = Tqp9 = mln{th. }, w1 = w10, i=1,2,3.

It follows from Eq. (7) that

d}\.(l’l) -1 3)\.2 + 2P22)\. + P21 2Q22)\ + Q21 71
= -— + _——
dr MA3 + Ppd? + Poid + Pyg)  A(QuA? + Qui + Q) A
Further,
Re[dk(rl)i|_1 _ Si(@10)
dn T1=T10 Q%zw%o + (le - 2Q20Q22)w%0 + Q%o ’

where f (1) = wls + ngzwlz + Uy + Uy and g = a)%o. Then, if (H2,): f{ (z10) # 0 holds,

d(Re(A)) } . : ( di ) }
_— = R —_ 0.
s1gn{ e . signy Re an . #

Theorem 1 If Ry > 1 and conditions (H1), (Ha1), and (Hay) hold, then the disease-present
equilibrium E*(S*,I*,R*) of system (2) is locally asymptotically stable when t; € [0, T19);
system (2) undergoes a Hopf bifurcation when 1, = 119 and a family of periodic solutions

bifurcate from the disease-present equilibrium E*(S*,I*, R*) near 11 = t1o.
Case 3. 11 =0, 7, > 0. Equation (5) becomes

)\,3 + sz)\,z + Pgl)\ + P3() + (532)\,2 + Sgl)x + 5'3,())37}Lr2 =0, (11)
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where

P3p = Py + Qo, P3; =P+ Qy, P35 =P + Qo

S30 = So + To, 831 =81+ Ty, S32=5,.
Let A = iw, be the root of Eq. (11). Then

: 2 2
531w2 SN Tywy + (Sg() - 532602) COS Ty = P32w2 — Pg(),

S317 €08 Tawy — (S30 — S3203) sin Tywy = W3 — P31w5. (12

Then

w8 + Uspwy + U w3 + Usp = 0, (13)
where

Uso = P:sz‘o - 532,0'

Usy = P3, — 2P30P3; — S3, + 2830532,

Usy = P3, — 2P3; - S3,.
Let @, = w3, then Eq. (13) becomes

w5 + Usywo} + Us oy + Uz = 0. (14)

For the distribution of roots of Eq. (14), we have Lemma 3.

Lemma 3 (i) If Usg < 0, then Eq. (14) has at least one positive root; (ii) If Usy > 0 and

U2, - 3Us; <0, then Eq. (14) has no positive root; (iii) If Uso > 0 and U3, — 3Us; > 0, then
- J1Z.-

Egq. (10) has positive roots if and only if Us, = w > 0 and f,(Us,) < 0, where

fz(ZDz) = ZD'23 + U32ZD'22 + Uglwz + Ugo.

Similar to Case 2, assume that (Hs;) Eq. (14) has three positive roots denoted by @w»;,
Wy, and @3, respectively. Then Eq. (13) has positive roots wy; = \/@y;, i = 1,2, 3. For wy;,

¢ 1 (S31 — P32S32)w5; + (P30S32 — P31S31 + P32S30)ws3; — P30S30 )
5 = —jarccos 1 5 TR +2jm ¢,

wy; ngw% + (531 - 2530532)60% + 530
wherei=1,2,3and;j=0,1,2,.... Define

(0) (0) } ,

Too = Tpjp = min{t% Wy = wap, i=1,2,3.

Then

|:d)»(‘52):|_1 _ 3)\2 + 2P32)» + P31 2532)\, + 531 Ty

=—- + - .
d‘L’z )\.()\3 + P32)\.2 + P31)\. + P30) )\(532)\.2 + 531)\ + 530) A

Page 7 of 30
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Further,

Re[d)»(fz):|_l Sol@ao)

=2 4 2 2 ’
dr, ety O32Wa0 t (831 — 2830832) w3y + Q3

where f () = w23 + U32w22 + Uz oy + Uzg and wyg = a)%o. Then, if (Hs,): f; (z20) # 0 holds,

. { d(Re(1)) } . {R ( di ) } 40
s1gny ——— = S1gn e\ — .
£ dr, =120 £ dr, 2=T20

Theorem 2 If Ry > 1 and conditions (H1), (Hs1), and (Hsy) hold, then the disease-present
equilibrium E*(S*,I*,R*) of system (2) is locally asymptotically stable when t, € [0, To);
system (2) undergoes a Hopf bifurcation when t, = to9 and a family of periodic solutions
bifurcate from the disease-present equilibrium E*(S*,I*, R*) near t, = ty.

Case 4. 11 = 75 = T > 0. Equation (5) becomes
)\,3 + P42)\,2 + P41)» + P40 + (Q42)\.2 + Q41)\. + Q40)€7M’ + (T41)\. + T40)672M’ =0, (15)
where

Py = Py, Py =Py, Pyy =P,

Qa0 = Qo + So, Qu = Q1 + 51, Qa2 = Q2+ 5y,
T40 = TO; T41 = Tl-

Multiplying by €*7, Eq. (15) becomes
Q42)\2 + Q41)\ + Q40 + ()\3 + P42)\,2 + P41)\. + P40)e” + (T41)\ + T40)67AT =0. (16)
Let A = iw be the root of Eq. (16). Then

(Pag — Tao — Papw?) sintw + (Py1 + Ta)w — @3) cos tw = —Qq o, )
(Pgo + Tao — Paow?*) cos T — (Pag — Ta1)w — @*) sin tw = Qaow* — Quo.

Thus, one can obtain the expressions of cos 7w and sin tw as follows:

L24a)4 + L22w2 + L20 . L250)5 + L23a)3 + L21w
COSTWw = 3 2 2 s SINTw = 3 7 B ’
w” + L14(,L) + L12a) + LIO w” + L14w + Lua) + L10

with

Lio =T, Ly = P, — 2PyoPsy — T, Ly = P, — 2Py,
Lo = —(Pao — Quo)s Lo1 = (Pa1 + Ta1)Qao — (Pao + Ta0)Quu,
Lyy = (Pao — Tap)Qao — (Pa1 — T41) Qa1 + ParQao,

Ly3 = P4 Quy — Qao — (Pay + T41)Quo, Lys = Qa1 — Py Quo, Las = Qqa.
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Further one can obtain the equation with respect to w as follows:
a)12 + L35a)10 + L34a)8 + L33a)6 + L32w4 + L310)2 + L30 =0 (18)
with

Ly =13, - L%, Ly = 2LyoL1y — 2LooLoy — L3,
L3y = L2, + 2L1oL1a — L3y — 2LyoLos — 2L Lo3,
L33 = 2Lyo + 2L1pL 14 + 2LypLog — L35 — 2Ly Los,

L34 = L%AL + 2L12 - L%A} - 2L23L25, L35 = 2L14 - L%S
Let w = w?. Then Eq. (18) becomes
ZD'6 + L35w5 + L34,ZD'4 + L33w3 + L32ZD'2 + L31w + L30 =0. (19)

If all the coefficients of system (2) are given, then we can obtain all the coefficients
of Eq. (19). Therefore, we assume that (Ha;): Eq. (19) has six positive roots denoted by
w1, @y, ..., W, respectively. Then, Eq. (18) has positive roots w; = \/@;, i = 1,2,...,6. For

wj,

4 2
) 1 L24a)[ +L22(,()i +L20 B
T, = —arccos| — T 5 +2jm ¢,
wj w; + Luw; + Lipw; + Lig

wherei=1,2,...,6andj=0,1,2,.... Define

0 .
To= Ti(o) = min{t

(0)}’ wo =wjp, i=12,...,6.

i

It follows from Eq. (16) that

T
A4+ P42)\,3 + P41)u2 + P4o)»)€)‘r - (T41)\2 + T40)»)67)‘T X

’

|:d)u(1')i|_1 _ 2QpA + Qqq + (3)L2 + 2P\ + P41)e“ + T41€_)Lt
dr B _(

which leads to

Rel:d_)»i|_l _ _L41L43 +LgoLag

2 2
dt =19 Liys+ Ly,

L41 = P41 + T41 — 3603) COS Topwo — 2P42a)0 COS Topwo + Q41,
L42 = P41 - T41 - Sa)(z)) sin Towo + 2P426()() sin Towo + 2Q426()0,
Py + Tnw P T. Ppwy) si
— 41wy + L1410 ) COS Towo — (F40W0 + L40W0 — 420 ) SIN Towo,

2 2\ o3 3
- P41a)0 - T41w0) SN Towo + (P40a)0 - T406l)0 - P426l)0) COS Towy.
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ObViOUSlY, if (H4,2)2 L4,1L4,3 + L4,2L44 7!0 hOldS,

dReM) | _ . [po( P 0
S S S

Theorem 3 If Ry > 1 and conditions (H1), (Ha), and (Hy) hold, then the disease-present
equilibrium E*(S*,I*, R*) of system (2) is locally asymptotically stable when t € [0, t9); sys-
tem (2) undergoes a Hopf bifurcation when t = ty and a _family of periodic solutions bifur-

cate from the disease-present equilibrium E*(S*,I*, R*) near t = 1.

Case 5. 11 > 0, 15 € (0, To9). Let A = iw, be the root of Eq. (5), then

Lsi(w14) Sin Ty@1, + Ly (014) €08 Ty w14 = Lz (@14),

(20)
Ls1(w14) €08 T w14 — Lo (w14) sin Tyw1 = Lsa(w14),
where
Lsi(w14) = Quors + Tiw1, €08 Towis — T 8in Tow1 s,
2 .
Lsy(@14) = Qo — Quwy, + T1w14 8in Tyw1 + T COS To w14,
(21)
2 . 2
Ls3(014) = Pywi, — Py — Sywi, sin Tyo1, — (So — Sa07,) €08 114,
Lsg(w1y) = w3, — P S So — Sya?,) si
54\W1x) = W1, — L1W1x — I1W1x COS TaW1y t (90 — 0207, ) SIN ToW1 .
Thus, one can obtain the following equation with respect to wy,:
Leo(wix) + Le1(w14) cOs Tow1s + Lea(w14) sin Taw1, = 0 (22)

with

Leo(wrs) = o, + (P3 = 2P = S — Q3) o,
+ (P} = 2P - 0P, + S - 2508, — Q} +2QoQ; — T7) w3,
+ P(z, + 5(2) - Tg,

Lei(w14) = 2[(P252 —S1)wy, + (P1S1 = PoSy — PaSo — Qi Th + Qa To)wi,
+PoSo — Qo T,

Lex(w14) = 2[—5260?* +(P1Sy = PyS1 + 8o + Q. Th) w3,
+ (PoS1 = SoP1 — QT + Qi To)w1.].

Similar as in Case 4, we suppose that Eq. (22) has at least one positive root. Without loss

of generality, we denote the positive roots of Eq. (22) as w];, @], ..., ], respectively. For

wi;i=0,1,...,k,

) 1 {arccos[kl(w?i) x Lsa(@7,) + Lsa(@];) x L53(w’f,~)] oy }’

7, = —
' 1i L§1 (07 + Léz(“’ﬁ')

Page 10 of 30
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wherei=1,2,...,kandj=0,1,2,.... Define

w _ o #(0) _ . f o #(0) x .
1y =15 =min{r;" }, wyo = w0, i=1,2,...,k

Then

’

|:d)h("-'1)i|_1 L) n
dl’l

T Lp() A
with

L71(X) =347 + 2P)A + Py + (2Q4 + Qp)e ™™
+ (—tzSzkz +(28 = S)A+ S1 — tzSo)e’“2

+ (= Thh + Ty — 1y Tp)e M1+,

L72()») = (Qz)\B + Ql)»z + Qo)\.)eik‘rl + (Tl)\,z + T())»)ef)h(rﬁ'm).

Further,

’

[ dx ]1 Lg1Lgs + LgyLgy
Re . e

2 72
dn g e Lz + Lgy

where

Lg; = 3(a)1‘0)2 + P1 +2Quw7, sin 1107, + Q1 €os Tyw),
+(25; - 1S sin ol + (125, (a)TO)2 + 81— 1280) cos hwh,
- Thofysin(tfy + ©2) + (T1 — 12 To) cos(t], + T2),

Lgy = 2P5 Lg1 w7y + 2Qaw}, €08 Ty}, — Q1 sin 7507,
+ (28 — 1281) cos uwi, - (r252 (wi‘o)2 +8 - rzSo) STIRTIN
- Thol, cos(tl*0 + l'2) —(T1 — 1, Tp) sin(tf‘0 + r2),

Lgz = (Qowiko -Q (“ﬁo)g) sin Tjywi, - Q1 (C"To)2 COS 7y
+ Towlysin(tiy + 1) = Th (a)’fo)z cos(t1y + 72),

Lga = (Qowiy — Q2 (wfo)g) cos Tipwiy + Q1 (wfo)2 sin T},
+ Towiycos(tiy + 12) + Th (a)i‘o)z sin(ty + 12).

ObViOUSlY, if (H52)2 Lg]ng + L32L84 7{0 hOldS,

{ d(Re(2)) } ) { ( d > }
gny ——— =signiRe| — #0.
dm =1y dm =1y

Theorem 4 If Ry > 1 and conditions (H1), (Hs1), and (Hsy) hold, then the disease-present
equilibrium E*(S*,I*,R*) of system (2) is locally asymptotically stable when t; € [0, 13);
system (2) undergoes a Hopf bifurcation when t, = 1}y and a family of periodic solutions
bifurcate from the disease-present equilibrium E*(S*,I*, R*) near t; = t5,.

Page 11 of 30
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3 Global stability of the disease-present equilibrium
Theorem 5 If max{l;,/ly,/3} <0, with

P11t 4911 quiitt  guMim g2 Myt s32Mo1y
l = 1+ + +— 1+ _

(q22 +522) +
mi my miy 145 my ms

quga Myt pa
4+ <0,
mimy ms

M M
I = |:P12 +q12 <1 + qu1VhiT + q21 171>
mp mp )

P22+ + 52 (qouMty  snM)t qr12M>
+ + +1 )+ (P22T1 + goaTy +522T2)

my my my mymy

$32M> P32+ 83
+ (P22To + g22T1 + 522T2) + <0,
mo s ms

M

13:[@+@+P13 m(@+@>}<0,
m ms3 my mi my

where my < S(t) < My, my < I(t) < My, and m3 < R(t) < M3 for t > 0, the disease-present

equilibrium E* of system (2) is globally asymptotically stable.

Proof Let S(t) = S*e*9, I(t) = I"e"®, R(t) = R*e*®). Then E*(S*,I*, R*) becomes the trivial
equilibrium for x(¢) = y(¢t) = z(¢t) = 0 for all £ > 0, and system (4) can be reduced in the

following form:

dx B puS* [ex(t) ~ 1] s prl* [ey(” ~ 1] . p13R* [eZ(f) ) 1]

dt S S S
+ @[eﬂf(l—n)_l] + g2l [ey(t—n)_l], (23)

S S
dy _pnl” 415" ¢ e gol" ;e
=< 2; [ey<ﬁ>—1]+%[ex“ 1>—1]+—2127 [ 1]

ﬂ (t-12) _

e -], (24)
dz pnS* pl* Pp33R*
T [0 1] B[00 1] B2 [0 1]

% (t-12) _

= e -1l (25)

Now, we have

t
PV O / ex(w)ﬂ dw, (26)
torg dw
t
ey(t—rl) _ ey(t) _/ ey(w)ﬂ do. (27)
t-11 dw

Now, by using Eq. (23), Eq. (26), and Eq. (27), we have

dx  puS*; pol* p1aR*
7 1; [e (t)—1]+ 1; [ey“)—l]+—lz [ez(t)—l]

5* s [t d
¢ D2 pa0 _q) 12 / @ 2 g
S S Jiqg dw
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P 120 ) D2l / e 4o
:P%S*[em_qﬂl;’ [0 1] +”1%SR* [ 1]
611155 [0 1]+ fh;I* [ -1]
ol | P [PZ;’ o -] A o ]
o 2L o ] 4 20 o) ]]dw

% t %
_611;5 / ex(w)|:p1;S [@ 1] + Pl;f [ _1]
t-11

PIZR [@ _1]+ 41155* [ 1]+ 611;1* [ _ 1]i| do.

Let Vi(t) = [x(8)],

DV, < puS* |x(t 1]+ P121 |ey 1]+ p13R* |Z(t 1|
my my
L s qnus* lo (0) 1)+ %21 |ey([) Y
my my
t
" %15* / e I:plls | (o) 1| P121 |ey 1| 2B P13R | _ 1‘
my Jin my my

+ quS* |ex(w—r1) B 1| N qi2I* |ey(w—f1) B 1|j| i
my my

I* t I* S*
i / eﬂw)[p 2| @) _q| 4 B2 o) _ g
my t-11 my iy

qonl*
0

o) _ 1|4 520 o) _ 1|] do.
1245) my

We find that there exists #; > 0 such that S*¢*® < M, I*¢’® < M,, V¢ > t;, and for ¢ >

t1 + T, where T = max{t;, 72}, we have

(P11 + q11)S” 0 _ 1) + (P12 + qr2)I* ECEA J2ELS EQ

D* Vi < - 1|
my my nmy
t * *

N qui / |:P115 |ex(w) ~1)+ P12l |ey(w 1] + JZEL |z( )-1|
my t-11 my my

+ qlls* |ex(w*1'1) _ 1| + 6]121* |ey(w—rl) _ 1|i| dow
my my

. q12M; ft |:P221* ’ey(w) 1+ qnS* |ex(w—71) -1
mi t-11 my my

I* SooI*
+ q22 |ey(w—rl) _ 1| + 022° |ey(‘”_12) - 1|] dw. (28)
my ny

Page 13 of 30
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Due to the form of Eq. (28), we consider the following functional:

V1) = Va(e) + un1/ / [pns @ 1]+ 2 ”1 e -1+ PR o]
n
A8 o) ) D20 o) 1|} do dh
my my
q%lMIZS*Tl /t | 1’d 111161121\2111*T1 /t }ey(w)_1|da)
my -7
QI2M2/ /|:p221 0@ _ 1+ q215*|ex(a)—1’1)_1|
)
+%|ey(w*f1)_1| 3221 |eyw ) |i| dwdh
my
+61126121M25*7—'1f @) 1| dw
mymy t-1;

MI*t (! suMoI*t, [*
+M/ |ey(“’)—1|dw+wf | - 1] do.
iy t-11 mynty L

Thus,

~ M S* I* R*
D V,(t) < D*Vi(0) + quiity [Pn |ex(t) _ 1| n P12 |ey(t) _ 1\ + P13 |ez(t) _ lq
my mi my

my
2 M, S*t MI*t
+q11 12 1|ex(t)_1|+q11q12 21 l{ey(t)—1|
my my
M, [! S* I* R*
_ [6111 1 / <P11 ECIST p12 |ey 1)+ p13 ) 1
my t-r1 \ M1 my
n qus” |ex(w—r1) | mzl |ey(a’ ) 1| dw
my my
MoI*t M>S*T
+ q12p22M 1" Ty iey(t) _ 1| + q129214V129°T) |ex(t) B 1‘
mimsy miymy
MoI*T SooMoI* T
+5112Q22 2 1|ey(t)_1|+f112 20V 2|ey(t)—1|
myms miymiy
t *
B [5112M2 / <P221 0@ _ 1] + qnS* e _ 1]
niy t-11 my my
I* Sool*
P L2 gt 20t 1;) da)].
my
Further,
~ + S* + Mt S* My §*
D () < |:(P11 q11) + q11(p11 61121) 1T + q129214V12T1 :||e"(”—1|
my mj mymiy
N [ (12 + q12)I* . qu(p12 + qr2)MitI* N q12(P22T1 + G221 + S22 T2) Mo ™
L my m% mym;
X |ey(‘) -1
[ p13R* R*Mit
+ p13 + q11P13 : 1 1]|ez(”—1|.
L "1 my
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Then
- S* M M,S*
DV (8) < [(1911 +4q11) (1 N q11 1T1) N q12921M2 r1:||ex(t) _ 1|
mi mi SRS
. (P12 + qu2)I* 1+ quMit N q12(P22T1 + Go2T1 + S To)MoI*
mi ny mymy;
X |ey([) - 1|
R* M
+[p13 (1+‘1’11 m)}\ezm—u. (29)
mi mi
Next,
) / oL i > do. (30)

Then Eq. (24) can be rewritten as follows:

dy pzzl ® q215*|: () _/t ) 4% :|
dt I [ey ] I (e 1) -1 ¢ dw dw

+ gol” (ey(t) _ 1) _/t ey(w)ﬂ dow 3221 (ey(t) _/t ey(w)ﬂdw
I t-11 d(l) 1 t—-1o dCl)

P2l )4 qu [ 1]+ 220 [ >_1]+szj’ [0 -1]

% t * t
B q21S / ex(w dx q221 / ey 5221 / ey(w)ﬂ dw
I by I Jis dw

_ (22 + qo2 + s)I* [ey“) _ 1] + q1S" [ex(t) _ 1]

_ qnS* ft £5@) I:pHS* [ex(w) _ 1] + pol” [ey(w) _ 1] + p13R* [ez(w) _ 1]
t—-11

o IS oy 22 o 1]] do

_ gol” /t @) |:P221* [ey(u)) _ 1] + qnS* [ex(w—rl) _ 1] n gl [ey(w—n) _ 1]
t-11

5221 [ey(w ) ]:| dw— snl” /t 2@ |:l7221* [ey(w) _ 1]
I I -1

. q21S* [ex(w—n) _ 1] + q221* [ey(w—n) _ 1] + ﬁ[ey(w_n) _ 1]:| dw.

1

Let V2(2) = [y(2)l,

+ g + Sp)* S*
(B2 + 22 + 522) ’ 20 _ 1| LIz ’ 0
oy my

% t
L8 / e [p“s | 1] + pu] e 1|+p13R | ~ 1]
my  Jin my my

D'V, < _1|

+ 105 o g D2 o) 1|} do
my my

Page 15 of 30
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+ qnl” /t & |:p221* |ey(w) _ 1‘ + qnS* |ex(w—r1) -1
t-11 my

my my
I Sool*

P L2 gt ) 2 g 1|]dw
my

- / t ey<w>[172_21*|ey<w>_1|
my Ji-r, my

L8 o) ) 220 o) ) 20 ) 1|] do.
my my my

Then, we find that there exists #; > 0 such that S*¢*® < M, I*¢”® < M,, Vt > t;, and for
t > t; + T, where T = max{t;, 1o}, we have

(P22 + g2 + s)I* 00 _ 1] + ga1S* "0 1|
145) iy

, 4 /t [PHS* @ 1| + pul” @ 1|+ pisR” ) _ 1]
t-11

D* Vo <

my my my my

S* I* M ¢ I*
L n |ex(w,f1) B 1| L1 |ey(“””) B 1|i| do + 1222 / |:P22 |ey(“’) _ 1|
ny my my  Jyo L M2

18 o) ) 220 o) ) 20 ) 1|] do
my 1745) my

+ $22M> /t [Pﬂl* @ 1] + g2S” e 1|+ q221 |ey(w ™ _q|
t—19

144%) my my
1*
¢ 22| lom) _ 1\} do. (31)
my

Again due to the form of Eq. (31), we consider the following Lyapunov functional:

M I* R*
Vz(t)—Vz(t)+q21 1/ /[Pns ) _ 1) 4 220 gt _ ) PR g
mi my

QIIS } (w-11) 1| q121 |ey(‘“ 1) 1|:|da)dk
my m

S*M- T t MiI*t t
M[ |x<w_1ydw+M/ €@ 1] dov
t-11

mimiy mimy
O R R e T
1445) 1445)
s I* S*Myt, (!
et 1|]dwd/<+%2“f @) ~ 1| do
m; t-11
2 I'Mot, ! SpaMoI*Ty [* )
6122 221/ | —1|d q22822 22 2/ |ey 1|du)
m _
2 -1y
S22M2 / / |:p221 |ey(w a | 4215* |ex(w7r1) B 1| . q22[* |ey(w—r1) .
t-19 my my

r MyS*ty [
§ 22 e 1|}dwdk+M/ ) ~ 1| do
m t-11

2
2

2

s Myt (! sl (!
+ M/ | ~1|dew + 227222/ |~ 1| dov. (32)
I’Vl2 t-11 I’I’l2 =12
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Thus,
~ Mt S* I* R*
D' () < D Vi (t) + [L ! 1(1"—“ |0 1] + B2 |0 _q| 4 ZBZ o0 1|)
my mi miy my
S*Mit MI*t
+ q11912 11 {e’“(t) _ 1} + q12921V1117°T) |ey<t) _ 1[|
mjimiy mjimy
M t S* 1* R*
~ [qm 1 / (Pn @) 1] + P12 ECIe P13 ) _ 1
iy t-rp \ " mi my
S* I* MyI*t
+ q11 |ex(w_11) | g2l |ey(w ) 1|) dw:| + P22q22 22 1 |ey(t) B 1‘
my m m;
421928 Mati | ) Gol"Maty | q22502Mol*12
+—m2 |e" —1‘+7m2 !ey —1‘+7m2 ’ey —1‘
2 2 2
t *
_ [5122M2 / <P221 0 _ 1] + g S* o) 1| 4 anl e _ |
My Jioy\ my ) 75)
s I* s MoI*T.
22 |e3’(“’ ) 1|> dwi| + 22P22 22 2|ey(t)—1|
145 my
Soo M S*T S MoI*t
+ 421522 22 1 iex(t) B 1| + 22922 22 1 |ey(t) B 1‘
m; )
s2, MyI*T M, [! I
L oM 2|ey“ | |:szz 2/ <P22 |ey("’)—1|
le my t—-19 my
S* I* Sool*
B ot ) Loy 38 |> dw] (33)
mo my
Then
~ S* + S*Mit + 892) Mo S*T
D*Vy(t) < |:6121 + gn(pu + q11) 1T + q21(q2 222) 2 1]‘6"(”—1‘
145) iy ny

[(Pzz + o + 522)* q21(P12 +qu)MiI*t 6122(1922 +qn)MyI*t

my My m3

-1

6]22522M21 T2 + S22(P22 +822) Mol * 19 522q22M21*T1]
””2 ””2

R*Mit
+ P13921 171 |ez(t)

_ 1|
mimy
qnS* Mt %)
= |: (1911 +4q11) + (6122 +s2) |[€? - 1]
my
* IZ21M1‘C1(1012 +q12)  goa(pa + goo + 522)MaTy

+— | (P22 + q22 +522) + +

145) my iy

K3 + + 899)M> T R*Mit
+ 22(P22 + 22 + 522) M 2]|ey(t) _ 1| + P13921 171 |€Z(t) B 1|' (34)

my iy

Next, Eq. (25) can be rewritten as the following form:

dz  puS*- pal* P33R
i 3113 [0 —1] + 3; [0 1]+ 3; [e? -1]

5321 [ey(t 832]* /l ey(w)ﬂdw
R R dw

Page 17 of 30
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Page 18 of 30

- "’%S*[ex(t) 1]+ M[eym 1]+ 1’33TR*[ez(t) 1]

t
_ 5321* |:f ey(w) (PZZI* (ey(w) _ 1) + qZIS* (ex(a)—‘rl) _ 1)
R | i I

n 6]2;1 (ey(a)—tl) _ 1) + %(ey(w—'&) _ 1)) da)]

Let V3(¢t) = |z(8)].

Dy < 28 e g Bt sl ) PR g
m3 ms3 ms3
+ sz2l” /t @) |:pil* ’eY(w) _ 1} + 425" ’ex(w—rl) _ 1‘
ms t-19 my mip

220 o) )y 520 o 1|] do.
1445) my

Then we find that there exists #; > 0 such that I*¢’® < M,, V t > t;, and for ¢ > ¢ + 1,
T = max{1y, To}. We have

D'V, <p315 E () 1)+ (P32 +S32)1*|
ms3

20 _ 1| + Pp33R* |ezt

) _ 1‘
ms ms

s3aMy [t I* S*

| S / |:1922 0@ 1)+ q21 |- _ 1
mg t—19 my my
I* Sool*

LIz @@ ) _ 1] + 22 |em) 1|] do. (35)

my nip

Again due to the form of Eq. (35), we consider the following Lyapunov functional, and
we have

Vg(t) = Vg(t) + / / [p221 |ey | @ |ex(w—fl) _ 1|
t-19 "y

6]221
- 22|
my

Qe 1| 4 5221

|eyw ") 1{} dodl

MyS Mol*n [*

+532421—2f1/ |e"(“’)—1|dw+wf @@ ~1|do
niymi3 t-11 -7

mwip s
SyoSsoMol*Ty [*
g2 2 2/ @) — 1| dow.
mami3 t-19

Thus,
~ 3 MyI*t K3 M,S*t
Va(t) < D*Va(t) + PRI T2 ot ), SN0 T ) g
Mo i3 Mo i3

s S32g22 M 1" 1y |

899830 Mo I* T
)([) 1| 22032 2 2 |
iy s

e® 1]
o mis
B S32M2 /t |:l9221* ‘ey(w) _ 1’ + q215* ‘ex(w—‘rl) _ l’
ms =19 miy )

L2 o ) 2 o) 1|] do.
my nip
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Then we have

~ S* M, S*
() < [Psl + S32qula T1:|’ex(t)_1|

mg myms

+s3)[* s Ty + o2 T1 + S29To )Mo I*
. [(psz 32) N 32(P22 T2 + G221 + S22T2) M ]|ey(”—1|
ms mymg

R*
BB a0, (36)
ms

Let us define the functional V(¢) = Vi (¢) + Va(¢) + V5(¢). Then

D*V(t) = D*Vy(¢t) + D* Vy(¢) + D* V5(¢)

- (p11 +511)S* . qupu + qu)MiS* 1 N q12921M>5% 11 s qnS*
- mi Wl% miymiy my

. g21(p11 + q11)S* Mty . q21(g22 + $22)M>o Ty . p31S* . 832421M25*T1i|

miniy m% ms miymis

X |ex(t) - 1|

+ (Plz + 6]12)1* + 1111(1912 + qlz)Mll*Tl + qlz(P22T1 + 42T + S92 To)Mol*
my Wl% mymiy

+ (1022 tqnt Sp)I* + 6]21(!’12 + LI12)M11*T1 + q22(1922 + 1122)M21*7-'1
my miny m3

22822 MaI* Ty S99 (1922 + 892) Mo I* 1y S22 MoI* 11 (Psz + s3I
+ 5 + 5 + 5 +
my my my ms

s Ty + o1 + SpTo) Mo I*
+ 32(P22Ta + @271 + S0T2) M) i||ey(t)_1|
iy mis

2

pisR*  qupisR*Miti pi3guR*Mit psR* 2(t)
+ + + + |e - 1|
mi my mimiy mis

|:(P11 +q11)S* ( quMit 6]21M11’1)
= 1+ +

ny my )
qng* Mz'(l 832M2‘L'1
+—| 1+ (q22 +S22)+ E—

my 2 ms

M,S*t S*
+ q129214V13 1 + P31 :||e"(t) _ 1|
iy mis

[(Plz + qu2)I* ( quMit 6]21M1T1>
+ 1+ +
my mi 145)

22M21*‘L'1 S22M21*‘L'2 I*
+(p22 +q22 +522)<q 3 + 3 +—

i n; my
%
q12M21
+ ———(poT1 + 0T +520)
mimy
s Mo I* (p32 + s32)" S0
+ (P72 + gt +52T) + ————— ||V — 1|
myms ms3

R* R* R*Mt
+[1913 L PR PR 1<@+@)]|ez(t)—1|.
my ms n my  my
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Thus,

M M
DV(t) < S*|:(P11 +q11) (1 + quihit + q21 1T1>

my my 145)
Myt S3oM>oT Myt
+@<1+ : 1(6122+Szz)+ 22 1>+ql2q21 2 1+IE]‘3"(”—1|
m 2 ms3 nmyms ms

M M
+I*[(P12 +6112) (1 + quihita + q21 1T1>
my mi my

(P22 + g2 + $22) (6122M2T1 S22 M1 >
+ + +1

my ) )
q12M, $30M P32 t 532
+ (P22T1 + 2T +50T) + (Pzzfz + 0Tl +850T)) + ————
mimiy myms mg
X |ey(t) — 1|
pi3 p3 piMtqu  qn
FR = s e ) [ - 1),
my  m3 mi my  my

Then
DV(t) < 1S*]e) — 1] + bI*|@W — 1| + 3R*|e? — 1].
Since model (4) is positive invariant, for all £ > £}, we have

S>58(t) =8%?> S,
I>1() =19 >1,

R>R(t) =R*e¢Y >R.
According to the mean value theorem, we have

)

S*!ex(t) -1]= S*e’”(”}x(t)’ > 1y |x(2)

]*{ey(t) B 1| =[*e“1(t)|y(t)| > m2|y(t)

’

R*|ez(t) -1]= R¥e3® |2(2)| > m3]z(2)).

We know that S*e*1®) lies between S* and S(¢), I*e"2® lies between I* and I(¢), and
R*et3( lies between R* and R(¢). Therefore

D'V(e) < ~I[|x(0)], [y(®)], |=(2)

]

where
—1=max{[;S,0,1,15R} < 0.

Hence, by using Lyapunov stability theory, the disease-present equilibrium E* of system
(2) is globally asymptotically stable. Hence, the proof is completed. O
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4 Direction and stability of Hopf bifurcation

In this section, we shall derive the explicit formulae that determine the direction and sta-
bility of the Hopf bifurcation at the critical value of 7, when 7; > 0 and t; € [0, 739). We as-
sume that 7, < 77, where 73 € [0, 730). For convenience, let 7; = 7] + 0(0 € R), u1 = S(11¢),
uy = I(71t), us = R(1t). System (2) becomes

i(t) = Lo(ur) + F(0, ur), (37)

where u(t) = (u1,u2,u3)T € C = C([-1,0,R%®) and L,: C - R3 and F: R x C — R are
defined as

LQ¢ = (1'1*0 + Q) (Ll max¢(o) + L2max¢ (_%) + L3max¢(_1)); (38)

10

and

F(Q;¢) = (Tfo + Q)[F11F21F2]T1

b1 P2 pi3 0O 0 O
Limax=| 0 pn 0|, Lymax =10 s O],
\p31 P P 0 s3 0 (39)
q1 q12 O
Lymax=|gn qn 0],
0 0 0

and

Fy = p1a97(0) + p1591(0)$2(0) + p16¢p1(0)3(0) + p17¢92(0)b3(0)
+p18®1(=1)2(=1) + p19¢p3(0) + p11093(0),
F> = pasdh(-1)¢a(-1),

Fs3 = 341 (0) + p3s1 (0)2(0) + p3seh1 (0)3(0) + p37¢2(0)eh3(0)

+ p3sh3 (0) + p3ogh3 (0),
with
P14=—b(1_q), P15=—W7 pm:_b(l—q),
K K K
1-9)+nb (1-¢q)br
pr=-—(f pi1s=-H, po=—"7Fp—
b(1-gq) qb gb(1 +7)
puo=—"7— ps =5 Pa == pss=———p
qb gb(1+7) qbr qb
p36=_F’ ps37 =— X’ P38=—?, P39=—?.

Accordingly, there exists 7(6, o) such that

0
L= f 1(6,0)0(6). (40)
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Choosing
(rl*o + Q)(Ll max T L2max + LBmax): 0= 0:
(710 + ©)(Lamax + L3max), 0 el-22,0),
no,0)= | 0T AT o, (41)
(Tfo + Q)LSmaxr 9 € (_1; _%)»
0, 6 =-1.
For ¢ € C([-1,0],R?), define
400), -1<6<0,
Al)p=1 & -
f_l dﬂ(e» Q)¢(9)r 0= 0,
and
0, -1<6<0,
R(o)p =
F(o,¢), 6=0.
System (37) becomes
u(t) = A(o)u; + R(0)uy. (42)
For ¢ € C1([0,1], (R3)*), define
. —%, 0<s<1,
A= o
f,l d’] (Sr O)(D(—S), s=0,
with the bilinear inner form for A(0) and A*
0 9
(006.00) - 5000~ [ [ g -0rdn@)0(e)a, (43)
=—-1Je=0

where n(0) = n(0,0).

Suppose that V(0) = (1, V3, V3)elMo®io? (9 € [-1,0]) is the eigenvector of A(0) associated
with the eigenvalue +iw;977, and V*(s) = D(1, V5, Vg‘)e”fO”’TOS (s € [0,1]) is the eigenvector
of A(0) associated with the eigenvalue —iw,o ;5. By the definitions of A(0) and A*, we can

obtain
v qzle_”l*o"’fo
2= _ _ —iT3) % _ —itfy®ly ’
lwyg — P22 — $2€ "Wy — q22€
C ok _ —itfooly _ (p —irl*owi‘o)v
V. Wiy — P11 —que 12 + 412€ 2
3= )
P13
] itk
" lwiy + P11 +411€ 10710
V2 == ok ok )
q21e”10w10
- P13
3=

-—
lwyy + P33
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From Eq. (43), we obtain

D= [1 + VoV + V3 V5 + r;oe_ifrowfo (322 Vi + 53 1_/3*) Vs

+ tfoe_irﬂ’w% (q11 + g2 ‘_/2*) +(q12 + g2 ‘72*) Vz]_l,

then (V*, V) = 1and (V*, V) =0.
In what follows, we can obtain gy, g1, 02, and g»; by using the algorithms in [41] and a
similar process as that in [42—-44]:

g0 = 2T{kol_)[1914 +pisVa +pisVa + pisVoVa + p17 Vo Vi + pisg Vye 2ol
+p1oVi + PrioVE+ pas Vs Vae 200 + Vi (P34 +p35 Vo + p3s V3
+p37VaVa +p3sVy +pas Vi),

g = TTOD[ZPM +p15(Va + Vo) + pr6(Va + V3) + p17(Va Vs + Vo V3)
+p18(Va + V2) +2p10Va Vo + 2p110Va Vs + pas Vi (Vo + Va)

+ V3 (2034 + p3s(Va + Va) + p3e(Vs + Vi) + p3r(Va Vs + Vo V)
+2p3sVaVa + 2p30 V3 V3) |,

8oz = 271*01_)[1714 + P15 Vy + P15 V3 +1916‘_/2 Vs + P17 VLaVs + P18 \7232ir{‘0w1‘0

+ P19 \_/22 +P11o ‘_/32 + P23 ‘_/2* Vzezirl*"wfo + ‘73* (P34 + P35 Vy + P36 Vs

+p37Va Vs + pasVs + psg \73,2)],

- 1 -
o1 = 211*0D{ P(2W(0) + Wiy (0) + pis (W{P(O) Vot WP (0)V,

1 1 i}
+ W2(0) + EVVZ%)(O)) + pm(vm(})(o)v3 +3 W (0) Vs

1 1 )
+ WiP(0) + §Wz(3)(0)) +p17 (Wﬁ)(O)Vg + Wi OV
WOV + SWEOT WD (1) Ve oo
1 Vot 5 Wao (V2 | + Prs 1 (=1)Vae
1 o o o
5 WA Vo« W e i 4 S Wit
+P1o (ZWI(?(O) + Wz((z))(o)) + P11o (ZWS)(O) + Wég)(O))
Tk (1) _it* o 1 ) S
+p23 Vs [ Wip (1) Vae M10%10 + EWM (1) Vye'tio®io
itl wk 1 sk ok _
+ Wl(%)(_l)e—mo")w + E\Wz(?))(_l)elrlowm) + Vg‘ (}934(2Wﬁ)(0)

1 - 1
+ Wi (0)) + pss (W{P(O)VZ + 2 Wag OV + WiP(0) + o Wé?ﬁ(O))

1 ) 1
+ P ( w2 0) Vs + 3 WP (0) Vs + W2(0) + 5 W) (0)>

1 - 1 _
+p37(Wl‘?(0) Vit W2(0) Vs + W (0)V, + 5 Wé??(owz)

+p3s(2W(0) + Wio (0)) + p3o (2W(0) + Wé?(O)))}
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igV(0) _; ,
go2 (* )e—nfowTOQ + Eleerl*Ow’lkoe’

igoV(0) .
w. (9) = Melffowfoe +
10%10 10%10

W11(9) = _Meiffowiﬁoe + we_iffowikoe + E2

T1®o T1o@io
with
Pu —p12 — quae Hl0"0  —py3 EWY
E =2 | —gye om0 Py 0 x | E? |,
—P31 —p3g — 5326—2iw’{01§‘0 P/33 E§3)
-1 1)
P +4qn P12 +q12 P13 E,
2
Ey=- q21 Po+sn+qn 0 x [E? |,
3
P31 P32+ 532 0 Eg )
where

’ . ox —2iwF, T
Phy = 2iwly — p11 — qrie” ¥,
/ . ox —2iwF Tk —2iw¥, T
Poy = 2;@10 — P22 — Sx2€ 10720 — goge 10710,
/ . %
P33 = 2wy — P33,
and

ED = pra+pisVa + pisVa + pisVa Vs + pirVa Vs + pigVae 2o%ho
+p19V3 + PiyoV3,

E§2) =piVs e*2ir1*0a)1‘0,

Eﬁg) = paa +p3sVa +p3sVa + p3rVa Vs + pagVy + pao Vs,

Eé” =2p1a+ p15(Va + Vo) + p16(Vs + V3) + p17(Va Vs + V2 Vi)
+p1s(Va + Va) + 2p19Va Vi + 2p110 Vs Vs,

EY =py(Va + V),

EY = 2psu + pss(Va + Va) + pas(Vs + V3) + psr (Va Vs + V3 V3)
+2p3sVa Vi + 2p3o Vs V).

Thus,
i 2 |g02|2 g1
C(0) = YR (gugzo -2lgnul” - T) + DX
o RelCGO)L
Re{A' (1)}

(44)
/32 = ZRG{ Cl(o) }r

Im{C1(0)} + pa Im{A' (7))
T1o®o ’

9 =
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in which p, determines the direction of the Hopf bifurcation; 8, determines the stability
of bifurcating periodic solutions, and T, determines the period of bifurcating periodic

solutions.

5 Numerical simulation
Choosing g = 0.15, b = 34.45, K =300,r =0.2, 8 =0.087, u = 2,v =2,y = 1.5. Then system
(2) takes the following form:

B~ 99.2825(1 — SOHBRO (1) 1 0.21(¢) + R(2))
—0.087S(¢ — T)I(t — 71) — 25(2),
4O _ 0.0878(t — 1)1t — 1) — 21(¢) — 1L.5I(t — 13), (45)
RO ~ 51675(1 — SLERD) (5() 1+ 0.21(2) + R(E))
+15I(t — 1) + 28(¢) - 2R(2),

from which we obtain Ry = 2.9853 > 1 and Eq. (45) becomes
—0.2530(1*)2 +2.7082I" +1736.3 = 0. (46)

Then, the unique disease-present equilibrium £*(40.2299, 88.3672, 147.9940) can be ob-
tained with the aid of Matlab software package, and assumption (H;) is satisfied for system
(45). Accordingly, system (45) is locally asymptotically stable for 7; = 75 = 0.

For Theorem 1, we can obtain w;y = 0.3065 and the critical value 119 = 1.9565 for the
occurrence of the Hopf bifurcation. Therefore, conditions (Hy;) and (Hy,) of Theorem 1
hold. Figure 2 implies that the disease-present equilibrium E*(40.2299, 88.3672, 147.9940)
is locally asymptotically stable when 7; € [0, 719). Figure 3 reveals that system (45) loses its
stability and a Hopf bifurcation appears once the value of 7; exceeds 3.

Similarly, we have wyy = 1.0602 and 199 = 1.4775 for Theorem 2, wy = 2.0951 and 7y =
0.8805 for Theorem 3, wj, = 1.0207 and 7}, = 4.0945 when 1, = 0.55 € (0, T3] for Theo-
rem 4, respectively. The corresponding numerical simulations can be revealed by Figs. 4—
5, Figs. 6-7, and Figs. 8-9, respectively.

100
50
. 90
& =2
40 80
30 70
0 100 200 300 400 500 0 100 200 300 400 500
Time t Time t
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& 148
90 50
146 80
0 100 200 300 400 500 70 30 é?t)
Time t
Figure 2 £* is locally asymptotically stable when 77 = 1.850 < 779 = 1.9565

Page 25 of 30



Zou et al. Advances in Difference Equations

(2020) 2020:351

500

46 95
44
42 - 90
1% [ =
40 85
38,
360 100 200 300 400 500 800 100 200 300 400
Time t Time t
151
1500 152
= =150
z 149 & 148
148 14
147 : : : : 85 3g 40 42
0 100 200 300 400 500 It) 80 36 S(t)
Time t
Figure 3 System (45) under goes a Hopf bifurcation when t; = 3.750 > 719 = 1.9565
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Figure 4 £* is locally asymptotically stable when 1, = 1326 < 79 = 14775
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Figure 5 System (45) under goes a Hopf bifurcation when 1, = 1.518 > 150 = 14775
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Figure 6 £* is locally asymptotically stable when t = 0.825 < 79 = 0.8805
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Figure 7 System (45) under goes a Hopf bifurcation when t = 0.906 > 1y = 0.8805

110
50 100
= £ 9
@ 40 o = L
80
30 70
0 100 200 300 400 500 0 100 200 300 400 500
Time t Time t
155
150 60
_ ’ _s0] —
@ 145 b 40 X
140 30
150
100
%% 100 200 300 400 500 Ry 80 4

Time t

Figure 8 £* is locally asymptotically stable when 1 = 2.895 < 77} =4.0945 and 7, = 0.55 € (0, 20)
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Figure 9 System (45) under goes a Hopf bifurcation when 7, = 8.896 > 1}, = 4.0945 and 1, = 0.55 € (0, T20)

Specially, we obtain C; (0) = —37.0955 + 9.0748i, A(t{;) = 0.6902 — 1.3033; by some com-
plex computation by means of Matlab package. Based on Eq. (44), we have uy = 54.9913,
By =—=74.19100, and T, = 14.9776. Since u, > 0, B2 <0, and T; > 0, then the Hopf bifurca-
tion is supercritical; the bifurcating periodic solutions are stable and increase.

6 Conclusions

A multitude of researchers have paid attention to porcine reproductive and respiratory
syndrome due to its vast economic impact on pig production in many countries all over
the world. Various strategies at farm level have been developed to combat porcine repro-
ductive and respiratory syndrome. However, it is usually difficult to determine easily which
strategy is most suitable in a given farm situation. Mathematical modeling has been ex-
tensively used to study and predict the propagation of infectious diseases in populations,
and in view of this point, we propose a delayed SIR model for the transmission of PRRSV
among a swine population by incorporating two delays into the model formulated in [26].
We derive sufficient conditions to ensure local stability of the disease-present equilibrium
and the existence of Hopf bifurcation of the proposed model. Direction and stability of
the model are investigated by applying the normal form theory and the center manifold
theorem. The obtained findings are justified by computer numerical simulations.

Our findings demonstrate that the model is in an ideal stable state when the value of
the two delays is below the corresponding critical value at which the Hopf bifurcation oc-
curs. In this case, we can predict and control the transmission of porcine reproductive and
respiratory syndrome virus in a swine population. However, the proposed model will lose
its stability and a Hopf bifurcation occurs once the value of the two delays exceeds the
corresponding critical value. In this case, the transmission of porcine reproductive and
respiratory syndrome virus will be out of control. Thus, it can be concluded that the two
delays have an important role on the stability of the model, and our findings in this paper
have important theoretical significance and practical value for predicting and controlling
the transmission of porcine reproductive and respiratory syndrome virus in a swine pop-
ulation.

The obtained theoretical results in the present paper have shown that the occurrence of
the Hopf bifurcation of system (2) is harmful and should be controlled. Therefore, it is an
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interesting issue to investigate Hopf bifurcation control by means of feedback methods or
nonlinear time delay feedback methods [45, 46]. Especially, we are interested in the Hopf
bifurcation control issue of fractional-order delayed system (2), which will be our next
research work.
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