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1 Introduction

Since the advent of tobacco in 6000 BC, smoking has contributed heavily not only to prob-
lems leading to serious illness or even death, but it has also done harm to the whole soci-
ety [1-3]. According to the third edition of cancer atlas jointly released by International
Agency for Research on Cancer (IARC), American Cancer Society (ACS), and Union for
International Cancer Control (UICC) on October 16, 2019, smoking causes more pre-
ventable cancer deaths than any other risk factor, and in 2017 alone, 2.3 million people
worldwide died from smoking, which accounts for 24% of all cancer deaths. On the other
hand, based on the WHO global report on trends in prevalence of tobacco use 2000-2025
[4], every year more than 8 million people die from tobacco use, accounting for about half
of its users. More than 7 million of them died from direct smoking, while about 1.2 million
were non-smokers who died from being exposed to second-hand smoke.

Owing to these facts, and the astronomical public health burden associated with smok-
ing, smoking has been a prevalent problem all over the world that requires intervention
for eradication urgently. For this goal, some mathematical models have become important
tools to characterize smoking behavior since the smart work of Castello et al. [5]. In the
transmission of smoking epidemics, incidence rate plays a vital role. Thus, in recent years,
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scholars at home and abroad have formulated different forms of smoking models with lin-
ear incidence rate [6—9], saturated incidence rate [10, 11], square root type incidence rate
[12-14], and harmonic mean type incidence rate [15]. Several others presented fractional
smoking models [16—-20] and age-structured smoking models [2, 21]. It is worth noting
that all the smoking models above neglect the fact that the use of tobacco also occurs in
the form of snuffing. Due to this fact, Alzahrani and Zeb proposed the following tobacco

smoking model containing snuffing class [22]:

DO _ 4 _ B X(E)H () - pX() + @Y (8),
% = 1 X(£)H1(t) — BoH1 () Ha(2) — (p + n)H:(2),

W) _ g, Hy (OH,(8) — (d + @ + 1) Ha (), W
DO~ Hy(t) — (o +y + W)Y (8),

G = YO - nz),

for the description of variables and parameters used in model, see Table (1) in [22]. Here,
X(t), Hi(t), Ha(2), Y(t), and Z(t) stand for the numbers of susceptible smokers, snuffing
class, irregular smokers, regular smokers, and quit smokers at time ¢, respectively. A is
the recruitment rate of the susceptible population; 8; is the rate at which the susceptible
population becomes the snuffing class; B, is the rate at which the snuffing class becomes
the irregular smokers; p is the natural death rate of all the populations; p is the death rate
of the snuffing class because of tobacco use; d is the death rate of the irregular smokers
because of the tobacco related diseases; « is the relapse rate of the regular smokers, and y
is the quitting rate of the regular smokers.

Obviously, system (1) assumes that the regular smokers quit smoking instantaneously,
which is not consistent with the reality, because it usually takes a certain period of time for
a regular smoker to quit smoking once he has been addicted to tobacco. In addition, delay
differential equations exhibit much more complicated dynamics than ordinary differential
equations. Specially, time delay can cause occurrence of Hopf bifurcation and periodic so-
lutions for dynamical systems. And delay differential equations have been used for analysis
in many areas such as population dynamics [23-26], epidemiology [27-29], and computer
networks [30—33]. Thus, to achieve better compatibility with the reality and motivated by

the work above, we investigate the following smoking model with time delay:

LD~ A - BIXOH\ () — nX(8) + aY(t),

0 - g X(OH:(t) - B2H1 (OH) — (p + w)HA(2),

450 = pyHy(O)Ho(t) - (d + @ + ) Ha (), @)
DY — wHy(t) - (o + w)Y(8) -y Y(E - 1),

2O~ yY(t-1) - n2),

where 7 is the time delay due to the period that the regular smokers use to quit smoking.

The flow diagram of system (2) is as shown in Fig. 1.
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Figure 1 The flow diagram of system (2)
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The initial conditions for the above system are as follows:

X(0)=¢100), ¢1(0)=0,¢1(0) >0,

Hi(0) = $2(0),  ¢2(0) > 0,¢2(0) >0,

Hy(0) = ¢3(0), ¢3(0) = 0,¢5(0) >0, (3)
Y(0) =¢a(0),  ¢4(6) > 0,94(0) >0,

Z(0) = ¢5(0), ¢5(0) > 0,¢5(0) > 0,0 € C[-7,0],

where (¢1(6), $2(0), $3(0), pa(0), 5(9)) € (C[-7,0],R%;) is the Banach space of continuous
functions mapping the interval [-7,0] into R3. It is easy to show that (2) has positive
solutions with initial conditions (3).

The subsequent parts of this paper are organized as follows. In Sect. 2, the local stability
and existence of Hopf bifurcation are analyzed. Section 3 is about the direction and sta-
bility of Hopf bifurcation. Section 4 is devoted to global exponential stability results for
smoking present equilibrium. Numerical simulation is carried out in Sect. 5, and finally
the conclusions are given in Sect. 6.

2 Local stability and existence of Hopf bifurcation
By solving the following algebraic equation

A= BIXH — uX* +aY* =0,

B1X*HY — BoHH; — (p + w)H7 =0,

BoHIHS — (d + @ + wH; =0, (4)
wHy —(a+y +p)Y*=0,

yY* —uzZ* =0,

we know that if

_ ApB1B
(o +)[B1ld + @ + 1) + o]

Ro > 1,

then system (2) has the unique smoking present equilibrium E*(X*, Hf, H}, Y*, Z*), where

xeo PrprPM o dr o
B B2
o (la+p+y)ABifr—(p+ p)(Bild + @ + p) + fop)]

s = g Byt v) + Bala + 4 ) Prld+ 1) + o]
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Y* _ w_Hik Z* — VY*'

Catpty’ n

The linear equations of system (2) at E*(X*, H}, H;, Y™, Z*) take the form

X0 _ (B H + w)X(8) - BXTH () + @Y (D),

IO - g HEX(E) - poH]Ho(8),

450 — g HyH (t), ()

WO _ g Hiy(t) - (o + j)Y(0) ~ y Y (£ - ),

PO = yY(t-1) - n2).

Then the associated characteristic equation of system (5) reads

A+ BiH + . B X* 0 ] 0
—B1H1* A BoHY 0 0
det 0 —-B2H; A 0 0 =0 (6)
0 0 - A+a+pu+ye?™ 0
0 0 0 —ye T A+l

It follows from Eq. (6) that
A+ wad® + pah® + pod® + pak + o + (At + 323 + AT+l + p)e T =0, (7)
where

o = b1babapu, w1 = ba(bipe + bap + b1by) + brbzu,
W = ba(by + by + ) + b3(by + 1) + bibap,

W3 = bz +bs + (b1 + by) + biby, Ma=b1+by+p,
Yo =bibyuy,  y1=bu(by + 1)y + by,

Va=bay +bsy + bipy,  ys=(bi+w)y,  va=v,
with
by=BiH; +1u,  by=a+p,  by=pIX*H;,  by=piHH].
For 7 =0, Eq. (7) becomes
W (g + ya)dt + (s + v3)A% + (o + y2)A? + (1 + y1)h + o + 70 = 0. ®)
From the expressions of 14 and y4, we can obtain
Ha+va=bi+by+pu+y=PFH +2n+a+y>0.
Thus, in view of Routh—Hurwitz criteria, if condition (H;) Eq. (9)—(12) holds,

det; = g + 30 > 0, )
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+ 1
det, = HatYa >0, (10)
Mo+ Y2 MU3+Y3
Ka+ Va 1 0
det3 = o+ M3+y3 Ha+ya|>0, (11)
0 H1+Y1 U2+ V2
Ha + Vs 1 0 0
+ + + 1
det, = MH2+Y2 MU3+V3 Hat)a >0, (12)
Mo+Yo M1t+tY1 MH2+Y2 U3t Y3
0 0 HotYo M1tWi

then all roots of Eq. (8) have a negative real part.
For v >0, let A = iwy, T = 79 in Eq. (7) and still denote wy and 7y by w and 7, respectively.
Then we obtain

(N - y30°) sinto + (a0 — y20* + ) c0s T = pow* — paw® — o, 13)
(N - y30°) cos Tw — (yaw®* — yr0® + yo) sintw = pzw’® - 0° — o,

which leads to

" + You0® + y030° + Yo20* + Yo10% + Y00 = 0, (14)
with

Yoo = M% - Voz,

Yor = W — 2oz — Vi + 2Y0V2,

Yoo = 1* = 2u1 03 + 200k + 201V — V5 — 2Y0V4r

Yos = 143 + 2041 = 2Uafta = V3 + 22 V4,

Yoa = Mg — 213 — Vi
Let ®? = x, then Eq. (14) is equivalent to
5 4 3 2 _
X7+ YoaxX” +Yo3x” + Y02 X"+ Yor X + Yoo =0. (15)

In what follows, we present some lemmas to establish the distribution of Eq. (15) based
on the discussion about the distribution of the roots of Eq. (15) in [34].

Lemma 1 Ifyy <0, then Eq. (15) has at least one positive root.
Let
L0 = x° + voax™ + vos x> + vo2x” + vorx + voo- (16)
Then

L'(x) = 5x* + 4v0ax> + 3y03x> + 2v02X + Yo1. (17)
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Denote

5x* +4v0ux> + 3v03x> + 2¥oa X + vo1 = 0. (18)

Let x =y— 2. Then Eq. (18) becomes

Y+ Dy’ + D1y + Dy =0, (19)
where
o 3 , 3, 2 1
=Y+ — - — + =01,
0 625 Yoa 125 Yoa Y03 75 Y04Y02 5 Yo1
o 8 5 6
= —Yot+ — + = Yo2
1 125 Yo4 25 Y04 Y03 37/02
6 , 3
D, = ~o5Yoa t Y03

If & = 0, then we obtain four roots of Eq. (19) as follows:

_ —(pz + @0 _ —@2 + 4/ @0
1= 2 ) Y2 = P )
_ —(pz - @0 _ —d)z — @0
y3 = ) ) Y2 = P )

where @) = @3 —4® — 0. Thus, x; = y;— X2 (j = 1,2, 3,4) are the roots of Eq. (18). Then we
have the following lemma.

Lemma 2 Assume that yy > 0 and @1 = 0.
(i) If ©9 <0, then Eq. (15) has no positive roots;
(i) If By >0, Dy >0, and ¢ > 0, then Eq. (15) has no positive roots;
(iti) If (i) and (ii) are not satisfied, then Eq. (15) has positive roots if and only if there
exists at least one xs € {X1, X2, X3, Xa} such that x, >0 and L(x,) <O0.

In what follows, we suppose that @; # 0 and consider the resolvent of Eq. (19)

52
o? —4(S—q>2)<z —q>o> =0, (20)

which equals to

§® — @,8% —4dyS; + 4D, Py — DF = 0. (21)
Define
1 2 2 3 8 2
F1=§(p2—4'¢0, T1=—2—7¢2+§¢2¢0—®1,
1 1 1 3
O =—=I2+-71}, lI/1:—+£i.
27 4 2 2

Page 6 of 19
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By the Cardan formula, Eq. (19) has roots:

I I )
Sl=\3/—71+\/@1+\7—?1— O + —,

3

I} I} b
Sy = 11/12\3/—71 +/0 + W] —71 -/ + 2.
Let S, = S1 # @,. Then Eq. (19) becomes
s? s?
Y+ 897+ Z* - [(S* — D))y - Dy + Z* - ¢0:| =0. (22)
If S, > @, then Eq. (22) is

z &2_( - _LY_
(“2) ity ) O w

After factorization, then

o S,
P A S — Py -+ = =0 (24)
S,y 2
and
@ S,

¥ — /Sy — Doy + + = =0. (25)
[

Denote
Oy = -8, -y 4+ —2PL__ Oy =S, — by 221
Dy = =S, — + , N3 = -5, — - .
2 * 2 ,—S* — @2 3 * 2 S* — @2

Thus, we obtain the roots of Eq. (19):

—/\/S* - @2 + +/ @2 —«/S* - @2 =4/ @2
1= ) Yo = )
2 2
y VS — Dy + /O3 y VS — Py — /O3
3= ’ 4= .
2 2

Then x; =y; - % (i=1,2,3,4) are the roots of Eq. (18). Therefore, we have the following

lemma.

Lemma 3 Suppose that yyo > 0 and S, > ©,.
(i) If ©3<0and O3 <0, then Eq. (15) has no positive roots;
(ii) If (i) is not satisfied, then Eq. (15) has positive roots if and only if there exists at least
one xx € {X1, X2» X3» Xa} such that x, >0 and L(x,) <O0.

Page 7 of 19
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At last, if S, < @,, then Eq. (22) is

S\ @, ’
v o) - (Ve - S —7> - 0. 26
(y +2> ( 2T TS /@, =S, 26

Let x = ¢;p_15* %4 Thus, we have the following lemma.

Lemma 4 Suppose that Yoo >0, @1 #0, and S, < ;. Then Eq. (15) has positive roots if
and only if ; 7@, S)2+ =0and x >0,L(x) <O.

Next, we suppose that the coefficients in Eq. (15) satisfy one of the conditions in (H>).
(H3) (a) 00 < 0; (b) y90 >0, @ =0, and P, < 0 or @y > 0, and there exists at least one
X+ € {X1> X2» X3, Xa} such that x, >0 and L(xx) < 0; (c) yoo = 0, @1 #0, S > D,
®, > 0, or @3 > 0, and there exists at least one Xx € {Xx1, X2, X3, xa} such that y, >0
and L(xs) <0; (d) yo0 = 0, @1 #0, S, < D5, <p¢5)2 +—-0 and y >0, L(x) <O0.
Without loss of generality, we assume that Eq. (15) has five positive roots wy, (s =
1,2,...,5). It follows from Eq. (13) that

‘L’S(f) - L X arccos{ g;iw ; + 2 } (27)

Ws

wheres=1,2,...,5and;j=0,1,2,..., and

S1(ws) = (73 — mava)@f + (aYa — V1 — U3Ys + LaY2)®?
+(Usyr + H1ys — MHoYa — 22 — ,u4y0)wf
+ (ko2 + 2y — 0 — w1 y1)®f = HoYo,
Sa(ws) = vawf + (v3 = 2y2va) @8 + (v5 +2y — Oya—201y3) )
+ (vE = 2v01)@f + 7.
Define
rO:min{r(O)}, s=1,2,...,5, (28)

s

and when 7 = 19, Eq. (7) has a pair of purely imaginary roots iwy. Then one has

dr]™ ~ SAY 4 Apugh® + 3usA? + 20 + (g
dt TS ear® o sA3 + paA? + gh + fo)
4yu)3 + 3302 + 200k + 11 T
+ 2 3 > -—. (29)
AMyar* + y3A3 + A2 + A +y0) A
Thus,
dr]™ '
Re[—} f (Xo0) (30)
], Sy

where f(x) = x° + yoax™® + vo3 x> + vo2 x + Yor X + vo0 and xo = 5.

Page 8 of 19
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Now we make the assumption as follows: (H3) f'(x0) # 0. Under condition (H3), then
Re[dr/dT]}

=1, 7 0. In conclusion, we have the following results.

Theorem 1 For system (2), if Ry > 1 and conditions (Hy)—(Hs) hold, then the smok-
ing present equilibrium point E*(X*, H},H},Y*,Z*) is locally asymptotically stable when
7 € [0, 79); system (2) undergoes a Hopf bifurcation at E*(X*,H},H},Y*,Z*) when t = 13
and a family of periodic solutions bifurcate from E*(X*, Hf, Hy, Y*,Z*).

3 Direction and stability of Hopf bifurcation
Let t =57, vi(t) = X(¢) — X*, va(t) = Hi () — HY, v3(t) = Hao(t) — H3, va(t) = Y (t) - Y*, v5(¢) =
Z(t)-Z*,and T = 19 + 0, 0 € R. Then system (2) becomes

v(t) = Love + F(0, ve), (31)

where v, = (v1(£), v2(2), v3(8), va(t), vs(O)T = (X, H1, Hs, Y, Z)T € R?, v,(9) =v(t +0) € C =
C([-1,0],R%),and L,: C — R%, F(0,u;) — RS are defined respectively as follows:

Lo = (10 + 0) (P (0) + Qgp(-1)) (32)
and
—B161(0)2(0)
B191(0)2(0) — B2¢p2(0)3(0)
F(o,¢) = B2¢2(0)¢3(0) ) (33)
0
0
with
—(BL1H} + 1) —p1X* 0 a 0
BiH; 0 -BH 0 0
P- 0 BH; 0 0 ol
0 0 w —(ax+un) O
0 0 0 0 -u
0O 0 0 0 O
0O 0 0 0 O
Q=10 0 0 0 O
000 -y 0
000 y 0

By the Riesz representation theorem, there exists a matrix n(0, ¢) such that

0
Loé = / dn(6,0)0(0). (34)
-1
In fact, choosing
n(6,0) = (zo + 0)P3(0) + Q5(0 + 1)), (35)

where §(6) is Dirac function, then Eq. (34) is fulfilled.
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For ¢ € C([-1,0],R%), define

dp(0) _
A(Q)¢= ?)9; 1§9<0,
J2,dn(6,0)9(6), 6=0,

and

0, -1<6<0,
F(o,¢), 6=0.

R(o)¢ =

Then system (31) is equivalent to
V(£) = A(Q)v: + R(o)vs. (36)
For ¢ € C([0,1], (R°)*), define

. —%, 0<s<1,
A*(p) =

12 dn™(5,00p(s), s=0.

For ¢ € C([-1,0],R%) and ¢ € C'([0, 1], (R%)*), define

0 6
(o900) =000~ [ | atc-0)dnorsds, )

where n(0) = n(0,0).

Define the vector p(6) = (1, pa, p3, pa, p5) T €0™%, 6 € [-1,0], is the eigenvector of A(0)
corresponding to +iw, Ty, and p*(s) = D(1, p3, 3, P4 pg)ei“’ofos, s € [0,1], is the eigenvector
of A* corresponding to —iwgTy. By computations, one has

o+ BLHT + 1 __iwops — PLHY

P2 = ’ P3 = " )
ﬁlX* ,32H1
wp3 ye—iwoto
4 = iontn’ P5 = ’
lwg + o + U+ yet¥ot lwg + |
o _ iwo—pIHT - pf = BiX*
2 BH: 37wy + BoHE
o _ BoH{p5 —iwop} ] ye o py
pi=—"—"",  pi=-—- —
w lwg —a — (L — yeror
Furthermore, we have
_ ~ _ _ _ i vl
D =[1+ paps + p3p3 + pafy + psps + Toe" Py pa(ps - p3)] (38)

which leads to (p*, p) =1 and (p*, p) = 0.
Next, based on the algorithms in [35] and the similar computation process as that in
[36-38], we obtain

20 =210D[ (05 - 1) Brp2 + (05 — £3) Bap2p3 )

Page 10 of 19
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s = 1)B1(p2 + p2) + (B3 — B3 ) (P23 + 23)],

811 = TOD[(,5
(

2
g2 = 210D[ (05 — 1) 12 + (03 — P3) B2203 )

N 1 ) 1
@ = 2TOD{ (5 -1)A [Wﬁ)(o)pz + 5Wﬁ)(o)pz + W20 + E\)@%’(0)]

e - 1 _ 1 -
(75 - ) W O+ SWE O+ WO S WE O |

where

Wao(0) = 7ig20p(0) eirowoé) + —éozﬁ(o) e—irowoe + EleZiroa)oe’

Towo 3towo
WH(@) _ _igllp(o) eiroa)oé + lgu,a(()) e—irgwgé) +E,
Towo Towo
with
-1
2ia)0 + ,3le + U ,31X* 0 4 0
—ﬂlHik 2[&)0 ,3sz 0 0
E =2 0 —BoH} 2wy 0 0
0 0 —m 2wy + o + p + ye Heom 0
0 0 0 —y e 2w 2iwy + 1
—B1p2
B102 = B2p2p3
2 B2p203 ,
0
0
-1
—(B1HT + u)  —p1X* 0 a 0
Bi1H} 0 —B2H} 0 0
Ey=- 0 BH; 0 0 0
0 0 w —(@+pu+y) O
0 0 0 y -
—B1(p2 + 02)
B1(p2 + p2) — P2(0203 + P2.03)
X B2(p203 + P203)
0
0
Thus, one has
C1(0) = —— (gurga - 21> - 220 &2
1 700 11£20 11 3 9
Re{C1(0)}
T (39)

" Re{ (1))

Page 11 of 19
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B2 = 2Re{C1(0)},
Im{C,(0)} + p2 Im{A (7o)}

Towo

T)=-

In conclusion, we have the following results.

Theorem 2 For system (2), if o > 0 (o < 0), then the Hopf bifurcation is supercritical
(subcritical); if B2 < 0 (B2 > 0), then the bifurcating periodic solutions are stable (unstable);
if T > 0 (T, < 0), then the period of the bifurcating periodic solutions increases (decreases).

4 Global stability criteria
Theorem 3 Suppose that there exist positive definite symmetric matrices J; > 0, i =
1,2,3,4,5,P;>0,i=1,...,8 L* >0, and scalars u; >0,i=1,2,...,8, such that

[(<2B:H; -2y + BuiHF sl T i
_ __u
Y = B¢ il 0 |<0,
i B3 ST,
BrX*prd + BoH sl J2 I
W, = 52 ~7i=l 0 | <o,
na
] B3 g
(B HF pul + gl .
w, - B2 1#4>I< e ugs 1j| <0,
L 2y
(=20 —2uW)a +apal +y(ur + w)I+L* Jo
W, = 54 ~sp 0 | <o,
B¢ < —y
— Y
_—ZIUS Js
lI/5 = R? _&1i| < 0,
L Y

where YH represents symmetric term in a symmetric matrix and I is the identity matrix with
appropriate dimension. Then the endemic equilibrium E*(X*, H, H},Y*,Z*) of model (5)
is globally exponentially stable.

Proof Consider the following Lyapunov functional:

V() = XT@Oh X () + HL @), Hy () + Hy (O]3Ha(t) + YT (@)Y () + ZT ()5 Z(2)

t 0 pt
+y(u7+ug)/ YT ()Y (w)dw + %/ / YT (k)L*Y (k) dx dw. (40)

t-t
Then the time derivative of V(¢) along the trajectories of system (5) yields
V(&) = 2[XTOh (~(BiH; + 1) X(£) = BLX"H\(2) + 2 Y (1))

+ H{ ()} (B1HX(¢) = B2H Ho(8)) + Hy (8)]5(B2H3 H(2))

+ Y (OJa(m Ho(8) — ( + )Y () -y Y (e = 1)) + Z O (v Y (£ - ) — nZ(2)) ]
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+y (s + 1) YT @Y () — v (s + ne) Y (t = 0)Y (¢ —7) + YT (OL* Y (¢)

1 t
- —/ YT ()L*Y (w) dw
T Jt

-T

< =2(BiHy + W)X ONX(©) - 2a + WY OLY (@) - 202" (£)52(0)
+ B X [ XTI X () + uaHY (8)Hy(0)]
+ oy XTI X @) + 12 YT (0)Y ()]
+ BLH; [ s HY (03 Hy(8) + 13X ()X ()]
+ BoH [y Hi (0] Hi(t) + paHy (6)Ho(2)]
+ BoHy (s Hy (O]3]5 Ha(t) + usHY ()H:(2)]
+ @ [ YT O] Y (8) + pueHy (0)Ha(2)]
+ [ YT O Y (@) + YT (£ - 2) Y (£ - 7)]
+v[us' ZTOsJE Z() + psY T (¢ - 7)Y (£ - 7)]
+¥ (7 + ue) Y @)Y (@) -y (7 + ne) Y (- 7)Y (£ - 1)

+YT@OL Y () - 1 /t YT(w)L*Y (0) dw
T Jit—t

= XT ()W X(¢) + HL ()W H 1 (8) + H () W3 Hy(t) + YT ()WY (8) + ZT ()W Z(¢)

1 f t YT (w)L*Y (0) dw. (41)
T Jt

-7

It follows from ¥; < 0, i = 1,..., 5, that there exists a sufficiently small constant 0 < § < 1

such that

17 = max { A (1), At (¥2), 2t (W), An (Pa) + v (17 + )87’ dpr(Ws) }

+ 8 max{Ap () Aat(2), AnUs) AaeUs)s A Us) } < 0. (42)
Let us take
G(t) = 1V (¢b). (43)
From (40)—(42), we have

G@t) = 8 V(1) + XV (¢)

= et [XT(t)hX(t) + HE(ORLH () + H] ©))sHa () + YT ()Y (£) + ZT (8)]52(2)

+y(u7 + Ms)ft YT ()Y (w)dw + /t YT (w)L*Y (w) da):|
+e’ [XT(t)llllX(t) + HL ()W Hy (t) + H ()W Ho(2) + YT ()W, Y (£)

+ZT(t)IIfSZ(t)—l/t YT (0)L*Y (w) da)]
T

t-7
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< 8ét [XT(t)hX(t) + HE (ORLH1(t) + H ©))sHa () + YT (O Y (£) + ZT (8)]52()

+y (17 + 1s) t Y ()Y (o) dw} + e [XT (W X(2) + HY () ¥Hi (t)

t-t

+Hy ()WsHy(8) + YT ()WY (2) + ZT ()W Z(2)]. (44)

Then, by using (42) and integrating both sides of (44) from 0 to ¢, we obtain
G(t) < [XT(O)AX(O) + Hy (0)/2H1(0) + Hy (0)/sHa(0) + Y (0)/4Y (0) + Z" (0)/5Z(0)

+y(uy + ug)fo Y (0)Y(0)dw + % /0 /0 YT()L*Y (k) dic da)]

+ / [ae‘*‘) [XT ()1 X () + H] (0)Hi(0) + Hy (0)J3Ha(w) + YT (@)Y (@)
0

+ ZN)5Z(w)] + €[ X" (0)¥1 X (w) + HY ()W Hy (w) + Hy (0)W3Hs(w)

+ Y ()WY (0) + Z" ()W Z(w) ] do
+y(uy + ug)d /te‘s“’ /-w YT (k)Y (k) di da)]
0 w-T

< [XT(O)hX(O) + H{ (0)/,H1(0) + Hy (0)J3H2(0) + YT (0)]4Y(0) + Z" (0)]5Z(0)
+yT(u7 + )l pall® + %)»/VI(L*)||<Z54||2 +yT(u7 + pg)se’ ||¢4||2}

+ / 8 (| X@)|*+ [H@)]* + [Ho(@)[* + [Y(@)]" + | 2(@)]) de

< A(llgr1? + l1d2lI” + l1g311% + I pall® + l511%), (45)

where
T
A= maX{)»M(]l),)»M(/z),)»M(]s),)»MUzL) + Ty (U7 + pg)[1+8€°7] + E)LM (L*),)LM(JS)}~
Also, it is easy to obtain that

G(t) > eat [min{)tm (]1)» )\mUZ)» )\'Wl(]?))’ )‘-m(]4)r )Lm (]5) }]
< ([x@ |+ [H@])* + [ o] + [Y®] + |Z@)]). (46)

From (45) and (46), it follows that

|X@[* + |H@)]* + ||+ Yo + [z0)|*

- et G(t)
B min{)‘m (]1)¢ Am(]Z): )\m(]?;): )\m(]/L), )Lm (]5)}

< A(Igr? + g2l + g3l + I pall + lipsl1?) e, (47)
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where

e max{Ay (1), A (1), aa ), A Ua) + Ty (a7 + pg)[1 + 8€°7] + Sam(L*), Aaa(J5)}
min{A, (/1) 1 (12), A J3), A Ua)s A U5)} .

This implies that the endemic equilibrium E*(X*, H;, H;, Y*,Z*) of model (5) is globally
exponentially stable. This ends the proof. d

5 Numerical simulation
Choosing A = 0.1, ; = 0.003, B, = 0.002, 1 = 0.002, = 0.003, p = 0.003, d = 0.003, w =
0.004, y = 0.05.

AU~ 0.1 - 0.003X(£)H; (£) — 0.002X(£) + 0.003Y (£),

A0 - 0.003X(¢)H; (£) - 0.002H, (£)H(t) — 0.005H; (),

d]_fizt(t) = 0.002H, (t)H,(t) — 0.009H,(¢), (48)

A0~ 0.004H,(t) — 0.005Y () — 0.05Y (¢ - T),

420 - 0.05Y (¢~ 1) - 0.002Z(t).

Calculation reveals that the unique smoking present equilibrium of system (48) is
E*(6.5548,4.5,7.3322,0.5333, 13.3325). Then we obtain wg = 0.7202 and the critical value
of time delay 7 = 32.0957.

According to Theorem 1, system (48) is locally asymptotically stable at the smoking
present equilibrium E*(6.5548,4.5,7.3322,0.5333,13.3325) when 7 € [0, 7y = 32.0957), as
shown in Fig. 2. That is, smoking continuously propagates with a fixed number in pop-
ulations. When we choose t = 33.5625 > 1y = 32.0957, system (48) loses its stability and
oscillation occurs, and periodic solutions emerge from the smoking present equilibrium
E*(6.5548,4.5,7.3322,0.5333,13.3325), as observed in Fig. 3. This implies that smoking
explosively spreads in populations. In addition, since py = 24.7558 > 0, 8, = —0.4258 < 0,
and T, = —6.2623 < 0, we can conclude that the Hopf bifurcation is supercritical; the bi-
furcating periodic solutions are stable and decreasing.

6 Conclusions
Over 7000 chemical compounds and toxins are included in cigarettes affecting nearly ev-
ery organ in the body. Therefore, smoking is a sorely destructive problem. What is more
serious is that smoking addiction not only increases the disease burden but also adds an
economic burden on the society. According to the 2019 global tobacco epidemic report
released by the World Health Organization, about 5 billion people have been covered by at
least one tobacco control measure recommended by the organization, reaching the high-
est level of achievement, but 59 countries still have no tobacco control measure reaching
the highest level of implementation. Thus, it is very important to try to simulate and reveal
the nature of smoking addiction. This paper is concerned with a delayed tobacco smok-
ing model containing users in the form of snuffing by incorporating the time delay due to
the period that the regular smokers use to quit smoking into the model formulated in the
literature [22]. Its dynamics is studied in terms of stability and Hopf bifurcation.

It has been shown that when the value of delay is below the critical value 7o, the popu-
lations in system (2) are in ideal stable state. In this case, it is easy to predict and control
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Figure 2 Time plots of X, Hy, H, ¥, and Z with T =31.0082 < Ty = 32.0957

smoking addiction. However, once the value of delay is above 7y, populations in system (2)
may coexist in an oscillatory mode under some conditions. Therefore, we should control
and postpone the occurrence of Hopf bifurcation in system (2). From this point of view,
we can conclude that people who would like to quit smoking should quit it as soon as
possible. Specially, specific formulas determining the stability and direction of the Hopf
bifurcation are derived with the aid of the normal form theory and the manifold cen-
ter theorem. Global exponential stability of smoking present equilibrium is presented by
using LMI techniques. Computer simulations are implemented to explain the obtained
analytical results.

It is worth noting that we only consider the effect of time delay on system (2). Very
recently, fractional-order modeling in various fields such as epidemics [39-42], system
control [43—45], and neural network [46—49], has shown more advantage and consistency
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Figure 3 Time plots of X, Hy, H, ¥, and Z with T = 33.5625 > 1y = 32.0957

compared with integer-order mathematical modeling. Thus, it is more interesting to in-
vestigate the fractional-order smoking model with time delay. We leave this as our near

future research work.
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