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1 Introduction
Along with the evolution of the theory and application of classical calculus, quantum cal-
culus (calculus without limit) has also received more intense attention in the last three
decades. In this article, we study the development of q-calculus which is one type of quan-
tum calculus. The q-calculus was first introduced by Jackson [1, 2] in 1910. In recent years,
the extension of this topic has been studied by many researchers and has many new results
in [3–9] and their references. The knowledge of q-calculus was used in physical problems,
see [10–27] and the references cited therein.

Later, the study of quantum calculus based on two-parameter (p, q)-integer was pre-
sented. The (p, q)-calculus was presented by Chakrabarti and Jagannathan [27]. The ex-
tension of studies of (p, q)-calculus was given in [28–39]. In addition, it is used in many
branches such as physical sciences, hypergeometric series, Lie group, special functions,
approximation theory, Bézier curves and surfaces, etc. [40–47].

Then, the study of fractional quantum calculus was initiated [48–50]. Agarwal [48] and
Al-Salam [49] studied fractional q-calculus, whilst Díaz and Osler [50] proposed fractional
difference calculus. In 2017, Brikshavana and Sitthiwirattham [51] introduced fractional
Hahn difference calculus. Recently, Patanarapeelert and Sitthiwirattham [52] studied frac-
tional symmetric Hahn difference calculus. Presently, Soontharanon and Sitthiwirattham
[53] introduced the fractional (p, q)-difference operators and their properties.

There are some recent papers studying the boundary value problem for (p, q)-difference
equations [54–56]. However, the boundary value problem for fractional (p, q)-difference
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equations has not been studied since fractional (p, q)-operators have been defined lately.
These motivate the authors for this research. This article investigates the existence re-
sults of a fractional (p, q)-integrodifference equation with nonlocal Robin boundary value
conditions of the form

Dα
p,qu(t) = F

[
t, u(t),Ψ γ

p,qu(t), Dν
p,qu(t)

]
, t ∈ IT

p,q,

λ1u(η) + λ2Dβ
p,qu(η) = φ1(u), η ∈ IT

p,q –
{

0,
T
p

}
,

μ1u
(

T
p

)
+ μ2Dβ

p,qu
(

T
p

)
= φ2(u),

(1.1)

where IT
p,q := { qk

pk+1 T : k ∈ N0} ∪ {0}; 0 < q < p ≤ 1 α ∈ (1, 2], β ,γ ,ν ∈ (0, 1], λ1,λ2,μ1,μ2 ∈
R

+; F ∈ C(IT
p,q × R × R × R,R) is a given function; φ1,φ2 : C(IT

p,q,R) → R are given func-
tionals; and for ϕ ∈ C(IT

p,q × IT
p,q, [0,∞)), we define an operator of the (p, q)-integral of the

product of functions ϕ and u as

Ψ γ
p,qu(t) :=

(
Iγ

p,qϕu
)
(t) =

1
p(γ

2)Γp,q(γ )

∫ t

0
(t – qs)

γ –1
p,q ϕ(t, s)u

(
s

pγ –1

)
dp,qs.

We aim to prove the existence and uniqueness of a solution for this problem by using
Banach’s fixed point theorem, and the existence of at least one solution by using Schauder’s
fixed point theorem. In addition, we provide an example to illustrate our results.

2 Preliminaries
In this section, we recall some basic definitions, notations, and lemmas. Letting 0 < q <
p ≤ 1, we define the notations

[k]q :=

⎧
⎨

⎩

1–qk

1–q , k ∈N

1, k = 0,

[k]p,q :=

⎧
⎨

⎩

pk –qk

p–q = pk–1[k] q
p

, k ∈N

1, k = 0,

[k]p,q! :=

⎧
⎨

⎩
[k]p,q[k – 1]p,q · · · [1]p,q =

∏k
i=1

pi–qi

p–q , k ∈N

1, k = 0.

The (p, q)-forward jump and the (p, q)-backward jump operators are defined as

σ k
p,q(t) :=

(
q
p

)k

t and ρk
p,q(t) :=

(
p
q

)k

t for k ∈N, respectively.

The q-analogue of the power function (a – b)n
q with n ∈N0 := {0, 1, 2, . . .} is given by

(a – b)0
q := 1, (a – b)n

q :=
n–1∏

i=0

(
a – bqi), a, b ∈R.
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The (p, q)-analogue of the power function (a – b)n
p,q with n ∈ N0 is given by

(a – b)0
p,q := 1, (a – b)n

p,q :=
n–1∏

k=0

(
apk – bqk), a, b ∈R.

For α ∈R, we define a general form:

(a – b)αq = aα

∞∏

i=0

1 – ( b
a )qi

1 – ( b
a )qα+i

, a �= 0.

(a – b)αp,q = p(α
2)(a – b)αq

p
= aα

∞∏

i=0

1
pα

[ 1 – b
a ( q

p )i

1 – b
a ( q

p )i+α

]
, a �= 0.

Note that aα
q = aα , aα

p,q = ( a
p )α and (0)αq = (0)αp,q = 0 for α > 0.

The (p, q)-gamma and (p, q)-beta functions are defined by

Γp,q(x) :=

⎧
⎪⎨

⎪⎩

(p–q)x–1
p,q

(p–q)x–1 =
(1– q

p )x–1
p,q

(1– q
p )x–1 , x ∈R \ {0, –1, –2, . . .}

[x – 1]p,q!, x ∈N

Bp,q(x, y) :=
∫ 1

0
tx–1(1 – qt)

y–1
p,q dp,qt = p

1
2 (y–1)(2x+y–2) Γp,q(x)Γqp, q(y)

Γp,q(x + y)
,

respectively.

Lemma 2.1 ([53]) For α,β ,γ ,λ ∈ R,

(a) (γβ – γ λ)αp,q = γ α(β – λ)αp,q,

(b) (β – γ )
α+γ

p,q =
1

pαγ
(β – γ )αp,q

(
pαβ – qαλ

)γ

p,q,

(c) (t – s)αp,q = 0, α /∈N0, t ≥ s, and t, s ∈ IT
p,q.

Lemma 2.2 ([53]) For m, n ∈ N0, α ∈R, and 0 < q < p ≤ 1,

(a)
(
t – σ n

p,q(t)
)α

p,q = tα

(
1 –

(
q
p

)n)α

p,q
,

(b)
(
σ m

p,q(t) – σ n
p,q(t)

)α

p,q =
(

q
p

)mα

tα

(
1 –

(
q
p

)n–m)α

p,q
.

Definition 2.1 For 0 < q < p ≤ 1 and f : [0, T] → R, we define the (p, q)-difference of f as

Dp,qf (t) :=

⎧
⎨

⎩

f (pt)–f (qt)
(p–q)(t) , for t �= 0

f ′(0), for t = 0

provided that f is differentiable at 0. f is called (p, q)-differentiable on IT
p,q if Dp,qf (t) exists

for all t ∈ IT
p,q.
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Lemma 2.3 ([31]) Let f , g be (p, q)-differentiable on IT
p,q. The properties of (p, q)-difference

operator are as follows:

(a) Dp,q
[
f (t) + g(t)

]
= Dp,qf (t) + Dp,qg(t),

(b) Dp,q
[
αf (t)

]
= αDp,qf (t) for α ∈ R,

(c) Dp,q
[
f (t)g(t)

]
= f (pt)Dp,qg(t) + g(qt)Dp,qf (t) = g(pt)Dp,qf (t) + f (qt)Dp,qg(t),

(d) Dp,q

[
f (t)
g(t)

]
=

g(qt)Dp,qf (t) – f (qt)Dp,qg(t)
g(pt)g(qt)

=
g(pt)Dp,qf (t) – f (pt)Dp,qg(t)

g(pt)g(qt)
for g(pt)g(qt) �= 0.

Lemma 2.4 ([53]) Let t ∈ IT
p,q, 0 < q < p ≤ 1, α ≥ 1, and a ∈R. Then

(a) Dp,q(t – a)αp,q = [α]p,q(pt – a)α–1
p,q ,

(b) Dp,q(a – t)αp,q = –[α]p,q(a – qt)α–1
p,q .

Definition 2.2 Let I be any closed interval of R containing a, b, and 0. Assuming that
f : I →R is a given function, we define (p, q)-integral of f from a to b by

∫ b

a
f (t) dp,qt :=

∫ b

0
f (t) dp,qt –

∫ a

0
f (t) dp,qt,

where

Ip,qf (x) =
∫ x

0
f (t) dp,qt = (p – q)x

∞∑

k=0

qk

pk+1 f
(

qk

pk+1 x
)

, x ∈ I,

provided that the series converges at x = a and x = b. f is called (p, q)-integrable on [a, b]
if it is (p, q)-integrable on [a, b] for all a, b ∈ I .

Next, we define an operator IN
p,q as

I0
p,qf (x) = f (x) and IN

p,qf (x) = Ip,qIN–1
p,q f (x), N ∈N.

The relations between (p, q)-difference and (p, q)-integral operators are given by

Dp,qIp,qf (x) = f (x) and Ip,qDp,qf (x) = f (x) – f (0).

Lemma 2.5 ([31]) Let 0 < q < p ≤ 1, a, b ∈ IT
p,q, and f , g be (p, q)-integrable on IT

p,q. Then
the following formulas hold:

(a)
∫ a

a
f (t) dp,qt = 0,

(b)
∫ b

a
αf (t) dp,qt = α

∫ b

a
f (t) dp,qt, α ∈R,

(c)
∫ b

a
f (t) dp,qt = –

∫ a

b
f (t) dp,qt,
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(d)
∫ b

a
f (t) dp,qt =

∫ b

c
f (t) dp,qt +

∫ c

a
f (t) dp,qt, c ∈ IT

p,q, a < c < b,

(e)
∫ b

a

[
f (t) + g(t)

]
dp,qt =

∫ b

a
f (t) dp,qt +

∫ b

a
g(t) dp,qt,

(f)
∫ b

a

[
f (pt)Dp,qg(t)

]
dp,qt =

[
f (t)g(t)

]b
a –

∫ b

a

[
g(qt)Dp,qf (t)

]
dp,qt.

Lemma 2.6 ([31], Fundamental theorem of (p, q)-calculus) Letting f : I → R be continu-
ous at 0 and

F(x) :=
∫ x

0
f (t) dp,qt, x ∈ I,

then F is continuous at 0 and Dp,qF(x) exists for every x ∈ I where

Dp,qF(x) = f (x).

Conversely,

∫ b

a
Dp,qf (t) dp,qt = f (b) – f (a) for all a, b ∈ I.

Lemma 2.7 ([53], Leibniz formula of (p, q)-calculus) Letting f : IT
p,q × IT

p,q →R,

Dp,q

[∫ t

0
f (t, s) dp,qs

]
=

∫ qt

0
tDp,qf (t, s) dp,qs + f (pt, t),

where tDp,q is (p, q)-difference with respect to t.

Next we introduce fractional (p, q)-integral and fractional (p, q)-difference of Riemann–
Liouville type as follows.

Definition 2.3 For α > 0, 0 < q < p ≤ 1, and f defined on IT
p,q, the fractional (p, q)-integral

is defined by

Iα
p,qf (t) :=

1
p(α

2)Γp,q(α)

∫ t

0
(t – qs)α–1

p,q f
(

s
pα–1

)
dp,qs

=
(p – q)t

p(α
2)Γp,q(α)

∞∑

k=0

qk

pk+1

(
t –

(
q
p

)k+1

t
)α–1

p,q
f
(

qk

pk+α
t
)

,

and (I0
p,qf )(t) = f (t).

Definition 2.4 For α > 0, 0 < q < p ≤ 1, and f defined on IT
p,q, the fractional (p, q)-

difference operator of Riemann–Liouville type of order α is defined by

Dα
p,qf (t) := DN

p,qIN–α
p,q f (t)

=
1

p(–α
2 )Γp,q(–α)

∫ t

0
(t – qs)–α–1

p,q f
(

s
p–α–1

)
dp,qs,

and D0
p,qf (t) = f (t), where N – 1 < α < N , N ∈N.
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Lemma 2.8 ([53]) Letting α ∈ (N – 1, N), N ∈N, 0 < q < p ≤ 1, and f : IT
p,q →R,

Iα
p,qDα

p,qf (t) = f (t) + C1tα–1 + C2tα–2 + · · · + CN tα–N

for some Ci ∈R, i = 1, 2, . . . , N .

Lemma 2.9 ([53]) Letting 0 < q < p ≤ 1 and f : IT
p,q →R be continuous at 0,

∫ x

0

∫ s

0
f (τ ) dp,qτ dp,qs =

∫ x
p

0

∫ x

pqτ

f (τ ) dp,qs dp,qτ .

Lemma 2.10 ([53]) Let α,β > 0, 0 < q < p ≤ 1. Then

(a)
∫ t

0
(t – qs)α–1

p,q sβ dp,qs = tα+βBp,q(β + 1,α),

(b)
∫ t

0

∫ x

0
(t – qx)α–1

p,q (x – qs)
β–1
p,q dp,qs dp,qx =

Bp,q(β + 1,α)
[β]p,q

tα+β .

Lemma 2.11 Let α,β > 0, 0 < q < p ≤ 1, and n ∈ Z. Then

(a)
∫ t

0
(t – qs)α–1

p,q dp,qs = p(α
2)

Γp,q(α)
Γp,q(α + 1)

tα ,

(b)
∫ t

0

∫ x
p–β–1

0
(t – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q
dp,qs dp,qx = p(α

2)+(–β
2 ) Γp,q(α)

Γp,q(α + 1)
tα+β ,

(c)
∫ t

0
(t – qs)

–β–1
p,q

(
s

p–β–1

)α–n

dp,qs = p(–β
2 ) Γp,q(α – n + 1)Γp,q(–β)

Γp,q(α – β – n + 1)
tα–β–n.

Proof From Lemma 2.10(a) and the definition of (p, q)-beta function, we have

∫ t

0
(t – qs)α–1

p,q dp,qs = tαBp,q(1,α) = p(α
2)

Γp,q(α)
Γp,q(α + 1)

tα ,

∫ t

0

∫ x
p–β–1

0
(t – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q
dp,qs dp,qx

=
Bp,q(1,α)
p–α(β+1)

∫ t

0
(t – qx)

–β–1
p,q xα dp,qx

=
Bp,q(1,α)
p–α(β+1) Bp,q(α + 1, –β)tα–β

= p(α
2)+(–β

2 ) Γp,q(α)Γp,q(–β)
Γp,q(α – β + 1)

tα–β .

For n ∈ Z, we have
∫ t

0
(t – qs)

–β–1
p,q

(
s

p–β–1

)α–n

dp,qs =
Bp,q(α, –β)
p(α–n)(–β–1) tα–β–n+1

= p(–β
2 ) Γp,q(α – n + 1)Γp,q(–β)

Γp,q(α – β – n + 1)
tα–β–n.

The proof is complete. �



Soontharanon and Sitthiwirattham Advances in Difference Equations        (2020) 2020:342 Page 7 of 17

We next provide a lemma showing a result of the linear variant of problem (1.1).

Lemma 2.12 Let Ω �= 0, α ∈ (1, 2], β ∈ (0, 1], 0 < q < p ≤ 1, λ1,λ2,μ1,μ2 ∈ R
+, h ∈

C(IT
p,q,R) is a given function; φ1,φ2 : C(IT

p,q,R) → R are given functionals. The linear vari-
ant problem of (1.1)

Dα
p,qu(t) = h(t), t ∈ IT

p,q,

λ1u(η) + λ2Dβ
p,qu(η) = φ1(u), η ∈ IT

p,q –
{
ω0,

T
p

}
, (2.1)

μ1u
(

T
p

)
+ μ2Dβ

p,qu
(

T
p

)
= φ2(u)

has the unique solution

u(t) =
1

p(α
2)Γp,q(α)

∫ t

0
(t – qs)α–1

p,q h
(

s
pα–1

)
dp,qs

–
tα–1

Ω

{
BTΦη[φ1, h] – BηΦT [φ2, h]

}

+
tα–2

Ω

{
ATΦη[φ1, h] – AηΦT [φ2, h]

}
, (2.2)

where the functionals Φη[φ1, h], ΦT [φ2, h] are defined by

Φη[φ1, h] := φ1(u) –
λ1

p(α
2)Γp,q(α)

∫ η

0
(η – qs)α–1

p,q h
(

s
pα–1

)
dp,qs

–
λ2

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

×
∫ η

0

∫ x
p–β–1

0
(η – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q
h
(

s
pα–1

)
dp,qs dp,qx, (2.3)

ΦT [φ2, h] := φ2(u) –
μ1

p(α
2)Γp,q(α)

∫ T
p

0

(
T
p

– qs
)α–1

p,q
h
(

s
pα–1

)
dp,qs

–
μ2

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

×
∫ T

p

0

∫ x
p–β–1

0

(
T
p

– qx
)–β–1

p,q

(
x

p–β–1 – qs
)α–1

p,q

× h
(

s
pα–1

)
dp,qs dp,qx, (2.4)

and the constants Aη , AT , Bη , BT , and Ω are defined by

Aη := λ1η
α–1 +

λ2

p(–β
2 )Γp,q(–β)

∫ η

0
(η – qs)

–β–1
p,q

(
s

p–β–1

)α–1

dp,qs

= ηα–1
(

λ1 +
λ2Γp,q(α)

Γp,q(α – β)
η–β

)
, (2.5)
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AT := μ1

(
T
p

)α–1

+
μ2

p(–β
2 )Γp,q(–β)

∫ T
p

0

(
T
p

– qs
)–β–1

p,q

(
s

p–β–1

)α–1

dp,qs

=
(

T
p

)α–1(
μ1 +

μ2Γp,q(α)
Γp,q(α – β)

(
T
p

)–β)
, (2.6)

Bη := λ1η
α–2 +

λ2

p(–β
2 )Γp,q(–β)

∫ η

0
(η – qs)

–β–1
p,q

(
s

p–β–1

)α–2

dp,qs

= ηα–2
(

λ1 +
λ2Γp,q(α – 1)

Γp,q(α – β – 1)
η–β

)
, (2.7)

BT := μ1

(
T
p

)α–2

+
μ2

p(–β
2 )Γp,q(–β)

∫ T
p

0

(
T
p

– qs
)–β–1

p,q

(
s

p–β–1

)α–2

dp,qs

=
(

T
p

)α–2(
μ1 +

μ2Γp,q(α – 1)
Γp,q(α – β – 1)

(
T
p

)–β)
, (2.8)

Ω := AT Bη – AηBT . (2.9)

Proof To obtain the solution, we first take a fractional (p, q)-integral of order α for (2.1).
Then we have

u(t) = C1tα–1 + C2tα–2 + Iα
p,qh(t)

= C1tα–1 + C2tα–2 +
1

p(α
2)Γp,q(α)

∫ t

0
(t – qs)α–1

p,q h
(

s
pα–1

)
dp,qs. (2.10)

Next, we take fractional p, q-difference of order β for (2.10) to get

Dβ
p,qu(t) =

1

p(–β
2 )Γp,q(–β)

(t – qs)α–1
p,q

[
C1

(
s

pα–1

)α–1

+ C2

(
s

pα–1

)α–2]
dp,qs

+
1

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

×
∫ t

0

∫ x
p–β–1

0
(t – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q
h
(

s
pα–1

)
dp,qs dp,qx. (2.11)

Substituting t = η into (2.10) and (2.11) and employing the first condition of (2.1), we have

AηC1 + BηC2 = Φη[φ1, h]. (2.12)

Taking t = T into (2.10) and (2.11) and employing the second condition of (2.1), we have

AT C1 + BT C2 = ΦT [φ2, h]. (2.13)

Solving (2.12) – –(2.13), we find that

C1 =
BηΦT – BTΦη

Ω
and C2 =

ATΦη – AηΦT

Ω
,

where Φη[φ1, h], ΦT [φ2, h], Aη , AT , Bη , BT , Ω are defined by (2.3)–(2.9), respectively.
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Substituting the constants C1, C2 into (2.10), we obtain (2.2). This completes the
proof. �

3 Existence and uniqueness result
In this section, we use Banach’s fixed point theorem to prove the existence and uniqueness
result for problem (1.1). Let C = C(IT

p,q,R) be a Banach space of all function u with the norm
defined by

‖u‖C = max
t∈IT

p,q

{∣∣u(t)
∣
∣,

∣
∣Dν

p,qu(t)
∣
∣},

where α ∈ (1, 2], β ,γ ,ν ∈ (0, 1], 0 < q < p ≤ 1, λ1,λ2,μ1,μ2 ∈ R
+. Define an operator F :

C → C by

(Fu)(t) :=
1

p(α
2)Γp,q(α)

∫ t

0
(t – qs)α–1

p,q

× F
[

s
pα–1 , u

(
s

pα–1

)
,Ψ γ

p,qu
(

s
pα–1

)
, Dν

p,qu
(

s
pα–1

)]
dp,qs

–
tα–1

Ω

{
BTΦ∗

η [φ1, Fu] – BηΦ
∗
T [φ2, Fu]

}

+
tα–2

Ω

{
ATΦ∗

η [φ1, Fu] – AηΦ
∗
T [φ2, Fu]

}
, (3.1)

where the functionals Φ∗
η [φ1, Fu], Φ∗

T [φ2, Fu] are defined by

Φ∗
η [φ1, Fu] := φ1(u) –

λ1

p(α
2)Γp,q(α)

∫ η

0
(η – qs)α–1

p,q

× F
[

s
pα–1 , u

(
s

pα–1

)
,Ψ γ

p,qu
(

s
pα–1

)
, Dν

p,qu
(

s
pα–1

)]
dp,qs

–
λ2

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

×
∫ η

0

∫ x
p–β–1

0
(η – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q

× F
[

s
pα–1 , u

(
s

pα–1

)
,Ψ γ

p,qu
(

s
pα–1

)
, Dν

p,qu
(

s
pα–1

)]
dp,qs dp,qx, (3.2)

Φ∗
T [φ2, Fu] := φ2(u) –

μ1

p(α
2)Γp,q(α)

∫ T
p

0

(
T
p

– qs
)α–1

p,q

× F
[

s
pα–1 , u

(
s

pα–1

)
,Ψ γ

p,qu
(

s
pα–1

)
, Dν

p,qu
(

s
pα–1

)]
dp,qs

–
μ2

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

×
∫ T

p

0

∫ x
p–β–1

0

(
T
p

– qx
)–β–1

p,q

(
x

p–β–1 – qs
)α–1

p,q

× F
[

s
pα–1 , u

(
s

pα–1

)
,Ψ γ

p,qu
(

s
pα–1

)
, Dν

p,qu
(

s
pα–1

)]
dp,qs dp,qx, (3.3)

and the constants Aη , AT , Bη , BT , Ω are defined by (2.5)–(2.9), respectively.
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Theorem 3.1 Assume that F : IT
p,q ×R×R×R→R is continuous, ϕ : IT

p,q × IT
p,q → [0,∞)

is continuous with ϕ0 = max{ϕ(t, s) : (t, s) ∈ IT
p,q × IT

p,q}. Suppose that the following conditions
hold:

(H1) There exist constants �1,�2,�3 > 0 such that, for each t ∈ IT
p,q and ui, vi ∈R, i = 1, 2, 3,

∣∣F[t, u1, u2, u3] – F[t, v1, v2, v3]
∣∣ ≤ �1|u1 – v1| + �2|u2 – v2| + �3|u3 – v3|.

(H2) There exist constants ω1,ω2 > 0 such that, for each u, v ∈ C ,

∣∣φ1(u) – φ1(v)
∣∣ ≤ ω1‖u – v‖C and

∣∣φ2(u) – φ2(v)
∣∣ ≤ ω2‖u – v‖C .

(H3) X := (L + �3)Θ + ω1ΥT + ω2Υη < 1,
where

L := �1 + �2ϕ0
( T

p )γ

Γp,q(γ + 1)
, (3.4)

Θ :=
( T

p )α

Γp,q(α + 1)
+ O1ΥT + O2Υη. (3.5)

ΥT :=
1

|Ω|
[
|BT |

(
T
p

)α–1

+ |AT |
(

T
p

)α–2]
, (3.6)

Υη :=
1

|Ω|
[
|Bη|

(
T
p

)α–1

+ |Aη|
(

T
p

)α–2]
, (3.7)

O1 :=
λ1η

α

Γp,q(α + 1)
+

λ2η
α–β

Γp,q(α – β + 1)
, (3.8)

O2 :=
λ1( T

p )α

Γp,q(α + 1)
+

λ2( T
p )α–β

Γp,q(α – β + 1)
. (3.9)

Then problem (1.1) has a unique solution in IT
p,q.

Proof For each t ∈ IT
p,q and u, v ∈ C , we have

∣∣Ψ γ
p,qu – Ψ γ

p,qv
∣∣ ≤ ϕ0

p(γ
2)Γp,q(γ )

∫ t

0
(t – qs)

γ –1
p,q

∣
∣∣
∣u

(
s

pγ –1

)
– v

(
s

pγ –1

)∣
∣∣
∣dp,qs.

≤ ϕ0

p(γ
2)Γp,q(γ )

|u – v|
∫ T

p

0

(
T
p

– qs
)γ –1

p,q
dp,qs.

=
ϕ0( T

p )γ

Γp,q(γ + 1)
|u – v|.

Denote that

H|u – v|(t) :=
∣∣F

[
t, u(t),Ψ γ

p,qu(t), Dν
p,qu(t)

]
– F

[
t, v(t),Ψ γ

p,qv(t), Dν
p,qv(t)

]∣∣.
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Then we obtain

∣∣Φ∗
η [φ1, Fu] – Φ∗

η [φ1, Fv]
∣∣

≤ ∣
∣φ1(u) – φ1(v)

∣
∣ +

λ1

p(α
2)Γp,q(α)

∫ η

0
(η – qs)α–1

p,q H|u – v|
(

s
pα–1

)
dp,qs

+
λ2

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

∫ η

0

∫ x
p–β–1

0
(η – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q
,

H|u – v|
(

s
pα–1

)
dp,qs dp,qx

≤ ω1‖u – v‖C +
(
�1|u – v| + �2

∣∣Ψ γ
p,qu – Ψ γ

p,qv
∣∣ + �3

∣∣Dν
p,qu – Dν

p,qv
∣∣)

×
∣
∣∣
∣

λ1η
α

Γp,q(α + 1)
+

λ2η
α–β

Γp,q(α – β + 1)

∣
∣∣
∣

≤ ω1‖u – v‖C +
([

�1 + �2ϕ0
( T

p )γ

Γp,q(γ + 1)

]
|u – v| + �3

∣∣Dν
p,qu – Dν

p,qv
∣∣
)
O1

≤ [
ω1 + (L + �3)O1

]‖u – v‖C .

Similarly,

∣
∣Φ∗

T [φ2, Fu] – Φ∗
T [φ2, Fv]

∣
∣ ≤ [

ω2 + (L + �3)O2
]‖u – v‖C .

Next, we have

∣
∣(Fu)(t) – (Fv)(t)

∣
∣

≤ 1
p(α

2)Γp,q(α)

∫ T
p

0

(
T
p

– qs
)α–1

p,q
H|u – v|

(
s

pα–1

)
dp,qs

+
( T

p )α–1

|Ω|
{|BT |∣∣Φ∗

η [φ1, Fu] – Φ∗
η [φ1, Fv]

∣∣ + |Bη|
∣∣Φ∗

T [φ2, Fu] – Φ∗
T [φ2, Fv]

∣∣}

+
( T

p )α–2

|Ω|
{|AT |∣∣Φ∗

η [φ1, Fu] – Φ∗
η [φ1, Fv]

∣
∣ + |Aη|

∣
∣Φ∗

T [φ2, Fu] – Φ∗
T [φ2, Fv]

∣
∣}

≤
[ (L + �3)( T

p )α

Γp,q(α + 1)
+

[ω1 + (L + �3)O1]
Ω

{
|BT |

(
T
p

)α–1

+ |AT |
(

T
p

)α–2}

+
[ω2 + (L + �3)O2]

|Ω|
{
|Bη|

(
T
p

)α–1

+ |Aη|
(

T
p

)α–2}]
‖u – v‖C

= X ‖u – v‖C . (3.10)

Taking fractional (p, q)-difference of order ν for (3.1), we get

(
Dν

p,qFu
)
(t)

=
1

p(α
2)+(–ν

2 )Γp,q(α)Γp,q(–ν)

∫ t

0

∫ x
p–ν–1

0
(t – qx)–ν–1

p,q

(
x

p–ν–1 – qs
)α–1

p,q
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× F
[

s
pα–1 , u

(
s

pα–1

)
,Ψ γ

p,qu
(

s
pα–1

)
, Dν

p,qu
(

s
pα–1

)]
dp,qs dp,qx

–
1

Ωp(–ν
2 )Γp,q(–ν)

{
BTΦ∗

η [φ1, Fu] – BηΦ
∗
T [φ2, Fu]

}

×
∫ t

0
(t – qs)–ν–1

p,q

(
s

p–ν–1

)α–1

dp,qs

+
1

Ωp(–ν
2 )Γp,q(–ν)

{
ATΦ∗

η [φ1, Fu] – AηΦ
∗
T [φ2, Fu]

}

×
∫ t

0
(t – qs)–ν–1

p,q

(
s

p–ν–1

)α–2

dp,qs. (3.11)

Similarly, we have

∣∣(Dν
p,qFu

)
(t) –

(
Dν

p,qFv
)
(t)

∣∣ < X ‖u – v‖C . (3.12)

From (3.10) and (3.12), we obtain

‖Fu – Fv‖C ≤X ‖u – v‖C .

By (H3) we can conclude that F is a contraction. Therefore, by using Banach’s fixed point
theorem, F has a fixed point which is a unique solution of problem (1.1) on IT

p,q. �

4 Existence of at least one solution
In this section, we present the existence of a solution to (1.1) by using Schauder’s fixed
point theorem.

Lemma 4.1 ([57]) (Arzelá–Ascoli theorem) A collection of functions in C[a, b] with the
sup norm is relatively compact if and only if it is uniformly bounded and equicontinuous
on [a, b].

Lemma 4.2 ([57]) If a set is closed and relatively compact, then it is compact.

Lemma 4.3 ([58] (Schauder’s fixed point theorem)) Let (D, d) be a complete metric space,
U be a closed convex subset of D, and T : D → D be the map such that the set Tu : u ∈ U is
relatively compact in D. Then the operator T has at least one fixed point u∗ ∈ U : Tu∗ = u∗.

Theorem 4.1 Suppose that (H1) and (H3) hold. Then problem (1.1) has at least one solu-
tion on IT

p,q.

Proof We organize the proof into three steps as follows.
Step I. Verify that F maps bounded sets into bounded sets in BL = {u ∈ C : ‖u‖C ≤ L}. Set

maxt∈IT
p,q

|F(t, 0, 0, 0)| = M, supu∈C |φ1(u)| = N1, supu∈C |φ2(u)| = N2 and choose a constant

L ≥ MΘ + N1ΥT + N2Υη

1 – (L + �3)Θ
. (4.1)
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Denote that |S(t, u, 0)| = |F[t, u(t),Ψ γ
p,qu(t), Dν

p,qu(t)] – F[t, 0, 0, 0]| + |F[t, 0, 0, 0]|. For each
t ∈ IT

p,q and u ∈ BL, we obtain

∣
∣Φ∗

η [φ1, Fu]
∣
∣

≤ N1 +
λ1

p(α
2)Γp,q(α)

∫ η

0
(η – qs)α–1

p,q
∣
∣S(s, u, 0)

∣
∣dp,qs +

λ2

p(α
2)+(–β

2 )Γp,q(α)Γp,q(–β)

×
∫ η

0

∫ x
p–β–1

0
(η – qx)

–β–1
p,q

(
x

p–β–1 – qs
)α–1

p,q

∣
∣S(s, u, 0)

∣
∣dp,qs dp,qx

≤ N1 +
([

�1 + �2ϕ0
( T

p )γ

Γp,q(γ + 1)

]
|u| + �3

∣∣Dν
p,qu

∣∣ + M
)
O1

≤ N1 + MO1 + (L + �3)O1‖u‖C
≤ N1 +

[
M + (L + �3)L

]
O1. (4.2)

Similarly,

∣∣Φ∗
T [φ2, Fu]

∣∣ ≤ N2 +
[
M + (L + �3)L

]
O2. (4.3)

From (4.2)–(4.3), we find that

|(Fu)(t)| ≤ 1
p(α

2)Γp,q(α)

∫ T
p

0

(
T
p

– qs
)α–1

p,q

∣
∣S(t, u, 0)

∣
∣
(

s
pα–1

)
dp,qs

+
( T

p )α–1

|Ω|
{|BT |∣∣Φ∗

η [φ1, Fu]
∣
∣ + |Bη|

∣
∣Φ∗

T [φ2, Fu]
∣
∣}

+
( T

p )α–2

|Ω|
{|AT |∣∣Φ∗

η [φ1, Fu]
∣∣ + |Aη|

∣∣Φ∗
T [φ2, Fu]

∣∣}

≤ Θ
[
L(L + �3) + M

]
+ N1ΥT + N2Υη

≤ L. (4.4)

In addition, we obtain

∣∣(Dν
p,qFu

)
(t)

∣∣ < L. (4.5)

Therefore, ‖Fu‖C ≤ L, which implies that F is uniformly bounded.
Step II. The operator F is continuous on BL because of the continuity of F .
Step III. We examine that F is equicontinuous on BL. For any t1, t2 ∈ IT

p,q with t1 < t2, we
have

|(Fu)(t2) – (Fu)(t1)| ≤ ‖F‖
Γp,q(α + 1)

∣∣tα
2 – tα

1
∣∣

+
|tα–1

2 – tα–1
1 |

|Ω|
{|BT |Φ∗

η [φ1, Fu] + |Bη|Φ∗
T [φ2, Fu]

}

+
|tα–2

2 – tα–2
1 |

|Ω|
{|AT |Φ∗

η [φ1, Fu] + |Aη|Φ∗
T [φ2, Fu]

}
(4.6)
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and

∣∣(Dν
p,qFu

)
(t2) –

(
Dν

p,qFu
)
(t1)

∣∣

≤ ‖F‖
Γp,q(α – ν + 1)

∣∣tα–ν
2 – tα–ν

1
∣∣

+
Γp,q(α)

|Ω|Γp,q(α – ν)
{|BT |Φ∗

η [φ1, Fu] + |Bη|Φ∗
T [φ2, Fu]

}∣∣tα–ν–1
2 – tα–ν–1

1
∣∣

+
Γp,q(α – 1)

|Ω|Γp,q(α – ν – 1)
{|AT |Φ∗

η [φ1, Fu] + |Aη|Φ∗
T [φ2, Fu]

}∣∣tα–ν–2
2 – tα–ν–2

1
∣∣. (4.7)

Since the right-hand side of (4.6) and (4.7) tends to be zero when |t2 – t1| → 0, F is rela-
tively compact on BL.

This implies that F (BL) is an equicontinuous set. From Steps I to III together with the
Arzelá–Ascoli theorem, we see that F : C → C is completely continuous. By Schauder’s
fixed point theorem, we can conclude that problem (1.1) has at least one solution. �

5 An example
Consider the following fractional (p, q)-integrodifference equation:

D
4
3
2
3 , 1

2
u(t) =

1
(2000e3 + t3)(1 + |u(t)|)

[
e–2t(u2 + 2|u|) + e–(2π+cos2 π t)∣∣Ψ

1
2

2
3 , 1

2
u(t)

∣
∣

+ e–(2+sin2 π t)∣∣D
2
5
2
3 , 1

2
u(t)

∣
∣], t ∈ I10

2
3 , 1

2
=

{10( 1
2 )k

( 2
3 )k+1

: k ∈N0

}
∪ {0}

with the nonlocal Robin boundary condition

1
20e

u
(

1215
256

)
+ 200eD

3
4
2
3 , 1

2
u
(

1215
256

)
=

∞∑

i=0

Ci|u(ti)|
1 + |u(ti)| , ti = 10

( 1
2 )i

( 2
3 )i+1

,

100πu(15) +
1

10π
D

3
4
2
3 , 1

2
u(15) =

∞∑

i=0

Di|u(ti)|
1 + |u(ti)| , ti = 10

( 1
2 )i

( 2
3 )i+1

,

where ϕ(t, s) = e–|s–t|
(t+20)3 and Ci, Di are given constants with 1

500 ≤ ∑∞
i=0 Ci ≤ π

1000 and 1
1000 ≤

∑∞
i=0 Di ≤ π

2000 .

Letting α = 4
3 , β = 3

4 , γ = 1
2 , ν = 2

5 , p = 2
3 , q = 1

2 , T = 10, η = 10 ( 1
2 )4

( 2
3 )5 = 1215

256 , λ1 = 1
20e , λ2 =

200e, μ1 = 100π , μ2 = 1
10π

, φ1(u) =
∑∞

i=0
Ci|u(ti)|
1+|u(ti)| , φ2 =

∑∞
i=0

Di|u(ti)|
1+|u(ti)| and F[t, u(t),Ψ γ

p,qu(t),

Dν
p,qu(t)] = 1

(2000e3+t3)(1+|u(t)|) [e–2t(u2 + 2|u|) + e–(2π+cos2 π t)|Ψ 1
2

2
3 , 1

2
u(t)| + e–(2+sin2 π t)|D

2
5
2
3 , 1

2
u(t)|],

we find that

|Aη| = 574.6570, |AT | = –23.8344, |Bη| = 774.8145, |BT | = 51.6518,

ϕ0 = 0.000125, and |Ω| = –48,149.3072.
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For all t ∈ I10
2
3 , 1

2
and u, v ∈ R, we have

∣
∣F

[
t, u,Ψ γ

p,qu, Dν
p,qu

]
– F

[
t, v,Ψ γ

p,qv, Dν
p,qv

]∣∣

≤ 1
2000e2 |u – v| +

1
2000e2π+2

∣
∣Ψ γ

p,qu – Ψ γ
p,qv

∣
∣ +

1
2000e4

∣
∣Dν

p,qu – Dν
p,qv

∣
∣.

Thus, (H1) holds with �1 = 6.767 × 10–5, �2 = 1.264 × 10–7, and �3 = 9.158 × 10–6. For all
u, v ∈ C ,

∣
∣φ1(u) – φ1(v)

∣
∣ ≤ π

1000
‖u – v‖C ,

∣∣φ2(u) – φ2(v)
∣∣ ≤ e

2000
‖u – v‖C .

So, (H2) holds with ω1 = 0.003142 and ω2 = 0.001571. Since

L = 0.0000677, O1 = 1415.89969, O2 = 2770.8547,

ΥT = 0.005291, Υη = 0.003183, and Θ = 51,3459,

(H3) holds with

X ≈ 0.00397 < 1.

Hence, by Theorem 3.1 this problem has a unique solution. Moreover, by Theorem 4.1
this problem has at least one solution.
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