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1 Introduction

Fractional analysis is a generalization of classical integer-order differentiation and integra-
tion to arbitrary noninteger order. Sousa and Oliveira [1] have recently proposed a frac-
tional differentiation operator, which they called the ¥ -Hilfer operator, unifying several
different fractional operators. Stochastic fractional differential equations naturally arise
in different fields such as biology, engineering, medicine, physics, and mathematics (for
more applications and details, we refer to [2—-12]).

We study the nonlinear ¥ -Hilfer stochastic fractional differential equation

Hpe¥ 1o, ¢)
=Anlo,¢) +Bulo, s — hlo, ) + F(s, (o, ¢), (o, s —h(o, 5))), (1.1)
u(e,s)=0(0,5), ¢e€[-h0]

for ¢ € &5 and ¢ € T, where "D\ (o,) is the W-Hilfer stochastic fractional deriva-
tive operator of order ¢ € (0,1] for each o € 7" with respect to a random operator ¥ €
LY x E5,R) (see [1, 13]) and type 0 <« < 1, ulo,s) € R”, h(p, ¢) is a continuous map
such that 0 < h(p,¢) < h, ¢ € E5 = [0,M] with 0 < M < +00, @ (0, ¢) € £(T x [-h,0],R") is
a given function, and f : 7 x 55 x R” x R” — R”, A € R"*", and B € R"*” are matrices. In
this paper, we study the uniqueness of solutions for (1.1) and their Ulam—Hyers—Rassias
stability with uncertainty.
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2 Preliminaries
Let El = [arb]; EZ = (a)b)) EB = [_h)o]; E4 = [_h)M]) ES = [O:M]; 56 = (0;1]) E7 = [0) OO],
and EZg = (0,00).

Definition 2.1 ([14—18]) Suppose that S is a linear space and 7 is a fuzzy set from S x Zg
to Zs. The ordered pair (S, n) is said to be a fuzzy normed space (FN-space) whenever
(EN1) n(¢,7)=1foranyt € g iff £ = 0;
(FN2) n(a&,t) =n(§, é) forall £ € S, T € &g, and a € R with a #0;
(FN3) n(¢ +¢,7 +0) > min(n(&,1),n(¢,0)) forall €, € Sand 7,0 € Eg;
(FN4) n(&,-): Bg — Hg is continuous.

Let (S, n) be an FN-space. A sequence {£,} C S is fuzzy convergent to &£ € S in (S, n) if for
any 7 > 0 and 0 < € < 1, there exists a positive integer N such that n(§, — &,7) >1 - € for
n > N.. A sequence {§,} C S is fuzzy Cauchy in (S, 7) if for any t >0 and 0 < € < 1, there
exists a positive integer N, such that n(§, — &,,t) > 1 — € for n,m > N.. An FN-space is
Banach if every Cauchy sequence in it is convergent. A Banach FN-space is shortly called
an FB-space. Consider the normed space (S, | - ||). Then

nET) = exp(—@)

T

for T € Zg defines a fuzzy norm, and the ordered pair (S, ) is an FN-space.

Consider the probability measure space (1", &g,&) and let (T, Br) and (S, Bs) be Borel
measureable spaces, where T and S are FB-spaces. If {0 : F(0,§) e B} € Eg forallé € T
and B € Bs, we say that 7 : 1" x T — S is a random operator. A random operator F :
Y x T — Sissaid to be linear if F(o,a&; + b&,) = aF(0,§1) + bF (0, §2) almost everywhere
for all &5, v, € T and scalars a,b, and bounded if there exists a nonnegative real-valued
random variable M(p) such that

n(F(o,&) - F(0,6),M(0)t) = n(E1 — v2,7)

almost everywhere for all &, € T, 7 € Eg,and p € 7.

The subject of approximation of functional equations in several spaces by direct tech-
niques and fixed point techniques have been studied by some researchers, for instance,
fuzzy Menger normed algebras [19], fuzzy metric spaces [20, 21], FN spaces [22], non-
Archimedean random Lie C*-algebras [23], and random multinormed space [24—29].
Some stability results for fractional differential and integral equations have been discussed
in [26, 30-38].

Theorem 2.2 (The alternative of fixed point) Let (T, p) be a complete E;-valued metric
space, and let A : T — T be a strictly contractive function with Lipschitz constant ¢ < 1.

Then for every given element & € T, either
,O(AYIS,AHHS) =00

foreach n € N, or there is ny € N such that
(i) p(A"E, A™1E) < o0 for all n > ny;
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(ii) the fixed point ¢* of A is the limit point of the sequence { A"&};
(ili) intheset V={¢ e T|p(A™E, )< o0}, ¢* is the unique fixed point of A;
() (1-0p(,¢%) < p(g, AC) forevery g € V.

Definition 2.3 (One-parameter Mittag-Leffler function) The Mittag-Leffler function is
given by the series
[e¢] w_l'
Ey(@)=) ———,
@)= r@i+1)

i=0

where ¢ € C, Re(99) > 0, and I' is the gamma function given by
oo
I' (o) :/ eSc” ldc
0

for Re(w) > 0. In particular, if ¥ = 1, then we have

gl(w)=gm=;7=e .

Definition 2.4 ([1, 39]) Consider ¢ > 0 and the increasing and positive monotone random
operator ¥ (p,¢) on T x (a,b] with continuous derivative random operator ¥'(p, ¢) on
T x E,. Define the LR (left-right) stochastic fractional integrals of a random operator f
and random operator ¥ on 7" x E; by

T (0, ¢) = L/gllf’(g V) (¥ (0, ¢) - ¥(o,v) ' flo,v)dv
RO ’ ’ ’ ’

forall¢c e Eyandp e 7.

Definition 2.5 ([1, 40]) Consider n € N* and let n — 1 <t < n. Let &7 be the interval such
that —oo <a<b < +o0, and let f, ¥ € £"(T x &1,R) be two random operators, where ¥
is increasing, and ¥'(p,¢) # 0 for all ¢ € &; and ¢ € 7. Define the L-¥ -Hilfer stochastic
fractional derivative operator HD;'TW(Q, -) of order ¢ and type 0 <k <1 by

‘ e 1 d\' aom;
HDYY (o, ¢) 1= T2 tw(qﬂ(g,g) E) A ()

We define the R-W¥ -Hilfer stochastic fractional derivative operator as in [1].
Lemma 2.6 ([1]) Iff € Ké;w(’f x 81),0<t<1,0<k<1,and 8 =1+«(1-1), then

(¥(0,5)-¥(0,a)! TU-00-0 ¢

Y H yLiGY = -
Ia+ l)afr f(Q’ §) - f(Q7 §) F(S) *

(0,a).

Let & (-o0 < a <b < +00), and let n(-, T)¢rxz,) denote the fuzzy norm of u =
(/’Ll(Qr §)r/'L2(Q1 S‘);-».,/LH(Q! g))T € R”on 7 x El deﬁned by

(e ¢),7) = min ne(1ie, ), 7)s
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where 7(-, 7)r denotes the Euclidean fuzzy norm of 1;(0,¢) € R on T x &;. Denote the

space of continuous random operators by £(7" x &;) and define u e R” on 7" x &; by
(100, ), T) iy, = min n(1(0,¢), 7).
The weighted space £1_s5,4 (Y x &1,R") of random operators 1 on 7" x = is defined by
— — 1-3 —
sy (Y x B) ={pn: T x 81 > R": (¥(0,6) - ¥(0,0) "o s) € (Y x E1)}

for § =t + k(1 —t), with the norm

1-6
/‘L(Q’ g)’ T)Z(TX . )'

=]

(106 7),, ey = 1((¥(0:6) = ¥(0,0)

Definition 2.7 ([39]) We say that system (1.1) has the Ulam—Hyers—Rassias stability if for
each continuously differentiable random operator v(g, ¢) € R” satisfying

n("D" v(o, ¢) - Av(o, s) - Bv(o, s —h(0, <)) - F(0, 5, v(0, ¢),v(0, s —h(0,5))), T)

> ¢(s,1), (2.1)

where ¢(c, 1) € Z% is a continuous fuzzy set for all ¢ € &1, v € g, and ¢ € 7', there exist

a solution (o, ¢) € R” of system (1.1) and a constant C > 0 such that

n(ulo, ) -v(o,¢) 1) = <p<§, é)

where C is independent of 1(g, ¢) and v(o, ¢). If 9(0, ¢) is fixed in the above inequalities,
then we get the Ulam—Hyers stability with uncertainty of system (1.1).

Remark2.8 A random operator v(p, ¢) is a solution of (2.1) if and only if there is a random
operator ® € £(T x E5,R") such that
« 1(0(0,6),7) = ¢(5,7);
« "Dgv(0,¢) = Av(e, ) + Bu(o, s —h(e, ) + Flo, s, v(0, §) (e, s — o, ) +
O(0,5).

Lemma 2.9 Letf:7T x 85 x R" x R" — R" be a continuous nonlinear random operator.

Then the solution of system (1.1) is a continuous random operator (o, ¢): 7V x &4 — R”
satisfying
s + 7 Jo o0 (e, 5) - ¥(0,v) M [An(e,v)
ule,s) = +Bu(o, v —h(o,v))] +f(o,5, (e, s), mo, s —h(o, ), (2.2)
©(0,5), <€ &s.

Proof Let

9(0,6) =Aulo,s) +Bu(o, s —h(o, 5)) +f(o, 5, o, ), (o, s — hlo, 5))).
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From Lemma 2.6 and (1.1), for ¢ > 0and o € 7", we get

(¥ (0,5) —¥(0,0))°!

u(o,s) = o)

—1 : ¢ -e (H'
x F(l—&)/o W(Q’U)(W(Q’S')—W(Q:U)) u(o,0)dv + 5, g(s)

_ 0(0,0)
T rere-s
o [ Penwen-vew) sed, =0 23)
() Jo -
when ¢ € &3 and u(o, ¢) = O(o, ¢). O

We denote the set of all eigenvalues of A defined as in system (1.1) by A(A) and set

Amax (A) = max{Re(A) : L € A(A)} and ||A]| = v/ Amax (ATA); also, we denote the set of all non-
negative bounded random operators on " x &5 by B*(&s).

(H1) For a nonlinear random operator f: 7" x E5 x R” x R” — R”, there is a positive
map I(¢) € B*(&5) such that

1(F0: 6, 11,01) = £(0, 6, 142,2),T) e

E5)

T T
> min n(m—m,—) ,n(vl—w,—) );
( I(s) Y x Es) I(s) UT X Es)

moreover,

T
N(A(Q: $):T) iy s,y = n(u(@ S) —)
A/ o(rx

Zs)

and

n(Br(e,s —h(0:6)):7) sy = n(u(gy s-h,9), %)
2T % Bs)

forall T € &g and 0 € 7, where ||A|| = a, ||B|| = b, and sup, ¢ ) (V) = I

3 Ulam-Hyers—-Rassias stability with uncertainty
Using Remark 2.8 and Lemma 2.9, for ¢ € &5, we get

©(0,0) 1[5,
m*mfo (e, v)(¥(e:s)

- ¥ (o, u))k1 (Av(g,v) +Bv(o,v — h(o,v))

V(Q’g) =

+f(Q,U,v(Q,U),v(Q,U —h(Q,U)))) dv. (3.1)

Theorem 3.1 Assume that (H1) holds and

n((¥(e, ) - ¥(,0),7) = n(O0,5),7).
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Then (1.1) has the Ulam—Hyers—Rassias stability with uncertainty on (T X E4) when

n(O(o,¢), ) is increasingon T X Es as in Remark 2.8 .
Proof Forall ¢ € &5, 7 € g, and o € 7', using (2.2) and (3.1), we have
nv-pu, f)z(erS)
1 3 / -1
=1\ 7 '(0,v)(¥(0,5) - ¥(0,v)) n(A(v(o,v) - ulo,v))
0

+B(v(e,v - h(o,v)) — (0, v — h(o,v)))
+ (F(o,v,v(o,v),v(0, v — h(g,v)))

- f(Q, v, ul(o,v), /L(Q, v —h(g, U)))), 7:) dv, 1'>

S
- n<F1(t) / ¥'(,v)(¥(0,6) - ¥(e,v) " min{n(A(v(e,v) - ulo,v)),7),

n(B(v(e;v ~hle,v) - u(e,v ~hle,v))), 7),
n((f(o,v,v(e,v),v(0,v - h(e,v)))

—ﬂ@vddgvxuﬁbv—h@ﬂﬂ”%r”dwr)
2n(;%sAgWT@UKWQLQ—44@vﬁ4nm{n<@@nﬁ—uwﬂﬁ%£)
(10w - how) - (oo hio) )

min{ (( (0,v) - ulo,v)), i< ))

n(@@hv—h@ﬁﬁ) 1(,v - o)), K))}}dwf)
Agw%@uxwmgo—wmﬂwl%(w—umgigaﬁa)dur)

>n< /g‘I/’(Q,v)(‘lf(e,g)—W(Q,v))‘_ln<(V—pc), i _)dv,r)
AW Jo a+b+/

S
' (0,0)(¥(0,c) - ¥(o,v)) " d ;)
rmﬂ @0)(#(0,)~¥lo,v) ™ vy~

a+b+/

W(o,5) - l1’(Q,0))‘ T )
I'(t+1) n((v —p), )

a+b+l

n((‘I’(Q, ) - W(Q,O))l,&)

n((v—u), —

at+b+/

- )
Hence, if n((¥ (0, <) — ¥ (0,0)), ) > n(@(0,¢),t) and C = % then we have

'7(,U« v, T)E (rx&s) ¢<§»C> (32)
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Now by Definition 2.7, (1.1) has the Ulam-Hyers—Rassias stability with uncertainty on
T x Eg. O

Now we consider the new condition for constant ¢:

(H2) ¢(s,7)=¢o
forall T € &y.
Theorem 3.2 Let (H1) and (H2) hold. Suppose that

n((¥ (0, ) - ¥(0,0),1) > (@0, 5): 7).
Then (1.1) has the Ulam—Hyers stability with uncertainty on £(Y x Ea).
Proof From (2.2) and (3.1), for all ¢ € &5 and ¢ € T, we have

NV =14, T)erxz

1 Sy -1
= n(m /0 ¥'(0,v)(¥(0,6) - ¥(o,v) n(A(v(e,v) - uleo,v))

+ B(V(Q’U - h(Q’ U)) - ,bL(Q,U - h(Q: U)))
+ (F(e,v,v(0,v),v(0, v - h(g,v)))

—f(0, v, ulo,v), u(e,v —h(e,v)))), ) dv, T>

> n(l%) /og ¥'(0,0)(¥(0,5) - ¥(0,v)) min{n(A(v(e,v) - (e, v)), 7),

n(B(v(e,v - ho,v)) - u(e,v - h(o,v))),7),
n((F(ov,v(e,v),v(e,v ~ hlo,v)))

—f(Q,v,u(Q,v),u(Q,v—h(Q,v)))),r)}dv,r)
S

Zn(%(t)/o W’(Q,U)(‘I’(Q’s‘)—W(va))L_lmin{ﬂ<(V(Q:U)—M(Q,U))»£>,
n((v(g,v —h(o,v)) - (o, v - h(o,v))), %)

. T

mm{n((\)(e,v)—M(Q,v)),@)

n((v(g,v—h(g,v))— (0,v—h(o,v))), I ))”dU,r)

T

(F(L)f ¥'(0,0)(¥(0,6) - ¥(ov) ™ (( —M),m)du,r>

=i [ e @e.0-w0) n(0- ), = ) dvir)

1 T
>N F(L)/ ‘I’(Q:U)( (0 5‘)—‘1’(va)) dvym)

a+b+/
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=

n((lF(.Q,g)—lP(Q,O))‘ T )
r+1) (v - p), —=)

a+b+l

e+ 1)t )
n((v-u),—=)/)

a+b+l

= n((k’f(@, $)-¥(0,0)'

. n((v-p),——)
Hence, if n((¥ (0, ¢) — ¥ (0,0)),, ) > n(®(0,¢),7) and C = mijf)‘”’, then

N — v, T)e(rxas) = @o. (3.3)
Thus (1.1) has the Ulam—Hyers stability with uncertainty on 7" x &s. O

4 Application
Now we apply our result to the following dynamic fractional-order equation systems with

time-varying delay:

HpE¥ (o, ¢)
=A(s)ulo,¢) +B(g)ulo, s —h(o, ) + D(5)G(0,¢) + Flo,-), ¢ € &5, (4.1)
u(e,s)=0(0,5), G E &,

where G(o, ¢) € R, and A(s), B(¢) € R"*", and D(g) € R"*™ are random operator matri-

ces such that sup_.z_ (Al + [[B]]) < co.

Corollary 4.1 Suppose that |A|| = a, ||B|| = b, and there is © € £(Y x &5, R") such that

S
/ ¥ (0,0)(¥(0,6) - ¥(0,v) ' n(Olo,v),7) > w(gy AL/[)
0

Let (H1) hold. Then system (4.1) has the Ulam—Hyers—Rassias stability with uncertainty if
n((¥(0,¢)-¥(0,0),7) = n(O(0,5), 7).
Also, (H2) implies that system (4.1) has the Ulam—Hyers stability with uncertainty.

Example 4.2 Suppose that for each o € T, ¥(0,5) =In(¢ + 1), t = 0.2, «k —> 1, M = 20,
and h(o, ¢) = 2sing. Let @(o, ) = (¢,/S + 1)T, and let (o, ¢, 1u(0, 5), (0> s — h(0, 6))) =
0.1sin (0, ¢) + 0.1cos u(o, ¢ — 2sin¢) with u(o, ¢) = (110, 5)s (e, ¢))". Consider sys-
tem (1.1) with

1
(6 2)

(4.3)

lve)

1l
S
Q= W=

o o
S~—

We have ||A| =a = %, IIBll =b = %, and I = 0.1. By calculation, (¥ (0,¢) — ¥(0,0))" =
1.240, so all the conditions in Theorem 3.1 are satisfied. Then (1.1) has the fuzzy Ulam-
Hyers—Rassias stability with uncertainty on 7" x [0, 20]. Moreover, the maximum value of

Page 8 of 10
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n(@(o,¢), )~ 0.977 if p(0, ¢) < 0.977 is a constant continuous fuzzy set, and all the con-
ditions in Theorem 3.2 hold, which implies that (1.1) has the fuzzy Ulam—Hyers stability
with uncertainty on 7" x [0, 20].

5 Conclusion

In this paper, we considered a kind of stochastic differential equations involving the ¥ -
Hilfer stochastic fractional derivative operator. A fuzzy control function helped us to make
stable the stochastic differential equation (1.1). Using the fixed point method, we inves-
tigated the Ulam—Hyers—Rassias stability for the nonlinear ¥ -Hilfer stochastic fractional
differential equation (1.1) with uncertainty.
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