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1 Introduction
In the work, we are concerned with the existence of infinitely many high energy solutions
for the following fractional Schrédinger systems:

(=AYu+ V(x)u=F,(x,u,v), xRN, (L1)

(=APv+ Vx)v=F,(x,u,v), xRN, '
where s € (0,1), N > 2 and F,,(x, 1, v), F,(x,u,v) € C(RN x R x R,R). We assume that there
exists F(x,u,v) € C(RN x R x R,R) such that VF = (F,,F,), where VF denotes the gra-
dient of F in (u,v) € R2. The operator (—A)’ is the fractional Laplacian of order s, which
can be defined by the Fourier transform (—A)*u = F ~1(|€|* ¥ ). On the calculation and
application of classical fractional differential equations and other aspects in mathematics,
we refer the reader to [1-5] and the references therein.

Over the past years, the fractional Laplacian (-A)* (0 < s < 1), as one of the fundamen-
tal nonlocal operators, has increasingly had impact on a number of important fields in
science, technology and other fields. As a result, much attention has been focused on the
problem of fractional Laplacians. For instance, Teng [6] studied the following fractional
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Schrédinger equation:
(~AYu+ Vx)u=f(xu), xeRN, (1.2)

and proved the existence of infinitely many nontrivial high or small energy solutions by
variant fountain theorems. Du and Mao [7] obtained a sufficient condition for the exis-
tence of infinitely many nontrivial high energy solutions by variant fountain theorems for
(1.2). Some interesting results can be found in [8-23] and the references therein.
Recently, Di Nezza et al. [16] have proved that (—~A)* can be reduced to the standard
Laplacian —A as s — 1. If s = 1, Eq. (1.2) reduces to the classical Schrodinger equation

“Au+Vxu=f(xu), =xec RN, (1.3)

With the aid of variational method and critical theorems, for the potential V(x) and non-
linearity f(x,#) under various conditions, the results of existence and multiplicity for
Eq. (1.3) have been extensively investigated in the literature; see [24—27] and the refer-
ences therein.

In recent decades, extensive attention of researchers has been devoted to the existence
of solutions to the elliptic systems. Zhang and Zhang [28] considered some nonlinear el-
liptic systems and obtained the existence of weak solutions by using variational methods.
Cao and Tang [29] considered the superlinear elliptic system. They presented the exis-
tence of infinitely many solutions which were characterized by the number of nodes of
each component under some conditions on the nonlinear term. Pomponio [30] discussed
the asymptotically linear cooperative elliptic system at resonance. They proved the exis-
tence of a non-zero solution and the existence of N — 1 pairs of nontrivial solutions due
to the difference between the Morse index at zero and the Morse index at infinity by a pe-
nalization technique. In recent years, many interesting results have been presented on the
class of systems; see [31-38] and the references therein. However, the above literature is
concerned with the problem of integer order Laplacian and there is little literature which
discusses the Schrodinger systems with fractional order Laplacian. Based on the situation,
we consider fractional Schrodinger systems (1.1). In this work, we will show the existence
of infinitely many nontrivial high energy solutions by variant fountain theorems.

For convenience, we firstly present the following hypotheses:

(V1) V e C(RN) satisfies inf V(x) > 0 and there exist ry > 0 and M > 0 such that
limyy oo meas{x € RN : |x — y| < ro, V(x) < M} = 0, where meas denotes the
Lebesgue measure in RY,

(fi) Fe C*RN x R x R,R), F,(x,u,v)u + F,(x,u,v)v > 0 for all (x,u,v) e RN x R x R,
Fu(x,u,v) < c(1 + |(u,v)[P1) and F,(x, u,v) < c(1 + | (%, v)|97?) for some 2 < p,q < 27,
where ¢ denote different positive constants and |(u, v)| = (u? + vz)%.

(f2) limy(,)—0 FT((" 4Y) — () and im0 I((— =0 uniformly in x € RV,

(f3) There exists o € [1,min{p, q}) such that liminf|(,,,)—cc I((ZVI;IZ) > d > 0 uniformly for
xRN,

(fa) im0 00 |((uyv)|2> = 00 uniformly in x € RV,

(f5) There exist u > 2 and ¢ > 0 such that

F,(x,u,v)u + F,(x, u,v)v — wWF (x, u,v) > c(l + ’(u, V)}Z), for all x € RN,
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The paper is arranged as follows. In Sect. 2, we introduce preliminaries for proof of main
results and variational setting. In Sect. 3, we present our main results and their proofs.

2 Preliminaries
Let us address a Hilbert space

H(RY) = {ueLZ(RN) 'T‘x’ |”(fs)' Lz(]RNxRN)}. 1)
x—y|2

The space is endowed with the natural norm

2 3
i = ([ s [ [ O=COE vy (22)
and with the inner product
(1,0) = / wx)p(x) dx + / /R § ulx) - ﬁc(y yl‘ﬁ,ﬂ’; YD 4y, (2.3)

By means of the Fourier transform, the space H*(R") can be defined by
H*(RY) = {u e *(RY): / (1+ &) | Fu®)|” dt < +oo}. (2.4)
]RN
For Eq. (1.2), the Hilbert space H is defined by

H:{MEHS(RN):/ |:§|23|3’7u($)‘2d§+/ V(x)|u|2dx<+oo}, (2.5)
RN RN
with the following inner product and norm:

(@)1 = / 1|7 u(@)|| 7 ol€)| de + / V(@ug da 2.6)
RN RN

and

b= ([ el Fue de + [ veonurax)' ©7)

Then H x H is a Hilbert space with the following the inner product (-, -) and norm for any
(u:V)y((p;W) eH x H:

(), (@, ¥)) = 1w 0) + (v, )
and
[ @) |* = (), 0, 0) = el + V11

Under the hypothesis (V1), we have the following lemma.
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Lemma 2.1 The Hilbert space H x H is compactly embedded in L'(RN) x L*(RN), where

te(2,27) and 2% = -

Proof Let {u,,v,} C H x H be a sequence such that u,, — u, v, — v in H. Then {u,,v,}
is bounded in H x H and u, — u, v, — v in LfOC(RN) for t € [2,2}). Using the famous
Gagliado—Nirenberg inequality, we obtain u, — u, v, — v in L(RN). Thus, the proof is
completed d

An element (¢, v) € H x H is called a weak solution of the systems (1.1), if the equation
[ JerlFuol|Fo©lds + [ vempdrs [ ePFveF ) de
RN RN RN
+ / Vix)vyr dx
RN

= / F,(x,u,v)pdx + / F,(x,u,v){r dx (2.8)
RN

RN

holds for all (¢, ¥) € H x H. A weak solution of the systems (1.1) corresponds to a critical
point of the energy functional

1 1
11,v) = 7 /RN &% | F u(®)| dt + 3 /]RN Vx)u®dx

1 1
+ E/I;N |€|25|?V(‘§)|2d§ + E/RN V(x)v2dx—/RNF(x,u,v)dx (2'9)

that is well defined. Furthermore, I is C'(H x H,R) functional with derivative given by
Cwne )= [ ePFue|Fe@lds s [ veupds
RN RN

28| ¢ T
o[ erlEvellF vl [ Vi ds

RN

—f F,(x, u, V)(pdx—/ F,(x,u,v){ dx. (2.10)
RN RN

Let H x H be Banach space with the norm ||(-, -)|| and let {H;} be a sequence of subspace
of H, dim H; is finite for j € N. Set Y} := @llf:OHj and Yp = Y x Yy, Zy = @;kaHj and
Zi=Zx X Zx,then H=Y;; ®Zyand H x H = Yk © Zy.

Let

Bi={(w,v) € Y : |, v)|| < ox}
and
Sk ={(w,v) € Zi: ||| = e},
for px > . > 0. Consider a classical C'-functional @, (u,v) : H x H — R defined by
D, (u,v) = A(u,v) — AB(u,v), Are€]l,2]. (2.11)

Now, we state two variant fountain theorems which come from the idea of Zou in [39].

Page 4 of 14
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Theorem 2.2 Assume that the functional ®@; (u,v) satisfies
(B1) @y.(u,v) maps bounded sets to bounded sets uniformly for A € [1,2], and &, (—u, —v) =
@, (u,v) forall (A, u,v) € [1,2] x H x H;
(By) B(u,v) =0 for all (u,v) € H x H, and B(u,v) — oo as ||(u,v)|| — +00 on any finite
dimensional subspace H x H;
(B3) there exists py > ri > 0 such that

ar(A) = inf D, (u,v) >0,
(uv)€Zy, | (wv)=pk
br(A) = max @, (u,v) <0, Vrell,2],
(u)eYioll ) ll=r
and
dir()) = inf @, (u,v) > 0 as k — +oo uniformly for » € [1,2].

(uv)€Zp, | ()| <px

Then there exist A, — 1, (u, (1), vi(Ay,)) € Y, such that
@) |yn (), v(An)) =0 and @y, (u(hy), v(An)) >y asn— +o0,

where cy € [di(2), dk(1)]. Especially, if {(u(r,), v(1n))} has a convergent subsequence for ev-
ery k, then @, has infinitely many nontrivial critical points {uy, vi} € H x H \ {0,0} satis-
fying @1(ug, vi) = 0~ as k — +00.

Theorem 2.3 Assume that the functional ®@; (u,v) satisfies
(A1) Dy (u,v) maps bounded sets to bounded sets uniformly for , € [1,2], and &, (—u, —v) =
@; (u,v) for all (A, u,v) € [1,2] x H x H;
(A2) B(u,v) >0 forall(u,v) € Hx H, A(u,v) — +00 or B(u,v) = +00 as ||(u, v)|| — +00;
or
(A3) B(u,v) <0 forall (u,v) e Hx H, B(u,v) - —o0 as ||(u,v)|| = +00;
(Ay) there exists py > ry > 0 such that

br(A) = inf D, (u,v) > ar(r) = max @;(u,v), Vrell,2].
(uV)eZp, || wv)ll=ri ()€Yl ) ll=pk

Then

br(A) < cr(A) = inf max @k(y(u, v)), Vi e[1,2],
y el (u,v)eBy

where I = {y € C(Bi, H x H) : y isodd, y sp, = id} and k > 2. Furthermore, for almost
every A € [1,2], we have a sequence {(u’;(k), v’;(k))} such that

sup || (up (1), vE(L)) || < +00, @) (uk (1), 5 (1) — 0,
and

®; (U (W), Vi(M)) = k() asn— +oo.

Page 5 of 14
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In order to present our main work by the above variant fountain theorems, we define
the functional A, B and @, (&, v) on the space H x H by

1 1 1
A(u,v)=§/ |$|25}5fu(s)!2ds+—f V(x>u2dx+—/ RO
RN 2 JrN 2 JrN

1 2
+ 2 A{N Vx)v* dx,
B(u,v):/ F(x,u,v)dx,
]RN
and

D, (u,v) = A(u,v) — AB(u,v).

3 Proofs of the main results

In this section, we will present the main results and their proofs.

Lemma 3.1 For any finite dimensional subspace E of H x H \ {(0,0)}, we claim that there

exists a positive constant gy > 0 such that
meas{x eRN: |(u, v)| > 80” (u,v) H} > g, forany (u,v)€LE.

Proof We argue by contradiction. Assume (u,,v,) € E such that

meas{x eRN: |(u,,, vn)| > %” (u,,,v,,)H} < %, foranyn e N. (3.1)

For any n € N, let (1, ;) = HEZZ::Z;H , then ||(t,, w,)| =1 and

1 1
meas{x eRN: |(tn,a)n)| > —} < —. (3.2)
n n

Using the boundedness of (z,, w,), up to a subsequence, assume that (z,, w,) — (t, w) with
[I(z,w)| = 1for (r,w) € E. Since E is a finite dimension space, by Lemma 2.1 and the Holder

inequality, we have

/|(rn,wn)—(r,w){2dx=/ |(r,,—r,a)n—a))|2dx
RN RN

1 1
2 2
5(/ |‘L’n—7,'|4dx) (/ |wy,—a)|4dx>
RN RN

— 0. (3.3)
On the other hand, because of (t,w) # (0,0), there exists a constant pg > 0 such that

meas{x eRN: |(r,a))’ > po} > po. (3.4)
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We set

—_

2, = {x eRN: |(r,,,a),,)| < —},

N

—_

Q5= {xe RN 2 | (zy, @) | > —},

N

20 = {xe RN : |(T,w)| > ,00}.
From (3.2) and (3.4), there exists Ny such that, for Vz > Ny, we have

(No - 1),00'

meas(§2, N §29) > meas(§2p) — rneaS(QZ) z N
0

Consequently, as n — +00,
/ |t n) — (1,0) 2 = / (T 00) — (1,0) 2 dx
RN £2,N20
> fg {0 ~26a,00)(5,0) + (2,0
z/g i [z, )| = 2(ts, @) (x, )] dx
z/Q i [|c, )" =2|(5 )| | (z, )| ] dx
nN$20

2
> po (Po - ;) meas(£2, N §2o)

( 2)(No—1)po
Z Po o= )TN

Ny
3
> (No - 1)/00
=N
>0, (3.5)
which leads to a contradiction. The proof is completed. d

Lemma 3.2 Assume that (f1) and (f3) hold. Then B(u,v) > 0 for all (u,v) € H x H and

B(u,v) — +00 as ||(u,v)|| = +00 on any finite dimensional subspace of H x H.
Proof Obviously, for all (&, v) € H x H, B(u,v) > 0 by the hypothesis (f1).

Next, for any finite dimensional subspace of H x H, we show that B(x,v) — +00 as
[I(u, v)|| = +o0. By the hypothesis (f3), there exists R > 0 such that

F(x,u,v) > d|(u, V)

7, forxeRY and !(u, v)| > R. (3.6)

Let Dy, := {x € RN : |(4,v)] > &ol|(w,v) ||} for (u,v) € H x H \ {(0,0)}. by Lemma 3.1, for

any (u,v) € H x H with ||(u,v)|| > %, we have |(i,v)| > R, for all x € Dy,,). Consequently,

for any (u,v) € H x H with ||(&, V)| > %, from (f3) and (3.6), with the help of Lemma 3.1,

Page 7 of 14
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we get
B(u,v):/ F(x,u,v)dx
RN
> / F(x,u,v)dx
D)

Z/ d|(u,v)|” dx
(

u,v)
> def ||(u,v)|° meas(Dy,)

> de§ | (u,v)||°. (3.7)

This implies B(u,v) — +oo as || (i, v)|| = +00 on any finite dimensional subspace of H x H.
The proof is completed. d

Lemma 3.3 Assume (f1), (f2) and (fi) hold, then there exist two sequences py > ry > 0 such
that

br(A) = inf D, (u,v) > ar(r) = max D;(u,v), Vrell,2].
(u)eZp | wv)ll=rg (V)€Y ol w,v) 1= pi

Proof . For Ve >0, by (f1) and (f3), there exists ¢, such that

|Fu(x, u,v)| < €|, V)| + ¢ | (w,v) |p71,

(3.8)
|Fy(x,u,v)| < &|(u, )| + ce |(w, v)|q_1,

and
|F(x,u, V)| = |F(x, u,v) —F(x,0,0)|
1 1
5[ ’Fu(x,tu,tv)||u|dt+f |Fv(x,tu,tv)‘|v|dt
0 0

< 8[%‘@ Dl + 3w VW'] * %F‘(“’W!‘Hlul -l VW_I'”']’ 32
p q

where (x,u,v) € RN x H x H. Therefore, for (1,v) € Z; and & small enough, by (3.9) and
the Holder inequality, one has

1 1 1
@) = 5 / 1) u(e) P + / V@l dx + - f £ 7 v(e)| de
RN 2 RN 2 RN

1
+ —/ V(x)vzdx—A/ F(x,u,v)dx
2 RN RN

> %”(M;V)”Z—)\,/RNSI:%{(M,V)“IA + %|(u,v)||v|]
1 p-1 1 q-1
+Cs|:_‘(M,V)‘ |u|+—](u,v)| |v|]dx
p q
1 1 1
o b SR IN IR R KT
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1 _ 1 _
_m[; [l et + e 1||v||q]
1 1 1
= sl e Sl 5wl

e Sl Sl

where || - ||; denotes the usual norm of L{(RN). Let B(2) := SUP (11 e 7, (1) =1 (2, V)]l 2,

Br(p) := SUP(u,1)eZ, | ()1 =1 [[e72 V)Hp’ Bi(q) = SUP (1) e 24, | () =1 Il (s, V)”q’ then i(2) — 0,
Bi(p) = 0, Br(g) — 0as k — oo (cf.[40]). Consequently,

@160 2 3 )" - 222 )] - imﬂiwn )] - ng @]
= (5 -8 ) |l = Srcpl |

1
- gkcsﬁ,f @] @ v (3.10)

for all (u,v) € Z. We choose the appropriate ¢ > 0 and A such that % - )»8,3]3(2) > %, and

we have
1 2 1., » 1 . ‘
@)= || = A0 - e ] ]
Note that p,g > 2; without loss of generality, assume p < g, then, for ||(u,v)|| := 7y :=
1 1
(ShceBl(p) + Src @) TP or N V)] = ri = (Shcel(p) + Shcep(q)) ™ for any (u,v) €

Zy, one has

2> 0. (3.11)

| =

¢k(u’ V) Z
The above inequality implies that

br(A) = inf D, (u,v) > 0.

(u)EZ, || (wv)l|=ri

Therefore, by Lemma 3.1, for any k € N, there is a constant & > 0 such that
meas(Dy,,)) > &, forall (u,v) € Yy x Yi \ {(0, O)}, (3.12)

where Dy, = {x € RN : |(u,v)| > & (1, v)||}. By the hypothesis (f3), for Yk € N, there is a
constant R; > 0 such that

1
Flx,u,v) > — |(u, V) 2, for all |(u, v){ > Ry. (3.13)
3

k

By (3.12), we know that, for (&, v) € Yy x Y\ {(0,0)} with || (&, v)|| > i—]’:, we obtain |(u,v)| >

Ry for x € D). Therefore, by (3.12) and (3.13) for (&, v) € Yi x Yi \ {(0,0)} with [|(x, V)| >

Page 9 of 14
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R
%k one has
ek

. (1,) = %/M £ | Fue) P de + %/}RN V(u? dx + %/}RN GRS
1 2
+§-/]RN Vix)v dx—)\/RNF(x,u,v)dx
WP =r | Feouv)d
[, ) | /RN (%, 1, v) dx

< ’|(u,v)||2—A/I; F(x,u,v)dx
(

u,v)

1 2 1 2
< —|(u,v) —A/ — |(u,v)| dx
lenl =2 [ Sl

1 D v,
< Sl - acf P22
Ek
1
= s lwnl -2y (3.14)
Because A € [1,2],
1 2 2 1 2
@) = S @)= @)= =S [@n]". (3.15)

Now, we only need to choose p; > max{ry, f_/l:}; one has

ar(A) = max D; (u,v) = _Px <0, (3.16)
)Yl )l = 2
where k € N and A € [1,2]. The proof is completed. d

Theorem 3.4 Assume (fi)—(fs) hold, F,(x,-u,—v) = —F,(x,u,v) and F,(x,—u,-v) =
—F,(x,u,v) for (x,u,v) € RN x H x H. Then the system (1.1) possesses infinitely many high
energy solutions (u*,v*) € H x H for all k > K, with Ky € N, i.e., as k — +00

1 1 1
o) =5 [ ePlEw el de s [ vl ase g [ er|Fiep

1 2
+ g/IéN V(x)‘vk‘ dx—A/RNF(x,uk,vk)dx

— +00. (3.17)

Proof By the hypothesis (f;), we conclude that B(x,v) > 0 for all (#,v) € H x H and
A(u,v) - +00 as ||(u,v)|| = +oo. Furthermore, @, (-u,—v) = @, (u,v) for (u,v) e H x H
and X € [1,2]. Considering (f2), (f;) and Lemma 2.1, @, (4, v) maps a bounded set into a
bounded set uniformly for any A € [1,2]. By Lemma 3.3, we can verify (As), (A4) of The-
orem 2.3. Consequently, from Theorem 2.3, there exists a sequence {(u’,‘,()\), vﬁ(k))}ﬁil for
A € [1,2] such that

sup|| (u’n‘(k),vﬁ()»)) H <00, D] (u'n‘()\),vﬁ(k)) -0 (3.18)
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and
@; (Ul (1), Vi(W)) — (), (3.19)
as n — 00. By Theorem 2.2 and (3.11), for p,q > 2, we see

ck(A) > be(A) > r,% =bp — +00 ask — +00. (3.20)

| =

In addition

¢x(A) = inf max @A(y(u,v)) < max D1(u,v) = k.
y €l (u,v)eBy (u,v)€By

Therefore
bi < ck(A) <o (3.21)

where k > Ky. By (3.18) and (3.19), we can choose a sequence X, — 1, as m — 00, then the
sequence {(uﬁ()\m), Vﬁ()\m))}:‘il is bounded. Obviously, the sequence {(u/,‘,()\m),vﬁ()\m))};,“il
has a strong convergent subsequence as n — oo. Hence, for m € N and k > Kj, we suppose
k(M) = (0n), VA (M) = V¥ (M) as n — +00. By (3.18)—(3.21), one has

(dj)/Lm (uk()\m)’ Vk(}‘m)): (uk()\m): Vk()\m)» =0 (322)
and
@5, (4 (o), Vi Ohm)) € [br ] (3.23)

for k > Ky. By Lemma 3.5, {(*(A,,,), V*(1,,,))}5_; has a strong convergent subsequence with
k(X)) — b, V¥ () — V& for k > ky. Consequently, the (u*,v¥) is the critical point of
@ (uk, %) = @1 (u*, V%) with @ (u*, V%) € [by,¢k]. Since by — +00 as k — +00, we get in-
finitely many nontrivial solutions with high energy for systems (1.1). The proof is com-
pleted. d

Lemma 3.5 {(zX(1,),vA(A0))}2, is bounded in H x H.

Proof We argue by contradiction. Suppose that [|( (1), V& (A)) | = 00 as n — co. We

(& o) VK (m))

consider (t,, w,) := o o Gl Then, up to a subsequence, we get

T, =T, w, ~w InHXH,
T, — T, wp— o inL(RY) x LY(RY), (3.24)
7,(x) = T(x), w(x) > o(x) ae xeRN.

We consider two cases:
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Case 1: If (7, w)| #0in H x H. Since (®; (u’;(km), V’;()Lm)), (u];l(km), V];,(Am))) =0, one has

0= (@] (4 o), Vi o)), (85 ), Vi ()
= [ (@) VG |

—Am / [Fu(x’ uﬁ()"m)’ Vf,(km)uﬁ()‘m) +Fy(x, Mﬁ()\m): V/;()‘m)vﬁ()‘-m)] dx.
RN

Thus, by Fatou’s lemma and conditions (f3) and (f2)

_ 1 k k k
i [ TG G PR L 2 ot o)

+ Ey (0, (o), Vi e )V (M) |

F (o) V(o))
" n n d
=4 /RN 1 Gy A o) P

F(, ) (M), Vi (o))
:)»mlJ«[RNHrmwn)V GGy ) dx — +00 asn— +0o.

This is a contradiction.
Case 2: If |(7,w)| =0 in H x H. By (3.22), (3.23) and (f3), we obtain

1Ps, (U )y VE o)) = (@5, (11 ), VE ()5 (K ), VE (o))

- (50

+ A / [Euut, 11 (), VE Qo) M) + Fy (36, 1y ), Ve ) VE ()

— WF(x, uﬁ(km), v];(km)] dx.

s (B )0 A 2 [l om0
2 Y

Therefore,

1Py, (1 o), V(M) = (D5 (s Q) Vi), (#h (), Vi (o))
1l Gt ), VE ) 112

" Lt 10 G K )2
= (E B 1) o /M( 1 o)y Vo) 2 )dx'

i 1 G o) A o)) 2 )
=(Z-1)+rm
(2 ) A /RNC<||(M5(Am>,vﬁ(xm»||2 @G A P

3 ﬁ _ 1 2
i (2 1) o AN6<||(M§(AM),V5(Am>>||2 * leem ) >d"‘

Letting n — +00, we get 0 > % —1, i.e. u < 2; this is a contradiction with the hypothesis

> 2. Therefore, {(uﬁ(km),v’;(km))}ﬁil is bounded in H x H. O
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