Pu et al. Advances in Difference Equations (2020) 2020:359 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02760-4 a SpringerOpen Journal

RESEARCH Open Access

Pullback attractors of nonautonomous

Check for
updates

discrete p-Laplacian complex
Ginzburg-Landau equations
with fast-varying delays

Xiaogin Pu', Xuemin Wang? and Dingshi Li?"

“Correspondence:
lidingshi2006@163.com

?School of Mathematics, Southwest
Jiaotong University, Chengdu,

PR. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we consider a class of nonautonomous discrete p-Laplacian complex
Ginzburg-Landau equations with time-varying delays. We prove the existence and
uniqueness of pullback attractor for these equations. The existing results of studying
attractors for time-varying delay equations require that the derivative of the delay
term should be less than 1 (called slow-varying delay). By using differential inequality
technique, our results remove the constraints on the delay derivative. So, we can deal
with the equations with fast-varying delays (without any constraints on the delay
derivative).

MSC: Primary 35B40; secondary 35B41; 37130

Keywords: P-Laplacian lattice; Pullback attractor; Ginzburg-Landau equations;
Fast-varying delay

1 Introduction

Due to numerous applications in physics, biology, and engineering such as pattern for-
mation, propagation of nerve pulses, electric circuits, and so on, see, e.g., [2, 6, 7, 10, 12],
lattice differential equations have become a large and growing interdisciplinary area of
research. For an understanding of the dynamical behavior of dissipative infinite lattice
systems, attractors are especially important because they retain most of the dynamical in-
formation. The existence of global attractors for lattice systems was initialed by Bates et
al. [1], followed by extensions in [3, 8, 13, 16, 19, 24] and the references therein. Of those,
the asymptotic behavior of an infinite-dimensional p-Laplacian lattice system was inves-
tigated in [8]. The dynamical behaviors for discrete complex Ginzburg—Landau equations
were studied in [11, 27].

Since time-delays are frequently encountered in many practical systems, which may in-
duce instability, oscillation, and poor performance of systems, delay lattice systems then
arise naturally while these delays are taken into account. Recently, attractors of delay lattice
systems have been considered in [4, 5, 9, 23, 26].
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The existence and uniqueness of solutions were proved for the complex Ginzburg—
Landau equation with p-Laplacian in [17, 18]. The dynamical behavior of p-Laplacian
complex Ginzburg—Landau equations was considered in [25]. The existence and unique-
ness of attractor for nonautonomous discrete p-Laplacian complex Ginzburg-Landau
equations with fast-varying delays based on nonautonomous p-Laplacian complex
Ginzburg-Landau equations with fast-varying delays are investigated in this paper. We
prove the existence and uniqueness of pullback attractor for these equations. The existing
results of studying attractors for time-varying delay equations require that the derivative
of the delay term should be less than 1, see [14, 15, 21-23]. By using the differential in-
equality technique, our results remove the constrains on the delay derivative. So, we can
deal with the equations with fast-varying delays.

Motivated by the discussions above, in this paper we study the dynamical behavior
of nonautonomous discrete p-Laplacian complex Ginzburg—Landau equation with time-
varying delays:

du,
dt

. -2 -2 ,
= ()‘ + la)(lurul — Uy |p (un+1 - un) - |Mn - un—1|p (M,, - Mn—l)) - (K + l/g)“'inlqun

+ fu(tn (= po(2))) = (v +i8)un + gu(8), neZ,teRt>T, (1.1)

with the initial condition

un(r + S) = (Pn(s): se [—,0:0]: (12)

where u,, is the unknown complex-valued function, A, «, k, B8, ¥, 8, p, p, q are real con-
stants, where A, k,y, p,g >0and p > g +2, f, is a nonlinear function satisfying certain con-
ditions, pg € C(R, [0, p]) is an adequate given delay function, g(¢) = (g,(t))nez € LE (R, 1)
(I? defined later) is a given time-dependent sequence, and ¢, € C([—p,0],C).

The plan of this paper is as follows. In the next section, we establish the existence of a
continuous nonautonomous dynamical system in C([-p, 0], /) for nonautonomous equa-
tion (1.1) and (1.2). Section 3 contains all necessary uniform estimates of the solutions. We
then prove the existence and uniqueness of a pullback attractor for the nonautonomous

equations in Sect. 4.

2 Nonautonomous dynamical systems associated with nonautonomous lattice
systems
In this section we show that there is a continuous nonautonomous dynamical system gen-
erated by the nonautonomous discrete p-Laplacian complex Ginzburg—Landau equations
with time-varying delays.
Denote

P= {u = {tntnez

U, € (C,Z |, |? < oo},

nez

and let /2 be a Hilbert space with the inner produce and norm given by

(u,v) = Zunv_,,, lull? = i, 1), w,vel

nez
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We define the linear operators A, B, B* : > — [? as follows:
(Aut)y = [ty = 1 [P (g = 1) = [t = P> (1 — 1),
(But); = tyy1 — Uy, (B*u)n =Uy1—u, nelucl
Then
(B*u,v) = w,Bv),  (Au,v) = (B*(IBul’* ® (Bu)),v) = (IBul’> ® (Bu), Bv),

(Au, u) = (|Bul’™ ® (Bu), Bu) = ||Bullb < |[Bull” < 2°||ul?, w,vel,

1
[a|P)P.

Denote by u;, ¢t € R, the function defined on [-p, 0] according to the relation

where u @ v = (u;v;)icz and |ull, = 3,z

e(8) = (Uns(5)),cp = (Un(t +5)), ., =ult +5), s€[-p,0],

and let C, = C([-p, 0],/%) with the maximum norm |||, = Sup_,<s<o 1Y )1, ¥ € C,.
Then problem (1.1)—(1.2) can be written as an equation in /2: for t € Rand ¢ > 7,

dul(t) , .
pra —(A + ia)Au — (k +if)|ul|u
+f(u(t = po(®))) = (v + i)u +g(t) (2.1)
and
u(t +s)=g¢(s), sel-p,0], (2.2)

where u = (un)nez, |ullu = (|un|un)nez, fut—po(?))) = (fu(un(t — po()))nez, g(£) =
(@1(0)nez, and ¢ = (@n) ez
We make the following assumptions on f,. For each n € 7Z, f, is a nonlinear function
satisfying the following assumption:
(H) f.(0) = 0and f,(s) is Lipschitz continuous with respect to s, that is, there is a positive
constant L such that, for all s1,s, € C,

[fu(s1) = fu(s2)| < Llsy - sal.
In fact, by (H) we find that
lf@) —fO| <Llu-vl, wvel.
Lemma 2.1 Forany p >0 and a,b € C, we have that there exists ¢ = c(p) > 0 such that
lalPa - |bI’b| < c(|al? + |bI)|a - b.

Proof Without loss of generality, we assume that |a| > |b|. By mean value theorem, we
have

llal?” ~ 1b1?| = p(01al + (1 - 0)16])" " |1al - |b]|

<p(@lal+ A -0)b|)’ a—-bl, 0<6<1. (2.3)

Page 3 of 14
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Then

plbPta-bl, 0<p<1,

P _ |plP 2.4
LR (24)
By (2.3), (2.4), and Young’s inequality, we get
\lal?a - |bPb| < ||al’(a - b)| + |(lal” - |bI7)b|
<lal’|a—b| +bl||al’ - b |
<lal’la-bl +plbl(lal’" +1bI"")|a - b|
<c(lal’ + 1b1P)a - b.
This completes the proof. O
Lemma 2.2 The operator A : > — [2 is locally Lipschitz continuous.
Proof Based on Lemma 2.1 we have, for any u,v € [2,
A~ Av)? = > ((Au), ~ (Av),)°
nez
_ _ 2
<23 (|Bua | Br) — | BY)a ] (BY))
nez
_ _ 2
+2 Z (|(Bu)n+1 |P 2(B’/[)n+l - ’(BV)VH-I |P 2(BV)n+1)
nez
<26 (|(Bu)u| + | (BY)]) ™| (Bue)s — (BY)a|”
nel
+ 2C2 Z (|(Bu)n+1| + |(BV)n+1 |)2p_4|(Bu)n+l - (BV)n+1 |2
ne’
<226 Yl + [val) ™™ 1t = v
nez
=22 (lull + 1) e = v,
This completes the proof. O

It follows from Lemma 2.2 that the right-hand side function in (2.1) is locally Lipschitz
continuous from {2 to /2. Therefore, by the standard theory of functional differential equa-
tions, one can show that, for every ¢ € C,, there exists T > 0 such that system (2.1)—(2.2)
has a unique solution (-, 7,¢) € C([t, T), C,). As showed below, under some conditions
this local solution is actually defined for all £ > 7. Furthermore, one may show that u,(-, 7, ¢)
is continuous in ¢ with respect to the norm of C,,.

In the sequence, we assume that

212

Page 4 of 14
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Lemma 2.3 Assume that (H) and (2.5) hold. Then, foreveryt € R, T > 0and ¢ € C,, there
exists a positive constant ¢ = ¢(t, T, @) such that the solution u of (2.1)—-(2.2) satisfies

”ut(-,r,go) ”p <c fortelr,t+ 7). (2.6)

Proof Taking the inner product of (2.1) with u in /2 and keeping the real part, we find that
fort >,

1d||u?
2 dt

= —A(1Bul ® (Bu), Bu) - K||u||q+2+Re(f( u(t = po(t))), u)
— v lull® + Re(g(2), )
< —yllull® + Re(f (u(t - po(t))), u) + Re(g(t), u). (2.7)

For the last two terms on the right-hand side of (2.7), by (H) we have

2

2
Re(f (u(t - po(®))), u )+Re(g(t)»lfi)S%Hu(t—Po(t))H +g||u||2+%Hg(t)” . (28

Consequently, it follows from (2.7)—(2.8) that

dlu®)|? _

P t>1, (2.9)

L2
S @]+ e - pofo)| = el s

which implies that

d|u(t)|? <

It t>T. (2.10)

LZ
@ + (e~ pote)

It follows from (2.10) and Gronwall’s inequality that, for ¢ > 7,

L2 t
0] = Jue)e 5+ 2 [7em s )] s

t
+% / e 569 g(s)| ds. (2.11)

From condition (2.5), by using continuity, we obtain that there exist positive constants A
and N such that [|¢|, <N and

lel,  ,, L

e <1 (2.12)
N L-My

hold.
We will prove that, for ¢ > 7,

|u@)| < Ne=7 + (1 -n)1(), (2.13)

where I(£) = maX, <¢ < % ff e 569 lg(s)|l ds. To this end, we first prove, for any d > 1,

|u@)| < dNe™ + (1 - n)MU(F), t>7. (2.14)
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If inequality (2.14) is not true, from the fact that ||¢||, < N and ||u(¢)|| are continuous, then
there must be £* > t such that

|u(t*) || = dNe™ =7 + (1 - n)~11(2) (2.15)
and
|u@)| < dNe™" + (1 - ) U(@F), T-p<t<t (2.16)

Hence, it follows from (2.11), (2.12), (2.15), and (2.16) that

*

2
()] = e 5+ [ 309 u(s - pos) | ds
Y

T
L[ e
+;f e 2 ||g(s)||ds
T
2 t*
< uo)| e M) %/ e B9 (dNe’\”e_MS") + (1 -n)(t"))ds
T
1 ~ 5 (t*-s)
+;/ e 2 ”g(s)”ds
T

2 pt*
< Jutofle 0 2 [ H e a
YV Je
2

t*
Pen i) [ e dse()
T

L? e N .
< (”M](\‘;)” + _eAp/ e—(%—)\)(t —5) dS)dNEMt -T) + n(l _ n)—l[(t*) +1(t*)
Y T

lu() ,, L* ) B _
< +e dNe ™= L (1 =) (¢
_( v Ly A=) 1(r)

< dNe 0 4 (1 - )7 (#), (2.17)

which contradicts inequality (2.15). So inequality (2.14) holds for all £ > . Letting d — 1
in inequality (2.14), we have inequality (2.13). The proof is complete. O

Lemma 2.3 implies that the solution # is defined in any interval of [, 7 + T'] for any T > 0.
It means that this local solution is, in fact, a global one.
Given ¢ € R, define a translation 6; on R by

O (t)=t+t forallt eR. (2.18)

Then {6;};cr is a group acting on R. We now define a mapping @ : R* x R x C, — C, for
problem (2.1)-(2.2). Given t e R*, t € R, and u, € C,, let

®(t: 77’”1) = Mt+r(') T, ur): (219)
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where v, (s, 7,u;) =u(t + T +5,7,u,), s € [-p,0]. By the uniqueness of solutions, we find

that for every t,s € R*, r ¢ R, and u, € C,,,
D(t+5,T,u:) = P(s+1,(D(s, T, ur))).

Then we see that @ is a continuous nonautonomous dynamical system on C,. In the fol-
lowing two sections, we investigate the existence of pullback attractor for @. To this end,
we need to define an appropriate collection of families of subsets of C,.

Let B, = {B,(7) : T € R} be a family of nonempty subsets of C,. Then B, is called tem-

pered (or subexponentially growing) if for every ¢ > 0 the following holds:

. ct _
tk{nooe HBp(r +t) ”p =0,
where ||B, ||, = SUP,cp, Il%]l ,. In the sequel, we denote by D, the collection of all families

of tempered nonempty subsets of C,,, i.e.,
D, ={B,={B,(t): T €R}:B, is tempered in C, }.
The following condition will be needed when deriving uniform estimates of solutions:

T
f e’“”g(s)“zds <00, VrelR (2.20)

3 Uniform estimates of solutions

In this section, we derive uniform estimates of solutions of problem (2.1)—(2.2) which are
needed for proving the existence and uniqueness of a pullback attractor for problem (2.1)-
(2.2). The estimates of solutions of problem (2.1)-(2.2) in C, are provided below. The

symbol ¢ is a positive constant which may change its value from line to line.

Lemma 3.1 Assume that (H), (2.5), and (2.20) hold. Then, for every t € R and D, =
{D,(t) : t € R} € D, there exists T = T(t,D,) > p such that, forall t > T, 0 < & < p,
and ¢ € D,(t —t), the solution u of (2.1)—(2.2) satisfies

T+&
(T = £, 90) ||i + ke M) /p: e |uls,t - t,¢)| Z:i ds

0
< 21e’\”/ e g(s + )| ds. (3.1)
14 —o00

Proof From condition (2.5), by using continuity, we obtain that there exists a positive con-
stant A such that
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Replacing ¢t and 7 in (2.9) by @ and t - ¢, respectively, we have, for @ >t — ¢,

2
d”u(wrt_t’(p)” <
dt -

Y 2 L?
—EHL‘(W’T_M”)” +7||u(w—p0(w),r—t,g0)||

q+2

1
—k|u(@,t -t,9)| g2t ;Hg(w)Hz-

(3.3)

For simplicity, we denote u(w) = u(,t — t,¢). Then, let us define functions V(&) =
e lu(w)||, @ >t -t - p,and

ek(t*t)“(P”p, welt—t-p,t—10),
£ - 2
Um) =] e t)”(p”p —k f_’t eAs”u(S)”Z:Z ds
+ 3 [, €¢Ng )l ds, o

Now, we claim that
Vio)<Ulw), @w=>1-t (3.4)

If inequality (3.4) is not true from the fact that V(¢) and U(¢) are continuous, then there
must be @w* > t — ¢ such that

V(o)< U(w), e [‘L’ —t—p, w*), (3.5)

V(™) =U(z™), (3.6)
where

o* 2 inf{w >t —t|V(w) > Ll(w)},

and there is a sufficiently small positive constant Az such that
V(w)>U(w), e (w*,w* + Aw). (3.7)

Calculating the upper right-hand Dini derivative of V(£) at ™ and considering (3.6) and
(3.7), we obtain

D*V(w*) =lim sup Ve +h) - V(@) > lim sup U@ +h) - U@
h—0* h h—0* h
= k™" u(@™) Hq+2 + %ekw* g(@")|. (3.8)

On the other hand, it follows from (3.3) that

DV(w") =27 Ju(ew”)| + &7 D" [u(ew”)|

(-5
2

* *) || 4+2 l ySod
u(w )” + ye

* L2 w* * *
w(@®)| + e Jul@” ~po(@7))]

_Kekw'

g(@")]. (3.9)
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Notice that U () is monotone nondecreasing on [t — £ — p, +00). This, together with (3.5)
and (3.6), yields

V(" = po(e")) < U(er* - pofer*)) < U(er") = V(). .10
which implies

(e = po(er*)) | < & (o) | 6.1
It follows from (3.2), (3.9), and (3.11) that

* 1 w* *
(@) |7, + ¢ g(@)]

2
D*V(w*) < (k - g + L;e“’)ekw* ||u(w*) || — ke gt ;

Ao * u(zzr*)||q+2 " %exw*

< —K€

g(@")

’

which contradicts (3.8). Until now, (3.4) has been proven to be true. Thus, we get, for ¢ > p
and —p <& <0,

T+&
||Lt(‘L' +ET— t’w)” + e MEt8) [_t e ||u(s)| Z:i ds

1 T+&
<llpll e 4 e‘“”g)—/ e g(s)| ds
YV Jr—t

< ey Pt L e |la(s)]| ds.
<llel, g(s)
)/ Tt

Since ¢ € D(t —t) and D € D, we find that for every t € R and D € D there exists T =
T(t,D) > p such that, forallt > T and —p <& <0,

T+& 0
”u(r +&,17 - t,(p)H +rce M) / e Hu(s) Hq+2 ds < Z%e“ / e Hg(s + 1) ” ds.
Tt —00

q+2
This completes the proof. d

Lemma 3.2 Assume that (H), (2.5), and (2.20) hold. Then, for every t € R,D, = {D,(1):
teR,we 2} eD,, thereexist T = T(t,D,) > p and N = N(t) > 0 such that, forall t > T
and ¢ € D,(t —t), the solution u of (2.1)—(2.2) satisfies

sup Uy(t +5,7—t,¢0) 2 <e. (3.12)
> | |

=20 =N

Proof Let ¥ be a smooth function defined on R* such that 0 < ¥ (s) <1 for all s € R,
%(s) =0 for 0 <s <1 and ¥(s) = 1 for s > 2. Note that ¥’ is bounded on R*, i.e., there

exists a constant ¢y such that |¢#'(s)| < ¢y for s € R™.
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Taking the inner product of (2.1) with x = (z?(‘—Z‘)un),,Ez in /2 and keeping the real part,

where k is a fixed positive integer specified later, we get

1d
T 2 ) ( |Z|>|un|2 +Re(A + i) (Au, x)

<Y 0 (|k|>|un| +Re(f (u(t - pol0))), %) + Re(g(6),). (3.13)

nez

We now estimate the terms in (3.13) as follows. First, we have

Re(A + io)(Au, x)

=Re(A + i) (|Bul’ > ® Bu, Bx)

1
Re(+ i) 3 bt = 16l b - u,,)<19<|n; |>I/ln+1 - ﬂ(%)%)

nez
—Re(k+ia)2 2 In+ 1] -9 M |thi1 — P2 (W1 — U)ot
= k k n+l n n+l n)%n+1
nez
+)"Z ( >|un+l_un|p
nez
>Re(x+ia)2(ﬁ(|n+ll)_a<@))|u P2t — )T
sl — k k n+1 n n+1 n)%n+l.

By the property of the function ¥ and Young’s inequality, we have

Re(M + i) Z ( <|n i ll) - 0(%)) |tna1 — P> Wiy = W) U1

nez
SVAZ+a? 7 _1|un+1|
nez
VA2 +a?c c
-1
= T Z (i1 — UnlP ™ i | < %”u”fﬁ

nez

which implies that
—Re(A + i) (Au,x) < — ||u||p (3.14)
For the last two terms on the right-hand side of (3.13), we get from (H)

Re(f (u(t - po(9))), %) + Re(g(t), x)

< 507 te-mo)

nez

7 L, (1
+ §Zﬁ( = )| nl’ + Zﬁ(%)\g,,(t)\z. (3.15)

nez nez

Page 10 of 14
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Then, by (3.13)—(3.15) we have

d |}’l| |n| LZ |Vl|
Eﬂﬂﬁ( ) n(t)| Z ( ) n(t| yzﬂ(k>|un( —,Oo(t))|2

neZ nez

1
+ %HM(L‘) >+ ” > e (3.16)

[n|>k
By a similar argument as in Lemma 3.1, we get from (3.16) forany t > p and —p <& <0

Zﬁ(%)htn(r +&,7 —t,(p)|2

nez

T+&
<IlglZe™ w8) 4 & e “”‘5)/ e“||u(s,r—t,<0)||§dr
Tt

Az +€) / e Y |gu(o)| dr. (3.17)

|n|>k

It follows from Lemma 3.1 and the relation # C [9*2, p>q+2,thatforanyr eR,peD,
and ¢ > 0, there exist T = T(r,D,) > p and K; = K;(t,D,, &) such that, for k > Kj, ¢ > T and
-p<§<0,

€ eHe+d) o e ||u(s -t
T-t)|ldr<e, (3.18)
k Tt r

which together with (3.17) implies

Zﬂ(%)ﬁtn(r +&,7 —t,(p){2

nez

< lplReere) e / e 3 |guo) 2 dr. (3.19)

|n|>k

We have from ¢ € D,(t — t) that there exists T = T(t,D,, ) > 0 such that, for all £ > T;
and -p <& <0,

_ &
lolze ™ < llplZete™ < - (3.20)

UJ

We have from (2.20) that there is N7 = N1(, ¢) > 0 such that, for all k > Ny,

kp -AT —Ar f
e / |}>:k|gn(s+t)| dr < 3 (3.21)
Note that
sup Z’un(t+“§t—t<p)’ sup Z < )’M,,l’+§,l’—t(p)|
-p=E=< 0‘n|>2k -p<£=<0,

which along with (3.19)-(3.21) concludes the proof. O
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4 Existence of pullback attractors
In this section, we establish the existence of D, -pullback attractor for the nonautonomous
dynamical system @ associated with problem (2.1)—(2.2).

Lemma 4.1 Assume that (H), (2.5), and (2.20) hold. Then, for every v € R and D, =
{Dy(r):teR,we R}eD,,thereexists T = T(t,D,) > p such that the solution u of (2.1)—

(2.2) satisfies that u. (-, T —t, ) is equicontinuous in 2.

Proof Denote by Pru = (u1,uy, ..., 0,0,...) for u € > and k € N. By Lemma 3.2, for ¢ > 0,
there exist T = T(t,¢) > p and large enough integer N = N(t, ¢) such that, forall ¢ > T,

&

max H (I -Pn)u(t +s,T - t,(p)H < (4.1)

-p=<s<0 3

Let u; = Pyu. By Lemma 3.1, it follows from (2.1) and the equivalence of norm in a finite
dimensional space that there exists 7' = T(t) > p such that, forallt > T,

ff
T—p

where ¢ = ¢(t) is a positive number. Without loss of generality, we assume that s;,s; €

2

iul(n T-t,)| dr=<c (4.2)

dr

[-p,0] with 0 < 51 — 55 < 1. Then, for any fixed 7 € R,

|ur(z + 51,7 = t,0) —ur (T + 52,7 — £,00)
T+8]
|
T+8)
T
=(/
T—p

which implies that there exists a constant ¢ = p(¢) > 0 such that if |s; — s3] < o, then

du (r, T —t,9)
—\d
dar ’

duy(r, T —t,9)

2 \1
dr) Is2 =512 <clsy — 17, (4.3)
dr

£
| (t + 52,7 = t,0) —ua (T + 51,7 - £,90) | < 3
which along with (4.1) implies that, for all £ > T and |s; — 52| < 0,

|u(t + 52,7 = £,0) (T + 51,7 — 1,9) |
< ||Pnuuz + 52,7 = £,9) = Pyu(u(z + 51,7 = £,9)) |
+ (= Pn)u(t + 52,7 = £,0) |
+ | = Py)ulr +s1,T —t,9)|

<e.

This completes the proof. g

As for the compactness in /2 in [19], one can easily verify the following compactness
criteria in C, by means of uniform tail estimates.

Page 12 of 14
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Lemma 4.2 Let {1"}0°; = {(u])icz}ooq S Cp. Then {u"}52, is relative compact in C, if and
only if the following conditions are satisfied:

(i) {u"}2, is bounded in C,;

(i) {u"}32, is equicontinuous;

veo . . 2
(iii) limsup,_, o, limsup, . Sup_, ;<o Zmzk luf|= = 0.

Theorem 4.1 Assume that (H), (2.5), and (2.20) hold. Then the nonautonomous dynami-
cal system @ has a unique D,-pullback attractor A, = {A,(t):t e R} e D, in C,.

Proof For t € R, denote by

1
K(z) = {u €C,:lul? < 2—e“>/
14

’ e“Hg(s+ r)” ds}.

First, we know from Lemma 3.1 that @ has a D,-pullback absorbing set K(r). Second,
since Lemmas 3.1, 3.2, and 4.1 coincide with all the conditions of Lemma 4.2, @ is D,-
pullback asymptotically compact in C,. Hence, the existence of a unique D, -pullback at-
tractor for the nonautonomous dynamical system @ follows from Proposition 2.7. in [20]
immediately. O
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