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1 Introduction

For study on the dynamical systems, filtering, model reduction, image restoration, etc.,
many phenomena can be modeled more efficiently by the matrix differential equations
[1-5]. We consider the subsequent Sylvester matrix differential equations

P(t) = A@)P(0) + P(O)B(1) + Qt), <t =t, 1)
P(to) = Po,

where P € RP*? is an unknown matrix, the matrices Py € RP*9, A(¢) : [to, tr] — RP*?, B(¢) :
[to, tr] — R?*9, and Q(¢) : [to, tr] — RP*? are given. We assume A(t), B(¢), Q(¢) € C*[to, tf],
s> 1.In the particular case, where B(¢) is the transpose of A(z), system (1) is called the Lya-
punov differential equation. Such equations occur frequently in various fields of science
and are widely used in control problems and theory of stability in time varying systems
[1, 4]. The analytical and numerical approaches have been studied by several authors to
solve the Sylvester equations [6—17].

In recent years spectral collocation methods have received attention of many researchers
[18-20]. The ease of implying and the exponential rate of convergence are two main ad-
vantages of these methods [21, 22]. The main contribution of the current paper is to imple-
ment the Chebyshev collocation method to evaluate (1). With the aid of collocation points,
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we obtain a coupled linear matrix equations where their solution gives the unknown coef-
ficients. In the literature, finding a solution to different kinds of linear and coupled matrix
equations is a subject of interest and has been studied extensively. Several approaches
have been established for solving the mentioned equations; for example, the idea of con-
jugate gradient method, gradient-based iterative algorithm, Paige algorithm, and Krylov
subspace methods; for more details, see [13, 23-27] and the references therein. We pro-
pose an iterative algorithm based on Paige’s algorithm [28] to solve the obtained coupled
matrix equations.

In Sect. 2, we first review some definitions and notations. Then, we review some of the
necessary properties of the Chebyshev polynomials for our latest developments. In Sect. 3,
we employ the Chebyshev basis to reduce problem (1) to the solution of coupled matrix
equations. Then, a new iterative algorithm is presented to solve the obtained coupled ma-
trix equations. Moreover, we give an error estimation of the proposed method. Section 4

is dedicated to numerical simulations. Finally, a conclusion is provided.

2 Preliminaries
We review Paige’s algorithm and some basic definitions and properties of matrix algebra
and the Chebyshev polynomials.

The main idea behind of Paige’s algorithm [27-29] is using bidiagonalization algorithm
as a basis for solution of

Ax=b, A e R, BeR".

The solution generated by Algorithm 1 is the minimum Euclidean norm solution of the
computational importance of the algorithms in their application to very large problems
with sparse matrices. In this case the computation per step and storage is about as small
as could be hoped. Moreover, theoretically the number of steps will be no greater than the
minimum dimension of A.

Algorithm 1 Paige’s algorithm

T
205 wo = 0; ,31%1 = b; [C5R%] =A Uui.

(@) & =-§i1Bilo; zi =zi-1 + &V

(b)  0; = (ti-1 = Bibi-1) s w; = wi-1 + ;v
(©  Biuin =Av; — oyu;

(d) 7=-tia0i/Bii;

(€ aiivi =AU - Bravi

() vi=Bir1&il (Binbi — i);

(8) xi=2z—yuw.
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Definition 1 ([30]) Consider two matrix groups, X = (X3, A5,..., Ak) and X = (2?1,2?2,
,..,jk), where X,,)E e RF* forj=1,2,...,k. The inner product (-, ) is

k
(X, X) =Y w(xX). 2

j=1
Remark 1 The norm of X is || X2 := Zle (X7 ).

Definition 2 ([30]) Let L2 [t, tr] and w(x) be the weight function, the inner product and
norm in L2 are defined as follows:

tf 2
- [ foeo s Wgellny)

i
VI =z = [ P @otds eyl

Definition 3 ([30]) A function f : [t,¢] — R, belongs to the Sobolev space Ha’jz if its jth

weak derivative lies in L2 [¢o, tr] for 0 <j < k with the norm

K 3
= (S 1L
j=0

The Chebyshev polynomials are defined on the interval [-1,1] and determined by re-

currence formulae

To(t) = 1, Ti(t) =t,

’1—}+1(t) = 2tT’l(t) - Ti—l(t)» i=1,23,....

These polynomials are orthogonal with w(t) = J11_7 With change of variable

‘o 2 —ty)—h

A ) tofxftf:

where /1 = ty—ty, the shifted Chebyshev polynomials in x on the interval [¢y, ¢] are obtained

as follows:
do(x) =1,
20x—ty)—h
pui = 222D

andfori=1,2,3,...,

—t)-h
din1(x) = %%(@ — ¢i_1(x).
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The orthogonality condition for the shifted Chebyshev basis functions is

y L w, fori=j=0,
| owswped=315, forijzo
0 0, fori#j,
where w(x) = L .
1-(2cto)h?

It is well known that Y = span{@, ¢1, ..., ¢m} is a complete subspace of H = L% [£, ]. So,
f € H has unique best approximation such as y,,, that is,

@)~y =) gayx) = CT D),

j=0

e

— and
117
w

where CT = (¢, c1,...,¢,) such that ¢js are uniquely calculated by ¢; =

®7(x) = (¢ox), p1(), .., P (%)) ®)
For more details, see [31].

Proposition 1 ([22]) Assume that f € Hf;z(to,tf) and Pyuf = Y o ci¢; is the truncated
orthogonal Chebyshev series of f and L,,f is the interpolation of f in the Chebyshev—Gauss
points. Then

min(k,m)__—k
I = Porf N2 g9 < ™S g @
= in(k, -k
IIf _IWEfHLZJ(toJf) < Clprintkim) . V'H(If;z(to,tf)’ (5)
where
k 1/2
_ G) |2
lf'Hf;z(tg,tf) - ( Z Hf HLg;(tovtf)> ’
y=min(k,m+1)

h=tr—tyand C, C are constants independent ofmandf.

The derivative of @ (x), defined in (3), can be given by

dd (x)
dx

~ D (x),

where the (m + 1) x (m + 1) matrix D is called the operational matrix of derivative for the
Chebyshev polynomials in [fo, tf]. Straightforward computations show that each entry of
D = [dijlpme1yx(me1y for i,j = 1,...,m + 1 is defined as follows [32]:

4(i—-1), ifi+jisoddand1<j<i,
di = 7 2(i—1), ifj=1andiiseven,
0, otherwise.
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3 Main results
Let us approximate each entry of P(£) = [p;(£)],x4 in (1) by the Chebyshev polynomials.
Consequently, we have

Pz/(t)f*‘-Az/‘p(t), l‘=1,~up,}‘:1,~~,q, (6)

where A; € R+ are the unknown row vectors and m is the order of the Chebyshev
polynomial. We can write

Py~ A(l, ® (1)), (7)
where notation ® denotes the Kronecker product of two matrixes, .A € R?*7+1) and

A=(Ay), i=1...,pj=1...,q.
Thus

P(t)~ A(l, @ DP(2)). )
By substituting equations (7) and (8) in (1), we derive

A(L, ® DO (1)) = A(t) A(I; ® D(2)) + A(L; ® D(2))B(t) + Q(E) + Ryu(t). )
We discretize the above equation at 7 points &; (1 < i < m) such that R,,(§;) = 0px4. The

selected collocation points are the roots of ¢,,(¢) (the Chebyshev—Gauss nodes in [t, ]).
These m roots that we use as the collocation nodes are defined by

tr — £ 2i-1)m
gl.zf O(COS(l ) +1)+t0, i=1,...,m,
2 2m

which are all in [#o, #]. By replacing &; nodes in (9), we obtain the coupled equations

AC; =DiAE + AFi+Gi, i=1,2,...,m,
where C; = I, ® D@ (&), D; = A(&), & =1, ® (&), Fi = (I; ® D(&))B(&), and G; = Q(&)).
Moreover, from the initial condition we set z(lq ® P (ty)) = P(to) and define & = ty, Co =
Ogtm+1)xqr» Do =1y, Eo = 1, @ D (t0), Fo = Og0m+1)xg» and G = —P(to). Therefore, we may solve
the coupled equations

X'H,»—DiX&:g,», i:O,l,...,m, (].0)
where H; =C; — F;, Gi, D; and X := A. Using the following relation [2]

(AXB) = (BT ® A)(X)

and the operator “vec” which transforms a matrix A of size m X s to a vector a = vec(A)
of size ms x 1 by stacking the columns of A, equations (10) are equivalent to the linear
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system Ax = b with the following parameters:

A =HT @1, - EF @ D; € Rraxpatm+1),

! P fori=0,1,...,m,

x = vec(X) € RPAUDX1 1 p, = vec(G;) € RP¥L,
where A; and b; denote the rows of A and b, respectively, and I, is the identity matrix of
order p. We can solve the above linear system by classical schemes such as Krylov subspace
methods, but the size of the coefficient matrix may be too large. So, it is more advisable
to apply an iterative scheme to solve the coupled linear matrix equations rather than the

linear system.

3.1 Solving the coupled matrix equations
We propose a new iterative algorithm to solve (10), which is essentially based on Paige’s al-
gorithm. Recently, Paige’s algorithm has been extended to find the bisymmetric minimum

norm solution of the coupled linear matrix equations [27]

AlXBl = Cl,

AzXBZ = Cz.

Using the “vec(-)” operator, the authors elaborated on how Paige’s algorithm can be de-
rived. The reported results reveal the superior convergence properties of their algorithm
in comparison to the algorithms derived via the extension of the conjugate gradient
method [29], which was presented in the literature for solving different types of coupled
linear matrix equations. This motivates us to generalize Paige’s algorithm to resolve (10).

For simplicity, let us consider the linear operator M defined as

M RPXAUmED) o RpXa L RPX,
B e

(m+1)-fold

X > M(X) = (Mo(X), My(X), ..., Mu(X)),

where M;(X) = XH;-D;X&;,i=0,1,...,m. Using the above operator for equation (10), we
have

MX) =6,

where G = (Go,G1,-..,G,) and G; € RP*1, i =0,1,...,m. Suppose that the linear operator
D is defined as

D :RPXT x ... x RP*T — Rp*atmtl)

(m+1)-fold

Y= (Y(), Yl,..., Ym) = D(Y),

where D(Y) = Y7 (Y/H] - DI'v:ED).
In Algorithm 2, € is the given small tolerance to compute the unique minimum Frobe-

nius norm, and for computational purposes, we choose € = 10714,
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Algorithm 2 The process of solving matrix equations (10)
Lto=18=-1;60 = 0; Zo = Opx 155 Wo = Zos

B1=1GlI; u =g/
Vi =D(UW); ar = [Val; Vi = Vilay;

2.Fori=1,2,..., compute:
o &=—Bilay Zi=Zi 1+ &V
o 0;=(tii1 = Bibi1)/a; \/Vz =Wi1+6;V;
o UMD = M(V;) = U
o B = 1TV U = (”1)//3”1;
o T = =T/ Bists
o Vi =DWY) - B Vs

o i1 = Vi lls Vier = Vs laga;
o Vi = Bin&il (Bin16i — T);
¢ Xi=Zi-yiW,

3.1 |G - M(X, )|| < € then Stop; Otherwise go to 2.

3.2 Implementing the method
We employ the step-by-step method for solving (1). To do so, we choose s # 0, starting
with xg := £y, Zo := P(xp) and considering the points x; = xy + is, i = 1,2,3,.... On each

subinterval [x;,x;,1) fori=0,1,..., [@] — 1, by solving the following equations

Z'(t) = A@)Z(t) + Z()B(t) + Q(t), % <t <xip1,
Z(x) = Z;,

with the framework described in Sect. 3.1, we consecutively approximate P(t) by Z(t).
Then, to compute the approximate solution Z(f) of P(¢) on the next subinterval, we set
Zi1 = Z(Xis1)-

3.3 Error estimation
We illustrate an error analysis based on the notion employed to the Volterra type integral

equations [33, 34].

Definition 4 Let F(x) = [f;;(x)] be a matrix of order p x g defined on [£, ] such that
filx) e L2 [to, tr]. Then we define

IFlloo = n}z}XILﬁy(x) |2, 1sispls<j=q

Theorem 1 Counsider the Sylvester matrix differential problem (1), where p;; € H f)(x;,xl+1),
hy = % — %, AE) = [ﬂij(t)]pxpr B(t) = [bij(t)]qxq, and Q(t) = [Qij(t)]pxq are given so that
a;(t), bij(t) and q;(t) are sufficiently smooth. Also, assume that P, = ./Tl(lq ® @) denotes the

approximation of P. Furthermore, suppose that My = maX;; maXy,<;<y,,, |a;j(t)| and M, =
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max;; MaXy, <<, |bij(t)|. Then the following statement holds:

p q
7 min(k,m) -1-k
1P = Pyl < CH™ " (’ﬂm “}?X(Mllewlm,w +MzZIPwIH5<x,,xm>)
’ v=1

v=1

—k
o mia}x |pij|H5>(xl7x1+1)> ’

where C is a finite constant.

Proof Integrating (1) in [x;,x] results in

P(x) = / (A@)P(t) + P(t)B(2) + Q(t)) dt + P(x;). (11)

1

For & = x; and the Chebyshev—Gauss nodes &,, 1 < n < m, on the interval [x,x;,1], we

have

&
P&, = / (A@)Pu(t) + Pru(t)B() + Q(1)) dt + P(x)), n=0,1,...,m. (12)

1

From (12), we obtain

&y
P& = / (AE® + E()B(0) dt

x|

Eﬂ
+ / (A@®)P(2) + P(6)B(2) + Q(t)) dt + P(x), (13)

1

where E = [e;],xq = P — P. For L, as the Lagrange interpolating polynomial, we have

m m EVI
S Lu)PuE) = 3 L) ( / (AWE® + E©B) dt)
n=0 n=0 *1
m &n
+ ZL,,(x)(/ (A(t)P(t) + P(t)B(t) + Q(t)) dt + P(x1)>.
n=0 x1

Subtracting this equation from (11) yields

X

> Lu(®)Py (&) - P(x) = / (A()E() + E()B(1)) dt + Ry (x) + Ry (%), (14)
n=0 *

1

where

m En X
Ri(x) = ZL,,(x) / (A@)E(t) + E(t)B(t)) dt — / (A@)E(t) + E(t)B(t)) dt
n=0 X1

X1
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and

X1

m &n
Ry(x) = Z L,(x) ( / (A@®P@®) + P(t)B(t) + Q(t)) dt + P(x,))
n=0

- f (A@®)P(t) + P()B(t) + Q(t)) dt — P(xy).

1

Since P,, is a polynomial of order m, we may rewrite (14) in the form

E(x) = /x (A(E(®) + E@)B(t)) dt + Ry (x) + Ry(x). (15)

Xl

By implying the Gronwall inequality on (15), we have
[Elloc < ClIRy + Ra|oo- (16)

Since A(z), B(t), and Q(t) are sufficiently smooth, for R; (x) and R,(x) we obtain the follow-
ing results. From Definition 4,

[R1 @], = max I Zuf = f iz,

in which f(x) = fx o, aiy (t)ey;(t) + 37, eiv(£)byj(t)) dt. Using (5) for k = 1 and (4), it

X1

can be deduced that

p q
E ﬂiveuj+§ eivbv/'

||Rl(x)||OO < Cihym™ n&a}x

v=1 v=1 2
< Clh;fnin(k,m)Jrlm_l_k
p q
x rr%?x (Ml Z Ip“/|H£3(xl:xz+1) + M, Z |pi“|Hf)(x1vxl+1))' (17)
v=1 v=1
Also, for R,(x), we derive that
R )], = max | Zupy = Pyl
min(k,m)  _k .
< Gk m mi?x |p’/|H,’,S(xz,xz+1>' (18)
Now the assertion can be concluded from (16)—(18) immediately. O

4 Numerical simulations

In this section, we show the application of the Chebyshev collocation method to solve (1).
We would like to point out that at each subinterval [x;,%;,1], i = 0,1,..., Algorithm 2 is
applied. We use the notations

, (19)

Err=max |[Pj - Zijlloo = max max |Py(t) - Z;(t)
ij

i X|SXSXpy

E@t) = |P(t) - Z(¢)

- (20)
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Table 1 Err comparison of the spline method [8] and the proposed method for equations (21)-(22)

Interval
[0,0.1] [0.1,0.2] [0.2,0.3] [0.3,04] [0.4,0.5]
Our method 163806 x 107'2 148828 x 10712 135303 x 1072 1.22071 x 1072 1.11135 x 10712

Spline algorithm [8] 26999 x 1070 51438 x 10710 736 x 10710 938797 x 10710 1.1268 x 107

Interval
[0.5,0.6] [0.6,0.7] [0.7,0.8] [0.8,0.9] [09,1]
Our method 101325 x 10712 925324 x 10713 847024 x 10713 7.77505 x 1073 7.15577 x 10713

Spline algorithm [8] 130572 x 1077 148252 x 107 166579 x 1077 1.86603 x 10° 209601 x 107

where Z(t) = [Zj(t)]pxq and P(t) = [P;(£)],x4 denote the approximate and exact solutions,

respectively.

Example 1 Consider the Sylvester equation [8]

P'(t) = A(t)P(2) + P(£)B(2) + Q(1), 1)
P0)=(,)), telo,1],
where
0 tet 0 t
A(t)=(t 0>, B(t)=<O 0)’
(22)

) = (—et(l +1%) —2tet)

1-tet —£2

with the exact solution

The obtained results of the spline method [8] and our method with m =5, i = 0.1 are

given in Table 1. The results show that our method has fewer errors in comparison with

[8].

Example 2 Consider the periodic Lyapunov equation

P'(t) = A(t)P(t) + P)AT () + Q(2),
20 (23)
P(O):(OI)’ te[O;SO];
where
Al) = 0 1
~\ -10cost -1 -24-10sint )’
(24)

Q1) =

—sint 11cost + 10cos® ¢t —sint
11cost + 10cos? ¢ —sin¢ 48 + cost + 68cost + 20sin’t |
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Table 2 Frr of the proposed method for equations (23)-(24) with h=1

Interval Our method
m=4 m=5

[0,5] 301372 x 107 6.54493 x 107°
[5,10] 129054 x 107 6.23638 x 1076
[10,15] 5.16822 x 107 3.17433 x 107°
[15,20] 3.76287 x 1074 297795 x 1076
[20,25] 439640 x 1074 3.52549 x 107°
[25,30] 487715 x 1074 5.88901 x 1076

Table 3 FErr of the proposed method for equations (23)—(24) with h = 0.1

Interval Our method
m=4 m=5

[0,5] 3.73335 x 10710 165403 x 1072
(5,10 222099 x 1079 210642 x 10712
[10,15] 3.11465 x 1077 2.77084 x 10712
[15,20] 3.77280 x 1079 439272 x 10712
[20,25] 553761 x 1077 5.19905 x 1072
[25,30] 5.82448 x 1077 6.01671 x 10712

Table 4 CPU runtimes of Examples 1 and 2

Interval h m Runtime
Example 1 [0,1] 0.1 5 6.350704534496123
Example 2 [0,30] 1 4 0.7504827271177106
[0,30] 1 5 0.9672017
[0,30] 0.1 4 13.10867849194134
[0,30] 0.1 5 14.811903603279116

The period of the problem is 277. The exact solution of this Lyapunov differential equation

(o) = 1+cost 0. '
0 1+sint

The corresponding numerical results of Example 2 with =1 and % = 0.1 are reported in

is

Tables 2 and 3, respectively.

The CPU runtimes of Examples 1 and 2 are reported in Table 4. For these computations,
we applied the AbsoluteTiming[-] function in Wolfram Mathematica 12 on system with
Pentium Dual Core T4500 2.3 GHz CPU and 4 GB RAM.

5 Conclusions

The Sylvester and Lyapunov equations have numerous notable applications in analysis and
design of control systems. The properties of the Chebyshev basis have been employed to
solve the Sylvester equations by a new framework. The Sylvester differential equations are
useful in solving periodic eigenvalue assignment problems. Our approach converts the
main problem to the coupled linear matrix equations. An iterative algorithm was proposed
for solving the obtained coupled linear matrix equations. Also, an error estimation of the
method was obtained. Numerical experiments have been explained to show the applicably

of our scheme.
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