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1 Introduction and preliminaries

Lately, fixed point theory has become the focus of many researchers and that is due to its
applications in many fields, such as engineering and computer sciences. Also fixed point
theory can be used to solve differential equations along with integral equations [1-14].
M-metric spaces were introduced by Asadi, Karapinar and Salimi, in [15], they are an
extension of a partial metric space. Then some relationships between a partial metric and
an M-metric were investigated in [16]. So, first we remind the reader of the definition of

a partial metric space and an M-metric space along with some other notations.

Definition 1.1 ([17, 18]) A partial metric on a nonempty set X is a function p; : X?> —
[0, +00) such that for all A,¢,z € X

(pil) pi(A, A) =pile,€) = pi(r,€) ifand only if A =€,

(pi2) pi(d, 1) < pi(d,e),

(pi3) pi(r,€) = pi(e, 1),

(pi4) pi(h,€) < pi(X,2) + pi(z,€) - pilz,2).

A partial metric space is a pair (X, p;) such that X is a nonempty set and p; is a partial
metric on X.

Notation 1.2 ([15])
1. ke :=min{K(%, 1), K(€,€)}.
2. M, . .= max{K(x,1),K(€,€)}.
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Definition 1.3 ([15]) Let X be a nonempty set. If the function K : X?> — [0, +00) satisfies
the following conditions:

(1) K(A, 1) =K(e,€) =K(A,€) ifand only if L = ¢,

(2) ke <K(r€),

(3) K(A,€)=K(e,N),

(4) (K €) = ko) < (KA, 2) —kyz) + (K(z,€) = kye),
for all A, €,z € X, then the pair (X, K) is called an M-metric space.

Recently, Mlaiki et al. [19], developed the concept of an Mj-metric space which ex-
tends an M-metric space, and some fixed point theorems are established. Also, M;-metric
spaces are a generalization of b-metric spaces; see [20—-22]. Now, we remind the reader of
some definitions and notations of Mj-metric spaces.

Notation 1.4 ([19])
1. Kpye := min{Kp(A, 1), Kp(€, €)}.
2. My := mar{Ky(x, 1), Ky(e,€)}.

Definition 1.5 ([19]) An M,-metric on a nonempty set X is a function Kj, : X2 — [0, +00)
that satisfies the following conditions:
(1) Kp(X,2) =Kp(€,€) = Kp(h,€) ifand only if A =€,
2) Kye < Ky(he),
(3) Kp(%,€) = Kp(e, 1),
(4) there exists a real number s > 1 such that for all A, €,z € X we have
(Kp(h €) = k) < [ (Kp(X2) — kpi2) + (Kp(2,€) = ki) | = K (2, 2),

for all A, €,z € X. Then the pair (X, K}) is called an Mj,-metric space and the number s is
called the coefficient of the Mj-metric space (X, Kj).

Note that the condition (4) given in Definition 1.5 is equivalent to the following condi-

tion:

(4)" There exists a real number s > 1 such that for all A, €,z € X we have
(Kp(A,€) = kpae) < s[(Kp(h2) — kpiz) + (K (2, €) = Kizie ) ]

forall A,¢,z € X.
Indeed, if we take A = r under the condition (4) then we get

Kp(3 1) = ki = Kp(&, 2) = min{ Ky (2, 1), Kp(2, 1)} = 0
and so we have
0 < s[(Kp(1, 1) — kpp) + (Kp(ho ) = kpa) | = K (A, 1) < —Kp(A, 1),

for z = A. Therefore we get Kj(A, 1) = 0 for all A € X since K(2, 1) € [0, +00).

The concept of extended Mj-metric spaces was introduced in [23], which is a general-
ization of an Mj,-metric space which also generalizes extended b-metric spaces [3]. We
give basic properties of this new space and its relation with some known metric spaces.
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First, we give the following notation.

Notation 1.6
(1) kot)n,e = min{1<a ()\’ )‘-)1 I(ot (6) 6)}
(2) My := max{K, (A1), Ky (€, €)).

Definition 1.7 Let o : X> — [1,+00) be a function. An extended Mj-metric on a
nonempty set X is a function K, : X> — [0, +00) satisfying the following conditions:

(1) Ko(A 1) =Ky(e,€) = Ky(h,€) ifand only if A =€,

2) ko < Kohé),

(3) Ky(r,€) =Ky(e,A),

(4) (Ko(h€) = kane) < a(h, €)[(Ky (X, 2) = Kosz) + (Ko (2, €) — Kaze)],
for all A, €,z € X. Then the pair (X, K,) is called an extended Mj-metric space.

We note that if (%, €) = s for s > 1, then we get the definition of an Mj-metric space.

Example 1.8 Let X = C([a, d],R) be the set of all continuous real valued functions on [, b].
We define the functions K, : X? — [0, +00) and o : X2 — [1,+00) by

Ko (M(8),€(0) = sup [a(6) - y(2)|”

tela,b]

and

a(A(),€(®) = [A@)] + [p(0)]| +2.
Then (X, K,) is an extended Mj,-metric space with the function «.
Now we give the following proposition.

Proposition 1.9 Let (X,K,) be an extended My-metric space and 7, €,z € X. Then we
have

(1) Maje + kane = Ka(X,A) + Ky (€,€) > 0,

(2) Mase = Kape = [Ke (A, 1) = Ky(€,€)| > 0,

(3) Muse —kane <, €)[(Masz = Kaiz2) + (Maze = Kaze)]-

In this section, we give some topological notions on an extended M;-metric space.

Definition 1.10 Let (X, K,) be an extended M,-metric space. Then:

(1) A sequence {),}in X converges to a point A if and only if

lim (Ko (A A) = Kaz,n) = 0.

n—+00

(2) A sequence {A,}in X is said to be a K,,-Cauchy sequence if

hm (1<a ()\‘}17 )"m) - kl)l}»nv)hm)

n,m—>+00
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and

Him (Mas,, — Karim)
n—+00

exist and are finite.
(3) An extended Mj,-metric space is said to be K, -complete if every K, -Cauchy

sequence {X,} converges to a point A such that

lim (Ko (AnsA) = Kg,2) =0

n—+00

and

lim (Mg, — kar,n) = 0.
n—+00

Remark 1.11 If we consider Example 1.8, then it is not difficult to see that (X, Kj,) is a

complete extended Mj-metric space.

Lemma 1.12 Let (X, K,) be an extended My-metric space. Then we get:
(1) {1y} is an Ky-Cauchy sequence in (X, Ky) if and only if {A,,} is a Cauchy sequence in
(X, K2).
(2) (X,Ky) is complete if and only if (X, K?) is complete.

2 Main result
First, we start this section by proving the following theorem, which we consider our main

result.

Theorem 2.1 Let (X, K,) be a complete extended My-metric space and f be a continuous
self-mapping on X. Suppose that there exists p € [0, 1) such that for all ,e € X we have

Ky(fr,fe) <pa(r,e)Ky(A,€). (2.1)

Also, fix Ao € X and define the sequence (1,,) defined by \; = f1;_1. If

1
sup im (A, Ayt Ay A1) < =,
p

m>1 "

and for every A € X we have {a(X, Ay)}n and {o(Xy, 1)}, are bounded. Then f has a fixed
point on X. Moreover, if for every two fixed points r,s € X we have a(r,s) < i, then the fixed

point is unique.
Proof Using the sequence as defined in the hypotheses of the theorem and (2.1)
1<oz ()‘nr )\n+1) = I(oz (f)\n—lyf)\n)

=< pa ()Ln—ly )Ln)l(a ()Ln—li )Ln)

=pa ()“n—ly )\'Vl)1<0t (f)\n—Zr )"n—l)
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= Pza()hn—ly An)ot (A2, A1) Ky (Mp—25 A1)

n
<" [ Gicr, 1)Ka (o, 11)-
i=1

Now, consider n,m € N where m > n. Then

KoMy M) = ey < 0 (s )\m)[([<a()\m Mni1) = Kaipioner )
+ (Ko (ns1s 2m) = Karyriom) |
< &ty M) [ Kee Mo A1) = K |
+ (s A (X1, )»m)[(Ka()\nu,)\mz) = Kathps1mss)

+ (I(Ot ()\n+2r )\m) - ka)\n+2,)»m)]

m-1 i

< Z l_[ o (X ) [ Ko (his A1) = Karpigs |
i=n j=n
m-1 i
< Z 1_[ o (g o) [Kar(his A1) |
i=n j=n
m-1 i . i
S Z l_[ a()‘j: )\m)pl 1_[ Ol()‘s—lx }“S)I<Ot ()‘0; )\‘1)'
i=n j=n s=1

Now, let

i i
L= [ [y amp' [ [ erer ) Ka(ho, 1),
j=n

s=1
then
i+1 i+1
Tixi= [ Tty hnp' [ ] @ Gron, 2)Ka (o, 1)
j=n s=1
Thus,
F,
l—+} = a(A'i+17 )\m)a()\nl,)\-i)p-
I3
Therefore
. 1—‘i+l .
sup lim =psuplima (A, A)a(ri, X)) < 1,
m>1 1 i m>1

which leads us to conclude that (A,) is K,-Cauchy sequence. Since (X, K,) is a complete
extended Mj-metric space, we deduce that (1,) is convergent in X to some u € X. Note
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that Ko, < Ky (1, fu) and
I(a(urfu) - kotufu = a(u,fu)[(Ka (M’ )\n) - kau,kn) + (]<a ()‘nrfu) - ka)m,fu)]-

Since f is continuous and taking the limit in the above inequality we deduce that

I<a(u’fu) = kaufu'
Now, without loss of generality we can suppose that My, s, = Ko (4, ).

Maknfkn = I(a ()\m )\'}’l) = pa()"n—l: )Vn—l)1<ot ()\n—lx )\n—l)

E Pza ()\‘Vl—lr )\n—l )a()\n—Z’ )\n—2)1<oz ()"n—Z: )\‘71—2)

n-1
<p" l_[ o (Ai 1)Ko (Ro, Xo).
i=0

Taking the limit on both sides as # — +00 we have
My = 0.

Finally, since K (i, fit) = Kyu i < Moufe = 0 and since Ko (fu, fu) = ko fui» it is easy to con-
clude that fu = u. That is, f has a fixed point. Now,assume that f has two fixed points say
s,r € X, thatis, fs = s and fr = r. Thus,

Ky (s, 7) = Ky (fs, fr)
< pa(s,r)Ky(s,r)
<p~11(a(sﬁ V)
p

=Ky(s,1),

which implies that K, (s,r) = 0, therefore K,(s,r) = ks,, = 0. Now, we may assume that
My, = Ky(s,5), hence K, (s,s) = Ky (fs,f5) < pa(s,s)K,(s,s) < Ky (s,s). Hence, K, (s,s) = 0,
which leads us to conclude that

Ko(s,1) = kapy = M,

Qr,s

=0
and that r = s as required. 0

Example 2.2 Let X = [0,1] and let f: X — X defined by

A
SO =

Then f has a unique fixed point.
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Proof Forall A,e € X, let K, (X, €) = # and a(X,€) =1 + A + €. An easy argument shows
that (X, K,) is a K,-complete extended Mj-metric space. Also we have

(fr +f€)2 (2k2/\ + 262 )?
K, (fA,fe) = == +o€
(fr.fe) 5 5

2
<1(k+e)
4 2

(A +€)?

1
<—-(1+A
< 4( +A+€)
1
= —a(A, €)Ky (X, €).
4
Hence,
1
Ky(fAr,fe) <pa(r,€)Ky(r,€), wherep= x

Now, by induction it is not difficult to deduce that

A

Ao =f"(A) = 7 0

for all # € N. Thus,

lim a(hAy) = lim a(A,A)=1+A.
n—+00

n—+00

On the other hand,
li My M) (Myii1s Ayp) 1 >
sup lim a(X,, o , =su —
m;i s 100 n Nm n+lrn m;; om 4 (ZZIZI 2/())"
A
=1+
2+ 2A
1
<2<4=-.
V4

It is not difficult to check that f: (X, K,) — (X, K,) is continuous. Finally, note that f sat-
isfies all the hypotheses of Theorem 2.1. Therefore, f/ has a unique fixed pointin X. [

Theorem 2.3 Let (X, K,) be a complete extended My-metric space, and let f be a contin-
uous self-mapping on X. Assume that there exist a, b € [0, +00) with

. ﬂa()‘m}m—l)
Iim ———«<1
no1-— ba()‘-m)\rwl)

and
( ) —— h —_fn
o )\.n,)»n < , wnere )\n )»0.
+ a+b

K (f1,fy) < aa(h, fAKy (A fA+ ba(e, fy)Ky(€,1), then f has a unique fixed point in X.
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Proof Let A € X and define the sequence {A,} as follows:

A1 =f2o, A2 =fh =f7ho, cees Mn =fhn1 =f"Do,

We prove first that

a()‘u}‘-z 1)
Ko(hns hons) < " ]_[[1 by | Ko G-

To this end, let n € N*, then

I<a ()‘nr )\'VH-I) = I(a (f)\n—lyf)\n)
E ﬂOl n— lyf)"n 1)I< n— l»f)"n 1) + ba()‘nrf)‘-n)1< ()"mf)“n)

= ﬂa()‘n—l: )\n)1<ot ()\n—l: )\n) + ba()"nr )\‘VH-I)I(G( ()Wn )"n+1)'

Hence,

a(}‘mkn—l)
Ky(Xys A <a——F— Ky (A, Ay
(x( n n+1)_ l—bd()nn,)\m.l) a( m 'n 1)
a()‘-n:)‘-n—l)
=a————— K, (f A1, f Ane
1—b0t()»y,,)»n+1) a(f n lf n 2)
2 a()‘m)‘-n—la()\n—b)"n—ﬂ

= A= b0 Gon A )L = betGop 1, )

I(a (A'n—ly )\n—2)

IA

<a

T |: a(rihic1)

————— Ky (Ao, A1).
l_ba()\i¢)¥i+1)i| (o 11)

ac(Apry—1)

Since lim,, - Dol < 1, it follows from the ratio test that

o0
Z 2 ﬁ a(dyAiz1)
. 1 L= ba(hi, i)

converges, which implies that K, (1, 1,,.1)converges to 0.
Next, let 1, m € N*, then

I<oz ()\ny Am) = I(oz (f)w—bf)‘m—l)

< ao(Ap-1, M) Ko (An-1, An) + bt M1, f 2n) Koo M1, ).
By the above inequality, we deduce that K, (1,, A,,)converges to 0. Since
Ketpion 3= 0000 (Ko (A A)s Koy Orrms 2m)) < Koy (hns M),
we conclude that

llm (I<a ()\nr )\'m) - ka)»m»)»n) =0.

1,/m—>+00
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Now, without loss of generality we may assume that
Moy 2= MaX (K Gty o)y Ko Gy M) = Koo ).
Hence, we obtain

Marin = Karpmpn < Masppin
= [<a ()‘-m )\n)

= ((,l + b)a()"n—lj )Wl)l(ot()"n—lr )\'ﬂ)
Taking the limit of the above inequality as n — +00 we deduce that

lim  (Mas,, 0, — karpin) = 0.

n,m—>+00

Thus, the sequence {1,,} is a K, -Cauchy sequence. Since (X, K, ) is a K,-complete extended
b-metric space, we conclude that {4,} converges to some w € X, and so {fA, = A,;1} con-
verges to w € X. On the other hand, by the hypotheses of the theorem (f : (X, K,,) = (X, K,)
is continuous) it is not difficult to conclude that {f1,} converges to fw € X. From Lemma
3.3 in [23], we have

K, (a);fw) - kotwfa) =0.
Then

Ko(o,fo) = Ko (fo,fo)
< aa(w,fw)Ky (0, fo) + ba(o, fo)Ky(o,fw)
= (a + b)a(w, fw)Ky(w, fw)
<Ky(o,fo).

Hence

Ky(w,fw) = Ky(fo,fw) =0.
Similarly to the above we have

Ky (fo,f*0) = Ko (fPw,f?w) = 0. (2.2)
Since (X, K, ) is an extended b-metric space, it follows that

ffo=fo.

We deduce that o’ = fw is a fixed point of f. Finally, to show uniqueness assume that there
exists another fixed point of f, say u. By the contractive property of f we have

K, (u, a)/) =K, (fu,fw/)
< aa(u, fu) Ky (u, fu) + ba (a)/,fa)’)K,x (a/,fa)’) .
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From (2.2) we get
K, (u, a)’) < aa(u, fu)K, (u,fu).
Hence,

K, (u, a)’) < aa(u, fu)K, (u, fu)
= ao(u, fu) Ky (fu, fu)
< aa(u,fu)[(a + b)a(u,fu)]](a(u,fu)

< aoz(u,fu)[(a + b)oz(u,fu)]nl(o,(u,fu).

Since (a + b)a(u, fu) = (a + b)a(fu,f*u) < 1, it follows that [(a + b)a(u, fu)]" converges to 0.
So Ky (u, ') = Ky (u,u) = 0. By (2.2) we have

K, (u, a)') =Ky (u,u) =K, (w’, w') =0.
Thus, f has a unique fixed point as required. O

3 Application
Consider the set X = C([0, 1], R) and the following Fredholm type integral equation:

1
X (t) = / G(t,5,4'(t))ds, fort,s€[0,1], (3.1)
0

where G(t,s,%'(t)) is a continuous function from [0, 1]? into R. Now, define

K,: XxX—R

lx'(®)] + |y(t)|>
e o ()

Note that (X, K,) is a K,-complete extended Mj,-metric space, where
alx,y) =1+ sup (|x’(t)| \y(t)|).
te[0,1]

Theorem 3.1 Assume that for all x,y € X:
(1) |Gt 5,4' )] + Gt 5,()] < p(L + sup,cpo &' Oy D% @)] + |y(£)]), for some
1
P €10 G e s
(2) Gl(t,s, fol G(t,s,x'(t)) ds) < G(¢,s,4/(2)) for all t, s.
Then the above integral equation has a unique solution.

Proof Letf: X — X be defined by fx'(¢) = fol G(t,s,%'(¢t)) ds, then

K, (fx,fy) = sup

te[0,1]

. .
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Now we have

@1+ 5O _ 1 fy Clts,x©)ds] + | fy Gltrs,y(6)) ds|

2 2
_ L IGLsx @)l ds + [y 1G®sy(t))] ds
N 2
_ (G52 @) +1G(s,y(0)) ds
2
_ Jo PO+ supcpo (X @YD 0)] + (@)]) ds
B 2
< pa(x, y)Ky (%, y).

Consequently, K, (fx, fy) < a(x,y)Ky(x,7). On the other hand, let n € N* and x € X, then

1

()0 = £ (75 (0)) = /0 Gty % (1)) ds

= /1 G(t,s.f(f"2x)(t)) ds
0

1 1
- (G(t,s, [ G(t,s,(f"—Zx'(t)))>ds
0 0
1
y / C(t,5 (7% () ds = (F5(0).
0

Thus, for all £ € [0, 1] we find that (f"x'(¢)), is strictly decreasing and a sequence bounded
below, and so it converges to some /. Since (f,), is a monotone sequence, it follows from
the Dini theorem that sup, |f"«'(¢)| converges to some ' < sup, ; |G(Z,s,x'(t))|. Observe that
a(f"x,f™(x)) = 1 + sup, [f"x'()||[f"¥'(¢)| converges to 1 + I <1+ (sup, |G(t,s,%'(£))])*. So

supli;noz(f”x, () )or (", S (2)) < (1 + (sup|(Gr(t,s,ac’(t))|>2>2 < 1%

Now, note that all the hypotheses of Theorem 2.1, are satisfied and thus Eq. (3.1) has a
unique solution. d

4 Conclusion

In closing, note that in this manuscript we proved fixed point results for mappings that
satisfy more general contractions, which generalizes many results obtained for mapping
satisfying Banach contraction and by taking a(A,€) = 1 for all A, € € X in Theorem 2.1.
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