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1 Introduction

During the recent decades, initial and boundary value problems have been used in investi-
gating natural processes in the world around us. The wide variety of such boundary value
problems has attracted the attention of many researchers to study various phenomena us-
ing mathematical tools and computer simulation software. In other words, some recent
publications show the importance of fractional differential equations in modeling of a va-
riety of applied sciences (see, for example, [1-9]) and numerical computations (see, for
example, [10—15]). One of our aims in this work is extending theoretical field in order to
increase our abilities in finding more effective applications on chemical reactions. If we
can do so, computer software engineers will be able to produce some software in the fu-
ture using which everybody could do chemical experiments without the use of minerals,
and this will help the environment.

The fractional calculus plays an important role in this regard. By using some techniques,
we can solve the mathematical modelings described by the fractional differential equations
and obtain the corresponding solutions and then analyze the qualitative behaviors of a
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solution function under given boundary conditions. Existing works for such problems in
general setting can be seen in the numerous published papers (see, for example, [16-51]).

The graph theory is a relatively new area of mathematics in which we are concerned
with networks of points connected by lines. This structure can be found in many real
constructions in the world around us. In other words, by development and expansion of
some dynamical and industrial systems such as gas transmission lines, water pipelines, the
expansive growth of computer networks, structure of molecules in medicine and biology,
etc., new descriptive models have emerged for studying the related processes designed
by specialists of these fields. Due to the graph structure of these networks, the study of
mathematical models described by ordinary or fractional differential equations on graphs
was considered. In fact, boundary value problems on a graph are defined as a problem
consisting of a system of differential equations on the given graph with certain boundary
conditions on nodes.

The starting point for the theory of differential equations on graphs is related to a work
of Lumer in 1980 [52]. He investigated general evolution equations on ramification spaces
by using local operators defined on such spaces. With a similar structure, Nicaise studied
the propagation of nerve impulses [53]. In 1989, Zavgorodnij considered boundary value
problems for linear differential equations on a geometric graph where solutions of the
problem were coordinated at the interior vertices [54]. He constructed an adjoint bound-
ary value problem and obtained a self-adjointness criterion [54]. In 2008, Gordeziani et al.
discussed the existence and uniqueness of solutions for ordinary differential equations on
graphs [55]. They used the double-sweep method for solving the boundary value problem
and presented a numerical approach.

In most of the mentioned works, differential equations are considered on a graph, and
solutions of them are obtained by computational and numerical approaches. But there are
limited works in fractional boundary value problems on graphs in which the existence of
solutions is proved by some techniques in fixed point theory [56, 57]. The first work in this
regard is related to a paper of Graef et al. [56]. The authors introduced a star graph G =
V(G) U E(G) consisting of three vertices and two edges with V(G) = {vo,v1,v2} and E(G) =
{e; = vl_vz,ez = 1/2_1/3}, where vy is the junction node and e; = vi_vB is the edge connecting
nodes v; to vp with length /; = |vi_vz| for i = 1,2. On each edge ¢; = vi_vg, a local coordinate
system with origin at vertices v; and v, and the coordinate ¢ € (0,/;) is considered. Graef
et al. defined a system of nonlinear fractional differential equations on each e; = vive by

—Dgui(t) = g,‘(t)hi (lf, M,'(If)) (l =1,2,t€ (0, l,))
with boundary value conditions
w0 =ux0) =0, ) =ub),  Dyui(h)+Dyus(ls) =0,

where o € (1,2], B € (0,), g; : [0,/;] — R are continuous functions with g;(£) #0 on [0, /;]
and also #; : [0,/;] x R — R are continuous functions. Two fractional operators D§ and Dg
denote Riemann-Liouville fractional derivatives. The Banach contraction principle and
the Schauder fixed point theorem are applied to establish the existence results by authors.

In 2019, Mehandiratta et al. generalized the work of Graef to the case of a star graph
consisting of n + 1 vertices and #n edges [57]. Indeed, the authors considered a general star
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graph G with V(G) = {vo,v1,...,v,} and E(G) = {e; = 1/1—VB,€2 = Vz—vg,...,en = m}, where
l; = |Tvo| is the length of each edge e; connecting vertices v; to vy (i = 1,2,...,n). The
authors investigated the following boundary value problems on each edge of the star graph
G given by

“Deuy(t) = filt, ui(t), “DEui(t))  (i=1,2,...,n,t€(0,1)),
u;(0) =0, w(ly) =ui(ly) G #)), (1)
> ui(l) =0,

where « € (1,2], B € (0, — 1], f; : [0,/;] x R x R — R are continuous functions and
D} denotes the Caputo fractional derivative of order y € {«, 8}. They used transforma-
tions x = % € [0,1] and z(x) = u(t) = u(lx) for ¢ € [0,/;] and proved the relation “Df u(t) =
17%(°D§ z(x)). Then, by applying these transformations, the system of fractional boundary
value problems on graph (1) converts into the following system of fractional boundary
value problems on the unit interval [0, 1] given by

“DYzi(x) = 2hi(x%,2:(x), ;P Df zi(x))  (x € [0,1])

with boundary conditions z;(0) = 0, z;(1) = z;(1) fori #jand >/, I71Z/(1) = 0, where z;(x) =
u;i(lix) and h;(x, u, w) = fi(lix, u,w) fori=1,2,...,n.

Motivated by the aforementioned works, our aim is to generalize the above boundary
value problems to a new problem on the ethane graph which is a general graph with respect
to star graphs. More precisely, by considering the ethane graph with labeled vertices by
0 or 1 (see Fig. 6), we investigate the existence of solutions for the nonlinear fractional
boundary value problem

DY ui(t) = hi(t, ui(8), u(t)) (¢€[0,1],i=1,2,...,7),

Mui(0) + doui(1) = hs [y wi(s)ds,  Aasf(0) + Aasel(1) = Az [y ui(s) ds, @
where 9 € (1,2], A1, A2, A3 €R, CDg denotes the Caputo fractional derivative and functions
h;:[0,1] x R x R — R are continuous for i = 1,2,...,7, where n = 7 is the number of edges
of the graph representation of ethane with |e;| = 1.

The boundary conditions in this problem show that the linear combinations of values of
the unknown functions and their derivatives at two ends of each edge are proportional to
a multiple of the integral of the unknown functions. Also, it is notable that the obtained
solutions for the fractional boundary value problem (2) can be interpreted in different
practical meanings of the organic chemistry. In other words, every solution function u;(t)
on an arbitrary edge e; may indicate an amount of the bond energy, the bond strength, the
bond polarity, etc. This could lead to valuable applications in chemical reactions theory.
Hence, we claim that this abstract idea could be useful for young researchers in their future
work.

This paper is arranged as follows. In Sect. 2, some primitive notions for labeling the
ethane graph by 0 or 1 are explained. Moreover, some necessary relations on the fractional
calculus are recalled. In Sect. 3, the main existence results for the nonlinear fractional
boundary value problem (2) are proved by known fixed point theorems. In the end of the
paper, an example is provided to illustrate the validity of results.
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Figure 1 A sketch of the star graph G with two edges
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Figure 2 A sketch of the star graph G with n edges

Vs

Figure 3 A sketch of the non-star graph G with more than one junction node

2 Preliminaries

In this section, we provide some primitive concepts about the new class of fractional
boundary value problems (2) on the ethane graph. For this, we first state two important
points about the used methods in [56] and [57].

(1) In both articles, the authors assume the graph G as a star graph consisting of one
junction node vy (Figs. 1 and 2), while in general cases, the graph G may not be in the
form of a star graph and may have a general structure with more than one junction node.
For example, see Fig. 3 where there exist five junction nodes.

(2) In both articles, the authors consider the length of each edge to be the variable values
le;| =1 fori=1,2,...,n, where n denotes the number of edges for the graph G. Next, they
convert [0, /;] into a unit interval [0, 1] by using a change of variable for the normalization

Page 4 of 20
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Figure 4 A sketch of the general graph G with labeled vertices

Figure 5 A sketch of the graph representation of ethane
(CoHe)

o ©
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of the length of all edges, while from the beginning, one can consider the length of all edges
to be fixed value |e;| = 1 without specifying boundary vertices of each edge as the origin.
For this purpose, we propose a new method for labeling vertices. In this case, we can assign
two labels 0 or 1 to each vertex of a graph. In other words, the label of each vertex depends
on the direction of the corresponding edge. When we move along an arbitrary edge, the
label of the starting vertex and the ending vertex are considered values 0 and 1 and vice
versa. Hence, some vertices may have two labels 0 and 1 simultaneously, and the origin of
each edge is not fixed, and it changes whenever the direction of the movement along the
edge is changed. By this rule, we do not need to normalize the length of each edge by using
the specific transformation, and also we are free to determine one of two vertices of the
corresponding edge as the origin. For example, see Fig. 4 illustrating one of the possible
cases for labeling. In this graph, we begin to move along edges from the blue vertex in the
first step.

In this paper, we are going to study some existence results for a system of fractional
differential equations on the ethane graph. We represent the ethane molecule as a graph
with labeled vertices by 0 or 1. As you know, ethane is a chemical compound of hydrogen
(H) and carbon (C) with chemical formula CyHg (see Fig. 5). Ethane is the simplest hy-



Etemad and Rezapour Advances in Difference Equations (2020) 2020:276 Page 6 of 20

Figure 6 A sketch of the graph representation of ethane with
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drocarbon that contains a single carbon-carbon bond. We consider atoms of hydrogens
and carbons as vertices of the graph and also the existing chemical bonds between atoms
are considered as edges of the graph. This molecular graph is not a star graph, and so the
method proposed in articles [56] and [57] for assigning the origin at boundary nodes ex-
cept the junction node vy will not be useful because this graph has more than one junction
node. Thus we have to use a different method. We can label vertices of the above graph in
the form of labeled vertices by two values 0 or 1 and consider the length of each edge to
be unit value /; = 1 (see Fig. 6). For more complicate graphs, one can use doubled indexing
for nodes of graphs.

Hence, in view of the ethane graph with labeled vertices by 0 or 1 as above, we can
perform our purposes on the existence of solutions for the nonlinear fractional boundary
value problem (2).

Now, we recall some basic notions and properties about the fractional calculus. Let
¥ > 0. The Riemann-Liouville fractional integral of a function u : [4,b] — R is defined
by

t .
Igu(t) :/(; %u(s)ds

provided that the right-hand side integral exists [58,59]. Let n—1 < ¥ < n. Thenn = [¢] +1.
The Caputo fractional derivative of a function u € C"([a, b],R) is defined by “Diul(t) =

Ot (t;s()::ggl u"(s) ds provided that the integral exists [58, 59]. It has been proved that the
general solution for the homogeneous fractional differential equation “D u(t) = 0 is in the

form u(t) = by + bit + bit> + --- + b%_;""!, and we have

n-1
I (“Dyu(t)) = u(t) + Y bt = ult) + by + bt + bt* + - + b,y t",
j=0

where b,...,b}_; are some real constants [60]. We need the next results which are known
as Schaefer and Krasnoselskii fixed point theorems, respectively.
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Lemma 1 ([61]) Let X' be a Banach space and Y : X — X be a completely continuous
operator. Then either the set {u € X :u = uT u,u € (0,1)} is unbounded or the operator T
has at least one fixed point in X.

Lemma 2 ([61]) Let £ be a closed, bounded, convex, and nonempty subset of a Banach
space X. Let Ty and T, be two operators such that Yiu + T,v € € whenever u,v € &, 11 is
compact and continuous and 1, is a contraction map. Then there exists w € £ such that
w=T1w+ 1ow.

3 Main results

In this section, we prove our main results on the ethane graph (Fig. 6). In this way, we con-
sider the Banach spaces &; = {u; : u;, u; € C[0, 1]} with the norm ||u;|| x, = sup,co,1 lu:(2)] +
SUP,c(o.) 14;(¢)| fori=1,2,...,7. Note that the product space X' = (X, A3, ..., A7) equipped
with the norm ||z = (u1, to, ..., u7)||x = Zill i1l x; is a Banach space.

Lemma 3 Let ¢1,...,¢7 € C[0,1]. Then u} is a solution for the boundary value problem

“Dyui(t) = ‘/’i(t) (telo, 1])

(3)
A1 (0) + Aoy (1) = Ag fo s)ds, X1u(0) + Aau}(1) = A3 fo u;(s)ds,

if and only if u} is a solution for the following fractional integral equation satisfying the
boundary conditions:

t (t_s)ﬁ—l
w(t) = /0 e ds

Al—kzkg(kl+kz—kg)t/ (1-s)?1!
M +ra—23)A F(ﬁ)

Az =do(h + Ao —23)t [P (1-
+ (p,»(s) ds
()»1 + )\.2 — )\,3)/1 19 1)

@i(s)ds

Az + (A1 + Aa)Az(A1 + Ay — A3) 1:1’1
L As (A1 +A2)A3(A1 + Ay 3// ) oi(z)dr ds, @)
(A +A—-23)A
where
9 19 3 1
A= )\.1 + )\.2 + 2)\.1)\.2 - EAIAS - EA.Z)\.S 7’0,
_ § 2 1 2 52 3 2 §
Al = )\.2)\3 - )\'2)\'3 - )Ll)»z - )\2 - 2)\,1)\2 + )\1)\.2)\3,
2 2 2
2 .3 3. 1 L 5
A2 = )\1)\2 + )\.2 — 5)»2)\,3 — 5)»1)\,2)»3 + 5)\2)\3,
Az =233 + Mdods — A1AL
Proof Let u be a solution for the fractional problem (3) (i= .,7). Then there exist

constants bo , b € R such that ] (f) = T8 pilt) + b + b t. In other words,

t (t _ 3)19—1

i “Fy s b + bVt (5)

u;(t) =
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Thus, ¥ (t) = fo ; gﬂlj @i(s)ds + b(li) and so

-1
_ 1
/ s)ds-/ / (SF(TZ; pi(r)drds + b + ).

By using the boundary conditions, we obtain

0 _ Ay -9t
bo = (A1+A2—A3)A/ Ty s
(1 S)ﬂ -2
o )»2 —xg)A / p#ils)ds

As s—7)0-1
* ()\1+)»2—)»3)A/0 /o ry wmdrds

and

b ok / (1- )191 (5)d Aa(A1 + Ay — A3)
l

r) e A
(1-s)"2 (M +Ars [P [S(s-1)"!
/ 19 1) )d5+ f A A W(/)i(f)df ds.

Now, by substituting the values for bg) and b(li) in equation (5), one can find that # is a
solution for integral equation (4). For the converse part, by using some direct calculations,
one can see that u] is a solution for the fractional problem (3) whenever # is a solution

for integral equation (5). This completes the proof. d

Now, by considering Lemma 3, define the operator 7 : X — X by
T(Ml, Uzy.n.y L{7)(t) = (Tl(ul, Udyeuey Ix[7)(lf), ceey T7(I/L1, Udy.ons M7)(t)), (6)

where

t _ \o-1
7?(”1,”2,..-;“7)(75):‘/0 %

Ay = dohg(Ay + A2 —A3)t L (1—5)"! /
(M +Ay—2r3)A /(; @) hi(s, ui(s), uj(s)) ds

Ay —do(A1 + Ao — A3)2t 1-5)?2
VIR || e e
1+ A —23)A
As + (A1 + Ao)dz(h + Ao — A3)t
)\,1+)\2—)\3)A

(
// SF(UQ) (7, wi(x), w(x)) dr ds

hi(s, ui(s), uj(s)) ds

Page 8 of 20
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forall £ € [0,1] and u; € X;. Put

e 1 s [ A1] + [Aal|A3][A1 + Ao — A5
O @ +1) A+ A —A3||AIT @ +1)
| Ag] + [A2| (A1 + Ay — A3)?
[A1 + Ag = A3||A|T (D)
[A3] + |41 + Aol [A3]|A1 + Ag — A3]
M+ Ao —Asl|AIT@ +2)
P T MallAsllAs + A2 — 23] Aol (A1 + Ao — A3)?
VUL®) A= AsllAIT(@ +1) Ay + Ao — A3l AT (D)
[A1 + Aol|As]|A1 + Ao — Ag| @)
A1+ Ao —As||AIT(® +2)
Ar . 1ALl PallAs[1A1 + Ao — s s | Ag| + [Aa|(h1 + A — A3)?
YU A =Asl|AIT@ 1) A+ Aa = As||AIT(9)
[Az] + [A1 + Aal[Az||A1 + Ap — A3
A+ A2 = As||AIC (O +2)
Ar o P2llAslIA + A2 — 25 Aol (M1 + Ag — A3)?
2

+
A1+ A2 = A3||AIC (D +1) Ay + Ao — A3]|A|T(D)
[A1 + Ao||A3||A1 + Ay — A3]
A1+ Ao = A3]|AIT (S +2)°

Theorem 4 Let hy,...,h7 : [0,1] X R x R — R be continuous functions. Assume that
there exist constants L; > O such that |h;(t,u1,u;)| < L; for all u1,u; € R and t € [0,1]
(i=1,2,...,7). Then the fractional boundary value problem (2) has a solution.

Proof By considering definition of the operator 77, it is clear that the fractional boundary
value problem (2) has a solution if and only if 7" has a fixed point on the product space
X =X x --- x A;. First, we show that the operator 7" is complete continuous. Since the
functions #;,...,h; are continuous, the operator 7" : X — X is continuous. Let M be a

bounded subset of X and u = (41, us,...,u7) € X. Then we have

)] = [ (s 9, (9) |
u(t)| < Ty i(s,ui(s), u(s)) | ds
A Aal|Azl|A1 + Ao — A3t 1-s)?-1
[A1] + [A2l[A3[|A1 + Az — A3 / (1-5) |h(sul( )|ds
[A1+ Ay —A3]|Al
A Aal(A1 + Ao — A3)t 1-s)?2
[Aal + [Aal (A1 + Ao — 23)% [ ( S) (5, 14), () i
A1+ Ay — A3]| A o I'(@-1)
. [Az| + A1 + Aa|[A3]|A1 + Ao — A3t
|)»1+)»2—)»3||A|
// 1"(19) hi(7, ui(t), (7)) | dr ds
Le-s)Pt | A1l + A2l As] A1 + Ao = Al [P (1- S)ﬂl
< L;ds+ L;d
o TI'(®) [A1+ A —A3]|A] )

| Aol + [Aal(M +Ap = A3)%E [ (1-5)"72

Ll‘dS
A1+ Ao — A3l Al o I'@-1)

Page 9 of 20
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[As] + A1+ Aal|As]|A + Aa = Asle [ [ (s—7)"!
+ —I;dtds
[A1 + Ay — A3||A] 0 r)
<7. 1 . [ A1l + [A2l|A3]|A1 + Ao — A3]
TN T@W+1) A+ —As||AIT(® +1)

| Ag] + Aol (M1 + Ag — A3)? . [Az| + A1+ Aal|A3][A1 + Ao —)»3|:| LK
A1+ Ao = A3||AIT(D) A1+ A2 = A3]| AT (D +2)

for each ¢ € [0, 1], where KC§ is given in (7). Also, we have

=

t(t_s)z9—2 ,
t)| < \ m|hi(s,ui(s),ui(s))|ds
AallAs||A1 + Ao — A L1-s)?-t
[A2l|A3[[A1 + Ag — A3] (1-53) |hi(s,ui(s),u;(s))|ds
A1+ 22 =23llAl Jo  T'(D)
+|Aal(A + Ao —A3)? 1 (1—s)"2
s [A2l(A1 + Ao — A3) /( ) (s, i), 1(s)) | s
A1+ =231Al Jo (@ -1)
Ao+ Aal|Asl AL+ Ag — A —1)?-1
[A1 + A2]|As] AL + Ao 3|/ / 7)|hi(r,ui(f),u;(r))|dfds
[A1+ Ao — A3 A] 0o Jo T'(®)
-7 1 . [A2l[A3[|A1 + Ag — A3]
“TLC®) A+ he = A3||AIT (W + 1)
[Aal(A1 + Ay — A3)? . [A1 + Azl|A3]|Aq +)»2—)Ls|] ic*
A1+ A2 = A3||AIC(D) A1+ A2 — A3|| AT (D +2) o

forall ¢ € [0, 1], where K7 is given in (7). This implies that || Y;u(t) || x, < L;(XCi + K7). Hence,
1Y u®)||x = 21'7:1 1u()ll A, < lel L;(ICs + KF) < 0o. This shows that the operator 7 is
uniformly bounded. Now, we prove that the operator 7" is equicontinuous. Now, let u =
(u1,us,...,u7) € M and £, t, € [0, 1] with #; < t,. Then we have

| Tiu(ty) - Yiu(ty)| < /Otl (Rt (— (t1—s)"] I

) u;(s), uj(s))| ds

ty (t _ )79—1 ’
[ s o)

[A2l|Azl|A1 + Ay — Az|(f2 — 1) (1—5)19 1
+ (s,u(s )‘ds
[A1+ Ay = Az]| A r )
IAal(A1 + Ay — A3)(t2 — 1) —s)’~ 2| (s, :(5), ] (s))|ds
[A1+ A2 = A3]| Al 0 F(ﬁ—l)
N [A1 + AallAs] A1 + Ao — As|(t2 — t1)
[A1+As = A3|| Al

L oprs (s— 7)1 /
X /0 fo Tﬂ)}hl(r,ul(r), ui(f))| dr ds.

The right-hand side of the inequality converges to zero independently of u € M as t; — ¢,
Similarly, we have

f 02 (4 02
[ty - ryue)] = [T O s o)) ds

ty (t
+/r1 ﬁw (5, 26105) 1) | .

Page 10 of 20
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Again, the right-hand side of the inequality converges to zero independently of u € M as
t; — tp. Hence, || Y u(t;) — Tu(ty)|| x — 0as t; — t,. This shows that 7" is an equicontinu-
ous operator on the product space X. Now by using the Arzela—Ascoli theorem, one can
conclude that 7" is a completely continuous operator. Here, consider the subset

2= {(ul,uz,...,m) € X :(ur,uz,...,u7)=uY (U, by, ..., u7), L € (0,1)}
of X'. We prove that 2 is a bounded set. Let (i1, u3,...,u7) € £2. Then

(ulr Ugyeoey M7) = MT(MD Ugyeuey M7)1

and so u;(t) = uY;i(uy, uy,...,u7) forall £ € [0,1] and i = 1,2,...,7. Thus,

tp -1
lui(0)| < u[ /0 o (5 i), 149)) | ds

ro)
A Aollhallis 4 Ao — Aalt £1(1—=s)01
. 1|+||A 2l|;|| ;+||A2| 3| / (F(Sl;) |1 (s, 1i(s), )(s)) | ds
1 2 — A3 0
Ag| +Aal(M + Ao = 23)%t (1 (1 —5)"72
| 2||1| +2|)E 1+}L |2|A| 3) (F(;) 5 |hi(s, ui(s), uj(s)) | ds
1 2~ A3 0 —
+ [As| + [A1 + Ao|[A3||A1 + Ay — A3t
[A1 + A2 — A3]| A

//(S_T)ﬁl (r u (1), u |drds]

[ A1l + [Aa][Az][A1 + Ay — A3]
< ul; +
1—'(19+1) A1+ Ay — A3|| AT (D + 1)
[ Aol + |A2l(M + Ao —A3)% | As|+ A1 + Aal|As[A1 + Ao — As]
[A1+ Ao = A3|| AT () A1+ A2 = A3||AIT (D +2)

] = /,LLL"CS
and
PR )
o) < u[ | ) (s s ads)] s

o I'(®-1)
[AallAsl|A + Ao = 25] [T (1-s)"!
A1+ X =2s3llAl Jo  T'(9)
+Hhol(h1 + 22 —23)* [ (1-9)772
+
A1+ A2 =A3l|Al Jo (@ -1)
Mo+ Aal|Agl|AL + A — A sr“
L Mt dallaslld + A 3|/ / (s-1)"" ) <t,ui(t),u;(t))|dtds]
[A1+ A2 —A3]|A]
1 [A2l|A3]|A1 + Ao — A3]
< ul;
') A +i=M3||AIC (Y +1)
. [A2l(A1 + Ao — A3)? [A1 + AlAz||A1 + Ao — Az
A1+ A2 = A3||AIT (D) A1+ Ao — A3|| AT (D +2)

’hi(s, ui(s), uj(s)) ! ds

|7 (s, ui(s), i(s)) | ds

:I = /J,L,K:T

This implies that ||u||x = 217:1 lluillx, < ,U,ZLIL,'(K:S + K7) < 00 and so £2 is bounded.
Now, by using Lemmas 1 and 3, the operator 7" has a fixed point in X’ which is a solution
for the fractional boundary value problem (2). O
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Now, we review the fractional boundary value problem (2) under different conditions.

Theorem 5 Assume that hy,...,h;:[0,1] x R x R — R are continuous functions, there
exist continuous functions o1, ...,07:[0,1] > R, §y,...,87 : [0,1] - R* and nondecreasing
continuous functions ¢i,...,¢7 : [0,1] = R* such that |h;(t, u1, uy)| < 8;(t)d:(|ur| + |uzl)
and

\hit, w1, u2) = hi(t, v, v2)| < 03(8) (lug — vil + |1z — va2)

forallt €[0,1], uy,up,viva € Rand i=1,...,7. If k := (A} + A;)Zl«ll llo;ll < 1, then the
fractional boundary value problem (2) has a solution, where ||0;|| = sup,c (o1 |0i(t)| and the
constants A and A% are given in (7).

Proof Put ||;]| = sup,c(o,17 18:(£)| and choose suitable constants p; such that

7

pi= Y di(llwill ) I8 {5 + K7}, (®)

i=1

where Kf's are given in (7). Consider the sets B,, := {u = (41, ua,...,u7) € X : |lullx < pi},
where p; is given in (8). It is clear that B,, is a closed, bounded, convex, and nonempty
subset of the product Banach space X'. Now, define the operators 77 and 73 on B, by

Tl (uh Uzyenns I/l7)(t) = (Tl(l)(uli Uy eeny I,[7)(lf), (ERY) T1(7)(1/l1, Useeny M7)(t)),

Tz(ul, Udyeons M7)(t) = (TZ(I)(Ml, Udyeuny M7)(t),.. . T2(7)(M1, U,.. .,M7)(t)),

where (T u) t) = fo 1_(19 hl(s, u;(s), u;(s)) ds and

(7" u)(0)
Ay —Mods(h + A —Ag)t [ (1—5)""!
T (ata-ag)A /o r@)
Ay —do(hy + Ao —A3)%t 1 (1-5)"2
(A1 + 42— A3)A o I'(®-1)

A3+()\,1 +)\2))\3()»1 +)»2—)\.3 / / S—'C
+
(M +2r2-23)A T

h,-(s, u;(s), ug(s)) ds

hi(s, ui(s), uj(s)) ds

(7, ui(r), uj(r))dr ds

forall t € [0,1] and u = (u1,u,...,u7) € By,. Let ¢} = sup,,  x, di(lluill x;). Now, for every
u=(u,...,uz7),v=(v1,...,v7) € B,,, we have

|(ru + 1,v) (@)
t (t_s)ﬂ—l ,
5/0 W|h,(s,u,(s),ui(s))|ds
|AL| + [Aal|As]|A1 + Ao = Aslt (1 (1—5)"" 1
[+ A2 =l Al / Ty V(s 1) o) ds

PRY _ o2
s | Aol +|A2](A1 + A2 = A3) t/ (1-s) (5, vi(s),v,(5)) | s
0

A1+ A2 — As|[A] r@-1
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s [Az| + [A1 + Aa|[As]|A1 + Ay — A3t

[A1 +)»2—)~3||A|
(s—f)
/f F(z?) ’h 7,vi(1T),V )‘drds
< w&@)qﬁi(!ui(ﬂ\ + |ui(s)|) ds
“Jo T'® !
| A1 + Aol Agl[A1 + Ao = Aglt 1 (1-s)"1 ,
bt + 22— Al A] /o Foy (O] o] ds
| Aal + A2l (A1 + A2 = A3)%E (1 (1—s)"" ,
It ha—asllAl Jo T - )8(5)‘1"('““ [+l ds
s [As| + [A1 + A2||A3|[A1 + Ao — A3t
|X1+)»2—)»3||A|
(s—r) ,
/ / 1"(19) (T)¢i(|1/,'(7,')|+|Vi(7,')|)d‘tds
. 1 [ A1l + [A2l|A3[[A1 + Ao — A3]
< I%l1#: [F(z? 1) Pt -l |AIT@ + 1)

| Aal + A2l (A1 + Ay — A3)? . [Asz|+ A1+ Aa|A3][A1 + Ao —
A1+ Xy = A3|| AT (D) A1+ Xy = A3|| AT (D +2)

A
3'} 116K,
and
() u+ (1) v) (@)

Fe-s)"2 /
= || oy Pl 9 s

|AallAsl[A1 + Aa = As| [* (1-s)"!
A1+ X2 = A3llAl Jo  T'(9)

[A2l(h1 + Ao = 23)* [T (1—s)"2

|h,- (s, vi(s), vﬁ(s))| ds

|hi(s, vi(s), v;(s)) | ds

|)»1+)»2—)\3||A| F(ﬁ_l)
_ - 1
+|x1+kz||kallkl+kz ?»3|/ / S (@) v(o) | dr ds
A1+ A2 — A3l Al S TO)

f( S)ﬂz /
s/o O] + ) s

[A2llAsl|A + Ao = As] 1 (1-s)""
A+ A2 =AsllAl Sy T(®)
[A2l(A1 +Aa = A3)? [P (1—s)"2
A+ A2 —A3]|A] Jo (0 -
|21+ A2|1A3]|A1 + Aa — As]
|)»1+)»2—)~3||A|

// SI_"(tz?) 5(’)‘/’1(|Vz(f)| [vi(z)]) dr ds

1
8:(8)ei([vi(s)| + [Vi(s)]) ds

_ 53] + o)) ds

[Aal[As][AL + Az — A3 s [A2](A1 + Ay — A3)?
F(ﬂ) A1+ X = A3||AIT (D +1) A1+ Ao — A3||A|T(D)
[A1 + Aal[Az|A1 + Az — A3
A1+ Ao = A3||A|T (D +2)

=< lI8ill; [

} sk,
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This yields [ V1u + Yavllx = Y0 174 + Ix, < S0, 18:11¢07 (K + KF) < oy, and so
1T+ Yov|lx < p; and Yiu + Tov € B,. On the other hand, it is clear that the continuity
of 77 follows from the continuity of functions /;. Now, we show that the operator 77 is
uniformly bounded. For this, note that

t (t _ S)z?—l
rw)
1

= m”&”d’iﬂ%i(t” + |u;(t)|),

[eaICIEN (s, 14(5), () i

. _ -2 .
and |(1")w)(#)] < [y S5 Vs, wi(s), w(s)) | ds < 15 118:11pi(lus()] + 1(®)]) for all u in
By, Thus, [ Vullx = 37, 17l < {rgomy + 1oy} Xt 1830194111 2)- This shows that
the operator 77 is uniformly bounded on B,,. Now, we show that the operator 77 is com-

pact on B,,. Let ¢1, £, € [0,1] with £; < ¢,. Then we have
() ()
| (Tl Ll) (tg) — (Tl Li) (t1)|

_ f (tZ_s)ﬁ_l ) ) /
_ /O sl w9, 1(9) s

m (g —s)" ,
—/0 Wh,(s, u,(s),ui(s)) ds

/tl [(ta—9)" 7V — (8 —9)?V)]
0 r)

<

hi(s, ui(s), uj(s)) ds

ty _ \(®0-1)
R e

1 [(ty — )0V — (4 —5)@-D)] /
< /0 25 i (s, (), u)(5)) | ds

t _ @-1)
[ o)

- {ta’—tf ~-10)"  (-h)
n rw+1) rw+1)

} [AEA(CAEAE

Hence, |(T1(i)”)(t2) - (T1(i)”)(t1)| — O as t; — ty. Also, we have
|((T1(i))/”)(f2) - ((Tl(i))/u)(t1)|

ty (t _ )19_2 /
- /0' ]'%(ﬁ—s_l)hi(s’ui(s)’uj(s)) ds

4 _ Q-
_/ Mhi(s, Mi(s),”;'(s)) ds
0

ro-1)
qa(t, - )(0—2)_(t _ )(0—2)] /
: / ey e 0.) &

t2 (¢, — g)(®-2)
+f %h;(s,ui(s),u;(s))ds‘

1 [(ty —5) 0 — (1) —5)0)] /
5/0 2—S 1_,(19_11) S |hi(s,ui(s),ui(s))|d5
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2 (g —s)?-2
+/;1 %Vz(s u;(s), )’ds

- {t;” -8 —(ty-1)"! , (& -4)?1
= @) @)

}||5t||¢t(||utllxi),

and so |(11")u)(t2) - (1Y u)(t1)| = O as t1 — t. Hence, [|(T11)(t2) — (Y12)(t1)]| x tends
to zero as t; — t». Thus, 77 is equicontinuous, and so 717 is a relatively compact operator
on B,,. Now, by using the Arzela—Ascoli theorem, we conclude that the operator 77 is
compact on B,,. Here, we prove that the operator 75 is a contraction. Let u,v € B,,,. Then
we have

(W)@ - ("))

- [A1] + |[A2l|A3[|A1 + Ao — A3t
a [A1+ A2 —A3]|A]

1 (1_5)19—1 , L ‘ ,
X./o W’h,(s,u,(s),ui(s)) hi(s, vi(s), v(s)) | ds

| Al + |A2l(Ay + Ao — A3)%¢
[A1+ Az —A3]|A]

1-95"" )19 § /
/ |h (s, uis), ui(s)) = (s, Vi(S),Vi(S))| ds

. |As| + |)»1 +)»2||)»3||)»1 + Ay — Azt

[A1+ A2 —A3]|A]
9 1
/ / (SF(’;) hi(v, ui(1), (7)) = g (v, vi(1), v)(1)) | dr ds
- [ A1l + [A2]1A3[|A1 + Ao — A3t
- [A1+Ax = A3l| Al
/(1 )" 1a(s)(|u(s) v(s)| |u/(s)—v/(s)|)ds
F(ﬁ) i i i i i
| Aal + |A2l(Aq + Ao — A3)%¢
[A1+ A2 —A3]|A]

1(1_q)P-2
X./o %Gi(s)ﬂui(s)—vi(sﬂ + |uj(s) - vi(s)]) ds

. |Az| + A1 + Aal|A3]|A1 + Ay — A3]E
[A1+ Ay — A3]|A|

/ f (sr(fér? 1 oi(0) (|ui() = vi(T)| + [u(x) - vi(v)]) dr ds

and

() W) - (") v) @)
[A2l[A3[|A1 + An = A3]
[A1+ Ax = A3|| Al

9-1
/ (1F(s;) |1 (s, i(s), 1(s)) = (5, vi(s), vi(s)) | s
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[Aal(A1 + Ao — A3)?
[A1+Ax = A3]| Al
(1 S)ﬁ 2
/ T (590, 109) = 59,09
[A1 + )»2||13||?»1 + Ay —A3]
[A1+ A2 —A3]|A]

1 s(S_.L.)z?—l , ‘ ‘ ,
X./o /0 W|h,(r,u,(r),ui(r))—h,(r,v,(r),vi(r))|dtds

- [A2l[A3]|A1 + Ao — A3]
|A1+ Ay — A3||A]

1-s)"" , ,
/ @) ol(s)(|u,-(s) - V,'(S)’ + ’ui(s) —vl.(s)‘)ds

[Aal(A1 + Ao — A3)?
[A1+ A2 —A3]|Al

1 _ Q-2
x/(; %m(ﬂﬂui(s)—vi(sﬂ +|u)(s) - vi(s)]) ds

[A1 + Aal[As][A1 + Ag — A3]
[A1+ Ao —)»3||A|

/ / S;;}) ol(f)(|ui(r)—vi(z)|+|u;(f)_vé(1)|)dtds.

Hence, we obtain

sup |(137 ) () = (,") ()] < loull Afllwi = vill x

te[0,1]

sup [((757) u)(8) = (12°) v)@®)] < lloall Al = vill ;-

te[0,1]
Thus, we get
7 ) 7
1w = Tovlle = | 137u =130 5, < (A7 + A3) Y lloilllwi = vill v,
i=1 i=1

and so || Yyu — Vov|lx < kllu —v||x. Since k < 1, T3 is a contraction on B,,. Now, by using
Lemma 2, we conclude that the operator 7" has a fixed point which is a solution for the

fractional boundary value problem (2). a
Finally, one can easily prove the uniqueness of solutions for the fractional problem (2).
Theorem 6 Let h,...,h7:[0,1] x R x R — R be continuous functions. Assume that there
exist constants L; > 0 such that |h,(t, u1, uz) — hi(t, uy, uy)| < Li(lug — u)| + |ua — us)) for all
uy, ug, Uy, Uy € Rand t € 0,1] (i=1,2,...,7). Then the fractional boundary value problem

(2) has a unique solution ilell L(K§+ K3) < 1.

Now, we present an example to illustrate our last main result.
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Example 1 Consider the system of fractional differential equations

DLy, (f) = M +0.1¢| arcsin u} ()|,

T0(1+|u1 ()
1.08 _ t| arcsin u) ()|
“Dy%us(t) = m|arctan up(t) + 2000+2000\arc25inu’2(t)|’ )
74
“DE%us(¢) = 0.01¢| sin uz(¢)| + 0. 01t2+|3 <m

with integral boundary value conditions

0.7u1(0) + 0.12u4,(1) = 0. lfo ui(s)ds,
0.7u;(0) +0.12u (1) = 0. lfo ui(s) ds,
0.7u(0) + 0.12u5(1) = 0.1 [, 5(s) ds,
0.7u,(0) + O.l2u’2(1) =0.1 [ us(s)ds,
0.7u3(0) + 0.12u3(1) = 0. lfo us(s) ds,
0.7u5(0) + 0.12u3(1) =0.1 fo us(s)ds,

(10)

where 9 = 1.08, 11 = 0.7, Ay = 0.12, A3 = 0.1, n = 3 and “D§®® denotes the Caputo fractional
derivative of order ¥ = 1.08. Define continuous functions /1, /5,53 : [0,1] x Rx R - R
by

hy (8, u(t), v(t)) = % +0.1¢] arcsin v(¢)|,
t| arcsin v(t)|

hy (8, u(t), v(t)) = 200 2000+2000\drcsinv(t)|’
(8, u(?), v(t)) = 0.01¢| sin u(z)| + 0.01¢-L

5l arctanu(z)| +

2+\V(t)\3
Let uy, uy,v1,v, € R. Then we have

|11 (& w1 (8),v1.(8)) = I (£, 2 (£), v (D)) |

< i()(’”l )~ 12(8)] + |arcsinva (¢) - arcsinva() )
t

5 (10 = 0] + |1 @) ),

S |

|2 (L‘, w1 (0),v1(2)) = ha (8, ua (£), v2(2))|

< ﬁ (|arctan uy(¢) — arctan ug(t)| + |arcsin v1(t) — arcsin v, (t) |)
)

< ﬁ(wt) — )|+ (@)

and

| B3 (£ u1(2),v1(8)) — (8, ua(2), va(2)) |
< 1t ({smul(t) —sinuy L‘)‘ ‘Vl(t) - Vz(t)|)

< m(lul(t) — ()] + [v1(8) = v2(8)]).
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_t 1
100 2000’

Define the continuous and nondecreasing functions ¢, : R* — R by ¢1(u) = ¢o(u) =

Hence, 01(t) = 5, 02() = 545, and 03(¢) = 75 where ||| = 55, lloall =
1
m.

¢3(u) = u for all u € R*. Then we get

and ||os| =

‘hl(t,u(t), u’(t))| < 1—t0(|u| + |arcsinu/|)

),

t ! t ’
= 1—0(|'4| + |M |) = E¢1(|M| + |M

7 GRAG)IES |arctanu| + |arcsin/|)

2000
t N
2000 4+ 1#1) = 5500

IA

bo(Jul + |u']),

|h3 (2, u(t),u/ ()| < l—éo(l sinul + |u/|)

t , _L

b3 (lul + |u']),
where continuous functions §; : [0,1] — R are defined by 81 () = 15, 82(t) = 3355, and 83(¢) =
765+ According to the obtained values, we get A} ~ 0.4808, A} ~~ 0.2486, and so A} + A} ~
0.7294. Hence, k := (A* + A3) Y2 [loill = (AT + A (llow |l + [loal + los]]) ~ 0.08059 < 1.
Now, by using Theorem 5, we conclude that the fractional boundary value problems (9)—
(10) have a solution.

4 Conclusion

With the development and expansion of some dynamical and industrial systems such as
gas transmission lines, water pipelines, the expansive growth of computer networks, struc-
ture of molecules in medicine and biology, etc., new descriptive models have emerged for
studying the related processes designed by specialists of these fields. Due to the graph rep-
resentation of these networks, the study of mathematical models described by ordinary or
fractional differential equations on special graphs was considered. In this paper, our aim
was to extend the idea on more generalized graphs. In this way, we investigated the exis-
tence of solutions for some fractional boundary value problems on the ethane graph. We
presented two distinct results by considering different conditions on the problems. Also,

we provided an example to illustrate our last main result.
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