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1 Introduction

The singularly perturbed boundary value problems (SPBVPs) frequently occur in the dif-
ferent areas of physical phenomena. Specifically, these occur in the fields of fluid dynamic,
elasticity, neurobiology, quantum mechanics, oceanography, and reactor diffusion pro-
cess. These problems often have sharp boundary layers. These boundary layers usually
appear as a multiple of the highest derivative. Their small values cause trouble in differ-
ent numerical schemes for the solution of SPBVPs. Therefore, it is important to find the
numerical and analytic solutions of these types of problems. The different second order
SPBVPs have different expressions but we deal with the following:

eZ**(u) = p()Z* () + q(u) Z(u) + g (), (1)

Z(a)=ao,  Z(b)=a1, a=u=b, 2)

where 0 < ¢ < 1, while p(&), (1), g(u) are bounded and real valued functions. g(u), g, 0t
depends on ¢. We may refer to Ascher et al. [1] for more details as regards such a type of
SPBVPs.

Here, we first present short review of different methods for the solution of second order
SPBVPs; then we discuss a subdivision-based solution of SPBVPs.

The second order SPBVPs were solved based on cubic spline scheme by Aziz and Khan
[2, 6] in 2005. These problems were also solved by Bawa and Natesan [3] in the same year.
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They have used quintic spline based approximating schemes. Kadalbajoo and Aggarwal [5]
and Tirmizi et al. [17] solved self-adjoint SPBVPs by using B-spline collocation and non-
polynomial spline function schemes, respectively. Kumar and Mehra [7] and Pandit and
Kumar [14] solved SPBVPs by a wavelet optimized difference and uniform Haar wavelet
methods, respectively.

The second order SPBVPs were also solved by [9, 12, 13]. They have used finite difference
scheme for the solution.

The linear SPBVPs were solved by [4, 11, 15]. They have used interpolating subdivision
schemes for this purpose. The solution of second order SPBVPs by subdivision techniques
did not reported yet. We develop an algorithm by using a 6-point interpolating subdivision
scheme (6PISS) [8]. We have

k+1 _ Mk
2;. _Qi’

i = QL + Qa) = B+ 1)(QL + Qo) + (2 + )(QF + Q)

where the scheme is C2-continuous for 0 < u < 0.042. It has support width (-5,5). It has

fourth order of approximation. It satisfies the 2-scale relation

o(u) = pQu) + |:po{,o(2u -1+ pQu+ 1)} - <3u + 1_16) {,o(2u -3)+ pu

+3)}+<2M+%){p(2u—5)+p(2u+5)}], ucR, (4)
where
1 foru=0,
po(u) = (5)
0 foru##0.

Here is the layout of the rest of the work. In Sect. 2, we first find the derivatives of p ()
then by using them we develop the collocation algorithm. The convergence of the method
is discussed in Sect. 3. In Sect. 4, we present the numerical solutions of different problems.
The comparison of the solutions obtained by different methods is also offered. Section 5

deals with our conclusion.

2 The numerical algorithm
In this section, we develop an algorithm to deal with second order SPBVPs. First we discuss

the derivatives of 2-scale relations known as basis functions of the subdivision scheme.

2.1 Derivatives of 2-scale relations

The 6PISS is C%-continuous by [8], so its 2-scale relations p(u) are also C?-continuous.
First we find the eigenvectors (both left and right) of the subdivision matrix of 6PISS then
we find the derivatives of p(u). For simplicity, we choose u = 0.04 to find eigenvectors. We
use a similar approach to [4, 11] to find the derivatives. The first two derivatives of the

2-scale relation are given in Table 1.
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Table 1 2-scale relation and its derivatives

i
0 +1 +2 +3 +4
o() 1 0 0 0 0
o 9100 19673 1600 128
P 0 313 F 25878 e P e P
() 14431 4325 1575 25 1
p 2324 12 ~ 2816 132 3

2.2 The 6PISS based algorithm

Let m be the indexing parameter which might be equal to or greater than the last right
end integral value of the right eigenvector corresponding to the eigenvalue 3 of the subdi-
vision matrix for (3). Some useful notations depending on the indexing parameter m are
defined as /1 = 1/m and vy, = «1/m = ih with k1 =0, 1,2, ..., m. Finally, we suppose that the

approximate solution of (1) is

m+4

D)=y dnp<“‘h““), 0<v<l, ©)

Kk1=—4

where {d,, } are the unknowns to be determined; then

aD**(uc) = p(u)D*(ue) + q(L)D(Ve) + g(Ve),  k =0,1,2,...,m, 7)

with given boundary conditions at both ends of the interval

D(0) = g, D) = a;.

From (6), we have

m+4
. 1 of Uk — Uk
D*(v,) = EKIX:;;dKlp <Tl>,
+4 (8)
1 < U — Ug
D**(v,) = ﬁ Z d)qp"(Tl>.
Kk1=—4

We get the system of equations by using (6) and (8) in (7),

m+4 _ m+4 v
a dep® ( ) hpe Y diyp® ( ”)
K1=—4 Kk1=—4

m+4
U — Uy
_hqu( Z dK1p< A 1> :h2g/(;

K1=—4%

where A, = p(u), g = q(u,) and g, = g(v, ). This implies

m+4
oo Uc = Uiy _ of Ve =~ U 12 Ug = Uy — 2
> dm{cw < ; ) hpp < - ) h qm( - )} ng..

Kk1=—4
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This further implies

m+4

> defap® e — k1) = hpep®(c — k1) = B qeplic i)} = g, ©)

Kk1=—4

where k =0,1,2,...,m and v, =il or v, = jh. By using the notation “p(k1) = p,,; (9) can
be written as

m+4

Z d/q{ﬂp,::,(l _hpkp,:_,(l _hqupK'—Kl} :hzg/(’ K :01 1: 2,...,}’71. (10)

Kk1=—4

As we observe from Table 1, p:,q = —p,?l and ,0:;1 = ,0,:1’, fork =0,1,2,...,m, (10) becomes

m+4

> defaptt .+ hpeps . ~ P} = g (11)

K1=—4
The above system of equations is summarized in the following proposition.

Proposition 1 The equivalent form of the system (11) is

4
> et = Mg k=0,1,2,...,m, (12)

oo h2 s — 0’
o apd q for ky 13)

apgs —hpepg, forky #0.

Proof Substituting x = 0 in (11), we get

m+4

Z dxl{ﬂp,:f + hAmo,:1 —h2qop,q} = hzgo, k=0,1,2,...,m.

k1=—4

By expanding the above equation, we get

d_s{ap® + hpop, — *qop-a} +d_s{aps + hpop®s — H>qop_3} + - -
+dolaps® + hpopy — h>qopo} + -+ + dsz{apye.s + hpopj,s — M qopms3}
+ dialapm,s + hpopy s — 2 qopma} = Hgo.
Since the support width of the 6PISS is (-5, 5) therefore the graphs of p¢ and p¢’ cannot

be zero over the domain [—4,4] but their graphs away from it will be zero. This simplifies
as

d_a{ap®y + hpop®, — Wqop-a} + d_s{ap®y + hpop®s — H*qop-s} + d_2{ap®s

+hpop2y — WP qop_a} +d_1{ap® + hpop®y — K qop-1} + do{any® + hpop]
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— P qopo} + di{ap}® + hpop} — h>qop1} + da{aps® + hpops — qops} + dsfaps®

+ hpops — W qops} + dalapy® + hpops — M qops} = M go.
By substituting the values of p,, and p§ = 0, we get

d_a{ap + hpop2s} +d-s{ap®s + hpopZs} + d_a{ap®s + hpop®, |
+d_1{ap®$ + hpop®, } + dolapy® — P qopo} + di{ap}® + hpopy}

+da{aps® + hpops} + dsfaps® + hpops) +dalaps® + hpops} = Hgo.

If
fiz; =apiy +hpopiy Ti?) =ap3y +hpopls tiz =ap3 +hpopls,
w0 =apl +hpopl, T = apy” - qo,

the above equation becomes
4
Z dy, r,?l = hzgo.
Kk1=—4
Similarly, for « = 1,2,3,...,m, we get
4
Z dK1+KT,:(1 = hzgm
Kk1=—4

where, for k; = —4,-3,...,3,4and « =1,2,3,...,m, we have

. apy® — h*q, for k1 =0,

apgs —hpepg, forki #0.
The proof has been completed. g

2.2.1 Matrix representation of the linear system
The matrix representation of the linear system (12) is given by

SD = Gy, (14)
where
r-1
S= ( s )(m+1)><(m+9)’ (15)

wherer=1,2,...,m+2ands=-4,-3,...,m+ 3,m + 4 represent row and column, respec-
tively, and

r-1
5”1— To for —4 <k <4,
M

0, otherwise.
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The column matrices D and G; are given by
D= (d—4y d—?;:---;dm+3:dm+4)T (16)

and

G = h* x (go:gl;uugm—hgm)T' (17)

The system (14) in its present form does not have a unique solution. We need eight extra
equations to get its unique solution. Luckily, two equations can be obtained from (2), i.e.,
D(0) and D(1) and for the remaining six equations, we move to the next section.

2.2.2 End point constraints

If the data points are given then the 6PISS is suitable to fit the data with a fourth order
of approximation. So we use the fourth order polynomials to define the constraints at the
end points. Here we suggest two types of polynomials i.e. the simple cubic polynomial (i.e.
a polynomial of order 4) and cardinal basis function-based cubic polynomial, to get the

constraints.

C-1: Constraints by polynomial of degree three: 'We use the fourth order polynomial
Ci(v) which interpolates the data (vy,,d,,) for 0 < k; < 3 to compute the left end points

d_3,d_, d_;. Precisely, we have
d*’(l = Cl(_Ulq); K1 = 1, 2, 3,

where
t (a4
Civg) =Y <K> (1) D(ve—0)-
k=1

Since by (6), D(vy,) = d,, for 1 = 1,2,3 then, by replacing v, by —v,,, we have

k=1

4
4
Ci(-vg) =) (K) (=1 1
Hence, we get the following three constraints defined at the left end points:
2 (4
Z ( ) (-1)d g+ =0, &1 =1,2,3. (18)
K

k=0

A similar procedure is adopted for the right end i.e. we can define d,, = C1(vy,), k1 =

m+1,m+2,m+ 3 and

: 4 Kk+1
Gl =) ) D e

k=1
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So the following three constraints are defined at the right end:

4

4
Z( )(—I)Kdn_,( =0, Kk =m+lm+2,m+3, (19)
K

k=0

C-2: Constraints by cardinal basis functions: The following fourth order polynomial
Cy(v) can be used to find the left points d_3, d_», d_;:

d—lq = CZ(_UKI)! K1 = 1,2,3,

where

v - - -
Cz(U)=d0§0< ? )+d1§1( 7 )+d”§0< 7 ) d"§1< ho)’ (20)
while the basis functions are given by

UV — 1Yo 1. V-1
“( 7 )‘1 ( h )

f(5)-(55")

UV — 1o UV — Vo UV — 1o UV — VYo
G(55) =55 (5 ) (55 -2)

U -1 1/v-vyy V-1 U -1
(5= () () (5 )

and fort=0,1

d;* =p(vt;luo)d¢+q<vt_vo>dt+g<vt;lvo),

A similar procedure is adopted for the right end points d,, = Co(-v,,), k1 =m + 1,m +

2,m + 3, where

Cy(v) = dm(m(%) + dm+1§m+1(u ;IUO) + d:n.;;:t(v ;IUO)

+d;n.+1{:t+l<v;luo> (21)

and
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andfort=m,m+1

Uy — Uy Ur — Uy Ut — U
d?:p<i7r—)%+q(i7r—)%+g(th )

2.2.3 Stable singularly perturbed system

Finally, we get a stable singularly perturbed system with m + 9 unknowns and m + 9 equa-
tions obtained from (2), (12), (18) and (19) or (20) and (21).

By C-1 constrants: If we use (2), (12), (18) and (19) then the system can expressed as
SiD =G, (22)

where S; = (S],,S”,Sg,)", S is defined by (15). The matrix [S, ]ax(m+9) is defined as

01 -4 6 -4 1 0 0O 0 0
Sy, = 00 1 4 6 -4 1 00O 0 0 ’

00 0 1 -4 6 -4 100 0 0

00 0 0 1 0 0 O0O0O 0 0

its first three rows and the fourth row are obtained from (18) and (2), respectively,

0 0 0000 O O 1 O 0 00O
Sg, = 0 0 0001 4 6 -4 1 0 00 ,

0 0 0000 1 -4 6 -4 1 00

0 0 0000 O 1 -4 6 410

its first row and the last three rows are obtained from (2) and (19), respectively,
G =(0,0,0,a0,GT,1,0,0,0) ", (23)
while the matrices D and G; are defined in (16) and (17), respectively.
By C-2 constraints: 1f we use (2), (12), (20) and (21) then the system can be expressed as
S:D =G, (24)

where S, = (SLTZ,ST, SIEZ)T while the first three rows and the last row of [Sy, lax(n+9) are
obtained from (20) and (2), respectively. Similarly the first row and the remaining three
rows of [Sg, ]ax (m+9) are obtained from (2) and (21), respectively. Now we have two systems,
i.e., (22) and (24).

2.3 Existence of the solution

The matrices S; and S, involved in the systems (22) and (24) are non-singular. Their non-
singularity can be checked by finding their eigenvalues. We notice that for m < 500 the
eigenvalues are nonzero. By [16], these are non-singular. Their singularity is not guaran-
teed for m > 500.
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3 Error estimation of the algorithm
This section discussed the mathematical results as regards the convergence of the pro-
posed method.

Let the analytic solution of the SPBVPs problem (1) with (2) be denoted as Z, then

eZ3*(v) = p(V)Z; (V) + q(V) Ze(V) +g(V).
It implies for node points, k =0,1,...,m,

aye” (Ue) = p(L) ZZ () + q(V) Ze (Vi) + g (). (25)
Let the vector Z.(v) be defined as

Zo(v) = (Zo(vo), Ze(wr), - ., Ze(m)) -

By Taylor’s series

1
25,878h
— 54,600Z, (v, — h) + 54,600Z,(v, + h) — 19,673Z, (v, + 2h)

Z:(ue) =

[—256Ze(vK —4h) — 3200Z, (v, — 3h) + 19,673 Z.(v, — 2h)

+3200Z (v + 3h) +256Z, (v, +4h)] + O(h*)
and

1
Z3% () = W[256Ze(v,( —4h) + 1600Z, (v, — 3h) —4725Z,(v, — 2h)

+17,300Z, (v, — h) — 28,862Z,(vy) + 17,300Z, (v, + ) — 4725Z (v, + 2h)
+1600Z, (v + 3h) + 256 Z (v, +4h)]| + O(h*).

Since D(v) is the approximate solution of (1) which can be obtained from the system (22)
or (24), by (7), fork =0,1,...,m, we have

eD**(u,) = p(u)D*(ui) + q(u)D(U) + g(vie), (26)

where D*(v,) and D**(v,) are defined as

D*(v,) = [~256d (v, —4h) - 3200d(u, — 3h) + 19,673d (v, — 2h)

25,878k
— 54,600d(v, — h) + 54,600d (v, + h) — 19,673d(v, + 2h)

+3200d (v, + 3h) +256d (v, + 4h)] + O(h*)
and

1
D**(ve) = s [256d(v, — 4h) + 1600d (v, - 3h) — 4725d (v, ~ 24)

+17,300d (v, — h) — 28,862d(v,) + 17,300d (v, + h) — 4725d (v, + 2h)
+1600d (v, + 3h) +256d(v, +4h)] + O(h*).
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Let the error function A(v) = Z.(v) — D(v) and
A=(A g A s, Apizy Appra).

Then error vector at the given nodal values is
A(ve) = Zo(v) = D(v,), -4<Kk<m+4.

This implies

A.(UK):ZZ(UK)_D.(UK)’ —4<k<m+4,

A (u) =Z%(ve) = D**(vy), —4 <k <m+4.
The following result is obtained after subtracting (26) from (25):
e[Z2* (ve) = D™ (v0)] = p(u)[ Z2 (Uc) = D* (V)] + (V) [ Ze(vi) - D(vy) ]
By applying the definition of error vector the above equation can be written as
eA** (ue) = p(L) A (ue) + q(U) Ave), 0=k <m.
This implies
eA"(Ue) = p(u) A*(ue) = q(U) A(u) =0, 0 <k <m, (27)

where for 0 <k <m

A*(u) = [—256A(v,( —4h) — 3200A (v, — 3h) + 19,673 A(v, — 2h)

1
25,878h
— 54,600A (v, — h) + 54,600A (v, + k) — 19,673A (v, + 2h)

+3200A (v, + 3h) + 256 A (v, +4h)]| + O(h*),
and for0 <k <m

1
A*(v) = ————[256 A(v, — 4h) + 1600A (v, — 3h) — 4725A (v, — 2
(o) = grae3 2568 (Vi — 4h) + 16004 (v, — 3h) — 4725A (v, — 2h)

+17,300A (v, — h) — 28,862A(v,) + 17,300A (v, + h) — 4725A (v, + 2h)

+1600A (vy + 3h) + 256 A (v, +4h)| + O(h*).

AsO<wv <land v, =«h, k =0,1,2,...,m, the values lie outside the interval [0, 1], i.e.,
A_y,...,Aqand Ay, .., Ayyg must be equal to zero. These error values can be assumed
to be

maxg<i<af| Ax|}JOHY), —4<k<0,
A, = o<k=a{| Ak 1}O(h?) =< (28)
max,_a<k<mi| A|JOHY), m <k <m+4.
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If we expand (27) by adopting a similar procedure to Proposition 1 then we obtain
(S1+0O(H*) -Om)A=0

and
(S2+ O(h*) - O(h))A =0.

Or equivalently
(S1+O(h*) - O(m)) A = O(K)|A] = O(K*)

and
(S2 + O(K*)) A = O(B*) | Al = O(K*).

The matrix Sy, + O(h*), k1 = 1,2, for small / and € = 0.1 x 1073, is non-singular so
lal = (83 (1- 0m) )O(H') = O(*), s =1,2.

Hence || A|| = O(h*). This discussion can be summarized.

Proposition 2 Let Z, and D,., k =0,1,...,m be the analytic and approximate solutions of
second order SPBVPs defined in (1), respectively, then | A|| = | Z.(v) = D(v)|| < O(h).

Remark The order of error approximation varies if we use different values of €.

4 Solutions of second order SPBVPs and discussions

In this section, we consider second order SPBVPs and find their numerical solutions by
using different algorithms. Since we have developed two linear systems i.e. (22) and (24)
for approximate solutions of the SPBVPs, both systems have been used for solutions. We
also give a comparison of solutions by computing the maximum absolute errors of the
analytic and approximate solutions.

Example 4.1 This type of problem has also solved by [2, 3, 5, 6, 14],
eZ** (V) = Z + cos®(wv) + 2em? cos(2nv), O<v<l,

where the boundary conditions of the above problem are
Z(0)=0=2(1),

its analytic solution is

[Exp(=172) + Exp(2)]
(1 + Exp(-E)]

Z(v) = - cos?(mv).
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Table 2 Maximum absolute errors (MAE) for Example 4.1

m=10fore Our C-1 OurC-2

0.1x 1073 2.3445E-02 1.8459E-02

0.1x 10 24427E-03 1.9197E-03

0.1x 107 2.4525E-04 1.9270E-04

0.1x 107 24535E-05 1.9278E-05

0.1 x 1077 2.4535E-06 1.9279E-06

0.1x 1078 24536E-07 1.9279E-07

0.1x 107 2.4536E-08 1.9279E-08
Table 3 MAE in the solution of SPBVP in Example 4.1
m C-1 C-2

£=10" e=10"% £=1071° £=10" e=10" £=1071°
10 24427E-03 2.4535E-06 2.4536E-08 1.9197E-03 1.9279E-06 1.9278E-08

100 1.2005E-01 2.3115E-04 2.3126E-06 9.3578E-02 1.8887E-04 1.8895E-06
150 1.5152E-01 5.1955E-04 5.2008E-06 1.1209E-01 4.2458E-04 4.2498E-06
200 1.5950E-01 9.2276E-04 9.2442E-06 1.1327E-01 7.5413E-04 7.5541E-06
250 1.5692E-01 1.4402E-03 1.4443E-05 1.0808E-01 1.1771E-03 1.1802E-05
Table 4 MAE in the solution of SPBVP in Example 4.1

£=10" £=10" £=10"° £=10""0

m=10 m =100 m =200 m =250
Arand A, by [2,6]
1/18,4/9 1.44463E-03 6.22342E-02 6.27380E-02
1/14,3/7 1.52823E-02 8.33647E-02 8.39115E-02
1/24,11/24 1.00616E-02 4.50702E-02 4.55413E-02
1/30, 14/30 1.67078E-02 3.52995E-02 3.57527E-02
1/6,1/3 1.1971E-01 2.6683E-01 2.6793E-01
Our C-1 24427E-03 1.2005E-01 9.2276E-04 1.4443E-05
Our C-2 1.9197E-03 9.3579E-02 7.5413E-04 1.1802E-05
Table 5 MAE in the solution of SPBVP in Example 4.1
Form=32and g =(2")? Bawa et al. [3] Sapna et al. [14] Our C-1 Our C-2
r=10 5.022E-02 1.23E-02 2.2646E-03 1.8478E-03
r=20 3.125E-02 1.23E-08 2.1692E-09 1.7695E-09
r=25 3.125E-02 1.20E-11 2.1200E-12 1.7283E-12
Table 6 MAE in the solution of SPBVP in Example 4.1
Form=32ande=2" Kadalbajoo et al. [5] Sapna et al. Our C-1 Our C-2
r=10 5.022E-02 1.80E-03 1.5551E-01 1.0545E-01
r=20 3.125E-02 1.23E-03 2.2645E-03 1.8478E-03
r=25 3.125E-02 4.04E-4 7.1071E-05 5.7977E-05

Example 4.2 Consider the boundary value problem [10, 12, 13]

eZ*(v) - (1 +v)Z(v) =40[v(v* - 1) - 2¢], O<v<l,
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(c)

Figure 1 Comparison concerning Example 4.1: Analytic and approximate solutions with parametric setting:
N=10and & =10,107,107'°

where the boundary conditions of the above problem are

Z(0)=0=2(1),

its analytic solution is

Z(v) =40v(1 —v).
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Example 4.3 Take the problem already solved by [7, 9],

eZ**(v) — {1 +vu(l - U)}Z(U) = —[1 +u(l-v)+ {ZJ_— v2(1 - v)}

=

SR {2ve-v(1- U)z}e{_%}],

here 0 <v <1 and
Z(0) = Z(1) = 0,

its analytic solution is

ARG
Zw)=1+(v-1)e v¢' —xe ¢ .

4.1 Discussion and comparison
We solve SPBVPs by our algorithm and summarized the results in the following form.

+ The facts regarding the solutions of Example 4.1 are shown in Tables 2—6 and in
Figs. 1-3 In Tables 2 and 3, the maximum absolute errors (MAE) are given while in
Tables 4—6 the comparison with the methods of [2, 3, 5, 6, 14] are presented. In Fig. 1
the solutions are presented. In Figs. 2 and 3 results for m and ¢ are depicted.

In Tables 7-10 and in Figs. 4—6 results of Example 4.2 are presented. Tables 7 and 10
show the MAE while Tables 9 and 10 present the comparison of MAE with
[10, 12, 13]. This shows our results are better. Figure 4 shows the solutions while

.

Figs. 5 and 6 show the results for m and e.

+ Tables 11-13 and Figs. 7-9 are related to the solution of Example 4.3. The MAE are
shown in Tables 11 and 12. We compare our result with the results of [7, 9] and found
them to be better. The graphical representation is given in Figs. 8 and 9

« From these results we conclude that the condition C-2 gives better results than the
condition C-1.

+ If we keep m fixed, then MAE increases with the increase of ¢. It is also observed that
if we keep ¢ fixed, then MAE decreases with the increase of m.

Approx. sol.

—s— Anal. Sol.

- = = Approx. Sol., C-1
- = - Approx. Sol., C-2

0 0.‘1 0.2 013 0.‘4 O‘.S O‘.6 017 0.8 O‘.9 1

X

Figure 2 Comparison concerning Example 4.1: Analytic and approximate solutions with parametric setting:
N=32ande=2"2
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Figure 3 Comparison concerning Example 4.1: Analytic and approximate solutions with parametric setting:

Table 7 MAE in the solution of SPBVP in Example 4.2

m=10fore Our C-1 Our C-2

0.1 %1073 1.4049E-02 2.4080F-02

0.1x10% 1.4331E-03 2.4866E-03

0.1 %107 1.4360E-04 2.4948E-04

0.1 x 1070 1.4363E-05 2.4957E-05

0.1x 107 1.4364E-06 2.4958E-06

0.1 x 1078 1.4364E-07 24958E-07

0.1 x 1077 1.4364E-08 2.4958E-08
Table 8 MAE in the solution of SPBVP in Example 4.2
m C-1 C-2

£=10" e=10"8 e=10"0 £=10" e=10"8 e=10"0
10 1.4331E-03 1.4364E-06 1.4364E-08 2.4866E-03 2.4958E-06 2.4958E-08

100 1.5099E-03 1.5640E-06 1.5644E-08 1.1720E-02 1.7289E-05 1.7298E-07
150 1.5217E-03 1.5687E-06 1.5695E-08 1.3907E-02 2.6851E-05 2.6881E-07
200 1.5262E-03 1.5706E-06 1.5721E-08 1.4855E-02 3.6398E-05 3.6471E-07
250 1.528E-03 1.5714E-06 1.5736E-08 1.5259E-02 45919E-05 4.6062E-07
Table 9 MAE in the solution of SPBYP in Example 4.2
Form=16and & Method in [10] Method in [12] Method in [13] Our C-1 Our C-2
0.1x1073 0.25E-01 0.26E-01 0.65E-04 0.1408E-01 0.3079E-01
0.1x 10 0.21E-01 0.24E-01 0.36E-04 0.1478E-02 0.3374E-02
0.1x%107 0.70E-02 0.17E-01 0.33E-04 0.14862E-03 0.3407E-03
0.1 %107 0.75E-03 0.69E-02 0.26E-04 0.14870E-04 0.3410E-04
0.1 %1077 0.74E-04 0.23E-02 0.20E-04 0.14871E-05 0.3411E-05
0.1 %108 0.67E-05 0.76E-03 0.11E-04 0.14872E-06 0.3411E-06
Table 10 MAE in the solution of SPBVP in Example 4.2
Form=32ande Method in [10] Method in [12] Method in [13] Our C-1 Our C-2
0.1 x 1073 0.64E-02 0.65E-02 0.59E-04 0.1414E-01  0.3861E-01
0.1x10™ 0.61E-02 0.64E-02 0.21E-04 0.1497E-02 0.5501E-02
0.1x107 041E-02 0.56E-02 0.35E-04 0.1529E-03 0.5756E-03
0.1x 10 0.77E-03 0.31E-02 0.39E-04 0.1531E-04 0.5783E-04
0.1 %1077 0.76E-04 0.12E-02 0.21E-04 0.1532E-05 0.5786E-05
0.1x 108 0.67E-05 0.38E-03 0.21E-04 0.1532E-06 0.5786E-06
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- = - Approx. Sol., C-1
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(c)

Figure 4 Comparison concerning Example 4.2: Analytic and approximate solutions with parametric setting:
N=10withe=10"%107,107"°

5 Conclusions

In this paper, we introduced a numerical algorithm for the solution of second order
SPBVPs. The algorithm was developed by using the 2-scale relation of a well-known in-
terpolating subdivision scheme. This algorithm gives the approximate solution of second
order SPBVPs with a fourth order of approximation. We presented the comparison of max-
imum absolute error of the solutions obtained from subdivision (i.e. our method), spline
[2, 3, 5, 6], finite difference [9, 10, 12, 13] and Haar wavelet [7, 14] algorithms. We con-

cluded that our algorithm gives smaller maximum absolute error.
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Figure 6 Comparison concerning Example 4.2: Analytic and approximate solutions with parametric setting:
N=32ande=10"

Table 11 MAE in the solution of SPBVP in Example 4.3

m=10fore Our C-1 Our C-2
0.1x 1073 2.0312E-02 7.4455E-03
0.1x 10 2.1110E-03 7.6536E-04
0.1x107 2.1189E-04 7.6679E-05
0.1 x 107 2.1197E-05 7.6682E-06
0.1x 107 2.1198E-06 7.6679E-07
0.1x 1078 2.1198E-07 7.6678E-08
0.1 %107 2.1198E-08 7.6679E-09
Table 12 MAE in the solution of SPBVP in Example 4.3
m C-1 -2
e=10" e=10"% e=10"10 £=10" e=10"% e=10"10
10 2.1110E-03 2.1198E-06 2.1198E-08 7.6536E-04 7.6679E-07 7.6677E-09
16 5.5268E-03 5.5876E-06 5.5877E-08 2.0082E-03 2.0212E-06 2.0212E-08
32 2.1930E-02 2.2964E-05 2.2965E-07 8.0232E-03 8.3069E-06 8.3069E-08
100 1.1919E-01 2.2869E-04 2.2879E-06 2.3666E-02 8.2735E-05 8.2759E-07
200 1.5931E-01 9.1801E-04 9.1965E-06 3.7244E-02 3.3226E-04 3.3265E-06
250 1.5691E-01 1.4343E-03 1.4384E-05 4.6497E-02 5.1930E-04 5.2028E-06
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Table 13 MAE in the solution of SPBVP in Example 4.3

Form=16ande=10" Kumar [7] Lubuma [9] Our C-1 Our C-2
r=3 0.77E-01 0.28E-01 0.1524E-00 0.2703E-01
r=>5 0.46E-02 0.53E-02 0.5527E-02 0.2008E-02
r=7 046E-04 0.53E-02 0.5587E-04 0.2021E-04
r=8 0.46E-05 0.53E-02 0.5589E-05 2.0212E-05
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Figure 7 Comparison concerning Example 4.3: Analytic and approximate solutions with parametric setting:
N=10with £ =1074,107,107'% shown in (a), (b) and (c), respectively
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