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1 Introduction and preliminaries

Recently, Jangid et al. [11] defined a new family of incomplete /-functions VI;',‘é”(z) and
r 177"(2). Incomplete /-functions are the natural generalization of the /-function defined
by Rathie [27]. They are an expansion of a familiar Fox’s H-function [6] and many other
special functions. Fractional calculus for the variety of special functions is being widely
used in mathematical modeling, statistical distribution, wireless communication, and en-
gineering sciences (see [1, 3-5, 7-10, 12, 14-16, 18, 20-23, 28, 31-34]). The incomplete

I-functions in the form of Mellin—Barnes type contour integrals are defined as

ylm,n(z) _vpmn |, ‘ (ab Ul;Al :x)¢ (aZr 02;A2)) cees (ap; Up;Ap)
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and
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for all z # 0, where
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where y(-,x) and I'(-,x) are the lower and upper incomplete gamma functions defined in
(6) and (7). The incomplete I-functions vy (2) and I Vi (z) exist for all x > 0 under the
same contour and conditions as stated in Rathie [27]. The incomplete /-functions fulfill
the following relation (known as decomposition formula):

: rpmpny _ pm
Y10 (2) + 7 1y (2) = 1, (2) (5)

for the familiar /-function given by Rathie [27]. Additionally, if we set x = 0 in (2), then we
obtain the /-function [27].

In the sequence we shall use the following statements and descriptions.

The familiar lower and upper incomplete gamma functions y (s,x) and I"(s,x), respec-

tively, are laid out as follows:

y(s,x) = f ’ yle?dy (N(s)>0;x=0) (6)
0
and
I(s,x) = /ooys_le’y dy (x > 0;R(s) >0 when x = 0). (7)

These incomplete gamma functions fulfill the following relation (known as decomposition

formula):
y(s,x) + ' (s,x)=I(s) (5)?(3) > 0). (8)

In this article, several fractional calculus results associated with the incomplete I-
functions are obtained. For 0,07, p, p/,n € C and x > 0 with R(n) > 0, the left- and right-
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hand sided MSM fractional integral operators (see [19]) are defined as

0,0',0.0, X * -1,-0’
(Zo"27"f) () = r(n)fo (e =)y
ng(a,o/,p,p/;n;l—Z,l—f)/(y)dy ©)
x 0y

and

(IU:U/:Pvp,JIf) (x) _ x_a/ /w(y x),],l —0
- I(n) x Y
x Fs (a,o’, popliml =21 - Z)/()’) dy, (10)
y X

respectively. The left- and right-hand sided MSM fractional differential operators (see
[30]) are defined as

0,000’ d\* —0'—0,—p'+a,—p,~n+a
(Dol PP "f)(x) - (5) (I0+ 1=0,=p +0=p,=T] f)(x) (11)
and
! ’ d o ’ /
(D(_r,a 1050 J}f) (x) = <_E) (I_—a —0,—p v—P+0t,—77+otf) ), (12)

where o = [9i(n)] + 1 and [N(n)] symbolizes the integer part in regard to N(n). If
max{|x|, |y|} < 1, then the third Appell function F; is defined as

o]

Fy(o,0',p,055mx9) =Y
ij=0

(0)i(a)j(p)i(0"); ﬂ (13)
(Misj !
Here, (0), is the well-known Pochhammer symbol. Recent papers [2, 17, 25] include a
comprehensive demonstration related to the MSM operators together with their prop-
erties and applications. Saigo [29] introduced the fractional operators involving Gauss
hypergeometric function ,F;(). For o, p,n € C, x > 0 along with R(o) > 0, the left- and
right-hand sided Saigo fractional integral operators are described as

—0-p x
e N 1 CRV R R L (14
and
0,0, _; OO _a\o-1,-0— _,._Q_C
(I_‘”’f)(x)— F(U)/x (y—x)"""y p2F1(0+,0, n;0;1 y)j(y)dy, (15)

respectively. The left-hand and right-hand sided Saigo differential operators are defined
as

[M(o)]+1 .
(D(()r;p,r] )(x) _ (%) (ng+[§)\(a)]+1,—p—[})i(a)]—1,(7+n—[§1\(0)]—1f) (x) (16)
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and

d [R(o)]+1 o )
@rn=(-5) @, )

For p = —o and p = 0in (14)—(17), the Riemann-Liouville and Erdélyi—Kober fractional
operators are obtained respectively (for more explanation see [15]). o F} is associated with
F; as

F(o,y —0,0,¥ — p;v;%:y) =2F1(0, 5750 + y — xy).
The MSM fractional operators (9)—(12) are connected to Saigo operators (14)—(17) by

(T3 f) ) = (T F) @),
(Z7002 1) () = (TP F) (), (18)

and

(D8 71)60 = (D4 1),
(Dg,o’,p,p’,nf) (x) = (Df,v’—flyp'—'lf) (x). (19)

The following are well-known results (see [30]) and will be needed in proving the sub-
sequent theorems.

Lemma 1.1 Leto,0’, p,p',n, A € C and R(n) > 0.
(@) If M) >max{0,N(c’ - p'),R(o + "+ p—n)}, then

’ /
(Ig;a 20,0 :ﬂtk—l)(x) _ x—(}'—n/+n+A.—1

AW (-o'+p' +A) (-0 —c'—p+n+A)

. 20
XF(p’+k)F(—U—J/+n+A)F(—a’—p+n+k) 20)
(b) IFR(A) > max{R(p),R(-o =o' + 1), R(=0 — p' + 1)}, then
(If,a/,p,p’,nt—k)(x) _ x—a—a/+n—k
F(—p+AMI(c+0c’'=n+M)I(oc+p —n+2A) (21)

IrMIo—-p+M)I(oc+o’+p ' —=n+A)

Motivated by the work of Srivastava et al. [32], we have derived the fractional calcu-
lus results associated with the incomplete I-functions. In Sect. 2, MSM fractional order
integrals of left-hand and right-hand type are derived for the incomplete /-functions. In
Sect. 3, MSM fractional order derivatives of left-hand and right-hand type are derived for
the incomplete /-functions. In Sect. 4, Caputo-type MSM fractional order derivatives of
left-hand and right-hand type are derived for the incomplete /-functions. In Sect. 5, we

have derived the special cases of the incomplete I-functions.
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2 Fractional integration of incomplete /-functions

Some fractional integrations pertaining to the incomplete /-functions are presented in this
part. First, we shall investigate the MSM fractional order integrals of left-hand side type
for the incomplete /-functions.

Theorem 2.1 Leto,o’,p,0',n, A, c € C be so that R(n), u > 0 and R(A) > max{0,R(c’—p'),
N(o + 0’ + p —n)}. Thereupon, for x > 0,

Igfr/,p,p/,nzkflylgzn o ‘ (a1,01; A1 3)’): (ﬂjyo}’;A/’)Z,p )
(), 03 Bj)14

x—a—a’ﬂﬁk—l

o ALY, (-2 u1),Q+0"—p' = A, 1),
(b‘; Pj;Bj)l,q¢ (1 - /0/ - )\') 125 1);

NE4 m,n+3 i
1p+3 q+3 |:Cx

(I+o+0"+p-n=2wl),(a054)), :|, (22)

Ql+o+0’' —=n-2w;1),QA+o0+0"+p—-n—-xu;1)
provided every member in (22) does exist.

Proof The LHS of (22) is given by

(Igf 045 rl( /¢(s y)c'zH ds>>(x) (23)

where ¢(s,y) is given in (3). Interchanging the order of integration in the above equation

yields
/¢ s,y Ioa 00 nZA+;Ls 1)( )dS, (24)
2mi
using the results (20) and (3), we get the RHS of (22). a

The properties given below are immediate consequences of definitions (1), (2), and (20),
and consequently they are stated without proof here.

Theorem 2.2 Let o,0',p,p,n,Ac € C be such that R(n),u > 0 and R(\) > max{0,
R(o' - p),N(o + 0’ + p —n)}. Thereupon, for x > 0,

4 / ) rA : ) i ;A
z—g;a 0,0 ,nzx_lrlglén e ‘ (ﬂl 01541 J’) (ﬂ] Oj ])Z,p (x)
(b)) pjs Bj)1,4

_ x—a—a’+n+k—l

X

I"Imgl+33 m ‘ (alro'l;Al :y)r(l_)\,ﬂ; 1),(1"’0',—,0/—)\,/1,;1),
proar (b"pj;Bj)l,q; (1_/0,_)"1“4; 1))

(25)

Q+0+0"+p—n—ku;1),(a,054))2,
A+o+0" —-n-2w;1),A+0+0"+p—-n—-Xru;1)

provided every member in (25) does exist.

Page 5 of 24



Jangid et al. Advances in Difference Equations (2020) 2020:265

In accordance with (18) and rearranging the involved parameters, we have the subse-

quent results for Saigo operators.

Corollary 1 Let o,p,n,A,c € C be such that R(o),u > 0 and R(L) > max{0,N(p — n)}.
Therefore, for x > 0,

(Ig;ﬂ;ﬂzk—ly];qén |:Cz"“ (a1,01;A1:9), (ﬂj,Gj;Aj)Z,pj|) )

(bj, Pjs Bj)l,q

=X

—p+A—1y1m,n+2 n (ﬂ],al;Al 'y)7(1 _)"1 w; 1),
pr24q+2 (b, pjs By (1 + p = 1y 5 1),

(1 +,0—77—)»:,Uv; 1)!(61/:07;Aj)2,p:| (26)

(1-0-n-2ul)
provided every member in (26) does exist.

Corollary 2 Let o,p,n,A,c € C be such that R(o),u > 0 and R(L) > max{0,N(p — n)}.
Thereupon, for x > 0,

TN AT i | i ‘ (a1,01;A1:9), (@), 0554))2,p (x)
' P (bj, pj; B g

— x—p+A—1 F[m,n+2 |: n (ﬂlx UI;AI 1)’), (1 — A, 123 1)1

PY2g+2 (bj, 053 B)1gr 1+ p = 2, 115 1),

(I-o-n-2ul) 7

Q+p-n-Xxwl), (ﬂj,G/;A/)z,p:|

provided every member in (27) does exist.

A similar type of image formulas associated with the Riemann—-Liouville fractional in-

tegral are as follows.

Corollary 3 Leto,n, A, c € Cbesuchthat R(o), u >0 and R(A) > max{0, R(—o —n)}. Then,
forx >0,

I(f)f;—a,??zk—l VIZ;’ cz*
(bj, Pjs Bj)l,q

o+h-ly prn+l 1 ’ (@1,005A1:9), (1= 4, 15 1), (@), 035 A))ap )
prlg+l (b}, pj3B)1,g (L —0 = A, 5 1)

(a1,01;A1 ), (ﬂjr0i5Ai)2"’i|) (%)
=x

(28)

provided every member in (28) does exist.
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Corollary4 Leto,n,,c € CbesuchthatR(o), u > 0and R(A) > max{0, R(—o —n)}. Then,
forx>0,

- ,o1;41:y), (a), 05 4;
Ig; ,nzx_lrlzén ez ’ (a1,01;A1 y) (ﬂ, oj 1)2,p @)
(), 0j; B4

_ xa+k—11’1m,;11+11 cxt ’ (@1,01541:9), (1= 4, ;1) (a}"al';A/)zvp , (29)
prar (Bj, pj3 Bi)1,g» (1 =0 = &, j151)

provided every member in (29) does exist.

The corresponding corollary (1) introduces the Erdélyi—Kober fractional integral as fol-

lows.

Corollary 5 Leto,n, A, c € C be such that RW(o), i > 0 and R(X) > max{0, R(-n)}. Then, for
x>0,

’ ;A Y j» 7A
I;,gzkilylg,}n o ‘ (a1,01;A1 y) (“} Oj 1)2,p (x)
(), 05 Bi)1,q

_ Ly e |: " ‘ (a1,0141:9),(1=n—-x,1;1), (ﬂj,Gj;A/)z,pi|

(30)
priart (bj, pj3 Bi)1,g» (L =0 = = A, ;1)

provided every member in (30) does exist.

Corollary 6 Leto,n,A,c € C be such that R(c), u > 0 and R()) > max{0, R(-n)}. Then, for
x>0,

) ;A : ) i ;A
I:]—YUZ)L—IFI;}:I;I e ‘ (@1,01;41: %), (a),054))2p )
(bj: Ljs Bj)l,q

= 1T sl [cx“ ‘ (@1,01;41:9), (1 =n =4 1;1), (“j’G/?A/)2'p:| ’ (31)

priatt by, 0 B1,gy (1 =0 = = A, ;1)
provided every member in (31) does exist.

The coming results lead to the right-hand sided MSM fractional order integrals of the
incomplete I-functions.

Theorem 2.3 Let o,0',p,0',n,A,c € C be such that R(n), u > 0 and R(L) > max{R(p),
MR(—o — o' +n),R(-0 — p’ +n)}. Then, for x>0,

If"’/’p"’/’”z_”l;',’l" - ) (a1,01;A1 :9),(aj, 053 A))2p )
(bj: Ljs Bj)l,q

— x—a—o/+n—A

x ylm,n+3 ex M ‘ (611,0‘1;141 :y)) (1 +0 - A, 122 1); (1 —o-0'+ n-— A 2% 1);
praqH3 (b, pjs B)r,gr (1 = 4, 15 1),

(=0 —p' +1-251),(@),05A)p } , 32)

A-oc+p-Awl),Q-0c-0"-p +n-2Au;1)
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provided every member in (32) does exist.

Proof The LHS of (32) is given by

! ’ 1
(IM ol (zk o [ #spez ds)) @), 33)
2mi $
where ¢(s,y) is given in (3). Interchanging the order of integration in the above equation
yields
1 ro

o [ Bz ez ) s (34)

2mi Jg
using the results (21) and (3), we get the RHS of (32). O

Theorem 2.4 Let o,0',p,0',n,A, ¢ € C be such that R(n), u > 0 and R(A) > max{N(p),
MR(—o — o' +n),R(-0 — p' +n)}. Then, for x>0,

’ ’
(I""’ g kL |:cz“’“

x—o—a/+n—)\

(a1, 01A1:9),(@,05A))2p )
(bj, pj; B)14

(a1,0141:9), A +p—-Aw;1),1-0-0"+n-21 1),
(B> pjs Bi)r,g» (1 = A, 15 1),

I ymn+3 -
X Ip+3,q+3 |:Cx

(=0 —p' +1-251), (@), 05A)2p } , 35)

A-c+p-Awl),Q-0c-0"—p +n-2Au;1)
provided every member in (35) does exist.

The Saigo, Riemann-Liouville, and Erdélyi—-Kober fractional order integrals of the in-

complete /-functions are given below.

Corollary 7 Let o, p,n,,¢ € C be such that N(o), u > 0 and R(X) > max{R(-p), R(-n)}.
Then, for x > 0,

) ;A : ’ i ;A
If"””z‘”llg’,’é” ezt ‘ (a1,01;A1 :9),(a), 05 A))2p )
(b/, Pjs Bj)l,q

:x—p—kylm,n+2 |: - ‘ (al:al;Al y)’(l -n _)\r/'L; 1):

p+2,q+2 (b]., pj}Bj)l,q7 (1 - A 1)'

(l—p—KJMILMpqw%h¢} (36)

l-0-p=-n-2ml)

provided every member in (36) does exist.
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Corollary 8 Let o, p,n,x,¢ € C be such that R(o), u > 0 and R(L) > max{R(-p), R(-n)}.
Then, for x > 0,

b) ;A : ) jr ;A
If:ﬂ:ﬂz—kl“[;r’tén cz ™ ‘ (@1,01;4, y) (al 0j })2:1’ (x)
(bj, pj; B g

— x—p—kl“lm,wrz |: - ‘ (ﬂl; Ol;Al 13/), (1 -n- )\., M5 ]-);

Pr2q+2 (bj’ pj;Bj)l,qr (1 - )‘1 /%% ]-)1

(1-p=2 1), (a/)Uj;Aj)2,pi| (37)

(l-o-p-n-2ul)
provided every member in (37) does exist.

Corollary9 Leto,n, X, c € CbesuchthatR(o), > 0and R(A) > max{N(c), R(-n)}. Then,
forx >0,

) yA YY) jr ’A
Iif,—a,nz—)uylg:lén cz M ‘ ((11 01;41 y) (al gj ])va (x)
(b, pj; B)1,q

(38)

_ oy el |:cx_” ‘ (an,01A1:9),(1+0 - A, u;1), (djyaj;Aj)Z,p:| ’

prla+l (b, ,Oij)l,qy(l _)"y H; 1)
provided every member in (38) does exist.

Corollary 10 Let o,n,4,¢c € C be such that R(o),u > 0 and R(L) > max{N(o), R(-n)}.
Then, for x > 0,

) ;A Y j» ;A
If,—o,nz—kl“lgl‘,]n cz M ‘ (al 0141 y) (al 0j })2:17 (x)
(bj, 055 Bi1,q

(39)

_ o-h T pranel |:cx" ‘ (a1,01;41:9),(1+0 -4, u;1), (ﬂj,(Tj;Aj)z,p] ’

priart (B, 0 By (1= 4 1151)
provided every member in (39) does exist.

Corollary 11 Let o,n, ), c € C be such that R(c), u > 0 and R(A) > max{0, N(-n)}. Then
the right-hand Erdélyi—Kober integration IC, , (= o0 for x > 0,

) )A ) jr ;A
]Cr—]’az—)\yl;;;,qén cz M ‘ (6l1 o141 y) ((l] i ])Z,p (x)
(b), Pj;Bj)l,q

=x (40)

S i W ’ (a1, 0141:9),(L=n =2, 1), (ﬂ/: O7;Aj)2,p
priart (B, pj3 Bi)1,g» (L =0 = = A, 5 1)

provided every member in (40) does exist.
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Corollary 12 Let 0,1, A, c € C be such that R(o), x > 0 and R(A) > max{0,R(-n)}. Then
the right-hand Erdélyi—Kober integration IC, , (= Z°20M) for x > 0 is as follows:

) 7A YY) jr )A
]C;]’UZ—AFIZ{ szﬂ ‘ (611 o1 1 y) (ﬂj G] /)Z,p (x)
(bj, pj; Bj)1,4

_ x,)hrlm,yH.l |:cx“ ‘ (alr OI;AI :y); (1 -n- A, M 1)’ (ﬂ]’r Uj;Aj)Z,pj| , (41)

- priart (b, pj; By (1 =0 =1 = A, 151)

provided every member in (41) does exist.

3 Fractional differentiation of incomplete /-functions
Right now, we study the MSM fractional order derivatives pertaining to the incomplete /-

functions. The following are well-known results and will be used in subsequent theorems
(see [30]).

Lemma 3.1 Leto,0’,p,p',n,1 €C.
(@) IfN(A) > max{0,R(-o + p),R(-0 —0’ = p’ + 1)}, then

’ ’
(Dg:r 1050 Jlt)wl)(x) — xa+g/,7]+)u—1

IFrMIMoc—-p+MI(c+0'+p ' —n+A)

o+ oro —n+ilip-n+n 2
(b) IfR(A) > max{R(—p'), R(o' + p —n),R(o +0' —n) + [R(n)] + 1}, then
(D721 () = a7 1
T+ (=0 =0 +n+ ) (=0' —p+n+21) )

A (=o' +p' + M) (~oc -0’ —p+n+A)

Now, we represent the left-hand sided MSM fractional derivatives of the incomplete
I-functions.

Theorem 3.2 Let o,0’,p,0',n,A,c € C be such that > 0 and R(L) > max{0, R(-o + p),
MN(—o — o' = p" +n)}. Then, for x>0,

Da,a/,p,p/,nz)hqylm,n o ‘ (ahol;Al :y)’(ﬂerjSAj)Z,p (x)
o P (B> 0js Bj)1,4

_ xa+a’—n+)\—1
(alral;Al 1)’), (1 - )‘-1 125 1): (1 -0 + pP— )\'; s 1),

X VRS | ext
proar (b, )Oj;Bj)l,q; (1 + ,0 - )\o Mr 1),

(I-0-0"=p"+n=4 ;1) (40542, } , (44)

l-o-0"+n=-2mw;1),1-0—-p +n—-2Au;1)

provided every member in (44) does exist.
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Proof The LHS of (44) is given by

’ ’ 1
(o577 (25 [z as) o, s)
2mi Jg
where ¢(s,y) is given in (3). Interchanging the order of integration in the above equation
yields
1 ! ’
3w [ BN DG ) (46)
2 $
using the results (42) and (3), we get the RHS of (44). |

The properties given below are immediate consequences of definitions (1), (2), and (42),

and consequently they are disposed without demonstration as follows.

Theorem 3.3 Let 0,0, p,0',n,A, ¢ € C be such that > 0 and R(L) > max{0, R(-o + p),
N(—o — o’ = p' +n)}. Then, for x>0,

(Dg,a’,p,p/,nz)h_U“Im,n et ‘ (611,0’1;A1 1)’), (ajyo'/’;A/)Z,p ) (x)
+ )
P (b}, 03 Bj)14

’
—-n+i-1
= xoto -t

I pmne3 o | @u05A1:9), (=24, 151),(1 -0 + p =4, ;1)
X 1p+3,q+3 X
(Bj> 03 B)1gr (1L + p = A, 115 1),

(I-0-0"=p"+n=%1;1),(a)05A4))2p }, (47)

l-0c-0"+n-Aw;l),Q-0-p +n-2Au;1)
provided every member in (47) does exist.

The coming image formulas for incomplete I-functions involving the Saigo, Riemann—
Liouville, and Erdélyi—Kober fractional derivatives are as follows.

Corollary 13 Let 0,p,1,A,¢ € C be such that p > 0 and R(L) > max{0,R(-o — p — n)}.
Then, for x > 0,

(Dgfvnz)\—lylzgin [CZ/L

pra-ly a2 | o ’ (a1,01;41:9),( 1=, 1),
p+2,9+2 . .
(b]r pj;Bj)l,qy (1 —p— )\'; 125 1);

(a1,01;A1:9), (4,05 A))2p *)
(b'y ,OpB/)l,q

=X

(48)

(1-0-p-n-x2w1)(a,0;54))
(I=n-Anu1)

provided every member in (48) does exist.
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Corollary 14 Let o, p,1,A,¢c € C be such that u > 0 and R(X) > max{0,R(-o — p — n)}.
Then, for x > 0,

Dg;p,nz)ﬁl 1‘];,;, ez } (a1,01;A1 1), (ﬂj;Uj;Aj)zyp *)
(b}, pj; Bi)1,4

(ﬂl, UI;AI :y)) (1 - )\') J25 1),
(b', pj;Bj)l,q; (1 —p - )‘-, 125 1)1

_ o PHA=LT pmn+2 n
=X Ip+2,q+2 &

u—o—p—n—nunxwwmAmp} s)

(L-n-2pu1)
provided every member in (49) does exist.

Corollary 15 Let o,n,X,c € C be such that (v > 0 and R(A) > max{0, R(-n)}. Then, for
x>0,

Dg,—a,nz}ﬁlylm,n ezt ‘ (611,0'1;141 1)’); (ﬂ]’, O']‘;A]')Z,p (x)
* P (b}, pj; B,g

(50)

_ a0 +A=1ly ymn+l s
=% 1p+1,q+l |:Cx

(a1, 01341 :9), (1= X, 115 1), (a), 05 A5)2,
(b]) pj;Bj)l,q1 (1 I )\: M 1)

provided every member in (50) does exist.

Corollary 16 Let o,n,X,c € C be such that v > 0 and R(A) > max{0, R(-n)}. Then, for
x>0,

Dg;—a,nz)ﬁl FI‘Z:I;[ ezt ‘ (ﬂlx UI;AI i)’), (a]') Oj;Aj)Z,p (x)
(), 0j; Bj1,q

=X

—a+k—1F]m,n+l |:cx“ ‘ (al’ol;Al :y)’ (1 - )‘" M5 1)’ (aj’oy;A/)Z:P:| , (51)

priat (b 0 B)1.gy (L= p = A 151)
provided every member in (51) does exist.

Corollary 17 Let o,n,A,c € C be such that p > 0 and R(\) > max{0,R(-o — n)}. Then
the left-hand sided Erdélyi-Kober differential D, ,(= ’Dg;o'") of the incomplete I-function is

given for x > 0 by
D;,azk—lylgzn et ‘ (a1,01;4A1:9), (d/,Gj;Aj)z,p @)
i (B), pjs Bj)1,4
=x*1x

y pm,n+1 L
X 1p+1,q+1 o

(52)

(ar,01;A1:9), (1 =0 —n— A u;1),(aj,0554))2p
by, 3 B)1,g (1 =1 = A, p51)

provided every member in (52) does exist.
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Corollary 18 Let o,n, A, c € C be such that u > 0 and R(A) > max{0, R(—o —n)}. Then the
left-hand sided Erdélyi-Kober differential D, , (= ngro’") of the incomplete I-function is
given for x > 0 by

) ;A : ) i» ;A
D;ﬂz)\—ll‘lgr;n e ‘ (@1,01;41:9), (@), 053 4))a, ®)
(b’) pj?Bj)l,q

— xk—l

x [‘Im,n+1 [Cxﬂ ‘ (dl,al;Al 3}’), (1 -0 —-n- )\') j25 1)’ (ajr O—pA])Z,p} , (53)

priat (B2 P55 By (1= = 2, 15 1)
provided every member in (53) does exist.

The next result leads to the right-hand MSM fractional derivative related to the incom-

plete I-functions.

Theorem 3.4 Let o,0’,0,0,n, A ¢c € C be such that > 0 and R(L) > max{R(-p’),
R’ +p—n),R(o +0’ —n) +[R(n)] + 1}. Then, for x>0,

Df,a’,p,p’,nz—kyl;;;:lén cz M ‘ (a1,01;A1 1)’): (ajﬁaj;Aj)Z,p (x)
by, 3 Bj)1,4

_ xaﬂr’—n—k

% ylm,n+3 |:cx" ‘ (ﬂI:OI;Al 'y)’(l _p/ —)\.,M;l),(l t+0o +OJ -n _)\;M; 1);

P (b 05 By (1=, 15 1),
(1 + o'/ +po0—-n-— )\.,/,L; 1), (ol]‘,dj;A]‘)z‘p (54)
L+o' —p -rwl),(Q+o+0’+p-n-rul) |
provided every member in (54) does exist.
Proof The LHS of (54) is given by
a,0',0,0" -y 1 —us
Do 27— | (s, y) 2 ds ) ) (%), (55)
2wi Jg
where ¢(s,y) is given in (3). Interchanging the order of integration in the above equation
yields
1 ! ’
— / B (s,9)c (D77 PP 170419 (x) dis, (56)
2ri Jg

using the results (43) and (3), we get the RHS of (54). (|
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Theorem 3.5 Let o,0’,p,p,n,Ac € C be such that u > 0 and R(A) > max{R(-p’),
R +p-n),R(o +0’" —n)+ [RW)] + 1}. Then, for x>0,

’ /
(D" SRR |:cz"‘

o+0’—n—x

(a1,01;A1 :9),(aj, 05 A))2p )
(), 1 Brg

=X

(a1,0141:9),1-p" =X, w;1),(L+0 +0' —n—Au; 1),
(b'r Ioj;Bj)l,q) (1 - )‘-1 s 1);

I ym,n+3 —L
X 1p+3,q+3 |:C?C

(1 +0'+ p—Nn- )" M; 1)) (ﬂ}', Gj;Aj)Z,p :| , (57)

QI+0" —p —Awl),Q+0+0"+p—n—2A,u;1)

provided every member in (57) does exist.

The fractional order derivatives of Saigo, Riemann—Liouville, and Erdélyi—Kober type
involving the incomplete /-functions are given as follows.

Corollary 19 Let o,p,n,1,c € C be such that p > 0 and R(A) > max{R(-o - n),

NR(p) + [N(o)] + 1}. Then the right-hand Saigo derivative of the incomplete I-function is
given for x > 0 by

Drj,p,nz—kylg’t&n cz M ‘ (alro'l;Al IJ/), (dj; O'j;Aj)Z,p (x)
(bj, Pj;Bj)l,q

_ oy g2 | oen | @005 ALY), (L-0 =0 =4, 1),
B ) (b 033 B (1= o i3 1)
];p}, j) 1,97 ;My ’

(1 +0—- )W H; 1)’ (dj! O}';Aj)Z,p:| (58)

I+p-n=2u1)

provided every member in (58) does exist.

Corollary 20 Let o,p,n,1,c € C be such that p > 0 and R(A) > max{R(-o - n),

N(p) + [N(o)] + 1}. Then the right-hand Saigo derivative of the incomplete I-function is
given for x > 0 by

Df,p,nz—kflglén szy, ‘ (al)OI;Al :y)’(ajyoj;Aj)Z,p (x)
(b), pjs Bj)1,4

(a1,01;A1:9),1—0 —n—A,u; 1),

2,q+2
proar (b‘,,Oj;B]‘)Lq,(l—)\.,,bL;l),

:xp—kF]m,n+2 |:Cx—;4

(1+p -2 1), (a;, o,;A,>2,p] 59)

Q+p-n-%u;1)

provided every member in (59) does exist.
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Corollary 21 Let o,n,A,c € C be such that p > 0 and R(A) > max{R(-o — n), N(-0) +
[M(o)] + 1}. Then, for x > 0,

) ;A : ) i» ’A
D(_r,fa,nz—)»y];ftén cz M ‘ (@1,01;41:y) (al 0j 1)2:17 (x)
(bj, 03 Bj)14

=X (60)

—G—Aylm,n+l cx ™ ‘ (('Zl’ o1;41 1)’), (1 +0- A 22 1)1 (ﬂj’ O}';Aj)Z,p
p+l,q+l (b'fpj;B/)l,q’ (1 4 1) ’

provided every member in (60) does exist.

Corollary 22 Let o,n,1,¢c € C be such that > 0 and R(L) > max{N(-o — n), R(-0) +
[M(o)] + 1}. Then, for x > 0,

) ;A : ’ i» ;A
Df,—o,nZ—AFIZI;In cz ‘ (a1, 01341 ) (“} 0j 1)2,p )
(bj, pj; B)1q

=X

_U_Arlm,n+1 |:cx"“ ‘ (al)al;Al :y): (1 +0- A s 1)7 (a/: Uj;Aj)2,pi| ) (61)

prbat (B> 53 B (1= 2 151)
provided every member in (61) does exist.

Corollary 23 Let o,n, X, c € C be such that u > 0 and R(L) > max{R(-o — n), [N(o)] + 1}.
Then the right-hand Erdélyi—Kober fractional differentiation D, , (= DO for x> 0 is

Dy, 2 | ot ’ (a1,01;A1:9),(aj,05A))2p )
(bj»pj;Bj)l,q

=X

_)Lylm,m.l |:Cx_p_ ’ (alxal;Al IJ/), (1 -0 —-n- )‘r s 1)’ (ﬂjr aj;A/)2,p:| (62)

prbat (5> 05 Brgy (1= 11 = h i3 1)
provided every member in (62) does exist.

Corollary 24 Let o,n, ), c € C be such that u > 0 and R(1) > max{R(-o —n), [N(o)] + 1}.
Then the right-hand Erdélyi—Kober fractional differentiation D, , (= Do) for x>0 is

— AT ym,n —L
(Dwz L |:cz

:x—krlm,n+1 |:Cx—/t

(a1, 01A1:9), (@), 0534))2p )
(), 1 B)rq

(63)

(ar,01;A1:9),(1—0 —n—A,u;1),(a),0554))2p
p+lg+1 ’

(b" pj;Bj)l,q, (1 -n- )\: M 1)

provided every member in (63) does exist.

4 The Caputo-type fractional differentiation of incomplete /-functions

For o, p,n € C,x > 0 along with %(o) > 0, we characterize the respective Caputo fractional
differential operators of left-hand and right-hand type related to the Gauss hypergeomet-
ric function as follows (see [26]):

(cDg;p,n )(x) _ (I(;f+[})i(a)]+1,—p—[m(a)]—1,a+i7—[>“(<7)]—1f‘([.\'H(U)]+1))(x) (64)
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and
(cDo,p,nf)(x) _ (_1)[§H(a)]+l(I—a+[EH(U)]+1,—p—[ﬂ\'(o)]—l,aw]f([f)\‘(a)]+1))(x)’ (65)

where f) stands for the nth order derivative pertaining to f. The functional relationship
within the MSM fractional order derivative of Caputo-type and MSM fractional derivative
is similar to that between the Caputo fractional order derivative and fractional derivative
of Riemann-Liouville type.

Considering 0,0, p, 0,1 € C, x > 0 together with 0(n) > 0, the respective left-hand
sided and right-hand sided Caputo-type MSM fractional differential operators, related
to third Appell function, are defined as

(cDg;o/,p,p’,V) (x) = (ISS/,—U,—/)’+a,—p,—n+af(a)) (%) (66)
and
(CDS,(}'/,p,p/,r]f) (%) = (=1)* (I:O'/,—0',—/0/’_p+0(,—7]+01f(0()) (%), (67)

where a = [(n)] + 1.
The fractional operators (66) and (67) are connected to (64) and (65) as follows:

(cDgf’vﬂ,p’vnf) (x) = (cDgf/—ﬂ’P/—qf) @) (68)
and
(“DO P f) (x) = (D) (). (69)

Now, we derive the Caputo-type MSM fractional order derivatives referring to the in-
complete /-functions. The following are well-known results and will be used in subsequent
theorems (see [13]).

Lemma 4.1 Leto,0’,0,0,n,A € Cand k = [N(n)] + 1.
(@) IfRQA) -« >max{0,N(-0 + p),N(~0 — 0’ — p’ + 1)}, then

(DG 01) ) = 70710

FrAMlroc-p+i-k)(c+0'+p —n+i—k)
T(=p+ri-k)(c+0" =n+M(c+p =n+ri—k)
(70)

(b) IfR(A) + & > max{R(—p'),R(o" + p—n),R(o + 0’ —n) + [R(n)] + 1}, then

(CDU,G’,p,p’,n t—A) (x) _ xa+o’—r}—k

F(p+r+)l(~oc -0’ +n+AM)I(-0'—p+n+Ai+k)
TFTWI (=o' +p +A+k)[(—~0 —0'—p+n+A+k)
(71)
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First, we give the left-hand sided Caputo-type MSM fractional derivative of the incom-
plete I-functions.

Theorem 4.2 Let o,0',p,0',n, ,a € C, k = [N(n)] + 1 be such that i >0 and R(\) —« >
max{0, R(—o + p), N(—o —o’ = p" +n)}. Then, for x >0,

" pup ay,01;A1 :y),(a;, 05 A;
epg e yﬁzk—lyl;;;:l;[n az ‘ (@1,0154A1 :9), (@), 053 4))2,p )
by, 0j5 B4

_ xa+a’—n+k—l

x rprnss | oo ‘ (a1,0A1:9),1 -2 u;1),(1-0 +p—A+k,u;1),
P+3,q4+3 (bj, 05 B 1, (L+ p — A+ K, 145 1),

(l-0-0"—p" +n-r+x,u;1),(a;,054)2p :| , 72)

l-oc-0d"+n-2Aw;l),Ql-0-p +n—A+kK,u;l)
provided every member in (72) does exist.

Proof The LHS of (72) is given by

(CD‘”’ o0 "( f b(s. )’ ds))( ) (73)

where ¢(s,y) is given in (3). Interchanging the order of integration in the above equation

yields
/qS s,y)as(”D‘m 00 i as Y (x) ds, (74)
2mi
using the results (70) and (3), we get the RHS of (72). O

The properties given below are immediate consequences of definitions (1), (2), and (70),

and consequently they are provided without detailed proof as follows.

Theorem 4.3 Let o,0',0,0',n, ,a € C, k = [R(n)] + 1 be such that u >0 and R(\) —k >
max{0,N(—o + p),R(-o — o’ = p" + n)}. Then, for x>0,

”Dgf/'p’pl’nz)\_lrlg’;]” uz ‘ (a1,01;A1:9), (@), 05 A))2p *)
(b), b3 Bi)1,q

_ xa+a’—n+)\—l

« I pmn+3 r ’ (@,01;41:9), (1 =4, 1;1),(1 =0 +p =+, 1451),
p+3,9+3 (bjrpj;Bj)LW (1 +0 - A+K, M5 1)’

(1-0-0"=p +n-x+x,1;1),(a),054))2p :| ’ (75)

l-0c-0"+n-2wl),1l-0c-p +n—~A+K,1u;1)

provided every member in (75) does exist.
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Corollary 25 Let o,p,n,ha € C, k = [N(o)] + 1 be such that ;v >0 and R(L) — « >

max{0, N(—o — p — n)}. Then left-hand sided generalized Caputo fractional differentiation
“Dy."" of the incomplete I-function is given for x > 0 by

epg -ty prn | g ’ (a1,01;A1:9), (45,05 A))2p *)
P4 (bj, pj; B g

_ yp+i-ly prne2 “ ‘ (a1,01;A1:y), (1= A, w5 1),
p+2,4+2 (l’)/, pj;Bj)l,q7 (1 il 2 )‘«: s 1)’

l-o-p—-n—-~A+k,u;1),(a; oj;Aj)z,p:| , (76)

A-n-A+x,u51)

provided every member in (76) does exist.

Corollary 26 Let o,p,n,ha € C, k = [M(o)] + 1 be such that i >0 and R(X) — « >
max{0, W(—o — p —n)}. Then left-hand sided generalized Caputo fractional differentiation
‘D" of the incomplete I-function is given for x > 0 by

¢ A=1T" ym,n n
(Dm LA iy |:az

p+A—1F1m,n+2 axh (611,01;141 33’),(1 _}\,M;l);
p+2,q+2
(bj’ pj;Bj)l,q» 1-p=24 1),

(a1, 01A1:9), (@), 054))2p )
(bj, Py Bj)l,q

=X

(l—cr—,0—r/—k+/c,pc;1),(aj,aj;A,»)2,p:|, 77)

I-n—-A+x,u;1)

provided every member in (77) does exist.

Corollary 27 Let o,n,r,a € C, k = [W(o)] + 1 be such that p > 0 and R(A) — k >
max{0, N(—o — n)}. Then left-hand sided Caputo-type Erdélyi—Kober fractional differen-
tiation °D; , (= ’Dg;o‘") of the incomplete I-function is given for x > 0 by

CD;GZX—lyI;r’lén az ‘ (a1, 01A1:9),(a),05;A))2p *)
' (bj, pj; B 1,q

— x)\—l

% y[:i’;lj;rl axh ‘ (611,0’1;A1 y),(l -0 —-n- A + K, U 1), (aj:Uj;Aj)Z,p , (78)
(bj, 03 Bi)1,g» (L =0 = A + &, 5 1)

provided every member in (78) does exist.

Corollary 28 Let o,n,r,a € C, k = [N(0o)] + 1 be such that p > 0 and R(A) — k >
max{0, N(—o — n)}. Then left-hand sided Caputo-type Erdélyi—Kober fractional differen-
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tiation ‘D, , (= D! 01y of the incomplete I-function is given for x > 0 by

) ;A Y i» ;A
CD;’UZA—MI;;’«: azt ‘ (@1,01;41:9), (@), 054))2p @)
(b, pj; B)1,4
_

I‘Im;11+11 ﬂxﬂ ‘ (alral;Al 3)’): (1_0 _n_)\' +K’M; l)j(aj:O'j;Aj)Z,p , (79)
prLar (b}, pj;Bj)Lq, (1 -nN- A+ K, [L; 1)

provided every member in (79) does exist.

Lastly, we represent the right-hand sided Caputo-type MSM fractional derivative of the
incomplete /-functions.

Theorem 4.4 Let o,0',0,0',n, a € C, k = [R(n)] + 1 be such that 1 >0 and R(X) + k >
max{R(—p'),N(o" + p—n),R(o + 0" —n) +«k}. Then, for x >0,

CD(_I,U’,p,p’,nZ—)»y[;r,zén az ‘ (dl, o141 33’), (ﬂj, G/§A/’)2,p (x)
(bj, Pjs Bj)l,q

_ x0+0'/—ﬂ—)»

X VIS | ax ! ‘ (a,01A1:9), 1= p =2 -k, u;1),(1+0 +0' —n—A,u;1),
proar (B2 0 B1gs (L=, 13 1),

Q+0"+p—n—r—k,u;1),(a;,054,)2p (80)
L+o' —p =r—i,;1),QA+0+0 +p—n—-r—w, ;1) |

provided every member in (80) does exist.

Proof The LHS of (80) is given by

(CD"” R ”( 2m/¢syaz “Sds>>( ), (81)

where ¢(s,y) is given in (3). Interchanging the order of integration in the above equation

yields
/¢ (s,y)a’ (CD"" o' =) )(x) ds, (82)
21i
using the results (71) and (3), we get the RHS of (80). O

Theorem 4.5 Let o,0’,p,0',n, ,a € C, k = [R(n)] + 1 be such that u > 0 and R(L) + k >
max{N(—p"), N(e"+p—n),N(o +0"—n) +«}. Then, for x >0,

4 / ) ;A : jr ;A
C’Df'a 0P vﬂz—AFIZL,In az ™ ‘ (al 01 A1 y) (al 0j })2:17 (x)
by, 03 By)1,4

_ xa+a’—n—k
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% Flm,n+3 - ’ (alxal;Al J/),(l _IO/ _)\_K’M;l)r(l t+0 +0J -n —)»;M;l):
P (bj: p/';Bj)l,q’ 1-211),

A+0'+p—n—Ar—k,u;1),(a;,0;4))2p (83)
A+ —=p' =r—k,u;1),QA+0+0’ +p—n—r—i, ;1) |

provided every member in (83) does exist.

Corollary 29 Let o,p,n, ,a € C, k = [N(o)] + 1 be such that u >0 and R(\) + k >
max{N(—o —n), R(p) + k}. Then the right-hand sided generalized Caputo fractional deriva-
tive “D% P of the incomplete I-function is given for x > 0 by

c:Df,p,nZ—)\yI;;zzt,ln az " ‘ (ﬂ1,0’1;A1 :y)r (ajyo'j;Aj)Z,p (x)
(b}, pj; B,q

(a1,01;A1:9),1 -0 —n—A—k,1;1),
(b', pj;Bj)l,q; (1 - )‘-, 125 1)1

_ A PAY L2 -
=X 1p+2,q+2 |:“x

(1 + P — }"1 "; 1)) (djro'j;Aj)Z,p:| , (84')

dI+p-—n—-A—kK,u;1)

provided every member in (84) does exist.

Corollary 30 Let o,p,n,0,a € C, k = [N(o)] + 1 be such that © > 0 and R(L) + k >
max{MN(—o —n), R(p) +k}. Then the right-hand sided generalized Caputo fractional deriva-
tive D?P" of the incomplete I-function is given for x > 0 by

) ;A : ) i» ;A
chyP:ﬂZ—AFI;;Zn az M ‘ (@1,01;A1 y) (al 0j 1)217 (%)
(b’: Pjs Bj)l,q

R e P ‘ (a,0141:9), (-0 —n—A—k,1u;1),
proar (bj, pj; Bi)1,g» (1 = A, 51,

(1 + 0 —)\,/,L; 1),(611‘,0']';A1')2’pi| ’ (85)

A+p-n=r-K,u;1)

provided every member in (85) does exist.

Corollary 31 Let o,n,ra € C, k = [R(o)] + 1 be such that u > 0 and R(L) + k >
max{N(-o — n),«k}. Then the right-hand sided Caputo-type Erdélyi—Kober fractional
derivative °D, , (= “DZ") of the incomplete I-function is given for x > 0 by

cDr—l,az—Ay];flgln az " ‘ (a1,01;41 :y)r (ﬂj;o'j;Aj)Z,p (x)
(bj, pj; B1,q

= x’)‘

i ) ;A : )1_ - _)"_ ) ;1; i ;A
y yf,ﬁ’i',}il ax,#‘ (an,013A1:9),(1-0—-n i, 13 1), (aj, 075 A))2p 6)
(Bj, pj3 Bi)1,g» (L= = A =k, ;1)

provided every member in (86) does exist.
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Corollary 32 Let o,n,ra € C, k = [R(o)] + 1 be such that n > 0 and R(L) + k >
max{N(-o — n),k}. Then the right-hand sided Caputo-type Erdélyi—Kober fractional

derivative “D, , (= “D?"") of the incomplete I-function is given for x > 0 by

cy- Al ymn —u
(Dwz Ly |:az

= x_)‘

(a1, 01A1:9), (@), 0554))2p )
(bj, Pj;Bj)l,q

I"Im;l+11 ax—H ’ (dl’ Gl;Al :y): (1 —0—-nN- A=K, M5 1)r (ﬂjx O7;Aj)2,p , (87)
proar (bj, 03 B)1,g) (1L =1 = A — K, ;1)

provided every member in (87) does exist.

5 Special cases and concluding remarks

By specializing the parameters in definition (2), we obtain the following functions as spe-
cial cases of the incomplete I-function Im'”(z)'

(i) Incomplete I-function FI (z) if weset B; (j=1,...,m) = 1 in (2), then we obtain

Fj;n,qn(z) _ 1"7:1,;1 . (a1, 01341 : %), (aj, 05 47)2p
’ ’ (b, 198 l)l,m: (bj, pj;Bj)erl,q

1 _
=5 /$¢(s,x)zs ds, (88)

where

{y(L—ai +o1s, 0 [T, T by = o) [T AT (1 = g + 055)
n+1{F(['l1_UJS)}A/ m+1{F(1 b +pls)}Bl

5(51 x) =

(89)

(ii) Incomplete H-function F (z) ifwesetB; (j=1,...,m)=1and
Aj(j=n+1,...,p)=1in (2), then we obtain (see [32])

Fm,n(z) _ rjm,n 2 ‘ (a1,01; A1 %), (aerﬁAj)Z nr(ﬂj:aj; 1)n+1,p
pa P4 (b Ljs )1 s (b]r ,OpB )m+1 q

_ an ‘ (a1,01;A1 : %), (a4}, 05 Aj) 2.0 (@5 0)) e p
(bﬁ pj)l,m)(b :017 )m+lq

1 —
= ﬁﬁl//(s,x)zg ds, (90)

where

F5.1) - ly(1—ay + o, Y [T, T (b - pjs) [T (T (1= aj + 0js) ) o1)
o f=n+1 F(ﬂi - U/s) ;?:WH-I{F(]' - bf + pjs)}Bi '
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(iii) Incomplete H-function I“p’,',’l'”(z): ifwesetBj(j=1,...,g) =1land 4; (j=1,...,p) =1
in (2), then we obtain (see [32])

Fm'n( ) _ rlm’" (ali 01; 1 :x)r (ﬂji 0—1; 1)2,17
pa ¥ = dpg | % (b, pi; 1)
) Pjs L)1,q

= z‘ (a1,01 !x),(ﬂ/,aj)z,p
(bj, P14

= L_/l//(s,x)zg ds, (92)
2ri Jg

where

B y(1—ay +015,%) ]_[I'Z1 I (bj - pys) ]_[;':2 I'(1-aj+ojs)

Y (s,x) = (93)
f:n+l F(d]' - (TjS) H}L'I:m+l r- bj + 'O/S)

(iv) Incomplete Fox—Wright function plI/q(m(z): if we take the substitutions z = -z,
Ai(j=1,..,p)=Bi(j=1,....q)=1,a;— (1-a)) (j=1,...,p) and b; — (1 - b))
(j=1,...,9) in (2), then we obtain (see [24])

e =T |, ‘ (1-ay,o01;1:%),(1-aj,05;1),
pra part (0,1),(1 = bj, pj; D1y
=, lI/q(]") (alx Glxx)x (ajr Gj)Z,p;Z ) (94)
(b]’ pj)l,q;

Remark 1 Similarly, one can easily obtain another class of incomplete functions as special
cases of the incomplete /-function 7’7:: (2).

It is to note that if we use the relations (90) and (92), then one can obtain the fractional
calculus results associated with the incomplete H-functions and incomplete H-functions
(see [32]) as special cases of our results. Moreover, all the results investigated in this pa-
per, taking into account the decomposition formula (8) (or y = 0 in the results involving
r 1;7(2)), lead to the known results provided earlier by Kataria and Vellaisamy [13].

In the present article, we investigated a number of fractional calculus image formulas
involving incomplete /-functions associated with the MSM operators. The incomplete
I-functions generalize /-function, H-function, H-function, Meijer G-function, hyperge-
ometric function, and many other functions. Additionally, the MSM fractional operators
generalize Saigo, Riemann-Liouville, Erdélyi—Kober fractional calculus operators. In con-
sideration of the indicated fact, one can obtain numerous image formulas comprising a

class of special functions (see [14, 15, 27, 30, 32]) as limiting cases of the main outcomes.
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