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1 Introduction

Integral equations have some applications in different fields, such as physics, biological
models, and so on [1-5]. They can be solved by different numerical or analytical meth-
ods. Specifically, fuzzy integral equations also appear in different problems, for exam-
ple, optimal control theory, mathematical economics, and engineering. The existence and
uniqueness of solutions of fuzzy Fredholm integral equations have been studied, which
were implemented by means of the Banach fixed point theorem [6—9]. In recent years, the
researches on fuzzy differential equations and fuzzy integral equations from both theo-
retical and numerical points of view have been developed. There were some numerical
methods to solve fuzzy differential equations [10-15] and fuzzy integral equations [16—
23]. Rivaz et al. [24] and Ezzati et al. [25] presented the homotopy perturbation method
and fuzzy bivariate Bernestein polynomials method to solve 2D-FFIE, respectively. Other
noticeable methods applied to 2D-FFIE were the block-pulse functions [26], triangular
functions method [27], cubature method [28], and iterative method [29, 30].

In [22], the sinc method was proposed to solve one-dimensional fuzzy integral equa-
tions. However, the convergence analysis was not given. The primary aim of this paper is
to extend the application of the sinc method together with DE transformation to find the
approximate solution of 2D-FFIE. In addition, we prove the convergence of the proposed
method. The proposed method has its advantages such as simple structure, easy to pro-
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gramming, and high accuracy. In addition, the proposed method does not need iterative
operation, and the calculation cost is reduced

The outline of this paper is as follows. In Sect. 2, we introduce some preliminaries and
basic definitions. In Sect. 3, we present the proposed algorithm. Section 4 is focused on
discussing the convergence of the proposed method. To demonstrate the effectiveness of
the proposed method, we will show some numerical results on several tests in Sect. 5.

Finally, some conclusion remarks are given in Sect. 6.

2 Preliminaries

2.1 The basic concepts of fuzzy equations

First, we review several necessary basic definitions and relevant results about fuzzy num-
bers and fuzzy-number-valued functions.

Definition 2.1 (see [31]) A fuzzy number is a function u : R — [0, 1] satisfying the fol-
lowing properties:
(1) u is upper semicontinuous over R,
(2) u(x) = 0 outside of some interval [a,b] C R,
(3) there exist real numbers a and b with ¢ < a < b < d, such that u is monotonic
increasing on [c, a], and monotonic decreasing on [b,d], and u(x) = 1 for all
x € [a,b),
(4) uis afuzzy convex set, that is, for all x,y € R and A € [0, 1],
u(Ax + (1 - A)y) > min{u(x), u(y)}.
The set of all fuzzy numbers is denoted by R/ . Note that every « € R can be seen as a
fuzzy number « = x4}, and so R C Ry

Based on [32], the fuzzy number r € [0, 1] in parametric form is denoted by an ordered
pair of functions (u(r), u(r)), which satisfies the following requirements:

(1) u(r) is a bounded left-continuous nondecreasing function on [0, 1],

(2) u(r) is a bounded left-continuous nonincreasing function on [0, 1],

(3) u(r) <u(r).
It is generally known that the addition and multiplication operations of real numbers can
be extended to fuzzy numbers. For all u = (u(r), u(r)), v = (v(r), ¥(r)), and k € R, we have:

(1) u=vifand only if u(r) = v(r) and u(r) = v(r),

(2) u®v=(ulr)+vr),ulr) +v(r),

®3)

B (ku(r), ku(r)), k=0,

k@u= (ku(r), ku(r)), k<O.

Definition 2.2 (see [33]) For all u = (u(r), u(r)) and v = (¥(r), v(r)), the quantity D(x,v) =
SUP,¢(o,1) max{|u(r) — v(r)|, [u(r) — v(r)|} is the distance between u and v.

It is proved that (R, D) is a complete metric space, which possesses the following prop-
erties:

(1) Du®w,vdw)=D(u,v) Vu,v,w € R,

(2) Dtk ® u,k ®@v) = |k|D(u,v) Vu,v € R,k e R,

(3) Dudv,wede) <D(u,w)+D(v,e) Vu,v,w,e € Ry .
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Definition 2.3 (see [34]) Suppose f,g : [4,b] — Ry are fuzzy real-valued functions. The
uniform distance between f, g is defined by Dy; = sup{D(f(x), g(x))|x € [a, D]}.

Definition 2.4 (see [35]) If for every ¢ > 0, there exists § > 0 such that D(f(x),f(xo)) < €
whenever x € [a,b], |x — xo| < §, then the fuzzy real-valued function f : [a,b] — Ry is
referred to as continuous at the point xy € [a, b]. If f is continuous at each xy € [4, b], then
f is called a fuzzy continuous function.

In addition, Cr([a,b] x [c,d]) represents the space of all fuzzy continuous functions
filab] x [c,d] > Rfp.

Definition 2.5 (see [29]) Supposef : [a,b] x [c,d] — R is abounded mapping. Then the
function wigp)x[e.q)(f5-) : Ry U0 — R, is defined by w4 p)x[c.q)(f8) = sup{D(f (x,9),f (s, £)) :
x,8 € [a,b);y,t € [¢,d]; \/m < 6} is referred as to the modulus of oscillation
of f on [a,D] x [¢,d].

Definition 2.6 (see [29]) Suppose that f : [a,b] x [c,d] = R, and A} :a =xp < x; <
-.-<x, =band A;’ :C=90 <y <--- <y, =d are two segmentations of the intervals [a, b]
and [c, d], respectively. Consider any intermediate points &; € [x;_1,%], n; € [y-1, %] (i,j =
1,...,n)and 8 : [a,b] = R, o : [c,d] — R. For simplify, the divisions Py = ([x;_1,%:]; &)
and P, = ([yj-1,9;;n) (i,j = 1,...,n) are abbreviated to P, = (A",&) and P, = (A", 1),
which are called as §-fine and o -fine, respectively, if [x;_1,%;] C (& — §(&:), & + §(&;)) and
Wi-15] C (nj — o (ny), nj + o (n))).

The function f is said to be two-dimensional Henstock integrable to I € R if for each
& >0, there are functions § : [4,b] — R, and o : [¢,d] — R, such that for any §-fine and o -
fine divisions, we have D(>"7. Z;’zo(x,- —%i21)(yj —yj-1) ® f(&i,mj), 1) < &, where ) denotes
the fuzzy summation. Then I is called the two-dimensional Henstock integral of f and de-
noted by I(f) = (FH) fc d(FH ) f: f(x,y)dxdy. If the functions § and o are constant, this in-
tegral is called the Riemann integral. In this case, I € Ry is known as the two-dimensional
integral of f on [a,b] x [¢,d] and is denoted by (FR) [*(FR) [* f(x,y) dx dy.

Lemma 2.1 If f and g are Henstock-integrable mappings on [a,b] x [c,d] and D(f(x,y),
g(x,7)) is Lebesgue integrable, then

d b d b
D((FH) [ ) [ sesyasas e [ [ g dxdy)
d b
S(L)/ (L)/ D(f (x,y),g(x,)) dx dy. )
Definition 2.7 (see [36]) The fuzzy linear system

Ymia®x;=3" b @%@y,
Z;Zl ay Q@ xj = Z,'Zl by ® x; D ya,

D A ® X7 =3 by @ %5 D Yy
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where A = (@) mxm and B = () ;uxm are crisp coefficient matrices, and ¥ = (y1,... ym) T is
a fuzzy vector, is called a dual fuzzy linear system, and X = (x1,... ,%,)T is called a solution

of the fuzzy linear system (2).

Definition 2.8 (see [36]) A fuzzy number vector (x;,%5,...,%,)" given by X = (a_cj(r),a_c,-(r))
(j=1,...,m,0<r<1)is called a solution of Eq. (2) if

m m m
E a,jx}- = E ui,'x}- = E bi]‘x]' + Vi
j=1 j=1 j=1

m m m
E agx; = E ayx; = E bxi+y, (i=1,...,m).
j=1 j=1 j=1

Next, we introduce the method of [36] for solving Eq. (2). To solve Eq. (2), we write it in

the form
(S-T)X=Y, (4)

where the elements of S = (s;)2mx2m and T = (£;)2mx2m are determined as follows:

ajj = 0 5 Sij = Aij» Sivmjrm = Aij»
a;j<0 = Sijem =—ay, Sivmj = —Gijy

(5)
bj>=0 = t=by Livmjrm = bijy

bij<0 = tijm=-by Lismj = —byj,
assuming that the remaining s;; and ¢; are zeros. Moreover, the right-hand side vector and
the unknowns are
Y = 0yesd =TT )
217290 1’ PIERES] m!

- = = \T
X:(9_61,9_62,...,Qm,—xl,—xz,...,—xm) )

respectively. The structures of S and T suggest that s; > 0, £; >0 (,j=1,...,2m) and

S- B, C; ’ T B, C, ’
C1 By Gy By
where B; and B; include the positive entries of A and B, respectively, and C; and C; include
the absolute values of negative entries of A and B, respectively. It is clear that

A=B-C, B=B)-C,.

2.2 Sinc method
Definition 2.9 (see [37]) Let f be a function on R with step size / > 0. Its Whittaker
cardinal is defined by the series

oo

U @) = 3 f(ih)SGi b)) (6)

—00
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sin[ (x/h—i)]

whenever this series converges; S(i, 1)(x) = et

is known as the jth sinc func-

tion.

Definition 2.10 (see [37]) A function g(¢) is said to decay double exponentially if there
exist constants & and C such that

lg(6)| < Cexp(~aexplt]), te (~00,00).

Equivalently, a function g(¢) is said to decay double exponentially with respect to confor-
mal map ¢ if there exist constants « and C such that

’g(¢(t))¢/(t)| < Cexp(—(x exp |t|), t € (=00, 00).

We describe the following sinc quadrature rule by means of DE transformation, which has
been fully discussed in [38]:

2w dN
/ fx)dx=h :X_A:[f o (i) ¢’ (ih) + o<e p(m)>, )
where /1 = W and
b+a
o(t) = tanh(g sinh(t )) 7
b—a  m/2cosh(¢) ®
o'(t) =

2 cosh®(7/2 sinh(¢))’

By [39], if f(x, ) is decaying double exponentially with respect to conformal maps ¢;(s) =
=% tanh(7 sinh(s)) + 3% b*“ and ¢»(¢) = 5* tanh(7 sinh(?)) + 5¢ d*” , then the function f(x, y) can
be expanded in series of sinc functlon as follows:

F(@1(0), $2(5)) p1 ()5 (2) Z Zf $1(ih1), $2(h2) ) @' (i), 3 (h12)

—00 j=—00

t
X Sinc(h_1 - i) sinc<hi2 —j) +e(t,s, hy, hy),

where e(s, t, 11, 1) is the remainder term, which depends on the variables s, ¢ and the mesh

log(ZNi;N/oq and h log; 27Td2M/Dt2

sizes h; = . Integrating this expression with respect to x

and y, we derive

b d o) (o)
/ / Floy)dxdy = / / F(6105), 209, ()40 ds it

Using the termwise integration, it follows that

f f f&y)dxdy = hlhzz Zf b1(ih), pa(jha)) 1 (ih11) ) (j2)

i=—N i=—M

+ O(exp<_2;:d1>> + O(exp<_2;:d2>). (9)
1 2
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3 The proposed approach
We consider the following 2D-FFIE:

b pd
u(x,y):f(x,y)ea)»/ / K(x,y,5t) Q@u(s, t)dsdt, (x,y) €E, (10)

where A > 0, E = [a,b] X [¢,d], K is crisp given function on E x E, and u(x,y), f(x,y) are
continuous fuzzy real-valued functions.
Here we present a numerical method to solve Eq. (10). Applying the quadrature formula

(9) to the integral term of Eq. (10), we obtain

b pd
f/[((x,y,s,t)@u(s,t)dsdt

N M
~ hyhy Z Z K(xryr ¢1(ih1)»¢2(ih2))¢i(ih1)¢é(fh2) Q uij, (11)

i=—N j=——M
where u; is an approximation value of u(x;, y;) with x; = ¢1(if1;) and y; = ¢, (jh2). By substi-

tuting Eq. (11) into Eq. (10) the latter can be written as

N M
u(x,y) =f(x,9) @ Mhy Y D" K (%, 1), ¢ (i) 1 (i) 3 h2) @ . (12)

i=-N j=—M

To determine the unknown values u; (i = —-N,...,N; j = =M, ..., M), choosing the sinc

points xy = ¢1(kh1) and y; = ¢2(lhy) as collocation points, we get
N M
i y1) = f @ y0) & My Y > K (% 30, 1), (i) )} (ihn) iy (1) @ 1. (13)

i=—N j=—M

Equivalently, the dual fuzzy linear systems can be shown as follows:
A®U=BQU+F, (14)

whereA:(zzf/) andB:(bf;l) (k==N,...,N;j,l=-M,...,M)are m x m (im = (2N + 1) x

(2M + 1)) fuzzy matrices. Also, F and U are m x 1 fuzzy vectors, and

A = Luxm bf,'l = MoK (%, yi, 1 (ih1), ¢o (h12)),
F= [f(x—Nry—M)’ cee »f(fo:)’M)’ cee rf(ery—M), cee :f(xN)yM)] T: (15)

T
u-= [qu,fM’-“)M—N,M)'"1uN,—M’--'7uN,M] .

By Definition 2.8 the coefficient matrices A, B can be converted to 2m x 2m crisp linear

systems as follows:

SQU=FTU, (16)
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where the matrices S and T are defined as in Definition 2.8. Moreover,

= T
’

F= [_[(x—Nﬁy—M)r-urf(xN)yM): _f(x—N’y—M)r-~~:_f(eryM)]

] - — T
Uu-= [Z—N,—M’ .. "ZN,M’ —U_N,~Ms-++>» _uN,M] .

Equation (16) has a unique solution if and only if the matrix S — T is invertible, and thus
U=(S-T)'F. (17)

According to the Nystrom method in [40], we obtain an approximate solution of Eq. (10)
at arbitrary points as follows:

N M

unm () = (6,9) @ Minhy Y Y K (x5, 1), ¢ojha) ) b (i1 h) @ iy, (18)

i=—N j=—M

To simplify the discussion, assuming that K(x,y, ¢1(ik1), ¢2(h2))p; (ih1) ¢5(jhz) > 0, the

approximate solution up(x, y) at arbitrary points of Eq. (18) can be written in the form

N M

i (%,9) =f(%,9) © Mk Y K (%9, ¢1(ihn), ¢ (i)} i)} (i) @ T,

i=-N j=—M

N M

@ 9) =f(6,9) ® Mnhy Y Y K (3,9, b1 (i), o)) 1 (i1 ) h2) @ .

i=—N j=—M

Theorem 3.1 (see [7]) Suppose A = (ajj)mxm and B = (By)uxm are nonnegative matrices.
Equation (16) has a unique fuzzy solution if and only if the inverse matrix of A — B exists

and has only nonnegative entries.

Remark 1 Based on [7], the matrix S — T is invertible if and only if the matrices (B; + C1) —
(By + Cy) and (B; + C;) — (B, + C;) are both invertible. Furthermore, if (S— T)~! exists, then

it must have the same structure type as S — T, that is,

L [E H
(S_T) _{H E}’

where E = 3[((B1 + C1) = By + C)) + ((B1 + C3) — (B, + C1))] and H = 3[((B, + C1) -
(By + C3)) = ((B1 + C) = (Ba + C1))].

4 Convergence analysis
In this section, we discuss the convergence of the proposed approach in terms of the mod-

ulus of continuity.

Theorem 4.5 Assume that K(x,y,s,t) is analytic and positive on E x E and that the ex-

act solution u(x,y) is continuous on E. If Q* = ALLy < 1, then we have the following error
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bound:
D(u(x,y), unp(%,))
Q* (b —a)?h? + (d - c)*h3 (b-a)d-c)
< (a)[a,b]x[c,d] (M ) + 8>.
1-Q* 16 LoLy

Proof Since K(x,y,s,t) is analytic on the compact set of E x E, we obtain that K(x,y,s,t)
is uniformly continuous. Therefore for every ¢ > 0, there exists § > 0 such that for all
(s1,t1), (s2,2) € E,

’K(x,y, s1,t1) — K(x, 9,8, tz)‘ <& whenever \/(52 512+ (ty — )2 < 6.
Therefore K(x,y,s,t) is uniformly bounded, that is, there is L > 0 such that |K(x,y,s,£)| < L

for all (x,y,s,t). Let s; = ¢1(ihy) and ¢; = ¢1(jhy). According to Eq. (10), Eq. (18) and the
properties of (R, D), we have

D(u(x,y), unp (7))

b rd
= D(f (%,,f (x, 7)) + AD(/ / K(x,y,s,t) ® uls, t) dsdt,

N M
h1h2 Z Z 1<(xryrsi1 l})(ﬁi(lhl)(ﬁé(]hz) ® uij)

i=—N j=—M

b pd
= AD(/ / K(x,y,s,t) ® u(s, t) dsdt,
a (4

N M
hyhy Z Z K(x,y, i, ) (i) 5 (jh2) ® Mij)

i=—N j=—M

b pd
5AD</ / K(x,y,s,t) ® u(s, t) dsdt,

N M
h1h2 Z Z I((xryrsr t)d’i(lhl)d)é(/hZ) ® u(si’ tj))

i=—N j=—M

N M
+AD <h1h2 D0 K y,5 )¢ (i1)dh (i)  ulsist),

i=—N j=—M

N M
h1h2 Z Z I<(xryrsi; t})¢i(lh1)¢é(/h2) ® M(Sl‘, t]))

i=—N j=—M

N M
+ 1D <h1h2 D0 Ky 50 t)1 (i) (ha) @ ulsiy ),

i=—N j=—M

N M
h1h2 Z Z I<(xryrsi; t})¢i(lh1)¢é(/h2) ® uzj)

i=—N j=—M

b pd o o0
< ALD( / / us, t)dsdt,hihy y Y ¢ (im)dy (i) @ u(si,t/))

i=—00 j=—00
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N M

+ a0 K, 9,5,8) — K(x,9, 50, 17)|¢] 1)y () D (14(si, ), 0)
i=-N j=—M

N M
+ a0 Ky, 5 4) |0 (i) @y () D (ulsi, 1), )

i=-N j=—M
b pd o0 o
< ALD( [ [ wsndsan 3 3 -0t - ) @ uts t,»))
a ve i=—00 j=—00
N M
+hehyhy Y Y (i) @) (i) D(uls, 1), 0)
i==N j=—M
N M
+ALh1hy Z Z &1 (i) (jha) D (ulx, ), unpa (%, 9)).
i=—N j=-M

Since u(x,y) is continuous, D(u(s;, t),0) < D(u(x,y),0) < sup, )¢ llu(x, y)llf < Lo, and we
get

D(u(x,y), unm(%,))

<ALD ( / ’ / ’ u(s, t) dsdt, i i (Siv1 — 8 (L1 — ) ® us;, t;))

i=—00 j=—00

+ K8h1h2Lo Z Z ¢i(ih1)¢;(/h2)

i=—00 j=—00

+ALhihy Z Z &} (ih1) @y (i) D (%, ¥), unpa (%, )

i=—00 j=—00

o0 o0
<AL Z Z (Sis1 — 8) (a1 — fj)w[si,si+1]x[t,»,t,+1](14, \/(Sm =512+ (tj — tj)z)

i=—00 j=—00

+AeLoly + ALLlD(u(x,y), uNM(x,y)).

Here, since iihy > o Z;f_oo @1 (ih1)py(jha) — (b—a)(d—c), there exists a constant L; > 0
suchthathihy Y 0 Zl.of_oo &1 (ih1)@y(jha) < Ly. On the other hand, based on the differen-
tial mean value theorem, we have s;,.1 —s; = ¢1(£)/; < bfT“hl and tj,1 —tj = ¢5(n)hy < %hz,

and thus
D(ulx,y), unm(x,))
o0 o0
(b—a)2h? + (d - c)*h?
<AL Z Z (Si41 — Si)(tju - tj)w[a,b]x[c,d] <u,\/ 116 2

i=—00 j=—00

+ AeLoLlq + ALLlD(u(x,y), uNM(x,y))

b—a)h? + (d - 3
sAL(b—a)(d—c)w[a,b]x[c,d}<u,\/‘ A +d-9 2)

16

+ AeLoLlq + ALLlD(u(x,y), MNM(x,y)).

Page 9 of 19
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Therefore we can conclude that

AL(b - a)(d - ) (b= a2 + (d - )2h2
D(u(x,y), unm(x,y)) < T, Clebixied (u\/ e

ALoLy
+ —€.
1-ALL,

Thus the proof of the theorem is completed. d

Remark 2 Because Q* < 1, it is easy to verify that limy,a— oo SUP, ek D(u(x,y), unp(x, ) =
hy,hp—0
0, that is, the proposed algorithm is convergent.

5 Numerical experiments

In this section, the performance of our numerical approach was tested on three illustrative
examples. All experiments are implemented using MATLAB. Here we choose M = N and
hy=hy = % in all tables and figures. To simplify the discussion, we use E" = |u — 1]
and E = |7 — taml.

Example 5.1 Consider the following 2D-FFIE in Eq. (10) with

fley,r) = xsin(%) (r2 +7), flx,y,r) = xsin(%) (4- - r),

A =1,and K(x,,s,t) = x%ys for 0 < x,7,s,¢ < 1. The exact solution of this example is

u(x,y,r) = (xsin(%) - ; (COS(%) - 1>x2y> (r2 + r),
ulx,y,r) = (xsin(%) - ;—? (cos(%) - 1)x2y> (4- r— r).

From Table 1 and Fig. 1 we can find that the numerical solutions are more and more
close to the exact solutions as N and M increase. In Table 2, comparing the proposed
method with the triangular function method [27] and block pulse function method [26],
we see that the proposed method has a higher accuracy and much smaller error with less
collocation points. The condition number of the matrix S — T is uniformly bounded with
infinity norm in Fig. 2. This shows that the current method is stable. Figure 3 shows that

the numerical solutions are in good agreement with exact solution.

Table 1 Numerical errors on the level sets with N =M in (x,y) = (0.5.0.5) for Example 5.1

r N=4 N=8 N=16
£ F £ F £ F

0.00 0 5.2e-06 0 2.7e-09 0 6.7e-16
0.20 3.1e-07 5.0e-06 16e-10 2.6e-09 49e-17 6.7e-16
040 7.3e-07 46e-06 3.8e-10 24e-09 1.1e-16 7.2e-16
0.60 13e-06 4.2e-06 6.5e-10 22e-09 1.7e-16 56e-16
0.80 1.9e-06 3.5e-06 9.8e-10 1.8e-09 25e-16 5.6e-16
1.00 2.6e-06 2.6e-06 14e-09 1.4e-09 33e-16 33e-16
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(b) EZ\7]\/[(X7ya0'5)

Figure 1 Numerical errors with N =10 of Example 5.1

Table 2 Comparison of methods with (x,y) = (0.3.0.6) of Example 5.1

Page 11 of 19

r Present method Method of [27] Method of [26]
n=2N+1=17 n=2N=20 n=>52
EE) €5 EF)
0.1 (3.2e-11,1.1e-09) (1.5e-07,5.3e-06) (0.0007,0.0004)
03 (1.17e-10,1.1e-09) (5.2e-07,5.0e-06) (0.0002,0.0011)
0.5 (2.2e-10,9.9e-10) (1.0e-06,4.6e-06) (0.0020,0.0008)
0.7 (3.5e-10,8.7e-10) (1.6e-06,4.0e-06) (0.0007,0.0003)
09 (5.0e-10,7.0e-10) (2.3e-06,3.2e-06) (0.0011,0.0024)

Example 5.2 Consider the following 2D-FFIE in Eq. (10):

Sxy,r) = r(xy+ L(ac2 +9° —2)),

676

flx,y,7) = (2—r)<xy+ %(9& +9? _2)),
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2.37
236} —
& - ©0- -6 - =0- -6 - -0--06 - -0— —{
2351 E
2.34} .

2.33f b

232

Condition Number

2311
231

2.29} .

Figure 2 Condition number of the matrix S — T with Example 5.1

0.4 T

|1

Qa u
Sos — % —Unnm
0.35+ =Y UNM [H

0.25} S |

0.05f

! ! ! !

0 | . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

r

Figure 3 Exact solution and approximate solution with N = 2 of Example 5.1

L =1and K(x,y,5,t) = 705 (6% + 3> — 2)(s* + t* = 2) for 0 < ,,s,¢ < 1. The exact solution of

this example is
u(x,y,r) = rxy, u(x,y,1r) = (2 —r)xy.

Itis evident from the Table 3 and Fig. 4 that if we increase the collocation points, then the
absolute error decreases. Comparing the presented method and the triangular function
method [27] in Table 4, we see that the former is more accurate than the latter. Figure 5

Page 12 of 19
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Table 3 Numerical errors on the level sets with N= M in (x,y) = (0.5.0.5) for Example 5.2

(2020) 2020:290

r N=4 N=8 N=16
£ 3 £ £ £ E

0.00 0 7.6e-07 0 4.3e-10 0 1.7e-16
0.20 7.6e-08 6.8e-07 4.2e-11 3.8e-10 1.4e-17 5.6e-17
040 1.5e-07 6.1e-07 8.5e-11 34e-10 2.8e-17 1.7e-16
0.60 2.3e-07 5.3e-07 1.3e-10 3.0e-10 2.8e-17 5.6e-17
0.80 3.0e-07 4.5e-07 1.7e-10 2.6e-10 5.6e-17 5.6e-17
1.00 3.8e-07 3.9e-07 2.1e-10 2.1e-10 5.6e-17 5.6e-17

0.8

(a) ey (x,y,0.5)

(b) ENM (X7Ya0'5)

Figure 4 Numerical errors with N = 10 of Example 5.2

suggests that the condition number of the discrete coefficient matrix remains unchanged

under different values of M = N. In Fig. 6 we plotted the numerical solutions and exact
solutions for M = N = 2.

Page 13 0of 19
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Table 4 Comparison of methods with (x,y) = (0.1.0.4) of Example 5.2

r Present method Method of [27]
n=2N+1=17 n=2N=24
EE) EE)

0.1 (2.6e-11,5.0e-10) (4.9e-07,9.4e-06)

03 (7.8e-11,4.4e-10) (1.5e-06,8.4e-06)

0.5 (1.3e-10,3.9e-10) (2.5e-06, 7.4e-06)

0.7 (1.8e-10,3.4e-10) (3.4e-06,6.4e-06)

0.9 (2.3e-10,2.9e-10) (4.4e-06,5.4e-06)

1.032
1.032
1.032
1.032
1.0319 !
1.0319F

1.0319

Condition Number

1.0319
1.03191/

1.0318)

@ - -0- -6 --=0-—-6—-=0-—06 - —0- —

1.0318 . . . . . .
2 4 6 8 10 12 14

N

Figure 5 Condition number of the matrix S — T with Example 5.2

16

18

20

0.6

0.5

0.4

S 03

0.1

Figure 6 Exact solution and approximate solution with N = 2 of Example 5.2

0.8

0.9
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(0.5.0.5) for Example 5.3

Min (x,y)

Table 5 Numerical errors on the level sets with N

N=16

5.9e-08 9.8e-15 1.9e-14

3.0e-08

1.1e-04
9.7e-05

5.7e-05
4.1e-05

0.00
0.20
0.40
0.60
0.80
1.00

5.0e-08 6.9e-15 14e-14

2.1e-08
1.0e-08

3.3e-15 1.2e-14

4.2e-08

8.1e-05

2.0e-05

6.8e-05 3.1e-09 3.5e-08 9.2e-16 8.9e-15
1.7e-08 3.1e-08 44e-15

6.0e-06
3.3e-05

9.3e-15

6.0e-05

5.7e-05 3.0e-08 3.0e-08 9.8e-15 9.3e-15

5.7e-05

e
=)
x

15

0.5

(a) enps(%,y,0.5)

x10°

15

0.5

(b) ENM(XQI’O'E))

Figure 7 Numerical errors with N = 10 of Example 5.3

Example 5.3 Consider the following 2D-FFIE in Eq. (10):

13
+y— 24(x+y)),

(2rcos(1-r) - 1) <1 + a2

Sxp.7)
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2.625 e ® & © © @ @ ©
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2,615 - I 8
261/ —
9]
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o605 .
p=4
f =
S
£ 26r -
f=
o
o i
2595 . R
259 .
2,585 .
258 5 L L L L L L L Il
2 4 6 8 10 12 14 16 18 20
N
Figure 8 Condition number of the matrix S— T with Example 5.3

= T 13
) = 2 —sin — 1 2 - - y
fx,y,r) ( sin 2)( +x°+y 24(x+y)>
A=1and K(x,9,5,£) = (x + y)st for 0 < x,y,s,t < 1. The exact solution of this example is

u(x,y,r) = (2rcos(l —r) 1) (x* +y + 1), u(x, y,r) = (2 —sin %) (** +y+1).

The results of Table 5 and Fig. 7 confirm the theoretical results. Figure 8 shows that the
condition number of the matrix S — T is bounded. Figure 9 shows the numerical and exact
solutions for some values of x, y, and r. We applied the proposed method to Example 5.3
and compared to the best results obtained in [41, 42] in Table 6. From Table 5 we see
that our method needs a very small number of collocation points to achieve high accu-
racy in comparison with the iterative method [41] and the Bernstein polynomials method
[42]. Furthermore, the proposed method is easy to implement, in contrast to the iterative

method [41], which needs complicated iterations costing too much time.

6 Conclusion

In this paper, we introduce a numerical scheme based on the sinc method together with DE
transformation to solve 2DFFIE. By solving dual fuzzy linear systems, we obtain approxi-
mate solutions. Moreover, we give an error analysis of the proposed method. We provide
numerical results to illustrate the effectiveness and accuracy of the presented method. We
also compared the proposed scheme to the other numerical methods, which confirms its
superiority and the importance of employing the sinc collocation method. In future work,
we will study the stability of the current method and utilize the proposed method to deal

with other kinds of fuzzy integral equations.
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Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
r

2 I I I I I I I

Figure 9 Exact solution and approximate solution with N = 2 of Example 5.3

Table 6 Comparison of methods with (x,y) = (0.5.0.5) of Example 5.3

r Present method Method of [41] Method of [42]
n=2N+1=17 n=2N=20 n=20
(EF) EE) €.F)

0.0
0.2

0.6

3.0e-08,5.9e-08
2.1e-08,5.0e-08

3.1e-09,3.5e-08

4.7e-05,2.8e-05
3.9e-05,8.6e-05

4.0e-06,5.0e-06

1.0e-03,2.2e-03
7.8e-04,6.4e-03

6.1e-04,7.3e-03

( ) ( ) ( )
( ) ( ) ( )
04 (1.0e-08,4.2e-08) (9.0e-06, 8.0e-06) (1.3e-04,8.1e-03)
( ) ( ) ( )
( ) ( ) ( )

0.8 1.7e-08,3.1e-08 1.2e-05,3.3e-05 1.8e-03,4.7e-03
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