Nigam et al. Advances in Difference Equations (2020) 2020:317 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02711-z a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Approximation of functions in generalized
Zygmund class by double Hausdorff matrix

H.K. Nigam', M. Mursaleen’**"@ and Supriya Rani'

“Correspondence:
mursaleenm@gmail.com Abstract
?Department of Medical Research,

China Medical University Hospital In the present work, we emphasize, for the first time, the error estimation of a

China Medical University (Taiwan), two-variable function g(y,z) in the generalized Zygmund class Y,@) (r> 1) using the

Jaichung, Taiwan , double Hausdorff matrix means of its double Fourier series. In fact, in this work, we
Department of Mathematics, X . . X : .

Aligarh Muslim University, Aligarh, establish two theorems on error estimation of a two-variable function of g in the
India generalized Zygmund class.

Full list of author information is

available at the end of the article Keywords: FError estimation; Generalized Zygmund class; Double Hausdorff (AHW)

summability means; Double Fourier series (DFS)

1 Introduction

The study of the error estimation of a function of single variable g in Lipschitz spaces,
Holder spaces, generalized Holder spaces, Besov spaces, Zygmund spaces, and general-
ized Zygmund spaces with different single means, and various product summability means
of Fourier series and conjugate Fourier series have been considered as a center of cre-
ative study for the researchers [1-13] in the past few decades. The error estimation of a
two-variable function g(y,z) in a Holder space with the double matrix means of the dou-
ble Fourier series and its generalization for n-variable functions in Holder spaces using
multiple Fourier series were obtained in [14], and the degree of approximation of Nor-
lund means of double Fourier series continuous two-variable functions was obtained in
[15]. The above review of research shows that the studies of error estimation of a two-
variable function g(y,z) in the generalized Zygmund class Y (r>1) using double Haus-
dorftf means of double Fourier series have not been initiated so far.

The basic theory of Hausdorff transformations for double sequences came into being
by Adams [16] in 1933. Later, a few authors investigated double Hausdorff matrices; see,
for example, Ramanujan [17] and Ustina [18]. Consequently, we consider the error esti-
mation of two-variable functions g(y, z) in the generalized Zygmund class Y (r>1) by
the double Hausdorff summability means of its double Fourier series.

We establish two theorems on the degree of approximation of a two-variable function
in the generalized Zygmund class Y (r = 1) by the double Hausdorff summability means
of its double Fourier series.
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Let z: N x N+ C be a double sequence of complex numbers, and let (s,,;) be the double

sequence defined by

p q
Spq = E E Zij |-
j=1

i=1

The pair (z,s) is called a double series and is denoted by the symbol Z;,Oq= 12p.4q-

Let Z;il Z;il Zpq be an infinite double series having the (p,q)th partial sum s, , =

(N,
io1 (D1 Zig)-
Let g(y) be a 2 -periodic Lebesgue-integrable function of y over the interval (-, 7).

The Fourier series of g(y) is given by

a > :
gby) ~ 70 + (agcosqy + bysingy), W

q=1

and the conjugate series to (1) is given by

o0
Z(aq cosqy — b, singy). (2)

g=1

It is well known that corresponding conjugate function of (2) is defined as

é(y):l/ﬂg—(“l)"g(y_l) dl.
T Jo

]
2tan 3

Let g(y,z) be a function of (y,z), periodic with respect to y and with respect to z, in
each case with period 27, integrable in the Lebesgue sense and summable in the square
Q(-m,~m;7, 7).

The double Fourier series of a function g(y, z) is given by

[o oo o]

gy,2) ~ Z Z Brq[Tp,g COS pycos qz + Yy, 4 sin py cos gz

p=0 q=0

+ Pp,q COS Py SiNgz + &y 4 sin py sin qz]

= Z Z T.qApq(:2); 3)

p=0 g=0
where
1
3 forp=0,g=00rp=gq=0,
Bp.q = % forp>0,4=0andp=0,g>0, @)
1 forp>0,q>0,
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and the coefficients 7,4, ¥4, Ppq> and {4 are calculated by the formulae

1
rp,qzP//Qg(y,z)cospycosqzdydz,

1
Vpg = ;//g(y,z) sinpycosqzdydz,
Q
. (5)
Ppg = ?/fg(y,z) cospysingzdydz,
Q

1
Cpg = = //g(y,z) sinpysingzdydz
Q

forp=0,1,2,...and g =0,1,2,.... The quantities

r q

Spq(¥,2) = Z Z[Tf’k cosjycos kz + ;. sinjy cos kz
j=0 k=0

+ pjx cos jysinkz + & sin jy sin kz]

(=0,1,2,...;g=0,1,2,...) are called the partial sums of the double Fourier series.
According to (5), we know that

[sin(p + 3)s][sin(q + 3)I]
]
2

dsdl.

Sp,q(%z)—g(%z)=%//Qg(y+s,z+l)

4sin % sin

The double Hausdorff matrix has the entries

o ()

where {1} is any real or complex sequence, and for any sequence ji;;, the operator A is
defined by

Ajjhtij i= Jij = Mis1j — Rija1 + Hisl el
and
) ) pr-1 95 p—i\(q-]
LN i+f
at oty = 20 (7 ) (7 Y

Necessary and sufficient condition for double Hausdorff matrices to be conservative is the
existence of a function y(s,/) € BV[0,1] x [0, 1] such that

/01/(;1|dx(s,l)| <00

and

1 1
Upq :/ / Pl dy(s,1).
o Jo
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Without loss of generality, we may assume that x (0,0) = 0. If, in addition, we have x(1,1) =
1, and the continuity conditions

X (S) +0) =X (S, 0)’ X (S) +0) = }11’1(1) X (S’ l)¢

x(+0,0) = x(0,1), x(+0,1) = lirréx(s, 0)

are also satisfied, so that pgg = 1.

We say that 1, is a regular moment constant [16, 17].

Let )20 > 720 byq be a double series with s,, = >, >, bjx as its (p,q)th partial
sums.

The double Hausdorff mean ¢, is given by

q

P
pg = Z Z Np.qkSjk- (6)

j=0 k=0

The double series Z;io Z;io by, with the sequence of (p, g)th partial sums (s,,) is said
to be summable by the double Hausdorff summability method or summable (H,,) if ¢,
tends to a limit s as p — oo and g — oo.

The norm || - ||, is defined as

2w 2
2 lo Jo g 2) dydz}" for1 <r< oo,
£ =
ess supo<y<ar |g(¥, 2)] for r = oco.
O<z<2m

Let & : [-w,-7;7m,7] — R x R be an arbitrary function with &(s,/) > 0 for 0 < s < 27,
0 < [ < 27 and such that limy_, o+ £(s, /) = £(0,0) = 0.
1—0%
We define

Y® {gey - sup lig(-+s,-+D)+g(+s-=D+g(-—s,-+1)+g(-—s,- =) +4g(-, ),
570 E(s»l)
<oo}

170

and

(45 +D+gl+s —D+gl—s-+)+gl—5 1 +4g(, )l
121©) = ligll, + sup '& g g g o)l

s#0 5 (Sr l)
1#0

Clearly, || - ||§) is a norm on Yr@).

|I§). The com-

Hence the Zygmund space (Y,(E)) is a Banach space under the norm | -
pleteness of the space Y¥) can be discussed considering the completeness of L" (r > 1).
We refer to [19] for more detail on the Zygmund space.

We write
o, D) =d(y,z:5,10)

= %[g(y+s,z+l)+g(y+s,z—l)+g(y—s,z+l)+g(y—s,z—l)—4g(y,z)];
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D(y,z) = /y/2|¢(v,w)|dvdw;

sm(1+ 1) 1 s1n(k+ )l
Kpq(s,0) = 472 Z pj s Z
ns3

=0 sn

Remark 1.1 A double Hausdorff matrix method reduces to

(1) (C,1,1) summability mean if o, = pi and o, = qﬁ and

(”)r” ~ and E =

(i) (E,xrr) summability mean if E) = 1+r)1’ )q (Z)r‘l‘k :

2 Theorems

Theorem 2.1 Let g be a function of (y,z) periodic (in each case, with period 2m) with
respect to y and z, Lebesgue integrable on Q, and belonging to the class Y®, r > 1. Then the

error estimate of g by the Ay, method of its DFS is given by

- p+q+6
||tpq 0,2) - g(yz)” <(p+1)(q+1)/ / n(sl)szlz)

where & and n denote the moduli of continuity of second order such that &(s,1)/n(s, 1) is
positive and nondecreasing.

Theorem 2.2 [n addition to the conditions of Theorem 2.1, if £ (s, 1)/sln(s, [) is nonincreas-
ing, then the error estimate of g in y® (r > 1) by the Ay, ,, method of its DFS is given by

§(5; ;+)
”tpq”(yz g(y,z)“in):O(ﬁ(p+q+6)logn(p+q+2)>.
]

3 Lemmas
Lemma 3.1 K,,(s,]) = O((p + 1)(q + 1))for0<s< —sand0<l< —= 7

+1

Proof For0<s< O<l< I 1,sm% ,and singl < ql, we get

Ld sin(j + )s sin(k + 1)1
|Kpg(s,0)| = § hpj——5— > hgk——"
7 472 =, P sin 5 = i L
1| [ yp sin(j + 1)s
§ : P—j 2
T 4n? /0 (})Vl —vy7dxw) sin 5

q 1
q sin(k + )l
<3 (Rt =0

2

LS s
Z/ (p V(1 —v)- de(v)(il)Z
i=0 V0

j J ™

1
el

q

XZ 1()Wk(l w) Tk dy (w)

k=0 T

(2k + 1)1

c\




Nigam et al. Advances in Difference Equations (2020) 2020:317 Page 6 of 19

Z/ ( ) 1-vW7dy(w)(2s+1)

" 16

x Z/ ( ) w1 = w)T K dx (w)(2k + 1))|. 7)

Since

»
Z( ) 1-vP7(@2s+1)=(@2pv+1) and
=0

]

] 8)
Z( >M(1 w)T K2k +1) = (2qw + 1),
k=0
from (7) and (8) we get
1 1 1
’qu(s, l)| = —‘/ (2pv + l)dv/ (2qw + l)dw'
16]Jo 0
—O((p+1)(q+1)). O
Lemma 3.2 K,,(s,/) = O((q + 1)(1!”1 S:,)for SI<S=T and0<[l< — q+1'
Proof Since le <§<m,sinj > 2, sings < 1, SUPg<y<1 (W) =M, 0< 1< 1, siné > HL,

and singl < gl, we get

|Kpq(s, )| = ﬁ :0 /01 ?)V(1_V)p—/dx(v)$

S (-t

= ;Xpo:/o1 1/9)”(1 v dx (v )Sm(’: 2
"

- :0 /01 (f)n/(l-v)fa—fdx(v) sin(]’+ %)S
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M
<
— 8s

» 1 P\ C o1
Z/ <4>V/(1 —v)p”e’(’+?)sdv(q+ 1)
0 Jo \J

- MO(q + 1)
- 8s

)

p 1
> / (’,’ >1/‘(1 — VIS ay|.
o \J

Jj=0

Now

22 )y \
.
=(1—V)P/01jz::(f) <%V)jlm{e”s e} dv

s [T
=(1—v)f’eff01§(,

5 (ES) ()6S) 1)
+ + 4 _— dv

1-v 2/\1-v 1-v
-

=Im e%/ (g)(l—v)‘”_o + <119>1/e"s(1—v)1”_1 oot 6) (veis)p(l—v)P_”}dv]
L Jo

S 4
=Im e%/ {1+v(e”—1)}pdvi|
0

r ei(p+1)s -1
=Im —_]
LA +p)(e2 —e2)

r ei(p+1)s -1

=Im| ————

L(p+ 1)2isin%:|

[cos(p +1)s +isin(p +1)s—1
2i(p + 1) sin 5

sin(p + 13

=Im

=—— "2 10
(p+1)sin 3 (10)
Now, from equations (9) and (10), we get
MO(q + 1) |sin’(p + 1)$
’]<pq(5;l)’§ (4+ ) 1 (P )2
8s (p+1);5
_ MO(g +1) 1
- 8s @+1)3
o((q+1—
= +1)—— ).
1+ 18 O

Lemma 3.3 K,,(s,/) = O((p + l)m)for() <s< 1% and ﬁ <l<m.

Page 7 of 19
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Proof Since 0 <s < -1y, sin§ > £, sinps < ps, iy <l <7, sing > £, sin’ql < 1, and
SUPg<yy<1 [K'(W)] = N, we get
! 1n(/+ s
|Kpq(s,D)| = 4— 19)1},(1 VP dy (v)——m— 22
JT 0 J 2
q 1 . k 1 l
X Z/ (q>wk(1 _ W)l_kdX(W)w‘
k=0 V0 k sin 5
1 L 1 P) . (]+ I)S
= WA v dy () 2=
4-7'[2 onfo (} 3
q 1 X 1 ]
X Z/ (q)wk(l W)q kdx(w)snl(i-l—)
k z
k=0 V0 b
1< [ p ,
=3 WA -vwIdxw)(2j+1)
8l %:/0 (1) /
q 1
* Z/ (k) WA (1= w) ™ dx (w) Sm(k+ —>l
k=0 *0
NI ! q (1
<= / (2pv + 1)dv2< )Wk(l_w)q—kez(k+2)zdw
8l 0 o k
L\ ‘
since Z ( )Vl(l —vP7(2s+1)=(2pv+1)
; ]
j=0
N q q q—k ilk+1)1
fg(lﬂl)z h wh(1 = w)T %+ 2! gy
k=0
9 1
NO(P+1 Z/ ( ) k(l W)q —k i /<+ dW (11)
k=0
Now

q 1
) / (q> wh(1 = w)T ket D! oy
0 k

k=0
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o [ (G (oo
+ (Z) (weil)q(l - w)q_q} dw]

o
=Im elflf (1—w+weil)qdw:|
0

m e%’/ol{uw(e 1)) dw]

ez’(q+1)l -1
=Im i i :|
L1 +q)(e2 —e™)

reilarl g
=Im 7;]
L (g +1)2isin 5

=Im

[cos(g + 1)I + isin(g + 1) - 1:|
L 2i(g + l)siné
.2 1 i
_ sin (q+‘ )?. (12)
(g +1)sin 3

Now from equations (11) and (12) we get

NO@p +1)
8!

sin?(q + 1)%
(q+1)3
NO(p+ 1)’
(q+1)%

|Kpq(s,D)| <

=0\ ( 1)71
- (’” (q+1>12)' =

Lemma 3.4 K,,(s,/)=0 <s<mand ﬁ <l<m.

1 1 1
(e o) o i

: 1 S S ain2 o _ l l
Proof Smcem <s<m,sin3 > Z,sin"ps < 1, supy,; |j )| =M, q+—1 <l<m, sing > =

sin?gl < 1, and SUPy< <1 |K'(W)| = N, using (10) and (12), we get

|Kpq(s,0)] = ) }2"0:/01 <‘I;>v’(1_v)p Sy (v )%Zl)s
Xqu;/ol(Z Wk(l—W)"‘kdX(W)%Jj)l’

“g o (o ran

" k:()/ol(Z)Wk(l w) i dy (w )(k:%)l

P 1
ol (ra-ora(ie3):
0
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q 1
XZ/ () (1-w) T dy(w)(2k + 1)

k=0

S [ (oo [ (o

MN | sin (p+1)— s1n2(q+1)é
165l p+1)3 (q+1)§

| A

| /\

M1
S 16sl[(p+ )5 (g+ 1)L
1 1
=0| ———— = ). 13
((1?9+1)S2 (q+1)12> (13
O
Lemma 3.5 Let g(y,z) € Y®. Then forO<s<mand0<[<m,
(1) ||¢(':S1 !l)”r = O(:‘;:(S, l)):
(ll) ||¢( TV, + WS, ) + ¢( TV, = WS, ) + ¢( =V, + WS, l) + ¢( =V, + WS, l) +
¢ —v,-—w,s,0) = 4¢(-s,- D, = { ,5,1‘,)‘,)))
(iii) If&(s,) and n(s,1) are as defined in Theorem 2.1, then
loC+v,-+w, s, D)+ ¢(+v,-=w, s, 1) + (- —v,- + w,,0) + P(- —v,- + w,5,0) +
OG- —v, —w,s,1) —4¢(-s,-D)||, = 8(n(v, w)f}ﬁﬁ ), where
1
oW, zs,10) = E[g(y+s,z+ D+gly+s,z=0)+gy-s,z+1)
+gy—s,z-1)-4¢(.2)].
Proof (i) Since
1
o(9,z5,0) = E[g(y+s,z+l) +g+s,z-0)+gly—s,z+1)+gly—-sz—1)-4¢(y,2)],
applying Minkowski’s inequality, we have
1
loC.s,D), < 1 le+s.z+0)+gy+s,z-1)
+g(y—s,z+l)+g(y—s,z—l)—4g(y,z)||r
=0(&(s, D). O

Proof (ii) Clearly,

’¢(y+v,z+w,s,l)+¢(y+v,z—w,s,l)+¢>(y—v,z+w,s,l)
+ ¢y —v,z—w,s,0) - 4¢(y,2,5,1)|
< |g(y+v+s,z+w+l)+g(y+v+s,z+w—l)+g(y+v—s,z+w+l)
+g(y+v—s,z+w—l)—4g(y+v,z+w)’
+ |g(y+V+s,z—w+l)+g(y+V+s,z—w—l)+g(y+v—s,z—w+l)

+g(y+v—s,z—w—l)—4g(y+V,z—w)|
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+ |g(y—v+s,z+w+l)+g(y—v+s,z+w—l)+g(y—v—s,z+w+l)
+g(y-v-sz+w-1)—4g(y - v,z +w)|
+lgy-visz-w+D)+gy-visz-w-D)+gy-v-sz-w+l)

+g(y—v—s,z—w—l)—4g(y—v,z—w)|

—4|g(y+s,z+l)+g(y+s,z—l)+g(y—s,z+l)+g(y—s,z—l)—4g(y,z)|.

Applying Minkowski’s inequality, we have

”q&(-+v,~+w,s,l)+¢>(~+v,-—w,s,l)+¢(-—v,~+w,s,l)
+¢>(~—v,~—w,s,l)—4¢(-,s,-,l)||r
<|gG+vts-+w+D+gt+ves, - +w-D+g(-+v—s-+w+l)
+g(-+v—s-+w—1)—4g(-+v,- +w),
+gC+ves, —w+D)+gl-+ves, —w-D)+g(-+v-s--w+l)
+f(+v=s,-—w=1)—4g(-+v,- —w)|,
+ ||g(-—v+s,-+w+l)+g(-—v+s,-+w—l)+g(~—v—s,~+w+l)
+g(~—v—s,-+w—l)—4g(~—v,~+w)||r
+ ||g(-—V+s,~—w+l)+g(~—v+s,-—w—l)+g(-—v—s,~—w+l)
+g(~—v—s,~—w—l)—4g(-—v,-—w)||r
—4||g(-+s,-+l)+g(-+s,~—l)+g(-—s,~+l)+g(~—s,-—l)—4-g(~,-)||r
=8(&(s,0).

Also,

o€ +v,- +w,8,0) + (- +v,- —w,8,0) + (- = v, + w,5,1)
+¢(~—v,~—w,s,l)—4qb(~+s,'+l)||r
< ||g(-+s+v,-+l+w)+g(~+s+v,-+l—w)+g(~+s—v,~+l+w)

+g(~+s—v,-+l—w)—4g(-+s,~+l)Hr

+ ||g(-+s+V,-—l+w)+g(-+s+v,~—l—w)+g(~+s—v,-—l+w)
+g(~+s—v,-—l—w)—4g(~+s,-—l)”r

+ ||g(-—s+v,~+l+w)+g(-—S+v,~+l—w)+g(~—s—v,~+l+w)
+g(-—s—v,-+l-w)—4g(-—s,-+ D),

+ gt —s+v,-—l+w)+g(-—s+v,- = l-w)+g(-—=s—v,-— L+ w)

+g(-—s—v,-—l-w)—4g(--s,- =)

—4||g(-+v,~+w)+g(-+v,~—w)+g(~—v,~+w)+g(-—v,-—w)—4g(-,-)||r

=8(5(v,w)).

Page 11 of 19
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Proof (iii) Since n is positive and nondecreasing, s < v, [ < w, using Lemma 3.5(ii), we

obtain

||¢(- v+ w s D)+ ¢ +v,-—w, s, D)+ o(-—v,- + w,s,0)
+¢(—v,-—w,s,0) —4¢(-s, ~l)||r
=0(&(s,0))

£6s,)
8(”(3’ D(n(s,l)))

£6s,0)
8("‘”’ W)<n(s,z>)>‘

Since £& s positive and nondecreasing, if v > s, w > [, then &0 > £ Thep by
n(s.0) n(s.0) n(v,w)

Lemma 3.5(ii) we get that

o€ +v,- +w,8,0) + (- +v,- —w,8,0) + (- = v, + w,s,1)
+o(-—v,- —w,s, 1) —4¢(s, -l)||r
=8(§(s,l))

) £6,0)
- 8("(”’ W)n<s,1)>' -

4 Proof of main theorem
4.1 Proof of Theorem 2.1

[sin(p + %)s] [sin(g + %)l]
4sin 5 sin é

1 T pm
Sp,q(y’ Z) _g(y’ Z) = p /0 /.. ¢()’» Z,V, W) dsdl. (14)

Taking into account (14) and that 7, ,(y,2) is double Hausdorff matrix means of s, 4(y, 2),

we write

p q
Tpq(0,2) —g(,2) = th,q,j,k{sj,k()’x 2)-g(y.2)}
j=0 k=0
1 [ (" L [sin(j + 1)s][sin(k + 1)1]
=— AR Ny yi 2 2 dsdl
712/0 /o ¢0}ZVW)§§ park 4sin§siné s

= / / d)(yr z,S, l)l<pq(5r l) dsdl.
0 0

Let

A
bg0:2) = tpg " (,2) — g, 2)

= / / ¢(Y¢ zZ,8, Z)I<pq(5; D) dsdl.
0 0

Page 12 of 19
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Then

ba+v,iz+w)+ b (v +v,z— W)+ L,y —viz+ W) + Ly (y — v,z —w) — 44, 4(y, 2)
=/ / (P +viz+w,s, D)+ d(y+v,z—w,s,0) +dy—v,z+w,s,1)
o Jo

+o(y—-v,iz—w,s,0) - 44y, 2,5, l))qu(s, Ddsdl.
By generalized Minkowski’s inequality

||lp,q(- VW) g+ v =W+ L= v+ W)+ (= v, —w) =4, () ||r
/g b4
< [ / [¢C+v, +ws,0) + @ +v,- —w,8,0) + d(- =V, + w,s,0)
o Jo
+¢(-—v,-—w,s,0) —4¢(-s,-,1) ”rKPq(S’ Ddsdl

(L)

X |@C+v,- +w,s, D) + ¢+ v, —w,8,0) + (- = v, + w,s,1)

+¢(—v,-—w,s,0) - 4¢(-,s,-, 1) ”rKPq(S’ Ddsdl

211 +12 +13+14. (15)
Using Lemma 3.1 and Lemma 3.5(iii), we obtain
11=/mf‘m”¢(-+v,~+w,s,l)+¢>(~+V,-—w,s,l)+¢>(-—v,~+w,s,l)
0 0
+¢C—v,-—w,s, )+ d(-—v,- —w,5,1) —4¢(,s,-, 1) “rKPq(S’ ldsdl
= / / ) )
8<(p+1 (q+Dnw,w f /q” E(S’l)d dl)
n(s, 1)
8<(p+1 (g+ Dnlv,w ){/p+1 S(le’ )}dl/m ds) (16)
0 Tl(q+1:l) 0
8((p+1)n v,w){ p+1 g(ml’ )}dl)
0 r)(erl)l)
1 1 ) ﬁ
8<(p+1)n(v, ”*1 —alia {/ dl}),
[m’ﬁ 0
8< p+1’q+l)>

p+l’ g+l
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Using Lemma 3.3 and Lemma 3.5(iii), we obtain

R
12=/p+1 /1 o +v,- +w,s,0) + (- + v, —=w,8,0) + (- = v, + w,5,1)
0 g

OC—v,-—w,s, )+ (- —v,- w,s,l)—4¢(-,s,-,l)||r1<pq(s,l)dsdl

1
—8(/ / +1)(q+1)12d5dl>
_ p+1 E(P+1’ )
’8(<q 1)(VW{[Ln<1 nﬂdO' 17)

q+1 p+1’

Using Lemma 3.2 and Lemma 3.5(iii), we obtain

13—/ / o +v,- +w,s,0) + (- + v, —w,8,0) + (- = v, + w,5,1)
p+l

+¢C=v,-—=w,8,0) + d(-—v,- —w,s,1) —4¢(,s,-, 1) “rKP‘I(S’ Ddsdl

_s(// ) ( D 11)2dsdl>

C((a+1 ™ S(s,q—il) 1
_8((P+1)U(V’W)./;% n(s,ﬁ)s_zds)' (18)

Using Lemma 3.4 and Lemma 3.5(iii), we obtain

f /1 “¢ VWD + o +v, - —w,s, )+ (- —v,- + w,s,0)
p1 ¥ g+l

(—vi-=ws,)+¢(--v,- w,s,l)—4¢(-,s,~,l)||erq(s,l)dsdl

1 1
_8(/ / "(V’W) 1) p+1)s? (g+ DB ds dl)
1 é(s,l) 11

By (15), (16), (17), (18), and (19), we have

||lp,q(- AV A W)+l (v =W+ g (= W) + by (= v, —w) =4, ,( -)||r
(s, +1 T E(,0) 1
:8(n(v,w)%> +g((1’+1)n(v,w)/l ('il l)l—zdl)
n p+l? g+l qa a+1 n p+l’
1 T E(s, ) 1
+8<(q+ )77( w) a1 2ds)
pel oG )

EsD11
(@ Dg+1)" “)/ / nsnee ™ dO 20
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Thus
sup Ilpg (- + v+ W)+ bpg(- + v, = W) + g = v, + W) + Ly g (- = v, - — W) — 44, 4, )l
v#0 n(Vr W)

w#0

( %) p+1 (% D1
=8 —————— ) +0 —dl
() vo((5) [ sy

q+

1\ (7 &6 -5) 1
+8<(6IJr / qil 2ds)
p+1) ) (s 27) s

T E(s,
((p+1)q+1)/ " n(s,l)swd””)‘ 2D

Using Lemmas 3.1-3.4 and Lemma 3.5(i), we obtain

[,

A
= lng"™ ~ e,

([ /_// fml/ﬁ)w( 0| Kyl 1| ds
-1
/ f [ 605D, |Kpgls, D] dsdl + / / [6C5, D], |Kog(s, D| dsdl

=O((p+1)(q+ 1)[0’m /Oms(s,l)dsdl) +o<(’;:1)fo N 5(;’1) ds dl>

q

g+1 o E(s,l) T[T EGs D)
((p+1>/p+1f ds dl) ((p+1)(q+ 1) /_ A1 s2[2 del)
p+1 T E(sD)
-of: ( )>+O<(q+1)/ | Fiwa)
q+1 E(s ) £(s,0)
+O( dsdl) +O(m/ / 3212 del)

L
+1

ol A

pq(s,l)}dsdl+fm/1 |65, D)||, | Kpg(s, )| dis
0 1

q+1 T S(S;q%)
+O(<p+1 /11 2 ds>
" &(s D)
+O((p+1 q+1)f 1 ap ddl), (22)

”lp,q(" ) ||r
= ”lpvq(" ')”r

Page 15 0f 19
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L(+v,- L(+v,-— L(—v,- LG—v, —w) =4l (),
+ sup MlpgC+ v+ W)+ g+ v, = W) + Ly (- — v, + W) + Ly (- = v, - — W) g (5 )l

V40 n(v,w)
w#0

_ 1 p+1 p+1:
() ol (53) [ 7 )

q+1 E(S, q+1 SS,I)
(<p+1 . ) ( q+1 / o s2? ds dl)

+1

+8

&( % % p+1 T S(ﬁ’l) 1
1 1 +8 1 12 dl
n( Pl —1 q+ AT ([M,l)

(Wi
()] e
(

E(s,l) 1
(p+1(q+1>f / n(sz>s2ﬂ) 23)

+8

Sinceé(s,l): ) < n(m, ﬂ)f]g:g,0<s§7r,0<l§71,weget
[ (—E‘MF Yoo (22 [ Sty
P (1) 1) q+1) ) 0G0 P
T E(s, )
O((q+l)/ g+1 12ds)
pr1) ) s s
1 TEsD) 1
T EE— . 4
O((p+1)(q+ 1) /ph 1n(s,0) 8212d dl) -

Since £ and 7 are the Zygmund moduli of continuity, f}gg is positive and nondecreasing,

and therefore

g+1 n(p+1,) 2 n(ﬁ,%) g+1) ] P2

q+1 q g+1
G D)
> — 1). 25
S s L) (25)
Then
O((p+1)/7r g(lﬁ’l)lzdl):oCl%l)g(ﬁ qil)). 26)
q+1 g+1 n(p+l’l)l n(p+l’q+1)

Since & and 7 are the Zygmund moduli of continuity, igg is positive and nondecreasing,

%)(q”)/”é
1
S \p+1 ﬁsz

(q+1). (27)

and therefore
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Then
1\ [ &) 1 (505 G 71)
o((q+ )/1 T zd) (—3—7£155L>. (28)
p+1 % n(s’q+1)s n(m;m
Since & and 7 are the Zygmund moduli of continuity, i}sg is positive and nondecreasing,
and therefore
1 / T E(s D) 1 dsdz>g(1’11’4711) 1 f" /ﬂ ds dl
e+ D@+ 1) )y S )BT T G ) b+ D+ D) )y ) 8 P
11
_ S 09
TGl o)
p+l’ g+1
Then
£Gap 7v1) (5,011
o(_ﬁg;LL)_o(_______/' " EeD Zzﬂdo. (30)
n(p+1’q+l p+1)(g+1) A n(s, 1) s 1

By equations (24), (26), (28), and (30) we get

pHye( 1 1
Il <o SELE) o 2 EFLED)
n

p+17 g+1 n(p+1’ q+1)

O<(q+1)g(p+1,q+1 ) ( / TEGDLI 1 dl)
n(p+1’q+1 (p+1) (q+ 1) 1
£(5
s

. n(s, 1)3212
1 1
:o(1+”+ qr )
2 2

1 )11
<<p+1<q+1) / <s1>212d5””>

L 1
+1 Y g+l

_ p+l g+l D11
_O(1+ 2 " )((p+1)(q+1)/ / 7](s,l)5212 dl)
TEsDTL

((p+1 q+1),/ A sl)szlzddl>
B p+1 g+1 T oE(s D) ll
_O<1+ 5 + 5 ) ((p+l)q+1/ " W6 ) 2 dl)

p+q+6 E(s,l)l 1
O(<p+ Dig+ 1)>O</ 1602 P ds””)' 3D

p+1 +l

4.2 Proof of Theorem 2.2

p+q+6 é(s,l)l 1
Ep:q(g) = ||1M H <p+ 1)(g +1) ) (/ / n(s, 1) 52 12 dl)
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Since f (( is positive and nonincreasing, by the second mean value theorem of integral
calculus we have
p+q+6 1 S (s,0) 1
Epq(@ =0 —————= )0 > —dl
ra® ((10+1)(q+1)) (/1 52( 1 (s, ) 2
p+1 g+1
6 ] &(s, dl
=O%0/ g+ q+1/ dl
(p + 1)(q + 1) 1 §2 r)(s, q+1) Ll [

p+l

p+q+6 T 1 f(S,q%)
O( p+1) >O</1 S_2<n(s,%)logn(q+l)> ds)' 32

+1 q

Again, since f((ss 7 is positive and nonincreasing, by the second mean value theorem of

integral calculus we have

6 T +
l—?p,q(f)zO(erqu )O(logn(q+ 1) 1) =

(p+1) . n( q+1)s >
1 T
-0 1 Pl gl é)
( ) (ogn(q+1(p+1) pﬂ’%/ .
EGrr 1)
O((p+q+6)logn(q+1)7110g71(p+1)>
n(p+l’q+1)
S(% q+1
O(nL— (p+q+6)10grr(p+q+2)>. (33)
1

5 Corollaries
Corollary 5.1 Following Remark 1.1(i), we obtain

p+q+6 &(s,0)
ligt 00 -s0ral!” <o 500 [ [ sonan)

where & and n denote the moduli of continuity of second order such that £(s,1)/n(s,1) is

positive and nondecreasing.

Corollary 5.2 Following the Remark 1.1(i), we obtain

Er) ) _ p+q+6 &(s,0)
|65 (y,2) - g3, 2)) <p+1 q+1/ / slszlz>

where & and n denote the moduli of continuity of second order such that &(s,1)/n(s,1) is

positive and nondecreasing.

6 Conclusion

In this paper, we established the error estimate of a two-variable function g(y,z) in the
generalized Zygmund class Y (r>1) using the double Hausdorff matrix means of its
double Fourier series. We have proved two results on error estimates of a two-variable

function of g in the generalized Zygmund class.
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