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Abstract
In the present work, we emphasize, for the first time, the error estimation of a
two-variable function g(y, z) in the generalized Zygmund class Y (ξ )r (r ≥ 1) using the
double Hausdorff matrix means of its double Fourier series. In fact, in this work, we
establish two theorems on error estimation of a two-variable function of g in the
generalized Zygmund class.
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1 Introduction
The study of the error estimation of a function of single variable g in Lipschitz spaces,
Hölder spaces, generalized Hölder spaces, Besov spaces, Zygmund spaces, and general-
ized Zygmund spaces with different single means, and various product summability means
of Fourier series and conjugate Fourier series have been considered as a center of cre-
ative study for the researchers [1–13] in the past few decades. The error estimation of a
two-variable function g(y, z) in a Hölder space with the double matrix means of the dou-
ble Fourier series and its generalization for n-variable functions in Hölder spaces using
multiple Fourier series were obtained in [14], and the degree of approximation of Nòr-
lund means of double Fourier series continuous two-variable functions was obtained in
[15]. The above review of research shows that the studies of error estimation of a two-
variable function g(y, z) in the generalized Zygmund class Y (ξ )

r (r ≥ 1) using double Haus-
dorff means of double Fourier series have not been initiated so far.

The basic theory of Hausdorff transformations for double sequences came into being
by Adams [16] in 1933. Later, a few authors investigated double Hausdorff matrices; see,
for example, Ramanujan [17] and Ustina [18]. Consequently, we consider the error esti-
mation of two-variable functions g(y, z) in the generalized Zygmund class Y (ξ )

r (r ≥ 1) by
the double Hausdorff summability means of its double Fourier series.

We establish two theorems on the degree of approximation of a two-variable function
in the generalized Zygmund class Y (ξ )

r (r ≥ 1) by the double Hausdorff summability means
of its double Fourier series.
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Let z : N×N �→C be a double sequence of complex numbers, and let (sp,q) be the double
sequence defined by

sp,q :=
p∑

i=1

( q∑

j=1

zi,j

)
.

The pair (z, s) is called a double series and is denoted by the symbol
∑∞

p,q=1 zp,q.
Let

∑∞
p=1

∑∞
q=1 zp,q be an infinite double series having the (p, q)th partial sum sp,q =

∑p
i=1(

∑q
j=1 zi,j).

Let g(y) be a 2π-periodic Lebesgue-integrable function of y over the interval (–π ,π ).
The Fourier series of g(y) is given by

g(y) ∼ a0

2
+

∞∑

q=1

(aq cos qy + bq sin qy), (1)

and the conjugate series to (1) is given by

∞∑

q=1

(aq cos qy – bq sin qy). (2)

It is well known that corresponding conjugate function of (2) is defined as

g̃(y) =
1
π

∫ π

0

g(y + l) – g(y – l)
2 tan l

2
dl.

Let g(y, z) be a function of (y, z), periodic with respect to y and with respect to z, in
each case with period 2π , integrable in the Lebesgue sense and summable in the square
Q(–π , –π ;π ,π ).

The double Fourier series of a function g(y, z) is given by

g(y, z) ∼
∞∑

p=0

∞∑

q=0

βp,q[τp,q cos py cos qz + ψp,q sin py cos qz

+ ρp,q cos py sin qz + ζp,q sin py sin qz]

=
∞∑

p=0

∞∑

q=0

τp,qAp,q(y, z), (3)

where

βp,q =

⎧
⎪⎪⎨

⎪⎪⎩

1
4 for p = 0, q = 0 or p = q = 0,
1
2 for p > 0, q = 0 and p = 0, q > 0,

1 for p > 0, q > 0,

(4)
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and the coefficients τp,q, ψp,q, ρp,q, and ζp,q are calculated by the formulae

τp,q =
1
π2

∫ ∫

Q
g(y, z) cos py cos qz dy dz,

ψp,q =
1
π2

∫ ∫

Q
g(y, z) sin py cos qz dy dz,

ρp,q =
1
π2

∫ ∫

Q
g(y, z) cos py sin qz dy dz,

ζp,q =
1
π2

∫ ∫

Q
g(y, z) sin py sin qz dy dz

(5)

for p = 0, 1, 2, . . . and q = 0, 1, 2, . . . . The quantities

sp,q(y, z) =
p∑

j=0

q∑

k=0

[τj,k cos jy cos kz + ψj,k sin jy cos kz

+ ρj,k cos jy sin kz + ζj,k sin jy sin kz]

(p = 0, 1, 2, . . . ; q = 0, 1, 2, . . .) are called the partial sums of the double Fourier series.
According to (5), we know that

sp,q(y, z) – g(y, z) =
1
π2

∫ ∫

Q
g(y + s, z + l)

[sin(p + 1
2 )s][sin(q + 1

2 )l]
4 sin s

2 sin l
2

ds dl.

The double Hausdorff matrix has the entries

hpqij =
(

p
i

)(
q
j

)
�

p–i
1 �

q–j
2 μij,

where {μij} is any real or complex sequence, and for any sequence μij, the operator � is
defined by

�ijμij := μij – μi+1,j – μi,j+1 + μi+1,j+1

and

�
p–i
1 �

q–j
2 μij =

p–1∑

s=0

q–j∑

l=0

(–1)i+j
(

p – i
s

)(
q – j

l

)
μi+s,j+l.

Necessary and sufficient condition for double Hausdorff matrices to be conservative is the
existence of a function χ (s, l) ∈ BV [0, 1] × [0, 1] such that

∫ 1

0

∫ 1

0

∣∣dχ (s, l)
∣∣ < ∞

and

μpq =
∫ 1

0

∫ 1

0
splq dχ (s, l).
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Without loss of generality, we may assume that χ (0, 0) = 0. If, in addition, we have χ (1, 1) =
1, and the continuity conditions

χ (s, +0) = χ (s, 0), χ (s, +0) = lim
l→0

χ (s, l),

χ (+0, l) = χ (0, l), χ (+0, l) = lim
s→0

χ (s, l)

are also satisfied, so that μ00 = 1.
We say that μpq is a regular moment constant [16, 17].
Let

∑∞
p=0

∑∞
q=0 bp,q be a double series with sp,q =

∑p
j=0

∑q
k=0 bj,k as its (p, q)th partial

sums.
The double Hausdorff mean tp,q is given by

tp,q =
p∑

j=0

q∑

k=0

hp,q,j,ksj,k . (6)

The double series
∑∞

p=0
∑∞

q=0 bp,q with the sequence of (p, q)th partial sums (sp,q) is said
to be summable by the double Hausdorff summability method or summable (Hp,q) if tp,q

tends to a limit s as p → ∞ and q → ∞.
The norm ‖ · ‖r is defined as

‖f ‖r :=

⎧
⎨

⎩
{ 1

4π2

∫ 2π

0
∫ 2π

0 |g(y, z)|r dy dz}1/r for 1 ≤ r < ∞,

ess sup0<y<2π
0<z<2π

|g(y, z)| for r = ∞.

Let ξ : [–π , –π ;π ,π ] → R × R be an arbitrary function with ξ (s, l) > 0 for 0 < s < 2π ,
0 < l < 2π and such that lims→0+

l→0+
ξ (s, l) = ξ (0, 0) = 0.

We define

Y (ξ )
r :=

{
g ∈ Lr : sup

s 
=0
l 
=0

‖g(· + s, · + l) + g(· + s, · – l) + g(· – s, · + l) + g(· – s, · – l) + 4g(·, ·)‖r

ξ (s, l)

< ∞
}

and

‖g‖(ξ )
r := ‖g‖r + sup

s 
=0
l 
=0

‖g(· + s, · + l) + g(· + s, · – l) + g(· – s, · + l) + g(· – s, · – l) + 4g(·, ·)‖r

ξ (s, l)
.

Clearly, ‖ · ‖(ξ )
r is a norm on Y (ξ )

r .
Hence the Zygmund space (Y (ξ )

r ) is a Banach space under the norm ‖ · ‖(ξ )
r . The com-

pleteness of the space Y (ξ )
r can be discussed considering the completeness of Lr (r ≥ 1).

We refer to [19] for more detail on the Zygmund space.
We write

φ(s, l) = φ(y, z : s, l)

=
1
4
[
g(y + s, z + l) + g(y + s, z – l) + g(y – s, z + l) + g(y – s, z – l) – 4g(y, z)

]
;
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Φ(y, z) =
∫ y

0

∫ z

0

∣∣φ(v, w)
∣∣dv dw;

Kp,q(s, l) =
1

4π2

p∑

j=0

hp,j
sin(j + 1

2 )s
sin s

2

q∑

k=0

hq,k
sin(k + 1

2 )l
sin l

2
.

Remark 1.1 A double Hausdorff matrix method reduces to
(i) (C,1,1) summability mean if σp = 1

p+1 and σq = 1
q+1 and

(ii) (E,r,r) summability mean if Er
p = 1

(1+r)p
(p

j
)
rp–j and Er

q = 1
(1+r)q

(q
k
)
rq–k .

2 Theorems
Theorem 2.1 Let g be a function of (y, z) periodic (in each case, with period 2π ) with
respect to y and z, Lebesgue integrable on Q, and belonging to the class Y (ξ )

r , r ≥ 1. Then the
error estimate of g by the �Hp,q method of its DFS is given by

∥∥t�Hp,q
p,q (y, z) – g(y, z)

∥∥(η)
r = O

(
p + q + 6

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)s2l2

)
,

where ξ and η denote the moduli of continuity of second order such that ξ (s, l)/η(s, l) is
positive and nondecreasing.

Theorem 2.2 In addition to the conditions of Theorem 2.1, if ξ (s, l)/slη(s, l) is nonincreas-
ing, then the error estimate of g in Y (ξ )

r (r ≥ 1) by the �Hp,q method of its DFS is given by

∥∥t�Hp,q
p,q (y, z) – g(y, z)

∥∥(η)
r = O

(
ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )
(p + q + 6) logπ (p + q + 2)

)
.

3 Lemmas
Lemma 3.1 Kpq(s, l) = O((p + 1)(q + 1)) for 0 < s ≤ 1

p+1 and 0 < l ≤ 1
q+1 .

Proof For 0 < s ≤ 1
p+1 , 0 < l ≤ 1

l+1 , sin l
2 ≥ l

π
, and sin ql ≤ ql, we get

∣∣Kpq(s, l)
∣∣ =

1
4π2

∣∣∣∣∣

p∑

j=0

hp,j
sin(j + 1

2 )s
sin s

2

q∑

k=0

hq,k
sin(k + 1

2 )l
sin l

2

∣∣∣∣∣

=
1

4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

sin(j + 1
2 )s

sin s
2

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

sin(k + 1
2 )l

sin l
2

∣∣∣∣∣

=
1

4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

(2s + 1) s
2

s
π

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

(2k + 1) l
2

l
π

∣∣∣∣∣
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=
1

16

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)(2s + 1)

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)(2k + 1)

∣∣∣∣∣. (7)

Since

p∑

j=0

(
p
j

)
vj(1 – v)p–j(2s + 1) = (2pv + 1) and

q∑

k=0

(
q
k

)
wk(1 – w)q–k(2k + 1) = (2qw + 1),

(8)

from (7) and (8) we get

∣∣Kpq(s, l)
∣∣ =

1
16

∣∣∣∣
∫ 1

0
(2pv + 1) dv

∫ 1

0
(2qw + 1) dw

∣∣∣∣

= O
(
(p + 1)(q + 1)

)
. �

Lemma 3.2 Kpq(s, l) = O((q + 1) 1
(p+1)s2 ) for 1

p+1 < s ≤ π and 0 < l ≤ 1
q+1 .

Proof Since 1
p+1 < s ≤ π , sin s

2 ≥ s
π

, sin2 qs ≤ 1, sup0≤v≤1 |j′(v)| = M, 0 < l ≤ 1
q+1 , sin l

2 ≥ l
π

,
and sin ql ≤ ql, we get

∣∣Kpq(s, l)
∣∣ =

1
4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

sin(j + 1
2 )s

sin s
2

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

sin(k + 1
2 )l

sin l
2

∣∣∣∣∣

=
1

4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

sin(j + 1
2 )s

s
π

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

(k + 1
2 )l

l
π

∣∣∣∣∣

=
1
8s

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v) sin

(
j +

1
2

)
s

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)(2k + 1)

∣∣∣∣∣

≤ M
8s

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–jei(j+ 1

2 )s dv
∫ 1

0
(2qw + 1) dw

∣∣∣∣∣

since
q∑

k=0

(
q
k

)
wk(1 – w)q–k(2k + 1) = (2qw + 1)
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≤ M
8s

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–jei(j+ 1

2 )s dv(q + 1)

∣∣∣∣∣

≤ MO(q + 1)
8s

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–jei(j+ 1

2 )s dv

∣∣∣∣∣. (9)

Now

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–je(j+ 1

2 )s dv

= (1 – v)p
∫ 1

0

p∑

j=0

(
p
j

)(
v

1 – v

)j

Im
{

ei(j+ 1
2 )s}dv

= (1 – v)p
∫ 1

0

p∑

j=0

(
p
j

)(
v

1 – v

)j

Im
{

eijs · e
is
2
}

dv

= (1 – v)pe
is
2

∫ 1

0

p∑

j=0

(
p
j

)(
veis

1 – v

)j

dv

= (1 – v)p Im
∫ 1

0

[
e

is
2

{(
p
0

)
+

(
p
1

)
veis

1 – v
+

(
p
2

)(
veis

1 – v

)2

+ · · · +
(

p
p

)(
veis

1 – v

)p}
dv

]

= Im

[
e

is
2

∫ 1

0

{(
p
0

)
(1 – v)p–0 +

(
p
1

)
veis(1 – v)p–1 + · · · +

(
p
p

)(
veis)p(1 – v)p–p

}
dv

]

= Im

[
e

is
2

∫ 1

0

(
1 – v + veis)p dv

]

= Im

[
e

is
2

∫ 1

0

{
1 + v

(
eis – 1

)}p dv
]

= Im

[
ei(p+1)s – 1

(1 + p)(e is
2 – e –is

2 )

]

= Im

[
ei(p+1)s – 1

(p + 1)2i sin s
2

]

= Im

[
cos(p + 1)s + i sin(p + 1)s – 1

2i(p + 1) sin s
2

]

=
sin2(p + 1) s

2
(p + 1) sin s

2
. (10)

Now, from equations (9) and (10), we get

∣∣Kpq(s, l)
∣∣ ≤ MO(q + 1)

8s

∣∣∣∣
sin2(p + 1) s

2
(p + 1) s

2

∣∣∣∣

=
MO(q + 1)

8s

∣∣∣∣
1

(p + 1) s
2

∣∣∣∣

= O
(

(q + 1)
1

(p + 1)s2

)
. �

Lemma 3.3 Kpq(s, l) = O((p + 1) 1
(q+1)l2 ) for 0 < s ≤ 1

p+1 and 1
q+1 < l ≤ π .
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Proof Since 0 < s ≤ 1
p+1 , sin s

2 ≥ s
π

, sin ps ≤ ps, 1
q+1 < l ≤ π , sin l

2 ≥ l
π

, sin2 ql ≤ 1, and
sup0≤w≤1 |k′(w)| = N , we get

∣∣Kpq(s, l)
∣∣ =

1
4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

sin(j + 1
2 )s

sin s
2

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)l–k dχ (w)

sin(k + 1
2 )l

sin l
2

∣∣∣∣∣

=
1

4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

(j + 1
2 )s

s
π

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

sin(k + 1
2 )l

l
π

∣∣∣∣∣

=
1
8l

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)(2j + 1)

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w) sin

(
k +

1
2

)
l

∣∣∣∣∣

≤ N
8l

∣∣∣∣∣

∫ 1

0
(2pv + 1) dv

q∑

k=0

(
q
k

)
wk(1 – w)q–kei(k+ 1

2 )l dw

∣∣∣∣∣

since
p∑

j=0

(
p
j

)
vj(1 – v)p–j(2s + 1) = (2pv + 1)

≤ N
8l

∣∣∣∣∣(p + 1)
q∑

k=0

(
q
k

)
wk(1 – w)q–kei(k+ 1

2 )l dw

∣∣∣∣∣

≤ NO(p + 1)
8l

∣∣∣∣∣

q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–kei(k+ 1

2 )l dw

∣∣∣∣∣. (11)

Now

q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–ke(k+ 1

2 )l dw

= (1 – w)q
∫ 1

0

q∑

k=0

(
q
k

)(
w

1 – w

)k

Im
{

ei(k+ 1
2 )l}dw

= (1 – w)q
∫ 1

0

q∑

k=0

(
q
k

)(
w

1 – w

)k

Im
{

eikl · e
il
2
}

dw

= (1 – w)qe
il
2

∫ 1

0

q∑

k=0

(
q
k

)(
weil

1 – w

)k

dw

= (1 – w)q Im
∫ 1

0

[
e

il
2

{(
q
0

)
+

(
q
1

)
weil

1 – w
+

(
q
2

)(
weil

1 – w

)2

+ · · ·

+
(

q
q

)(
weil

1 – w

)q}
dw

]
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= Im

[
e

il
2

∫ 1

0

{(
q
0

)
(1 – w)q–0 +

(
q
1

)
weil(1 – w)q–1 + · · ·

+
(

q
q

)(
weil)q(1 – w)q–q

}
dw

]

= Im

[
e

il
2

∫ 1

0

(
1 – w + weil)q dw

]

= Im

[
e

il
2

∫ 1

0

{
1 + w

(
eil – 1

)}q dw
]

= Im

[
ei(q+1)l – 1

(1 + q)(e il
2 – e –il

2 )

]

= Im

[
ei(q+1)l – 1

(q + 1)2i sin l
2

]

= Im

[
cos(q + 1)l + i sin(q + 1)l – 1

2i(q + 1) sin l
2

]

=
sin2(q + 1) l

2

(q + 1) sin l
2

. (12)

Now from equations (11) and (12) we get

∣∣Kpq(s, l)
∣∣ ≤ NO(p + 1)

8l

∣∣∣∣
sin2(q + 1) l

2

(q + 1) l
2

∣∣∣∣

=
NO(p + 1)

8l

∣∣∣∣
1

(q + 1) l
2

∣∣∣∣

= O
(

(p + 1)
1

(q + 1)l2

)
. �

Lemma 3.4 Kpq(s, l) = O( 1
(p+1)s2

1
(q+1)l2 ) for 1

p+1 < s ≤ π and 1
q+1 < l ≤ π .

Proof Since 1
p+1 < s ≤ π , sin s

2 ≥ s
π

, sin2 ps ≤ 1, sup0≤v≤1 |j′(v)| = M, 1
q+1 < l ≤ π , sin l

2 ≥ l
π

,
sin2 ql ≤ 1, and sup0≤w≤1 |k′(w)| = N , using (10) and (12), we get

∣∣Kpq(s, l)
∣∣ =

1
4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

sin(j + 1
2 )s

sin s
2

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

sin(k + 1
2 )l

sin l
2

∣∣∣∣∣

=
1

4π2

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

(j + 1
2 )s

s
π

×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)

(k + 1
2 )l

l
π

∣∣∣∣∣

=
1

16sl

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–j dχ (v)

(
j +

1
2

)
s
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×
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–k dχ (w)(2k + 1)

∣∣∣∣∣

≤ MN
16sl

∣∣∣∣∣

p∑

j=0

∫ 1

0

(
p
j

)
vj(1 – v)p–jei(j+ 1

2 )s dv
q∑

k=0

∫ 1

0

(
q
k

)
wk(1 – w)q–kei(k+ 1

2 )l dw

∣∣∣∣∣

≤ MN
16sl

∣∣∣∣
sin2(p + 1) s

2
(p + 1) s

2

sin2(q + 1) l
2

(q + 1) l
2

∣∣∣∣

=
MN
16sl

∣∣∣∣
1

(p + 1) s
2

1
(q + 1) l

2

∣∣∣∣

= O
(

1
(p + 1)s2

1
(q + 1)l2

)
. (13)

�

Lemma 3.5 Let g(y, z) ∈ Y (ξ )
r . Then for 0 < s ≤ π and 0 < l ≤ π ,

(i) ‖φ(·, s, ·, l)‖r = O(ξ (s, l));
(ii) ‖φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l) + φ(· – v, · + w, s, l) +

φ(· – v, · – w, s, l) – 4φ(·s, ·l)‖r =
{ 8(ξ (s, l)),

8(ξ (v, w));

(iii) If ξ (s, l) and η(s, l) are as defined in Theorem 2.1, then
‖φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l) + φ(· – v, · + w, s, l) +
φ(· – v, · – w, s, l) – 4φ(·s, ·l)‖r = 8(η(v, w) ξ (s,l)

η(s,l) ), where

φ(y, z; s, l) =
1
4
[
g(y + s, z + l) + g(y + s, z – l) + g(y – s, z + l)

+ g(y – s, z – l) – 4g(y, z)
]
.

Proof (i) Since

φ(y, z; s, l) =
1
4
[
g(y + s, z + l) + g(y + s, z – l) + g(y – s, z + l) + g(y – s, z – l) – 4g(y, z)

]
,

applying Minkowski’s inequality, we have

∥∥φ(·, s, ·, l)
∥∥

r ≤ 1
4
∥∥g(y + s, z + l) + g(y + s, z – l)

+ g(y – s, z + l) + g(y – s, z – l) – 4g(y, z)
∥∥

r

= O
(
ξ (s, l)

)
. �

Proof (ii) Clearly,

∣∣φ(y + v, z + w, s, l) + φ(y + v, z – w, s, l) + φ(y – v, z + w, s, l)

+ φ(y – v, z – w, s, l) – 4φ(y, z, s, l)
∣∣

≤ ∣∣g(y + v + s, z + w + l) + g(y + v + s, z + w – l) + g(y + v – s, z + w + l)

+ g(y + v – s, z + w – l) – 4g(y + v, z + w)
∣∣

+
∣∣g(y + v + s, z – w + l) + g(y + v + s, z – w – l) + g(y + v – s, z – w + l)

+ g(y + v – s, z – w – l) – 4g(y + v, z – w)
∣∣
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+
∣∣g(y – v + s, z + w + l) + g(y – v + s, z + w – l) + g(y – v – s, z + w + l)

+ g(y – v – s, z + w – l) – 4g(y – v, z + w)
∣∣

+
∣∣g(y – v + s, z – w + l) + g(y – v + s, z – w – l) + g(y – v – s, z – w + l)

+ g(y – v – s, z – w – l) – 4g(y – v, z – w)
∣∣

– 4
∣∣g(y + s, z + l) + g(y + s, z – l) + g(y – s, z + l) + g(y – s, z – l) – 4g(y, z)

∣∣.

Applying Minkowski’s inequality, we have

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

r

≤ ∥∥g(· + v + s, · + w + l) + g(· + v + s, · + w – l) + g(· + v – s, · + w + l)

+ g(· + v – s, · + w – l) – 4g(· + v, · + w)
∥∥

r

+
∥∥g(· + v + s, · – w + l) + g(· + v + s, · – w – l) + g(· + v – s, · – w + l)

+ f (· + v – s, · – w – l) – 4g(· + v, · – w)
∥∥

r

+
∥∥g(· – v + s, · + w + l) + g(· – v + s, · + w – l) + g(· – v – s, · + w + l)

+ g(· – v – s, · + w – l) – 4g(· – v, · + w)
∥∥

r

+
∥∥g(· – v + s, · – w + l) + g(· – v + s, · – w – l) + g(· – v – s, · – w + l)

+ g(· – v – s, · – w – l) – 4g(· – v, · – w)
∥∥

r

– 4
∥∥g(· + s, · + l) + g(· + s, · – l) + g(· – s, · + l) + g(· – s, · – l) – 4g(·, ·)∥∥r

= 8
(
ξ (s, l)

)
.

Also,

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) – 4φ(· + s, · + l)
∥∥

r

≤ ∥∥g(· + s + v, · + l + w) + g(· + s + v, · + l – w) + g(· + s – v, · + l + w)

+ g(· + s – v, · + l – w) – 4g(· + s, · + l)
∥∥

r

+
∥∥g(· + s + v, · – l + w) + g(· + s + v, · – l – w) + g(· + s – v, · – l + w)

+ g(· + s – v, · – l – w) – 4g(· + s, · – l)
∥∥

r

+
∥∥g(· – s + v, · + l + w) + g(· – s + v, · + l – w) + g(· – s – v, · + l + w)

+ g(· – s – v, · + l – w) – 4g(· – s, · + l)
∥∥

r

+
∥∥g(· – s + v, · – l + w) + g(· – s + v, · – l – w) + g(· – s – v, · – l + w)

+ g(· – s – v, · – l – w) – 4g(· – s, · – l)
∥∥

r

– 4
∥∥g(· + v, · + w) + g(· + v, · – w) + g(· – v, · + w) + g(· – v, · – w) – 4g(·, ·)∥∥r

= 8
(
ξ (v, w)

)
. �
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Proof (iii) Since η is positive and nondecreasing, s ≤ v, l ≤ w, using Lemma 3.5(ii), we
obtain

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) – 4φ(·s, ·l)∥∥r

= O
(
ξ (s, l)

)

= 8
(

η(s, l)
(

ξ (s, l)
η(s, l)

))

= 8
(

η(v, w)
(

ξ (s, l)
η(s, l)

))
.

Since ξ (s,l)
η(s,l) is positive and nondecreasing, if v ≥ s, w ≥ l, then ξ (s,l)

η(s,l) ≥ ξ (v,w)
η(v,w) . Then by

Lemma 3.5(ii) we get that

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) – 4φ(·s, ·l)∥∥r

= 8
(
ξ (s, l)

)

= 8
(

η(v, w)
ξ (s, l)
η(s, l)

)
. �

4 Proof of main theorem
4.1 Proof of Theorem 2.1

sp,q(y, z) – g(y, z) =
1
π2

∫ π

0

∫ π

0
φ(y, z, v, w)

[sin(p + 1
2 )s][sin(q + 1

2 )l]
4 sin s

2 sin l
2

ds dl. (14)

Taking into account (14) and that τp,q(y, z) is double Hausdorff matrix means of sp,q(y, z),
we write

τp,q(y, z) – g(y, z) =
p∑

j=0

q∑

k=0

hp,q,j,k
{

sj,k(y, z) – g(y, z)
}

=
1
π2

∫ π

0

∫ π

0
φ(y, z, v, w)

p∑

j=0

q∑

k=0

hp,q,j,k
[sin(j + 1

2 )s][sin(k + 1
2 )l]

4 sin s
2 sin l

2
ds dl

=
∫ π

0

∫ π

0
φ(y, z, s, l)Kpq(s, l) ds dl.

Let

lp,q(y, z) = t
�Hp,q
p,q (y, z) – g(y, z)

=
∫ π

0

∫ π

0
φ(y, z, s, l)Kpq(s, l) ds dl.
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Then

lp,q(y + v, z + w) + lp,q(y + v, z – w) + lp,q(y – v, z + w) + lp,q(y – v, z – w) – 4lp,q(y, z)

=
∫ π

0

∫ π

0

(
φ(y + v, z + w, s, l) + φ(y + v, z – w, s, l) + φ(y – v, z + w, s, l)

+ φ(y – v, z – w, s, l) – 4φ(y, z, s, l)
)
Kpq(s, l) ds dl.

By generalized Minkowski’s inequality

∥∥lp,q(· + v, · + w) + lp,q(· + v, · – w) + lp,q(· – v, · + w) + lp,q(· – v, · – w) – 4lp,q(·, ·)∥∥r

≤
∫ π

0

∫ π

0

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

rKpq(s, l) ds dl

=
(∫ 1

p+1

0

∫ 1
q+1

0
+

∫ 1
p+1

0

∫ π

1
q+1

+
∫ π

1
p+1

∫ 1
q+1

0
+

∫ π

1
p+1

∫ π

1
q+1

)

× ∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

rKpq(s, l) ds dl

= I1 + I2 + I3 + I4. (15)

Using Lemma 3.1 and Lemma 3.5(iii), we obtain

I1 =
∫ 1

p+1

0

∫ 1
q+1

0

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) + φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

rKpq(s, l) ds dl

= 8
(∫ 1

p+1

0

∫ 1
q+1

0
η(v, w)

ξ (s, l)
η(s, l)

(p + 1)(q + 1) ds dl
)

= 8
(

(p + 1)(q + 1)η(v, w)
∫ 1

p+1

0

∫ 1
q+1

0

ξ (s, l)
η(s, l)

ds dl
)

= 8
(

(p + 1)(q + 1)η(v, w)
{∫ 1

p+1

0

ξ ( 1
p+1 , l)

η( 1
q+1 , l)

}
dl

∫ 1
q+1

0
ds

)

= 8
(

(p + 1)η(v, w)
{∫ 1

p+1

0

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

}
dl

)

= 8
(

(p + 1)η(v, w)
ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

{∫ 1
p+1

0
dl

})
,

I1 = 8
(

η(v, w)
ξ ( 1

p+1 , 1
q+1 )

ξ ( 1
p+1 , 1

q+1 )

)
.

(16)
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Using Lemma 3.3 and Lemma 3.5(iii), we obtain

I2 =
∫ 1

p+1

0

∫ π

1
q+1

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) + φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

rKpq(s, l) ds dl

= 8
(∫ 1

p+1

0

∫ π

1
q+1

η(v, w)
ξ (s, l)
η(s, l)

(p + 1)
1

(q + 1)l2 ds dl
)

= 8
((

p + 1
q + 1

)
η(v, w)

∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl

)
. (17)

Using Lemma 3.2 and Lemma 3.5(iii), we obtain

I3 =
∫ π

1
p+1

∫ 1
q+1

0

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) + φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

rKpq(s, l) ds dl

= 8
(∫ π

1
p+1

∫ 1
q+1

0
η(v, w)

ξ (s, l)
η(s, l)

(q + 1)
1

(p + 1)s2 ds dl
)

= 8
((

q + 1
p + 1

)
η(v, w)

∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds

)
. (18)

Using Lemma 3.4 and Lemma 3.5(iii), we obtain

I4 =
∫ π

1
p+1

∫ π

1
q+1

∥∥φ(· + v, · + w, s, l) + φ(· + v, · – w, s, l) + φ(· – v, · + w, s, l)

+ φ(· – v, · – w, s, l) + φ(· – v, · – w, s, l) – 4φ(·, s, ·, l)
∥∥

rKpq(s, l) ds dl

= 8
(∫ π

1
p+1

∫ π

1
q+1

η(v, w)
ξ (s, l)
η(s, l)

1
(p + 1)s2

1
(q + 1)l2 ds dl

)

= 8
(

1
(p + 1)

1
(q + 1)

η(v, w)
∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)
. (19)

By (15), (16), (17), (18), and (19), we have

∥∥lp,q(· + v, · + w) + lp,q(· + v, · – w) + lp,q(· – v, · + w) + lp,q(· – v, · – w) – 4lp,q(·, ·)∥∥r

= 8
(

η(v, w)
η( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

)
+ 8

((
p + 1
q + 1

)
η(v, w)

∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl

)

+ 8
((

q + 1
p + 1

)
η(v, w)

∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds

)

+ 8
(

1
(p + 1)(q + 1)

η(v, w)
∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)
. (20)
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Thus

sup
v
=0
w 
=0

‖lp,q(· + v, · + w) + lp,q(· + v, · – w) + lp,q(· – v, · + w) + lp,q(· – v, · – w) – 4lp,q(·, ·)‖r

η(v, w)

= 8
(

ξ ( 1
p+1 , 1

q+1 )

η( 1
p+1 , 1

q+1 )

)
+ O

((
p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl

)

+ 8
((

q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds

)

+ O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)
. (21)

Using Lemmas 3.1–3.4 and Lemma 3.5(i), we obtain

∥∥lp,q(·, ·)∥∥r

=
∥∥t

�Hp,q
p,q – g

∥∥
r

≤
(∫ 1

p+1

0

∫ 1
q+1

0
+

∫ 1
p+1

0

∫ π

1
q+1

+
∫ π

1
p+1

∫ 1
q+1

0
+

∫ π

1
p+1

∫ π

1
q+1

)∥∥φ(·, s, ·, l)
∥∥

r

∣∣Kpq(s, l)
∣∣ds dl

=
∫ 1

p+1

0

∫ 1
q+1

0

∥∥φ(·, s·, l)
∥∥

r

∣∣Kpq(s, l)
∣∣ds dl +

∫ 1
p+1

0

∫ π

1
q+1

∥∥φ(·, s, ·, l)
∥∥

r

∣∣Kpq(s, l)
∣∣ds dl

+
∫ π

1
p+1

∫ 1
q+1

0

∥∥φ(·, s·, l)
∥∥

r

∣∣Kpq(s, l)
∣∣ds dl +

∫ π

1
p+1

∫ π

1
q+1

∥∥φ(·, s, ·, l)
∥∥

r

∣∣Kpq(s, l)
∣∣ds dl

= O
(

(p + 1)(q + 1)
∫ 1

p+1

0

∫ 1
q+1

0
ξ (s, l) ds dl

)
+ O

((
p + 1
q + 1

)∫ 1
p+1

0

∫ π

1
q+1

ξ (s, l)
l2 ds dl

)

+ O
((

q + 1
p + 1

)∫ π

1
p+1

∫ 1
q+1

0

ξ (s, l)
s2 ds dl

)
+ O

(
1

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
s2l2 ds dl

)

= O
(

ξ

(
1

p + 1
,

1
q + 1

))
+ O

((
p + 1
q + 1

)∫ 1
p+1

0

∫ π

1
q+1

ξ (s, l)
l2 ds dl

)

+ O
((

q + 1
p + 1

)∫ π

1
p+1

∫ 1
q+1

0

ξ (s, l)
s2 ds dl

)
+ O

(
1

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
s2l2 ds dl

)

= O
(

ξ

(
1

p + 1
,

1
q + 1

))
+ O

((
p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , t)
l2 dl

)

+ O
((

q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

s2 ds
)

+ O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
s2l2 ds dl

)
, (22)

∥∥lp,q(·, ·)∥∥(η)
r

=
∥∥lp,q(·, ·)∥∥r
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+ sup
v
=0
w
=0

‖lp,q(· + v, · + w) + lp,q(· + v, · – w) + lp,q(· – v, · + w) + lp,q(· – v, · – w) – 4lp,q(·, ·)‖r

η(v, w)

= O
(

ξ

(
1

p + 1
,

1
q + 1

))
+ O

((
p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , l)
l2 dl

)

+ O
((

q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

s2 ds
)

+ O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
s2l2 ds dl

)

+ 8
(

ξ ( 1
p+1 , 1

q+1 )

η( 1
p+1 , 1

q+1 )

)
+ 8

((
p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl

)

+ 8
((

q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds

)

+ 8
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2l2

)
. (23)

Since ξ (s, l) = ξ (s,l)
η(s,l) and η(s, l) ≤ η(π ,π ) ξ (s,l)

η(s,l) , 0 < s ≤ π , 0 < l ≤ π , we get

∥∥lp,q(·, ·)∥∥(η)
r = O

(
ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

)
+ O

((
p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl

)

+ O
((

q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds

)

+ O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2l2 ds dl

)
. (24)

Since ξ and η are the Zygmund moduli of continuity, ξ (s,l)
η(s,l) is positive and nondecreasing,

and therefore

(
p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl ≥ ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

(
p + 1
q + 1

)∫ π

1
q+1

dl
l2

≥ ξ ( 1
p+1 , 1

q+1 )

2η( 1
p+1 , 1

q+1 )
(p + 1). (25)

Then

O
((

p + 1
q + 1

)∫ π

1
q+1

ξ ( 1
p+1 , l)

η( 1
p+1 , l)

1
l2 dl

)
= O

( ( p+1
2 )ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

)
. (26)

Since ξ and η are the Zygmund moduli of continuity, ξ (s,l)
η(s,l) is positive and nondecreasing,

and therefore

(
q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds ≥ ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

(
q + 1
p + 1

)∫ π

1
p+1

ds
s2

≥ ξ ( 1
p+1 , 1

q+1 )

2η( 1
p+1 , 1

q+1 )
(q + 1). (27)
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Then

O
((

q + 1
p + 1

)∫ π

1
p+1

ξ (s, 1
q+1 )

η(s, 1
q+1 )

1
s2 ds

)
= O

( ( q+1
2 )ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

)
. (28)

Since ξ and η are the Zygmund moduli of continuity, ξ (s,l)
η(s,l) is positive and nondecreasing,

and therefore

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2l2 ds dl ≥ ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )
1

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ds
s2

dl
l2

≥ ξ ( 1
p+1 , 1

q+1 )

4η( 1
p+1 , 1

q+1 )
. (29)

Then

O
(

ξ ( 1
p+1 , 1

q+1 )

η( 1
p+1 , 1

q+1 )

)
= O

(
1

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)
. (30)

By equations (24), (26), (28), and (30) we get

∥∥lp,q(·, ·)∥∥(η)
r = O

(
ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

)
+ O

( ( p+1
2 )ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

)

+ O
( ( q+1

2 )ξ ( 1
p+1 , 1

q+1 )

η( 1
p+1 , 1

q+1 )

)
+ O

(
1

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)

= O
(

1 +
p + 1

2
+

q + 1
2

)
ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )

+ O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)

= O
(

1 +
p + 1

2
+

q + 1
2

)
O

(
1

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)

+ O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)

= O
(

1 +
p + 1

2
+

q + 1
2

+ 1
)

O
(

1
(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)

= O
(

p + q + 6
(p + 1)(q + 1)

)
O

(∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)
. (31)

4.2 Proof of Theorem 2.2

Ep,q(g) =
∥∥lp,q(·, ·)∥∥(η)

r = O
(

p + q + 6
(p + 1)(q + 1)

)
O

(∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)

1
s2

1
l2 ds dl

)
.
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Since ξ (s,l)
lη(s,l) is positive and nonincreasing, by the second mean value theorem of integral

calculus we have

Ep,q(g) = O
(

p + q + 6
(p + 1)(q + 1)

)
O

(∫ π

1
p+1

1
s2

(∫ π

1
q+1

ξ (s, l)
η(s, l)

1
l2 dl

)
ds

)

= O
(

p + q + 6
(p + 1)(q + 1)

)
O

(∫ π

1
p+1

1
s2

(
(q + 1)

ξ (s, 1
q+1 )

η(s, 1
q+1 )

∫ π

1
q+1

dl
l

)
ds

)

= O
(

p + q + 6
(p + 1)

)
O

(∫ π

1
p+1

1
s2

(
ξ (s, 1

q+1 )

η(s, 1
q+1 )

logπ (q + 1)
)

ds
)

. (32)

Again, since ξ (s,l)
sη(s,l) is positive and nonincreasing, by the second mean value theorem of

integral calculus we have

Ep,q(f ) = O
(

p + q + 6
(p + 1)

)
O

(
logπ (q + 1)

∫ π

1
p+1

ξ (s, 1
p+1 )

η(s, 1
q+1 )

1
s2 ds

)

= O
(

p + q + 6
(p + 1)

)
O

(
logπ (q + 1)(p + 1)

ξ ( 1
p+1 , 1

q+1 )

η( 1
p+1 , 1

q+1 )

∫ π

1
p+1

ds
s

)

= O
(

(p + q + 6) logπ (q + 1)
ξ ( 1

p+1 , 1
q+1 )

η( 1
p+1 , 1

q+1 )
logπ (p + 1)

)

= O
(

ξ ( 1
p+1 , 1

nq+1 )

η( 1
p+1 , 1

q+1 )
(p + q + 6) logπ (p + q + 2)

)
. (33)

5 Corollaries
Corollary 5.1 Following Remark 1.1(i), we obtain

∥∥t(C,1,1)
p,q (y, z) – g(y, z)

∥∥(η)
r = O

(
p + q + 6

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)s2l2

)
,

where ξ and η denote the moduli of continuity of second order such that ξ (s, l)/η(s, l) is
positive and nondecreasing.

Corollary 5.2 Following the Remark 1.1(i), we obtain

∥∥t(E,r,r)
p,q (y, z) – g(y, z)

∥∥(η)
r = O

(
p + q + 6

(p + 1)(q + 1)

∫ π

1
p+1

∫ π

1
q+1

ξ (s, l)
η(s, l)s2l2

)
,

where ξ and η denote the moduli of continuity of second order such that ξ (s, l)/η(s, l) is
positive and nondecreasing.

6 Conclusion
In this paper, we established the error estimate of a two-variable function g(y, z) in the
generalized Zygmund class Y (ξ )

r (r ≥ 1) using the double Hausdorff matrix means of its
double Fourier series. We have proved two results on error estimates of a two-variable
function of g in the generalized Zygmund class.
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