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Let u(t, x) be the solution to a stochastic heat equation

with initial condition u(0,x) = 0, where X is a space-time white noise. This paper is an
attempt to study stochastic analysis questions of the solution u(t, x). In fact, it is well
known that the solution is a Gaussian process such that the process t +— u(t,x) is a
bi-fractional Brownian motion with Hurst indices H =K = % for every real number x.
However, the many properties of the process x > u(-,x) are unknown. In this paper
we consider the generalized quadratic covariations of the two processes

X = U(-,x), t = ut,-). We show that x = u(-,x) admits a nontrivial finite quadratic
variation and the forward integral of some adapted processes with respect to it
coincides with “Itd's integral’, but it is not a semimartingale. Moreover, some
generalized 1t6 formulas and Bouleau-Yor identities are introduced.
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1 Introduction

Let u(¢,x) denote the solution to the stochastic heat equation

d 1 9? 02

U=-——u+
ot 2 0x? ot dx

X(t,x), t>0,xeR?, (1.1)

with initial condition %(0,x) = 0, where X is a space-time white noise on [0,00) x R?,

which are generalized Gaussian processes with covariance given by

E[X(t,x)X(s,y)] =58(t-5)8(x—y).
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Clearly, we have

u(t,x) = /0 /de(t —r,x—y)X(dr,dy),

%2

where p(t,x) = ——=e~ 7 is the heat kernel. Then the processes (t,x) — u(t,x), t — u(t,-)

NoZT
and x > u(-,x) are Gaussian. Mueller and Tribe [19] were first to find that

E[[u(t,x)—u(t,y)]z] :/0 /R[p(r,x—z)—p(r,y—z)]zdrdz
h % —2)—plr,y—2)| drdz = Clx -
—>/0 /R[p(rx 2) - p(r,y-2)| drdz=Clx-y|

for all x,y € R?, as ¢ tends to infinity, if the initial value #(0,x) = 0. By taking a special
initial value (a two-sided R?-valued Brownian motion), the authors studied the stationary
pinned string and hitting probabilities of a random string. When d = 1 Swanson [30] has
showed that (see also Pospisil and Tribe [25])

E[u(t,x)u(s,x)] = L((t +)V2 -t - slm), t,s>0, (1.2)

V2r

and the process ¢ — u(t,x) has a nontrivial quartic variation. This shows that, for every
x € R, the process ¢ — u(t,x) coincides with the bi-fractional Brownian motion and it
is not a semimartingale, so a stochastic integral with respect to the process ¢ > u(t,x)
cannot be defined in the classical Ito sense. Some surveys and complete literature for bi-
fractional Brownian motion can be found in Houdré and Villa [13], Lei and Nualart [16],
Russo and Tudor [27], Tudor and Xiao [33] and Yan et al. [35], and the references therein.
Moreover, for more general parabolic SPDEs, many authors studied the regularity results
and stochastic calculus with respect to their solutions. We mention the work of Balan
and Kim [2], Da Prato et al. [4], Deya and Tindel [5], Gradinaru et al. [12], Lanconelli
[14, 15], Leén and Tindel et al. [17], Nualart and Vuillermot [21], Ouahhabi and Tudor
[22], Pardoux [23], Pospisil and Tribe [25], Torres et al. [31], Tudor [32], Tudor and Xiao
[34], Zambotti [38], and the references therein.

In this paper, as an attempt we study stochastic analysis questions of the solution process
u = {u(t,x),t € [0, T],x € R} of (1.1) with u(0,x) = 0 associated with quadratic variation.
We shall see (in Sect. 3) that the process x + u(:,x) admits a nontrivial finite quadratic
variation in any finite interval, and, moreover, we shall also see (in Sect. 4) that the for-
ward integral of some adapted processes with respect to x > u(-,x) coincides with “Itd’s
integral” On the other hand, as a noise, the stochastic process u = {u(t,x),t > 0,x € R} is
very rough in time and it is not white in space. However, the process x — u(-,x) admits
some characteristics similar to Brownian motion. These results, together with the work
of Mueller and Tribe [19], Pospisil and Tribe [25], and Swanson [30] point out that the
process u = {u(t,x)} as a noise admits the next special structures:

« Itis very rough in time and similar to fractional Brownian motion with Hurst index

H= ;IL, but it has not stationary increments.
« Itis not white in space, but its quadratic variation coincides with the classical
Brownian motion and it is not self-similar.
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+ The process in space variable is not a semimartingale, but the forward integral of
some adapted processes with respect to the process in space variable coincides with
“Ito’s integral’”.

» The process u = {u(t,x)} admits a simple representation via a Wiener integral with
respect to the Brownian sheet.

+ Though the process u = {u(t,x)} is Gaussian, as a noise, its time and space parts are
farraginous. We cannot decompose its covariance as the product of two independent
parts. This is very different from fractional noise and white noise. In fact, we have

Eu(t,x)u(s,y) =

! /S 1 eXp{— (x—y)2 }dr
V21 Jo Nt+s—2r 2t +s-2r)

forallt>s>0andx,y € R.

Therefore, it seems interesting to study the integrals

/Rf(x)u(t,dx), /Otf(s)u(ds,x), /Ot/Rf(s,x)u(ds,dx),

and some related stochastic (partial) differential equations. For example, one can consider
the following “iterated” stochastic partial differential equations:

3z,t":l8—214"+f(u")+ i W (tx), t>0xeR,j=1,2
. 20x? dtox o= o
where u° is a space-time white noise. Of course, one can also consider some sample path

properties and singular integrals

t
1
dx/ d\/g) o> 0
/1,( o (u(s,x))k+

with ¢ > 0 and I, = [0,x] for x > 0 and I, = [, 0] for x < 0. We will carry out these projects
in some forthcoming work. In the present paper our objects are to study the quadratic
covariations of x — u(-,x) and ¢ — u(t, -), and introduce some generalized It6 formulas
associated with {u(-,x),x € R} and {u(t, -), £ > 0}, respectively, and moreover we also con-
sider their local times and Bouleau—Yor’s identities.

To expound our aim, let us start with a basic definition. Let u = {u(¢, x),¢ € [0, T],x € R}
be the solution process of (1.1) with #(0,x) = 0 and denote

AL, 8) =2t + V25 + 23/t —s| -2/t + s

and

SAL 2 22
NAs(s, t,z2) = — | 1- o PE—— d
2(5:4:2) /0 \/t+s—2r( exp{ 2(t+8—2f)}> '

for all £,5 > 0 and z > 0. An elementary calculation can show that

E[(ult,%) - u(s,9))"] = [A1(s,£) + As(s,t,x - )] (1.3)

1
21
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for all ,s > 0 and x, y € R. This simple estimate inspires us to consider the following limits:

211_1)1(1)§E[(u(1,‘,x+zs)—u(t,x)) :—n’gl_t)r(l)g/ «/— )dr
2 s2
=ﬁ/o S )ds=1 (14)

and

lim %E[(u(t +&,%) — ult, x)) ]= \/g (1.5)

e—0

for all £ > 0 and x € R. That is,

lim lim

55060 /& + SE[(M(t +&x+38)— M(t,x))z] =1,

lim lim
e—>05—0 &+

E[(ult +&,x + 8) — ult,x))’] = \/g

for all £ > 0 and x € R. Thus, the next definition is natural.

Definition 1.1 Denote B := {B; := u(t,-),t > 0} and W := (W, := u(-,x),x € R}. Let I, =
[0,x] for x > 0 and I, = [, 0] for x < 0. Define the integrals

B0 = 5 /, [(Wyes) = (W)} (Wys — W) dy,

ds

1 t
2 _ _ _ T
]g (f,x> t)= «/E /0 {f(Bs+s) f(BS)}(BS+8 Bs)zﬁ:

forall > 0,x € R,&,8 > 0, where f is a measurable function on R. The limits lims_.o I3 (f,
t,x) and lim,_. I?(f, t,x) are called the partial quadratic covariations (PQC, in short) in
space and in time, respectively, of f(x) and u, provided these limits exist in probability.
We denote them by [f(W), W];(CSQ) and [f(B),B]gTQ), respectively.

Clearly, we have (see Sect. 3)
[Fow), W] = | S W) dy

and [W, W],(CSQ) = |«| for all f € C1(R), £ > 0,x € R. We also have (see Sect. 6)

(TQ)
[f(B),B], / 1B m

and [B,B]ETQ) =/ %t for all f € C}(R),t > 0,x € R. These expressions say that the process
W = {W, = u(-,x),x € R} admits a nontrivial finite quadratic variation in any finite interval

L. This is also a main motivation to study the solution of (1.1). More work for stochastic
calculus with respect to a continuous finite quadratic variation process can be found in
Errami and Russo [7] and Russo and Vallois [29].

Page 4 of 42
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This paper is organized as follows. In Sect. 2, we establish some technical estimates as-
sociated with the solution of (1.1), and as some applications we introduce Wiener integrals
with respect to the two processes B = {B; = u(t,-), £ > 0} and W = {W, = u(-,x),x € R}, re-
spectively. In Sect. 3 we show that the quadratic variation [W, W] exists in L?(£2) and
equals |x| in every finite interval I,. For a given ¢ > 0, by estimating in L2

1
g /I;f(Wyﬂs)(Wyﬁ - Wy) dy (x € R)

and

: [ronw. - wydy ew

for all ¢ > 0, respectively, we construct a Banach space .77, of measurable functions such
that the PQC [f(W), W]©Q in space exists in L?(£2) for all f € .7, and in particular we
have

S ’
[, w1t - [ o)y
Iy
provided f € C'(R). In Sect. 4, as an application of Sect. 3, we show that the It&’s formula
E(W,) = E(Wo) + | f(W,)sW, + l[f(W) w]¢?
x) = 0 ; y y 2 ’ x

holds for all £ > 0,x € R, where the integral flx f'(W,)6 W, denotes the Skorohod integral,
F is an absolutely continuous function with the derivative F’ = f € /7. In order to obtain
the above It6 formula, we first introduce a standard Ito type formula

F(Wx)zF(Wo)+/F/(Wy)(SWy+%/ F"(W,)dy (1.6)

Iy L

for all F € C?(R) satisfying some suitable conditions. It is important to note that the Gaus-
sian process W = {W, = u(-,x),x € R} does not satisfy the condition in Alés et al. [1] since

E[u(t, %] = \/; dixE[u(t, x)°]=0

for all £ > 0 and x € R. We need to give the proof of Eq. (1.6). Moreover, we also show that
the forward integral (see Russo—Vallois [29])

1
SO0 = ucptim - [ FOV)(Ws.c - W) dy
I e I

X

coincides with the Skorohod integral flx f(W,)6W,, if f satisfies the growth condition
Ifo)| <ce?”, yeR, (1.7)

with0 < B < r‘/z, where the notation ucp lim denotes the uniform convergence in proba-
bility on each compact interval. This is very similar to Brownian motion, but the process
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W = {W, = u(-,x),x € R} is not a semimartingale. In Sect. 5 we consider some questions
associated with the local time

Lx,a) = /xS(Wy —a)dy
0

of the process W = {W, = u(-,x),x > 0}. In particular, we show that the Bouleau—Yor type
identity

[ W = [ f0.2"a
R

holds for all f € 7. In Sect. 6 we consider some analysis questions associated with the
quadratic covariation of the process B = {B; = u(t, ), t > 0}.

2 Some basic estimates
In this section we will establish divergence integral and some technical estimates associ-
ated with the solution

t
u(t,x):/ /p(t—r,x—y)X(dr,dy), t>0,xeR,
0o Jr

1
V2t
u(t,-),t > 0} and spatial process W = {W, = u(-,x),x € R}. As mentioned earlier, the tem-

where p(t,x) = e‘% is the heat kernel. Recall that the temporal process B = {B, =
poral process B = {B,} is neither a semimartingale nor a Markov process. Moreover, from
the next discussion we shall also see that the spatial process W = {W,} is neither a semi-
martingale nor a Markov process. However, as two Gaussian processes, one can develop
the stochastic calculus of variations with respect to them. We refer to Alés et al. [1], Nu-
alart [20] and the references therein for more details of stochastic calculus of Gaussian
process.

As usual, we assume that H, and Hy are the reproducing kernel Hilbert spaces asso-
ciated with W = {W, = u(-,x),x € [-M,M]} and B = {B; = u(t,-),t € [0, T]}, respectively.
Then the Wiener integrals

M
W((p)::f ox)dWy, @€ Ha,,
M

and

T
Blg) = /0 V(s)dB, ¥ € Ho,

exist as two Gaussian random variables, and

M M
E(/ qol(x)dWx/M <pz(x)dWx) = (P P2)H >

M

for ¢1, ¢, € H, and

T T
E( /0 ¥(s)dB, fo m@)d&) = (YY)
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for Y1, ¥, € Hy. Clearly, for £,s > 0 and x,y € R we have

1 L _ )2
0

and
(Lo,0 Lo 7y = E(B:Bs) = i((m)“ [t —s'?)
, ,S v s m
Denote by §, and Sy the sets of smooth functionals of the form

FA :f(W(Qol)’ W(‘/)Z): e W(@n))

and

FV =f(B(1/f1),B(1ﬂ2); cee rB(I/fn));

where f € C;°(R”) (f and all their derivatives are bounded), ¢; € H, and ¥; € Hg. The
derivative operators D® and DV (the Malliavin derivatives) of functionals F; and F, of the

above forms are defined as

n

d
D°E, =Y a—g(wwl), Wpa)..., W(g)o,
j=1

and

D'Fg=)_ gf (BW), B, ., BW)) ¥

x;
=1

respectively. These derivative operators D*, D" are then closable from L%(£2) into L2(£2;
H) and L?(£2; H.), respectively. We denote by D*'*2 and D712 the closures of S, and Sy

with respect to the norms

IFsllanz = EIFP + E|DAEs |2,

and

2
1Egllon2 = | EIFP + E| D |3,
respectively. The divergence integrals §* and §V are the adjoint of derivative operators
D* and DY, respectively. We say that random variables v € L*(£2;H,) and w € L*(2; Hy)
belong to the domains of the divergence operators §% and 8§V, respectively, denoted by
Dom(s*) and Dom(§V) if

E|[(D"Fa,v)y, | < clFalle) E[(DYFo,w)y, | < cllFoll2g),

Page 7 of 42
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respectively, for all F, € S, and Fy € Sy. In these cases §2(v) and §V(w) are defined by
the duality relationships

E[FA8"(v)] = E(D"Fa,v)y, (2.1)

E[Fy8"(w)] = E(D"Fy, w)Hv, (2.2)
respectively, for any v € D*!2? and w € DV"*?. We have D*? C Dom(§%) and DV"*? C

Dom(8V). We will use the notations

T
8A(V)=fvy8Wy,6v(w)=/ WS By
i 0

to express the Skorohod integrals, and the indefinite Skorohod integrals are defined as

t
/ VW, = (SA(Vllx),/ ws8Bs =87 (Wljy),
Iy 0

respectively. It is important to note that we can localize the domains of the operators
D?,DV,8% and §V via the usual manner. If LL is a class of random variables (or pro-
cesses) we denote by L, the set of random variables F such that there exists a sequence
{(§2,, F"),n > 1} C ¥ x LL with the following properties:

(i) £2,1 2,

(ii) F=F"as.on £2,.
Take the operators D* and §* for instance. If F € D212 and (£2,,, F") localizes F in D22,

loc

then DAF is defined without ambiguity by DAF = DAF” on £2,,, n > 1. Then, if v € DaL2

loc ?
the divergence §°(v) is defined as a random variable determined by the conditions

§*Wg, =8%(V")|g, foralln>1,

where (£2,,,v") is a localizing sequence for v, but it may depend on the localizing sequence.

Atthe end of this section, we introduce some estimates for the spatial process W = {W,, =
u(-,x)} and temporal processes B = {B; = u(t,-)}. For simplicity throughout this paper we
let C stand for a positive constant depending only on the subscripts and its value may
be different at different places, and this assumption also holds true for c. Moreover, the

notation F < G means that there are positive constants ¢; and ¢, such that
c1G(x) < F(x) < caG(x)
in the common domain of definition for F and G. We have

Ryy(s,t) : = Eu(t, x)u(s,y) =/S/p(t—r,x—z)p(s—r,y—z)dzdr
0o Jr

1 1 (x-2)? (y-2)

Com /o /]R«/(t—r)(s—r) exp{_Z(t—r) S 20s—7)

= 1 fs ! exp{—ﬂ}dr
V2 Jo NEt+s=2r 2(t +s—2r)

} dzdr
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forallt>s>0,x,5€Rand

E[ (u(t,x) - u(s,y))z] = \/%_71 [AL(t,8) + As(s, t,x —y)) (2.3)

forall £ >s>0andx,y € R, where
Ar(s,8) =2t + V25 + 2|t —s| -2t +s

and

SAL 2 Z2
Ao(s,t,2) := ——|l-expj-——— |4
2{562) /o vt+s—2r( XP{ 2(t+s—2r)}> "

forall £,s >0and z > 0.

Lemma 2.1 Forallt>s>0andx,y € R we have
E[(u(t,x)—u(s,y))z] < C(\/t—s+ |x—y|). (2.4)

By taking a special initial value (a two-sided R?-valued Brownian motion), Mueller and
Tribe [19] showed that the above estimate is reversible. However, when the initial value
u(0,x) = 0, the above estimate is not reversible unless x = y. In fact, we have

i V24 2%+ 21 —x-2J1+x
1im =
x11 V1-x

which implies that

1,

OSAl(t’S):(\/ﬂ+\/g+2\/LT_2M)
=VEV2+ V2 +2VT—u-2V1+u) < VEtvV1-u=t—s

with # = 7 by the continuity. On the other hand, we also have

B s 2 (x_y)2

lx-yl

t—s 2 ar
=|lx—y . (1-e )r_z
Jt+s

<yl [ (e )Y sy T
x— —e 7)== |x—yl /=
<k-ol | > N

for all £ > s > 0 and u € R. However, by the facts that

_x X 7 1
l-e"x——,— —arctanx <x ——
1+x 2 1+x

’

for all x > 0, we have

o 2. dr

AZ(t’t;Z):Z/ (1—@77)_
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T z z/t
=z| — —arctan — | < 2.5
( 2 »,/Zt) Jt+z @5

forall¢>0and z> 0, and

z

Asls,1,2) / Taeen? ( )
208,8,2) =2 —e ?)— xz| arctan ——— — arctan ——
= r 7= Vs

fort>s>0andz>0.

Corollary 2.1 Forallt >0 and x,y € R we have

lx -yt

Eﬁma@—umﬁf]xzﬁjgfj'

Lemma 2.2 Forallt,s,r >0 and x € R we have

|E[u(r,x) (u(t, x) — u(s, x))]| <3{|t-s|.
Proof Forallt,s,r>0andx € R, we have

|E[u(r,x) (u(t, x) — u(s, x))]| = |Eu(r,x)u(t,x) —Eu(r,x)u(s,x)|

= |Rx,x(ryt)_Rx,x(rys)|
= L’\/t+r—,/|t—r|—«/s+;"+\/|s—r|‘
Noz3
<|Wt+r—i/s+r|+ |\/|t—r|—\/|s—r|| <3|t-s|
forallt,s,r>0and x € R. O

Lemma 2.3 Forallt >0 and x,y,z € R we have

|E[u(t,x)(u(t,y) — u(t, Z))]| =Cly-zl.

Proof Forall t >0 and x,y,z € R, we have

E[u(t, %) (u(t,y) - u(t,2))]
= Eu(t, x)u(t,y) — Eu(t, x)u(t, z)

= Rx,y(t: t) - Rx,z(t; t)

L v = B L B i 1

+00 1 +00 1 2
Vi <| x =yl —e 4t ds—|x—z| e @ ds)
PNz eyl S w—z| §”

Consider the function f : R, — R, defined by

+00 1 2 2 x 00 2
fx) =x/ —ze’i_t ds=e @ — —/ e % dr.
x S 2t J,

Page 10 of 42
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Then, by the mean value theorem, we have

1 2
Lf(u)—f(V)|=ﬂ|u—v| : e % ds

for all &, v > 0 and some & between u and v. It follows that

1 1
|E[u(t,x) (u(t,y) — u(t,2))]| < Ellx—yl —lx-zl| < 277
forall#>0andx,y,z€R. O

Lemma 2.4 Forallt>s>t >s >0andx c R we have

, , C(t' —s )Vt -
|E[(u(t, ) — u(s, %)) (u(t', %) — u(s,x))]| < m (2.7)

Proof Forallt>s>t >s >0andx € R we have

E[(u(t, x) — u(s, x)) (u(t/,x) - u(s’,x))]
= Ryn(t,1) = Rux(s,t') — Run(t,8) + Rex(s,8")

1
=——(Vt+t -Vttt —Vs+t + Vst
NGz

~Vt+s +t—-5 +Vs+5 —s=5).

Consider the function

fa)=At+x—Vt-x—-Js+x+/s—x
with x € [0,s]. Then, by the mean value theorem, we have
[E[(u(t2) — s, ) ([, ) ~ (s’ )]
- = lf(0) 1)

1 ! /
=§(t -5

1 1 1 1

JETE Ji-E orE Js—S‘

S_(t,_s,)<¢t+s—¢s+s . Jt—é—«/s—é)
2 VETEVSTE | soEJI-E

_ CW-$)Vs

T Vis(s=s)(E-t)

for some s < & <t and the lemma follows. O

Lemma 2.5 Forallt>0andx>y>x' >y we have

4\/E(x—y)(x -y)e . (2.8)

[E[ (6, = (e, ) (w(t:4) - u(6,5)) ]| =
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Proof Define the function f: R, — R, by

+00 1 S2
f(x):x/ e w ds.
x S
Then, similar to the proof of Lemma 2.3, we have

E[(u(t,x) — u(t,y)) (u(t,x') — u(t,y'))]
=Ry (t,t) = Ryy(t,8) — Ry x(t,8) + Ry (8, 2)

_ %[f(x—x') —f(=y) ~f =) +1 (=)

forall £ >0 and x > y > &’ > . By mean value theorem it follows that

[ (6, = (2, ) (u(t:%) - u(t,5)) ]
Vi ) NI,
= —=-y|f (£ -«) -f' (£~

2/

— )VW vas- [ et

=—k-y e s—/ e i ds
Wtym £ &y

=1 2 1

1 — I _ /_ /
=ﬁ(x—y)/§x/ N dsswﬁ(x N -y)

for some & € [y,x]. This completes the proof. d

Lemma 2.6 Forall t >s> 0 and x € R denote o, = E[u(t,x)*], 62, = E[u(8,%)*], s =
Elu(t,x)u(s,x)]. Then we have

1 3
;\/s(t —8) SO0~ Mgy < ;\/s(t -9). (2.9)

Proof Given t >s>0andx € R, we have

X

1 2
ngaz - 'u?,s,x = oy (2\/E - ((t + 3)1/2 —(t- S)l/z) )
1 t
=~ (Wis—t+ V2 -s?) = —(Vz+V1-22-1)
T 7
with z = ;. Elementary calculus can show that

NZ+V1-22—1x/2(1-2)

for all 0 < z < 1. In fact, we have

VZ+V1-22-1=z(1-2)+ (Vz+V1-22~1-/z(1 -2)) > /z(1 - 2)

since /z + v/1—2% —1 - 4/z(1 — z) > 0. Conversely, we have also

0=vz+V1-z-1=z(1-2)+Vz+ (V1-z-yz(1-2) -1
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=vz(l-2)-(1-V2)(1-V1-2) < Vz(1-2),
which gives

Vz+N1-22-1=z+V1-z+2z-22-1
< z+«/1—z—1+\/z(l—z)§2\/z(1—z).

This completes the proof. d

Lemma 2.7 For all t >0 and x >y denote i,y = E[u(t,x)u(t,y)]. Then, under the condi-

tions of Lemma 2.6, we have

2 2 s _ -y

o 0/ — = — 2.10
txty I’Lt,x,y \/Z rx— y ( )
In particular, we have
lx—ylt
0<o? - = — 2.11
=0, Kty \/Z N |x_y| ( )
forallt>0andx,y,zeR.
Proof Given t >0 and x >y. We have
2 2 2 t 1 ‘1 (- ?
Gt,xat,y - Mt,x,y = ; - E o ﬁ €Xpy — A7 dr
1 t 1 a2 2
:—<4t—</ —exp _(x Y dr))
47 o T 4r
1 t d _ a2
Sl 2
4 Jo /T 4r
t d _ )2
x/ —r<1+exp{——(x Y })
0o AT 4r
t d _ a2
[ 4w 2
0 r r
o _2.ds (x—y)t
= \/Z X — l1-¢ 14 =
(x=y) x;;y( )52 Jitx—y
by (2.5) and the lemma follows. O

3 The quadratic covariation of the spatial process W = {W,, |x| < M}
In this section, we study the existence of the PQC [f(W), W]5Q, We fix a time parameter
t > 0. Recall that

B0 = - [ 0.0 -} Wie - W)y

&
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for e >0and x € R, and
[0, w1 =tim 22 (f, ), (3.1)

provided the limit exists in probability. In [25], Pospisil and Tribe have showed that the
following convergence holds.

Lemma 3.1 Let x € R and letx;’ = /;x;j =0,1,...,n. Then we have
n
> (W = Wi )> — I, (3.2)
j=1

in L*(£2), as n tends to infinity.

In this section we are not only to show that
(5Q) _ 1im X 2
(W, WY =lim— [ (W), — W,)"dy = |x|
el0 & I
in L2, but also to find a Banach space of Borel functions such that
(SQ)
[f(w), w1,

exists in L? for all Borel functions f belonging to the Banach space.

Proposition 3.1 We have

[rw), w]e? = /1 £/(W,) dy (33)
forall f € CHR).
Proof of Proposition 3.1 From Russo and Vallois [29] we only need to show that

(W, WIF? = ||
almost surely. That is, for each £ > 0

| W) - 1xl|7, = O(e) (3.4)
with some « > 0, as ¢ — 0, by the above lemma, where

W* (x) = % /1 (Wy.e — W,)2 dy.
We have

1
el - ol - 5 [ [ Bowadyaz
L JL
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for x € R and ¢ > 0, where

B()/Z)— (( y+5_W) _8)((Wz+a_W) _8)
- E( yt+e T Wy)z(WZ+E - WZ)2 + 82
- SE((W)HE - Wy)2 + (Weie — WZ)Z)'

Recall that

- 1 t 1 82
Ame-wr)- 7z [ = (ool )

-] e

\/is/ l—e 22 dS_¢ty(8)+8,

%5
where
32
Pry(e) = / 1 ez ds—s.
Noting that

E[(Wy+s - Wy)z(Wﬂs - Wz)z]
E[( yte T W) ]E[(Wz+e - WZ)Z]

+ 2(E[(Wye = Wy)(We = W)
forall ¢ >0 and 3,z € I, we get

Bs(y’ z) = ¢t,y(5)¢t,y(<9) + 2(My,z)2:

where Myz = E[(Wy+s - Wy)(Wz+s - W)l
Now, let us estimate the above function & = ¢,,(¢). We have

2 1 §2
o= 2e( [~ Ra-e Ty [7)
V2t

which gives
1
8—2/1 f[ |pey(€)ez(e)| dydz = O(e?) (e — 0).

Combining this with Lemma 2.5, we complete the proof.

Page 15 of 42
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Now, we discuss the existence of the PQC [f(W), W]Q. Consider the decomposition

w0 [ 100,000, 03 - - [ sy~ w)ay
=1 (f,%,8) = I (f, %, t) (3.5)
for ¢ > 0, and define the set
I = {f: Borel functions on R such that ||f| s4 < oo},

where
1 N _ /a2
I —— t+2%)e ¢ dz.
1 115 W/R[f(zﬂ (Vt+2*)e z
Then 7, = L*(R, u.(dz)) with

wi(dz) = (W(«/Z+z )e dz

and u(R) = C|x| < oo, which implies that the set & of elementary functions of the form
fA (Z) = § )il(x,'_l,xi] (Z)

is dense in 7, where f; € R and {x;,0 < i <[} is a finite sequence of real numbers such
that x; < x;,1. Moreover, .7 includes all Borel functions f satisfying the condition

Ifz)| < Cef*, zeR, (3.6)
with 0 < < %
Theorem 3.1 Let f € . Then the PQC [f(W), W]©Q exists in L*(2) and

El[f(w), W] < cmf I, (3.7)
forall x € [-M, M].

In order to prove the theorem it is enough to prove the following two statements with
fes:
(1) Forany e >0and x € [-M, M], I[M(f,x,-) € L*($2). That is,

_ 2
E|(fx)|” < CMIfII%,
2
E|LX*(f,x,)]" < CMIIf 1%,

(2) IM(f,x,¢) and I (f, x, £) are two Cauchy sequences in L2(2) for all £ > 0 and
x € [-M, M]. That is,

E[IY (fxt) — 1 (a0 — 0

2
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and
1,+ 1,+ 2
E|L (f,x,0) - I (f o, 1) — 0

forallx e R,as e1,85 | 0.

We split the proof of the two statements into two parts.

Proof of statement (1) Let x € [-M, M]. We have

1

E|Isly_(f’x’ )|2 = 8_2 /1‘ /I dydy/E[f(Wy),f(Wy/)(Wy+s - Wy)(Wy/+s - Wy’)]

for all € > 0. Now, let us estimate the expression
®81,82( y_)/) = E[f( Wy)f(Wy’)(Wy+al - Wy)(Wy’+62 - Wy’)]

forall ¢1,65 > 0and 3,y € I,. To estimate the above expression, it is enough to assume that

f € & by denseness, and moreover, by approximating we can assume that f is an infinitely
differentiable function with compact support. It follows from the duality relationship (2.1)
that

y'+e2

(psl,sz( »y/) = E|:f(Wy)f(Wy’)(Wy+81 - Wy)/
y

/ SWI]

= E[Wy(Wyse, = W) [E[f' (Wy)f (Wy)(Wye, = W5)]

+ E[Wy (Wy ey = W) [E[F(W)f (Wy)(Wye, = W]

+ E[(Wyiey = Wy) Wy, = Wy) JE[f(W))f(Wy)]

= E[W,(Wye, = W) [E[Wy(Wyse, — W) E[f" (W)f (Wy)]

+ E[Wy(Wy e, = Wy) [E[ Wy (Wie, — W) JELF (W) (Wy)]
+ E[Wy (Wy e, = W) [E[Wy(Wee, = Wy)JE[F (W,)f (Wy)]
+ E[Wy (Wy e, = W) [E[ Wy (Wye, = W) [E[F(W))f"(Wy)]
+E[

(Wyaey = Wy)(Wy e, — Wy’)]E[f(Wy)f(Wy’)]

5
(5.5 e1,€2) (3.8)
j=1

for all y,y" € I, and €1, &2 > 0. In order to end the proof we claim the

1
Aji= —2/ / v,y e,6)dydy, j=1,2,3,4,5,
&% Jr Jiy
for all & > 0 to be small enough.

For j =5, from the fact

|E[(Wy+s - Wy)(Wy/+8 - Wy’)]| =¢

Page 17 of 42
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for 0< |y —y'| <e, we have

1 /
2 /y_y,‘q}ws(y,y ,s,g) | dydy
vy €l

1 /
= ; [J’—J’/ISS EV(WJ’)f(Wy’N dydy

¥y €l

! 2
=2 [y*y’ls E[[f(Wy)|" + [f(Wy)

yy €l

\aydy

1 2 /
< gﬁy_y,ligElf(Wy)l dy dy

vy €lx

< / EIf(W,)dy = I3
Iy

for all ¢ > 0. Moreover, for |y — y'| > ¢ we have

1 =y —e?
[E[(Wye = W) (Wi — Wy)]| < " ﬁg% g

by (2.8), which implies that

1 / /
e [\y—y/|>s]’W5(y’y:8,8)|dydy
y.y €ly
<37 E[F(W,)f(W,)|e 5 dydy
= 4«/5 {|J’*%’!I>s} y y ly dy
yy €l

o _e|2
2]67” J’4t | dydy/

1 2
B "i}iif}EW(Wy” +|f(wy)

by -el?

1 2
< . E|f(W)|"e % dydy
<= /{'”J} F(w;)] ydy
¥y €lx

—e|?

1 2 /OO 1 by ,
<-— [ E[f(W)|" d _ @
= 2/1x ol | s g

1 1
= 5/ EIf(W,)>dy = §|lf||2%¢

X

for all ¢ > 0. This shows that

1
A5=8—2

//llfs(y,)/,s,e)dydy/
L)L

< If 1%

forall e > 0.
Next, let us estimate Z;Lzl A;. We have

82
E[f"(W,)f (Wy)] = /H;Zf(x)f(x') @w(x, &) dxdx’

2

_ / 1 2 N2 Ut:y/
= sz(x)f(x ) F(Ut,y’x — Mgy d)” = ra

} ¢ (%, %) dx dx’

Page 18 of 42
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and

E[f/(Wy)f/(Wy/)]
NS , ,
=/R2f(x)f(x)mfp(x,x)dxdx

1 /
= " SR () { - (ot%yx’ - /Lt,y,y/x) (Ufy,x — Reyy ) + M;yz’y }(p(x, x')dxdx’,

where p? =020 ” ty —u? o and ¢(x, y) is the density function of (W,, W), that is,
’ 1 1 2 .2 / 2 /2
<p(x,x) = % exp _z—pz(at,y’x = 2ty XX + O[ K ) .

Combining this with the identity

(Utzy “tyy’x)( Opy¥— P‘tyy’x)

2
Mty Keyy
=,02x’ x— J’J/x/ — /0,2/ x— J’J’x/ ,
62 VY Ly 02
t,y/ t,y/

we get
E[f”(Wy)f(Wy/)] +E[f (W,)f (Wy)]

Mt” // )dxdx
+—/ /fx)f ( Mty?x) (&) dxdx’

Ut’y, Htyy ? ’ ’
+ p4(ty Mty /ff(x)f x—a—x ¢ (%, %) dx dx

ty'

ETl+T2+T3.

A straightforward calculation shows that

//[f ( Mty,yx>2m<p(x,x/)dxdx/

/2

2
_C ”t’/d/
( ) /lf | \/Eo'ty T

P 2 1 ’z%d
_cm(ﬁ) /le(x)l e e

for all m > 1 and

/R /R [f(x)x/ |2(p(x, x/) dxdx’
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2
0, 22
_ t,y(x/ tyy )

20'ty dx/|x iZ Ut;v e 2 D't’y
V2 p

x2 2 2
T 202 p Hiyy
e Tty dx<—2 + Z}’ x2)

ot,y ot,y

dx’

- [ Voo =

2 1
- [ Vel Jror,
<ol (e T (i)

\/_ ty

since ofy = otzy, = \/; . It follows that

1

o(x, %) dx dx’) ’

Y
x

t}’

Ml <— (/ [ [ (x, %) dxdx/ If («)

_Cp%/R[f(x)’ %e f(«/f+x)dx

and

2
o,
L,y 2
73] < ) oy -

X (/Rz lf(x)!2<p(x,x’) dxdx’/Rz [f(x’)‘z

CIG — Meyy | Niia
MOy T Hagy'l /lf( )| _e zf dx.

ey N4 12

VY ’ /

(x - GTx ) go(x,x ) dx dx )
ty

Thus, we get the estimate

’E[J[U(Wy)f(wy/)] +E[f/(Wy)f/(Wy’)]
S PSIEAVOIRIPEY

</[f(ac)|2ifzJ2_L«/x22 (vt +x*) dx
“Jr Jt
and

1/

_/m?
] [Pz a

by Lemma 2.7 and Lemma 2.3. Now, we can estimate Z;il Aj. We have

4
Z (55, 6,€)
j=1

=E[Wy(Wy’+8 - Wy’)] [(W Wy (W, y+e —

( y+e T Wy/)]E[Wy’(Wyw - Wy)]

y)]E[f”(Wy)f(Wy’)]
+ E[

x (ELf (Wy)f (Wy)] + E[f"(W))f (Wy)])

(3.9)

(3.10)

Page 20 of 42
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+ E[Wy (Wye = W) JE[W, (W — W5)]
x (E[f/(%)f/(wy’)] +E[f(Wy)f//(Wy’)])
+E[ (Wyse = Wy’)]E[(Wy’ - W) (Wye — Wy)]E[f(Wy)f”(Wy’)]'

Combining this with (3.9), (3.10), Lemma 2.3 and Lemma 2.5, we get

.
<
) .

for all € > 0 and x € R. This shows that

dydy < CM||f 1%

4
Z A
j=1

4
Z (.7, 6.€)
=1

E[IM(f,x,7)]" < CMIf 1%,
Similarly, one can show the estimate
E|1* (f,x,)|" < CMIf 113,
and the first statement follows. O

Proof of statement (2) Given x € [-M, M]. Without loss of generality we assume that
€1 > €. We prove only the first convergence and similarly one can prove the second con-

vergence. We have

E|L(f,%,0) - 1) (fx,t)|

- giz / / EFOW, (W (W00, = W)Wy, = W) dydy

/ / EF (W, )f (W) (Wee, — Wy)(Wy ey — Wy)dydy

8182

: 8—2 3 || RO, - W)W, )y
// 82¢yy(1 e1) — 61D,y (2, 81,82)}61}’61)/
8182 I I

/ / 81 vy (1 82) 82(Dyy (2 81)82)} dydy'
Iy JIy

8182
for all 4, &5 > 0, where
Dy (1,€) = E[f (W) (Wy )(Wyee = Wy)(Wy e = Wy)],
and
' (2061,€2) = E[f (W)f (W) ) (W = Wy)(Wy e, = W) ]

To end the proof, it is enough to assume that f € & by denseness, and moreover, by ap-
proximating we can assume that f is an infinitely differentiable function with compact
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support. It follows from (3.8) that

5 5

(15),'3,/(1,8) = Z wj(y’y/’g’g)’djy,y’(z’ £1,€2) = Z lI/j(y’y,’EhSZ):
j=1 j=1

which gives

&Py (1,8:) = £:Pyy (2,1, 1)
= Ayy (Lea DE[f"(Wy)f (Wy) | + Ay (2 = 1,0 E[f (Wy)f (Wy)]
+ Ay 3,80 NE[F (W) (W) + Ay (2 = 2,80 DE[f (W))f (W]
+Ayy (4,6, )E[f(W,)f (Wy]

with i,j € {1,2} and i #, where

Ay (L,8,))
i= GE[Wy(Wye — Wy) [E[Wy (W) — W,)]
— eE[W)(Wy e, = Wy) [E[W,(Wye, = W),
Ayy(2-1,e,))
1= §E[Wy(Wye — W) [E[ Wy (Wyae — W,)]
— eE[W)(Wy 1e, = Wy) [E[Wy (Wyse, — W)],
Ayy(2-2,¢,))
1= G E[Wy (Wyse — W) [E[Wy(Wyae — W))]
— eE[Wy (Wy.e, = Wy) [E[Wy(Wyie, = W))],
Ayy (3,6,))
i= GE[Wy (Wyse = W) [E[ Wy (Wyie = W)
— eE[Wy (Wyse, — W) [E[Wy (Wyie, — W))],
Ay (4:6,))

= 8]'E[(Wy+s - Wy)(Wy/+s - Wy/)] - SE[(Wersl - Wy)(Wy’+62 - Wy’)]

for all £1,&2 >0 and v,y € R. Now, we claim that the following convergences hold:

1

t t
— / / {6®yy(1,6) — 6Dy, (2,61,65) } dsdr — 0 (3.11)
&€& Jo Jo

with ,j € {1,2} and i #J, as €1, e, — 0. We decompose
€j¢y,y’(1y 81') - eid)y,y’(z; €1, 82)

={A,y (L) = Ayy (2= Le, ) JE[f" (W) (Wy)]

+Ayy (2= Leu NE[f (W) (W) + E[f" (W,)f (Wy)]}
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+ {Ay,y’(?’x <c/‘i;]’) - Ay,y’(2 -2, gi»j)}EU(Wy)f//(Wy’)]
+Ayy (2= 2,6 DE[f (W) (W) ] + E[f (W) (W)]}
+Ayy (4,6, )E[f(W,)f (Wy]
with i,j € {1,2} and i #j. By symmetry we only need to prove the convergence (3.11) with

i=landj=2.
Step 1. The following convergence holds:

882/1,/1 3y (4 €1, 2E[f(W,)f (Wy) | dydy —> 0, (3.12)
1 x Y1y

as 1,82 — 0. We have

Ay (4,61,2)
= &E[(Wyie; = Wy)(Wyr ey — Wy)]
= 1E[(Wyie, = W) (Wyre, = Wy) |
= e {EWyse, Wy ey — EW, Wy o) — EW,oe, Wy + EW, Wy}

— e {EWyse, Wy ey = EWy Wy ey — EWyie, Wy + EW, Wy}

</ 4 t _(y—y;—ﬁl)z d /t 1 _U+8}L—y’)2 d )
" dr— | —e v r— | —=e z r
2\/_ NG 0 T

1 _oy/ver-ep)? E1 oo
< e & dr—| —e & dr
2ﬁ 0 «/'_’ NG

t 2 t /)2
1 o) /‘ 1 _o9 )
- —e ¥ dr+ —e ¥ dr).
/o NG o NT

Consider the next function on R, (see Sect. 2):

e 1 52 x2 © 52
f(x):xf —e 7ds=e_7—xf e 2 ds.
X X

Then we have

Ayy(4,61,2) = \/\/i82(2f<yJ2—);) f<y —3;/2_; 81) _f(J%Zt—y))
) o)

Notice that, by Taylor’s expansion,

T 1 1
flx)=1- /§x+ ixz - Ex‘* +o(x).
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One gets

) (7) 2 E")
1
Ta

20-y) - (-5 -a) - (-5 +e1)’}
1
T4 x4

1 2
——e7 +
4t !

20-9)" -y -a)' - (-7 +&1)' )+

1
T (120-7) el 261) + o

with oy = 750(12(y - y')%e} + 2¢7) and

(=)o) E) )
(-5 +e1-82) = 7=y —&2)* = (y-5 +&1)" + (y-¥)’}

1
4 x 412

4t

(-5 +ei-a)' -y -e)" - (y-y +&1)" + (=)'} +

=——&8&

T m{m(y —y’)28182 +e16(e1 —€2)(12(y—y) + 261 — &2) } + o

with oy = ﬁo(lZ(y — ) e180 + £182(81 — £2)(12(y = ¥') + 2€1 — &7)). It follows that

1 C o(e187) o(ed) )
— A,y (4,81,2)| < — (&1 + + X"+ x| +1).
8%82 | VY (4,1 )| 32 ( 1 €169 8% (l |” + || )

for all 0 < &3 < &1 < 1 and ¥,y € I, which shows that the convergence (3.11) holds since
feA.
Step 11. The following convergence holds:

1
———/ﬂ/{AMALehm—AMAZ—stm}
Ix JIy

e2ey

x E[f"(W,)f(Wy)]dydy — 0, (3.13)

as €1, &, — 0. Keeping the notations in Step I, we have

() (%)
11
ZIEEE—;ﬂzU—V)—@S
1

4 x 42

(—4(y —j/)3 +6¢(y —y')2 -4*(y-y) +&%)e

for all € and

Q(y y > f<y y)) Q(y y ) f<y y))
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1 3(3’ y)? 27 y 1 2 2
= erealer - 82){ 5 2 Pxap® ) T gt e a)f

It follows from (2.8) that

A,y (1,61,2) = Ay (2 - 1,61,2)|
= [&E[ Wy (Wyse, = W) [E[(W) = W) (Wyae, = W))]
— 81E[ Wy (Wy 1o, = W) [E[(W; = W) (Wi, — W)
= |[E[(Wy = Wy)(Wy.e, = W3)]|
x |2 E[ Wy (Wyse, = Wy)] = 61E[ Wy (W 1o, — Wy)]|
= [E[(Wy = 1y)(Wye, = W) ][ 1A

) 11
<Cly—y|elesler - 82){; + t—z(lﬁcl2 + [l + 1)}
forall0 <&, < &1 <1andy,y €, which implies that
f |4,y (1,61,2) = Ay (2 = 1,61, 2) | |E[f" (W) (Wy)]| dy dy’
5152 Iy J Iy
1 1
< Cley —sz){; b (el ol + 1)}/ [y kel vy )| dyay
L/
1 1 9 2
< Cle] —83)4 = i —(|x| +xl+ 1) HIf 54 — 0,
as &1, & — 0 since f € J. Similarly, we can show the next convergence:
o / / Ayy(3,61,2) = Ayy (2 - 2,61, 2) JE[f (W) (W) ]| dy dy — 0, (3.14)
192 JiIx JIy

as €1,67 — 0.
Step 111. The following convergence holds:

(2-1,61,2
8182// yy( 1)

x {E[f'(W,)f'(W,)] + E[f" (Wy)f (Wy)]} dydy’ — 0, (3.15)
as €1,&, — 0. By Step II and Lemma 2.3, we have

|Ay,y’(2 - 1'81’2)| |E[ (Wyre, — Wy)]i
x |82E[W (Wy e, = Wy’)] - SlE[Wy(Wﬂwz - Wy’)]|

|E[ y+81 - Wy)]“All

1 1
< Celey(e) - 82){ + —(|ac|2 + |x] + 1)}
forall0 <&, < &1 <1andy,y €, which implies that

/ ‘AM (2-1Ley,2 HE[ y)f/(Wy’)]+E[f”(Wy)f(Wy’)]|dydy/
5152 I J Iy
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1 1
<C(s —82){; + t_2(|x|2 + x| + 1)}|lf||2%; — 0,

as €1, — 0 by (3.9), since f € 7. Similarly, we can show that the next convergence:

N
H A,/(2_2781)2)
ete2 Ji 17

x {E[f' (W) (W,)] + E[f(W)f"(Wy)]} dydy — 0, (3.16)
as €1,&3 — 0. Thus, we have proved the second statement. O

Corollary 3.1 Letf,fi,fs,... € 7 such that f, — f in 7. Then the convergence
6w, W] — [r(w), w]P? (3.17)
holds in L*($2) for all x € R.

4 The It6 formula for the spatial process

In this section, as an application of the previous section we discuss the It6 calculus for
the process W = {W,, |x| < M} and fix a time parameter ¢ > 0. For a continuous process
X admitting a finite quadratic variation [X, X], Russo and Vallois [29] have introduced the

following It6 formula:

F(X) = F(Xo) + /0 P dX + ; /0 P X X,

for all F € C2(R), where

t 1 t
/ F'(X;)d™ X, := ucplim — / F (X)) Xgye — Xy) ds
0 el0 € Jo

is called the forward integral, where the notation ucplim denotes the uniform conver-
gence in probability on each compact interval. We refer to Russo and Vallois [29] and the
references therein for more details of stochastic calculus of continuous processes with fi-
nite quadratic variations. It follows from the previous section (the quadratic variation of
{W,,x € R} is equal to |x| for all x € R) that

F(W,) = E(W) + / F(W,)d W, + % / F'(W,)dy (4.1)

Iy Ix

for all F € C%(R). Thus, by smooth approximating, we have the next Ité type formula.

Theorem 4.1 Let f € I be left continuous. If F is an absolutely continuous function with
the derivative F' = f, then the following Ité type formula holds:

(SQ)

X

F(W,) = F(W,) + A f(Wy)d W, + %[f(W), W]
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Clearly, this is an analogue of Follmer—Protter—Shiryayev’s formula. It is an improve-
ment in terms of the hypothesis on f and it is also quite interesting itself. Some details and
more work could be found in Eisenbaum [6], Feng—Zhao [8], Follmer et al. [9], Moret—
Nualart [18], Peskir [24], Rogers—Walsh [26], Russo—Vallois [28, 29], Yan et al. [36, 37],
and the references therein. It is well known that when W is a semimartingale, the forward
integral coincides with the Ito integral. However, the following theorem points out that
the two integrals are coincident for the process W = {W,,x € R}. But W = {W,,x € R} is
not a semimartingale.

Proof of Theorem 4.1 If f € C}(R), then this is Itd’s formula since
N wis? - [ rov)a.
I

For f ¢ C'(R), by a localization argument we may assume that the function f is uniformly

bounded. In fact, for any k > 0 we may consider the set

2 = {sup|Wx| <k

xeR

and let f'*) be a measurable function such that ¥ = f on [k, k] and such that f*! vanishes
outside. Then f¥! is uniformly bounded and fX € .7 for every k > 0. Set %F[k] =f and
FI8 = F on [—k, k]. If the theorem is true for all uniformly bounded functions on .7, then
we get the desired formula

FIR (W) = FIR (W) + / FH(W,) d W, + %[f[k](W), w152
A

on the set §2. Letting k tend to infinity we deduce the It6 formula (4.1).
Let now F' = f € .7¢] be uniformly bounded and left continuous. Consider the function
¢ on R by

1
oy
()= |0 x€02) (4.3)

0 otherwise,
where ¢ is a normalizing constant such that fR ¢ (x) dx = 1. Define the mollifiers
Lu(x) :=nt(nx), n=12,..., (4.4)
and the sequence of smooth functions
R0 [ Fa-9a0)dy xR

Then F, € C*®(R) for all # > 1 and the It6 formula

EW2) = E(Wo) + [ fu(Wy)dWye 2 / £1(W,) dy (4.5)
I 0
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holds for all n > 1, where f,, = F,,. Moreover, by using Lebesgue’s dominated convergence

theorem, one can prove that, as n — 0o, for each «,
Fy(x) — F(x),  fulx) — f(x),

and {f,} C A, f, — f in J4. 1t follows that

% fo LW dy = [f(w), W] — [(w), w]?
and

Sn(We) — f(W5)

in L%($2) by Corollary 3.1, as # tends to infinity. It follows that

[ ) d W = E(03) = Fy (o) - o, w1

— F(W,) — F.(Wp) — %[f(W% w1

in L2(£2), as # tends to infinity. This completes the proof since the integral is closed in
L*(£2). O

Now, we consider the Ité formula including the Skorohod integral of the spatial process
W = {W,}.

Theorem 4.2 Let [ be left continuous. If F is an absolutely continuous function with the
derivative F' = f satisfying the condition

FO)L |f0)] < Ce?, yeR, (4.6)

with0 < B < § then the following Ité type formula holds:

i

F(W,) = F(Wp) + /1 F(W,)8W, + %[f(w/,), W]<SQ> (4.7)

X

forall x € [-M, M].

According to the two theorems above we get the next relationship:

/f(Wy)SWy = /f(Wy) d-Ww, ’ (4.8)
I I

if f satisfies the growth condition (4.6). Similar to the proof of Theorem 4.1 one can intro-

duce Theorem 4.2. But we need to give the following standard It6 type formula:

F(Wx):F(W0)+/ F'(W,)8W, + %/ F"(W,)dy (4.9)

Iy I
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for all F € C*(R) satisfying the condition

uz

e®’, yeR (4.10)

with 0 < B < 2= It is important to note that one have given a standard It6 formula for a
large class of Gau551an processes in AlGs et al. [1]. However, the process x — W, does not
satisfy the condition in Alds et al. [1] since

E[u(t,x)z] = \/g, %E[u(t,x)z] =0

for all £ > 0 and x € R. So, we need to give the proof of the formula (4.9).

Proof of (4.9) Let us fix x € [-M, M] and let 7 = {x] = ’x,j 0,1,...,n} be a partition of
[0,x]. Clearly, the growth condition (4.6) implies that

[sup‘G ’p] cI’E[e”ﬁS“p’ﬂeR‘W"‘] <00 (4.11)

xeR

for some constant ¢ >0 and all p < %, where G € {F,F/,F"}. In particular, the estimate
(4.11) holds for p = 2. Using the Taylor expansion, we have

F(Wy) = F(Wo) + 3 F'(Wyr )(Wyr =~ Wi )
j=1

I,
+ leF/(m(e,))(Wx; - W )?
j=

=F(Wp) +I" +J", (4.12)

where W;(6;) = Wx]»,«_l + Gj(Wx;,« - Wx7-1) with 6; € (0,1) being a random variable. By the
duality relationship (2.1) we have

ZF 7 )8 Ly, )

= 61:( E ] /(fo‘l)l(x].”l,xj](')>
j=1

-7

n
+ZFU(WJC” ) Ox !l l(xf’ l,x”])HA
=I'+1.
Now, in order to end the proof we claim that the following convergences in L? hold:
1 t
I — -3 F"(W,)dy, (4.13)
0

I'— | F(W,)sW,, (4.14)
Iy
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t
s / F'(W,) dy, (4.15)
0

as 7 tends to infinity.

To prove the first convergence, it is enough to establish that

2
1 n
An=E|+ 3 ) F W) =l)

j=1

— 0,

as # tends to infinity. By the -Minkowski inequality we have

n

1
ZF//(Wx;’I){<1(O,x;‘I]:1( WA H s+ §(x7 —x;l_l)}

j=1

JAT=(E

2) 1/2

1

ANETIN 5(’“7"‘;‘4—1)

Ox 1]7 ]1]

. ‘ 1 74l(x?‘7x‘? 1)2 1 n n
ZmA ﬁ(l—e U )dr—i(xl —.?C/»_l)
1

_C o 1 52 d 1
= - n_.n 2 - =
Z’x - Noz "/J’%l 32( ) 2‘
-
—CZ|x N A - ‘%)ds
? Lo
:C|x|J_ L —e_sf)ds—>0 (n — 00).

Now, we prove the third convergence. We have

Ay(2)=E]J"

—/ F"(W,) dy’

Ix
n

1
S D E (W) Wiy~ Wy )P - /1 F/(Wy) dy).

Jj=1

=E

Suppose that # > m, and for any j = 1,...,n we denote by x;”(")

the point of the mth parti-
tion that is closer to x}” from the left hand. Then we obtain

n

1 Z Z
An(2) = JE ;(F (W) - F (Wx;nm)))(ny - nyl)z‘
1 m
+5E kX:F”(Wx;"< ) Z ((Wx}“ - Wx771)2 - (& ‘xfl))‘
=1

m(n) m(n) }

{]xk

xk 2 2z
(F" (W ntm) = F"(W,)) dy
]
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1
An(zr 1) + §An(2x 2) + AW(Z’ 3)'

N | =

Clearly, we have A,(2,2) — 0 (n,m — o0) by Lemma 3.1 and the estimate (4.11),

An(2,3) < |x|E sup |F"(W,)-F"(W,)|—0 (m— )

x|
lz=yI=3

and
A1) =) (F"(W)0) = F'(W,p)) (Way = Wi,
j=1
§CE{ sup |F"(W;) - F"(W, |an_ 3 }
le-y1< bl

,, 2y 1/2
SCiE sup |F”(WZ)—P’/(Wy)|2E<Z(Wx},n—nyl)z) }

szy\s",j—‘ j=1

2 1/2
§C|x|{E sup |F”(Wz)—F”(Wy)|} 0 (n— o)

Ixl
lz=yl=

by (2.4), the estimate (4.11) and Minkowski’s inequality. Thus, we obtain the third conver-

gence, i.e., J” — fot F'(W,)dyin L'.

Finally, to end the proof we address the second convergence:

[{’:SA<ZF’(Wx;,1) x"lx"]()) /F/(WJ’)SWJ’ (n— o).

J
j=1

Iy

We need to show that
ZF’ L () — F(W)15,()

in L2($2;H,), as n tends to infinity. We have

E||A, - F'(W)1,,( ”HA
n 2
=E| Y (F(Wy) - F(W)) 1 ()
j=1 Ha

< E( sup |F'(W,) - F/(Wv)|2>

Ixl

, (4.16)

Ha

(x?_l,x;’] ()

lu=vI<3

for all » > 1 and x € R. Notice that

2
()

v
1

Ha
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BN

j=1

n
= < Lo () ) 1<x7_1'x;“1(')>
j=1 Ha

n

= <1<x;11,x;“](')»1<x;11,x;4]('))HA +2 Z <1(x;gl,x;']('),1(x;gl,x;?]('))HA

j=1 L<icj<n

=2 E[(u(t) - u(t.x4))’]

2 3 E[(ue) - (e ) (elt) - (e 1)

n
<CY | —al [+ C0 Y | -ty ) (@ —aly)| < Culal
j=1

1<i<j<n

by (2.6) and (2.8). Combining this with (4.16) and the estimate (4.11), we get
A= ZF/(Wxﬁl)l(x;"il,x;‘](’) - F/(W)llx()
j=1

in L2(£2; H ), as # tends to infinity. It follows that

I = (W)~ F(W) ~ If " —> E(Wy) ~ E(Wo) 5 / F'(W)) dy

Iy

in L*(£2), as n tends to infinity. This completes the proof since the integral [ u8 Wj is
closed in L?*(£2). O

5 The Bouleau-Yor identity for the spatial process
In this section, we consider the local time of the process W = {W,,x € [0, M]}. Our main

object is to prove that the integral

/ g(a)L* (x,da)
R

is well-defined and that the identity

| #0122 o) = [e(ute, ), e ] (5.1)

holds for all g € 77 and t > 0, where

L (x,a) = / 5(u(t,y) - a) dy.
Iy

is the local time of W = {W,, x € [0, M]}. The identity (5.1) is called the Bouleau—Yor iden-

tity. More work on this subject can be found in Bouleau—Yor [3], Eisenbaum [6], Follmer

et al. [9], Feng—Zhao [8], Peskir [24], Rogers—Walsh [26], Yan et al. [36, 37], and the refer-

ences therein.
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Recall that, for any closed interval I C R, and for any a € R, the local time L(a,I) of u is
defined as the density of the occupation measure p; defined by

Ja(A) = / L4 (W,) dx.
I

It can be shown (see Geman and Horowitz [10], Theorem 6.4) that the following occupa-

tion density formula holds:

/Ig(Wx,x) dx = ‘/R da /I‘g(a,x)L(a, dx)

for every Borel function g(a,x) > 0 on I x R. Thus, some estimates in Sect. 2 and Theo-
rem 21.9 in Geman—Horowitz [10] together imply that the following result holds.

Corollary 5.1 Thelocal time £*(a,x) := L(a, [0,x]) of W = {W,, |x| < M} exists and £"* €
L2(A x P) for all x € [0,M] and (a,x) — £*(a,x) is jointly continuous, where ). denotes

Lebesgue measure. Moreover, the occupation formula
t t
/ Y (W, x)dx = / da/ ¥ (a,x).ZL°% (a,dx) (5.2)
0 R 0
holds for every continuous and bounded function y(a,x) : R x R, — R and any x € [0, M].
Lemma 5.1 Foranyfa =3 ,fl(a. a1 € &, we define
[ 0122 @0) = 3 S [ L @) - 2 a00)
R ,
j
Then the integral is well-defined and

[ 750122 @) = [0, w1 53)

almost surely, for all x € [0, M].

Proof For the function fa (y) = 1,5 (y) we define the sequence of smooth functions f,, n =
1,2,...,by

b
fuly) = /R Foly= 2@ dz = / Euly - 2) de (5.4)

forall y € R, where ¢,,, n > 1 are the so-called mollifiers given in (4.4). Then {f,,} C C*(R)N
¢, and f, converges to fx in J¢, as n tends to infinity. It follows from the occupation

formula that

(), w52 - / £10%,)dy

=Aﬁq’(y),,?A(y,x)dy:A(/ahg“;(y—z)dz)fA(y,x)dy
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- A L0) 5y - B) — Caly— a)) dy

- / L)y — @) dy - / L)y — b dy
R R

— L%(a,x) - L2 (b,x)

almost surely, as n — 00, by the continuity of y — £ (y,x). On the other hand, we see
also that there exists a subsequence {f;, } such that

[f;lk(W)ﬂ W]](cSQ) —> [1(“:b](W)’ W]LSQ)
for all x > 0, almost surely, as k — oo since f, converges to fx in J7. It follows that
(SQ _ A A
[1(a,b](W)r W]x = (,,? (a,x) -Z (b,x))

for all x > 0, almost surely. Thus, the identity

S L8 @ x) - 25 (@0,%)] = ~[fa(W), W]EY
j

follows from the linearity property, and the lemma follows. O

As a direct consequence of the above lemma, for every f € 77 if
lim fa,(y) = lim ga (%) =f(y)
n— 00 n—oo
in 77, where {fa .}, {garn} C &, we then have

nlingo /RfA,n(y).iﬂA (y,x) dy

= - nlipgo[fA,n(W)! W]iSQ) = _[f(W)’ W]iSQ)

= tim [ga, (W), W]°? = Tim / 280 )-L> (%) dy
n— 00 n—00 R

in L2(£2). Thus, by the denseness of & in .7, we can define

/f(y)ZA(dy, x):= lim ]fA,n(y)fA(dy, x)
R n— 00 R
for any f € J¢, where {fr,} C & and

lim fAJ’l :f

in 77. The considerations are enough to prove the following theorem.

Theorem 5.1 For any f € 7, the integral

/R FO)L ()
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is well-defined in L*(2) and the Bouleau—Yor type identity

[ W = [ )22 @) (55)
R
holds, almost surely, for all x € [0, M].
Corollary 5.2 (Tanaka formula) For any a € R we have
x 1
(W, —a)* = (Wo— )" + / L d Wy + 2 2%(@3),
0
* 1
(Wi —a) = (Wo—a) - / Ly d Wy + 5 2%(a,3),
0
Wy —al=|Wy—al + / sign(Wy —a)d” W, + £ (a,x).
0

Proof Take F(y) = (y —x)*. Then F is absolutely continuous and

y
F(x) = / l(x,oo)(y) dy.
—-00
It follows from the identity (5.3) and It0’s formula (4.2) that

z° (a,x) = [l(a,+oo)(W)» W](SQ)

X

x
=2(W,-a)" —2(-a)" - 2/(; 1{Wy>a} da Wy

for all x > 0, which gives the first identity. In the same way one can obtain the second iden-
tity, and by subtracting the last identity from the previous one, we get the third identity. [J

According to Theorem 5.1, we get an analogue of the It6 formula (Bouleau—Yor type
formula).

Corollary 5.3 Letf € 7 be aleft continuous function with right limits. If F is an absolutely
continuous function with F' = f, then the It6 type formula

F(W,) = E(Wy) + /0 W)W, - /R F6).L2(dy, ) (5.6)

holds for all x > 0.

Recall that, if F is the difference of two convex functions, then F is an absolutely contin-
uous function with derivative of bounded variation. Thus, the It6—Tanaka formula

F(W,) = F(0) + /0 F’(Wy)d‘Wy+% /R 25 (y,%)F" (dy)

=F(0) + /0 F’(Wy)d’Wy—% /R F'(y)ZL*(dy,x)

holds.

Page 35 of 42
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6 The quadratic covariation of process B = {B;,t > 0}
In this section, we study the existence of the PQC [f(B), B]'"?. Recall that

I(f,x,t) = % /Ot{f(u(s +6,%)) —f (u(s, %)) } (uls + &,%) - u(s,x))zd—jg
fore >0,t>0and x € R, and
[f(u(rx))r u(';x)]iTQ) = ll\%llf(f,x, t), 6.1)

provided the limit exists in probability. In this section, we study some analysis questions of
the process {u(t,-),t > 0} associated with the quadratic covariation [f(u(-,x)), u(-,x)]7?,
and the research includes the existence of the PQC [f(u(:,)), u(-,x)]7?, the It6 and
Tanaka formulas. Recall that B; = u(¢,-) (t € [0, T]) and

t
E[B}] = -

for all £ > 0 and x € R. It follows from Alds et al. [1] that the Itd6 formula holds,

L, 1 L ds
7®)=f0)+ [ rwne = [ e 62)
forall £ € [0, T] and f € C?(R) satisfying the condition
@) [f @] @) < Ce?, xeR, (6.3)

: Ve
with0 < B < T
Recall that the local Holder index yy of a continuous paths process {X; : £ > 0} is the

supremum of the exponents y verifying, for any 7' > 0,

P({w :3L(w) > 0,Vs,t € [0, T,

Xi(0) - X,(w)| <L(@)|t-s"}) = 1.
Lemma 6.1 (Gradinaru—Nourdin [11]) Let g:R — R be a function satisfying
g(x) - g()| < Clx—y|*(1 +4° +y2)b, (C>0,0<a<1,b>0), (6.4)

forallx,y € R and let X be a locally Holder continuous paths process with index y € (0,1).

Assume that V is a bounded variation continuous paths process. Set

b Xowe = X
X&(¢) = e 7S
5t /0 g( = )ds

fort>0,e>0.Ifforeacht >0, as e — 0,

[x¢6) - Ve[l = O(e%) (65)
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with a > 0, then lim,_, o X% (t) = V; almost surely, for any t > 0, and if g is non-negative, for

any continuous stochastic process {Y; : t > 0},

t Xs _Xs t
lim Ysg(L) ds—>/ Y, dV,, (6.6)
0 0

e—0 gv
almost surely, uniformly in t on each compact interval.
Proposition 6.1 Let f € C'(R). We have

ds
\21s

[F(8),8]™ - /0 78 (67)

and, in particular, we have

2t
BBl =/ =
T

forallt>0.

Proof By Lemma 6.1 and the Holder continuity of the solution u(¢, x), it is enough to show
that the estimate

|2t
b4

holds, for each ¢ > 0, with some « > 0, as ¢ — 0, where

2
=0(e%) (6.8)

12

1 t
B = — | (Bgye —B,)?dA/s.
tﬁ/0< B dys

We have

2t
B -\ /=

for t > 0 and ¢ > 0, where

Al r) = E((BM B - \/g) ((Bw By - \E )
T T

E ’ = é/ot/otAg(s,r)d\/Ed«/t_’

2
= E(BS+8 - BS)Z(BV+8 - Br)2 + _E
T
2¢ 9 9
- _E((Bs+e - Bs) + (Br+5 - Br) )
/4

Define the function ¢, : R, — R, by

1

\/2_(\/2(s+x)—2x/2s+x+@)
s

d’s(x) =

Page 37 of 42
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for every s > 0. Then we have

E[(Bs.e - By)*] = % (V2(s + &) — 2+/25 + & + 2/& + v/25) = ¢y(e) + \/%

for all s > 0. Noting that

E[(Bs+s - BS)Z(BV+£ - Br)z]

= E[(Bose — B*JE[(Brsc — B))*] + 2(E[(Bue — BS)(Bre — B))])
forall ,s > 0 and € > 0, we get
Aa (57 }") = ¢s(8)¢r(8) + 2(/1,5',)2,

where wg, := E[(Bsie — Bs)(Brie — B;)]. Now, let us estimate the function

os(e) = (\/2(s+5)—2\/2s+e+«/ﬂ).

1
V27
Clearly, one can see that

lim 1-2/1-%/2+/1- x 1
im N
x—0 x 16

and the continuity of the function x > 1 - 2+/1 — /2 + /1 — x implies that

2 g%ﬂs

[6u(e)] = V2 + 1~ 2VT =72 + V1-3l = C £

(s+¢)3?2 = C(s +¢e)f

. 1 . .
with x = == and 0 < 8 < 5, which gives

1 t t
2 [ lo@oelavsavy <o,
€ Jo Jo
It follows from Lemma 2.4 that there is a constant « > 0 such that

/./A(s,r)d\/—d\/_ 0

3~L0 81+0¢

for all £ > 0, which gives the desired estimate

2

2t
‘B?— — =O(8“) (e = 0)
T |2
for each ¢t > 0 and some « > 0. This completes the proof. O

Consider the decomposition

ds

1 t
2 i — — —
IE (f’xx t) = ﬁ '/0 f(BS+8)(BS+S ) 2\/5

- / F(B,)(Bsre — By)
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=12 (f, %, 8) — I>7(f, x,0) 6.9)

for £ > 0, and by estimating the two terms in the right hand side above in L%($2) one can

structure the next Banach space:
I, = {f: Borel functions on R such that ||f] sz < oo},

where

701 d T d
. = 57 / [rare=FLeL | BB

Clearly, 7, = L*(R, u(dz)) with

Zf d
(g [ )

and 7, includes all functions f satisfying the condition

[f(x)] < Ccef, xeR

with0 < B < %. In the same way as proving Theorem 3.1 and by smooth approximation

one can introduce the following result.
Theorem 6.1 The PQC [f(B), B]T exists and

E|[£B),B];" V" < Cllf 1%, (6.10)
forallf € H, and t € [0, T]. Moreover, if F is an absolutely continuous function such that

’F(x) ,|F (x)| < Ceﬁxz, xeR,

with0 < B < %, then the following Ito type formula holds:

F(B) = F(0) + / F(B)SB+ [F®),8]™ (6.11)
0

1
2V2
forallte[0,T].

Recall that Russo and Tudor [27] have showed that B = {B; = u(t, ), t > 0} admits a local
time L(¢,a) € L*(A x P) such that (a,t) — L(a,t) is jointly continuous, where A denotes
the Lebesgue measure, since B = {B; = u(t, -),t > 0} is a bi-fractional Brownian motion for
every x € R. Define the weighted local time .Z of B = {B; = u(¢,-),t > 0} by

ds

Lx,t) = Wi

/Ot ZJ_dL(sx fté(Bs—x)
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for t > 0 and x € R, where § is the Dirac delta function. Then the occupation formula

t dS t
/0 1#(]!35,3)2—\/E :Adﬂ/o Y(a,s).L (a,ds) (6.12)

holds for every continuous and bounded function ¥ : R x R, — R and any x > 0. As in

Sect. 5, we can show that the integral

/R fa@)Ldx,t) =Y f[Llat) - L a1, 1)].

j
is well-defined and

1 (1Q)
/R Jo®) 2 ) = ~—=[1(8), 5], 6.13)

almost surely, for all fo =}, fi1(4 ;.41 € &- By the denseness of & in ./ one can define

f f@).Z(dx,t) = lim / San(x)Z (dx, 1)
R n—00 R
for any f € J%, where {fr,,} C & and

lim fA,n =f

n—00

in €. Moreover, the Bouleau—Yor type formula
(TQ)
[f(B),B]t =2 /Rf(x)i”(dx, £) (6.14)

holds, almost surely, for all f € 7.

Corollary 6.1 (Tanaka formula) For any x € R we have

t
|B; — x| = |x| + / sign(B; — x)8Bs + £ (x, t).
0
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