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1 Introduction

Fractional nonlinear evolution equation is one of the noticeable branches of science in
recent years. Fractional calculus has a great profound physical background able to formu-
late many various phenomena in distinct fields such as physics, mechanical engineering,
economics, chemistry, signal processing, food supplement, applied mathematics, quasi-
chaotic dynamical systems, hydrodynamics, system identification, statistics, finance, fluid
mechanics, solid-state biology, dynamical systems with chaotic dynamical behavior, opti-
cal fibers, electric control theory, economics, and diffusion problems. Mathematical mod-
eling of these phenomena contains fractional derivatives, which provide a great explana-
tion of the nonlocal property of these models since they depend on both historical and
current states of the problem in contrast to the classical calculus depending on the cur-
rent state only. Based on the importance of this kind of calculus, many definitions were de-
rived such as conformable fractional, fractional Riemann-Liouville, Caputo, and Caputo—
Fabrizio derivatives [7, 8, 23, 24, 41, 43, 50]. These definitions are employed to convert
fractional nonlinear partial differential equations to nonlinear integer-order ordinary dif-
ferential equations, and then computational and numerical schemes can be applied to
get various types of solutions for these models and examples of these schemes [3, 9, 11—
19, 21, 22, 25, 32, 35, 36, 39, 40, 42, 44, 45, 51-53, 57].
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Recently, the mK method is formulated and applied to distinct physical models such
as the complex Ginzburg—Landau model, the (2 + 1)-dimensional KD equation and KdV
equation, and the fractional (N + 1) sinh—Gordon, biological population, equal width,
modified equal width, Duffing equations, and so on [1, 2, 6, 27-31, 38, 48].

This method depends on a new auxiliary Riccati equation [47]. The auxiliary equation
of the mK method is given by

M (g) [6QMW) + QMO 4 4], (1)

“In(Q)
where [8,0, x, Q] are arbitrary constants such that [Q # 0, Q # 1], whereas the Riccati

equation is given by
R'(p) = & + EXR(p) + E4R (), 2)

where [, &1, &) are arbitrary constants. So Egs. (1) and (2) coincide when [M(g) =
R(p), x = 1,0 = E,8 = &). Using this technique leads to the mK auxiliary equation,
which includes many other analytical methods, but the mK method can obtain more so-
lutions than most of them. This shows the superiority, power, and productivity of the mK
method.

In this context, we employ the mK method to construct new formulas of solutions for
the fractional KdV and ZKBBM equations, which are given, respectively, by [20, 26, 37,

46, 49, 54, 55]
DK + KKy + MCazz = 0, ®3)
DfZ + 2, -0WZEZ, — ,qu(Zxx) =0, (4)

where [A, v, 1] are arbitrary constants.

The KdV model is one of the essential models in studying the shallow-water waves, and
it has a strong physical impact in describing the interaction of two long waves with various
dispersion relations. It is used only for the instant of time (local property); that is why the
solitary wave in the soliton solutions of it may behave not very well, whereas the fractional
KdV is used to estimate the effect of higher-order dispersion of the regular KdV equation
to increasing the amplitude of the soliton. On the other hand, the fractional ZKBBM equa-
tion is used to investigate the gravity water waves in the long-wave regime.

In this research, we use new fractional derivative operator defined as follows.

Definition 1.1 The ABTR fractional operator is given by [4, 5, 10, 33, 34]
B d ot — o)
ABR e (“) / F)E ( “) > dx, 5)

where &, is the Mittag-Leffler function define by

O (LY (¢t — x)*”
Ea( ) Z F(om+1) ’ ©

n=
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B(w) being a normalization function. Thus

ABR e F () = D) <i>nRLIZ”]-'(x). ™)
0

l-« l-«o
=

Applying this definition of ABR fractional operator to Egs. (3) and (4), respectively,
c(1-a)t™ "

B S8y = VP (L)

where k, w are arbitrary constants, leads to conversion of Eq. (3) and (4) into the corre-

with the wave transformation [/C(x, t) = K(p), Z(x,t) = Z(¢), ¢ = x+

sponding ODEs. Integration of the obtained ODEs with zero constant of integration gives

2eK + K2 +20K" =0, ®)
(c+1)Z-vZ%—puc2’ =0. 9)

Calculating the homogeneous balance value in Egs. (8) and (9) yields N = 1. Thus both
equations have the same general formula of solution given according to the mK method
by

K:(QD) = Z((p) - ZaiQiM((ﬂ) + Z biQ—iM(go) +ao

i=1 i=1

=a; M@ 4 4, Q*M©@) 4 g4 + b, Q2ME) 4, QM@ (10)

The rest of the paper is organized as follows. In Sect. 2, we apply the mK method to the
nonlinear fractional Kdvand ZKBBM equations. Moreover, we give some sketches to show
more physical properties of both models. In Sect. 4, we discuss the obtained computational
results and compare them with those obtained in previous works. Moreover, we compare
the obtained numerical results. In Sect. 5, we give the conclusion of the whole research.

2 Abundant wave solutions of the fractional KdV and ZKBBM equations
In this section, we apply an analytical scheme to the nonlinear fractional KdV and ZKBBM
equations and show physical properties of the two models.

2.1 The fractional KdV equation

Applying the mK method with its auxiliary equation and the suggested general solutions of
the fractional KdV equation leads to a system of algebraic equations. Using Mathematica
11.2, we find the values of the parameters in this system, which lead to two families of
solutions.

Family I
[@0 — -12810,a1 — 0,a3 — 0,b; — —12Ax0,by — —1210% ¢ > A(480 - x*)].

Consequently, the closed-form solutions for the fractional KdV models are given as fol-
lows.
When [x2 -480 <0 & § #0],

_ —2a _y2
12530(x” — 430) sec®(5y/480 = X2(% = 5y T sy )

1-o

2tan(L./ 2 (@=1)A=2% (480 x %) 2’
(X - 48@ - X tan(2 48Q -X (x_ B() ZC (7%”1—-(170”1))))

=0

Ki(x,t) = (11)
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o —2a
29hox - e sV <x—B(am,?zif‘isrfsm>>

Ko, t) = /350 — x2cot(L /280 — 12 (@-1) At 20 (4501 2) (12)
(X - 489_)( COt 2 48@ X (x OC _ Ot YA (1~ om))))
When [x2 - 480 >0 & & #0],
a 20
12810(x? —48@)sech2( N Zl)ki—fifrﬁ )an)))
Ks(x,t) = =0 o (13)

20
(Vx? —48@tanh( Vx2-48 (x— e 1”7 (4(;513((1 (m)))+X)2

Kalx, t) = 128AQ(48Q - Xz)

N (@ — A2 (480 — x2)
/[(X Smh<§\/m<x_ Bla) Y oo (-15)1r (1 —an)))

2 2
W(z-4agcosh(§fxz—-4ag( (o — A7 (45 — X7 ))) ]

Blo) Yoo~ %) (1 —an)

(14)
When [§0>0& 0 #0& 3 #0& x =0],
_ 2 4(a - I)SAQt‘Z“
KCs(x, £) = =128 A0 csc (/@(x B@) S - ) T —an)))’ (15)
~ 5 4 — 1)8rot™
Ko (x, £) = 12810 sec <\/<E(x— B S oLy i _an))>. (16)
When [§0 <0& 0 #0& 5 #0& x =0],
) 4 — 1)8rot™>
KC7(x,t) = 1281 ocsch (,/ (x— By ) T —an)))’ (17)
o of /- ~ 4(a - 1)8rot™ ))
Ks(x, t) = =128 1psech (,/ (Sg(x By, — (1= an) . (18)

When [x =0 & o =48],

~ s 1o 4o — Aot
Kolx,t) = 1210 sech ( (B( )5 ey om) )) (19)

When [x = 2 =« &8 =0],

2413k explic (s + %)
Kiolx, t) = (ex o (a 1);<2At — er) 2 (20)
P ) s & T (-an)
When [x =0 & o =],
4o — D132
Kii(x,£) = —12210% csc? (— = +C+x0 ). (21)
! B(@) Y 2o(—15)" T (1 - an)
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When [§ =0& x #0 & ¢ #0],

3 (Ol—l)k)(zt’za
lC (x t) - 12)\.X Y CXP(X(B(O() 2;30:0(_&)”11(1—0[}1) + x)) (22)
o (0 — x exp(y (o—=Dix2e 2 )
A Bla) Y o20(— 155" (1-an)
When [x? - 480 = 0],
Kis(x,8) = 31 (Bl) 3, 2032 T —am)® o 203x 3
13X, B(Oé)Z(Xx + 2)2(2;’;0(_ﬁ)nr(1 —an))? ) .

Family Il
[ao — —128X0,a1 — 128\ x,a; — -128%1,b; — 0,by — 0,¢c — k(489 - Xz)].
Consequently, the closed-form solutions for the fractional KdV models are given as fol-
lows.
When [x2 -480<0& 8 #0],

Kia(x,t) = 31(x* - 480)

% Secz(% /459 _ xz(x (o — DAt (480 — x2) ))’ -~

B Yy (-1 T (1-an)

Kis(x, ) = 31()(2 - 48@)

—2a 2
Xcscz(% /—45Q_X2<x_ (@ — DAt (480 - x?) )) 25)

B(e) Y0 o(=15)" T (1 - an)

When [x% - 480 >0 & 8 #0],
Kiglx, t) = S)L(XZ —48@)

—2a 2
xsechz(% /7)(2—439(96— (a_io)u (480 — x2) ))) 26)

B(a) Y o(—1%)" (1 —an

Ki7(x,t) = 31(480 - x?)

% CSChZ(% /X2 — 480 (x (o — 1))\1"2&(48Q - X2) >) @)

B Y o(-1=)" T (1 - an)

When [80>0& 0 #0& 8 #0 & x = 0],

~1)8 —2a
Kis(x, t) = —12810 sec? (@( " B@) ;g (_I)L)\i;(l - Om))), (28)
n=0 1-«

~1)8 —2a
Kio(x, ) = =128 10 csc? <\/@< " B@) ;Sz _I)L)\)itr(l — om)))’ (29)
n=0\" 1-a

When [§0 <0& 0 #0& 3 #0& x =0],

~ ) 4 — 1)8rot™
Kao(x,t) = —12810 sech (,/—SQ(x " B@) Sy (1 om)))’ (30)
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~ ) 4o — 1)8hot™
Ko1(x, t) = 128 o csch <\/—5Q (x— B@) Ziio(—ﬁ)”l‘(l —om)))' (31)

When [x =0 & o = -4],

(32)

_ 2¢—2a
Kon(, t) = —1210% csch? (Q( Ho—Diot ))

B@) Yoy T (1 —an)

When [x =8 =« & 0 =0],

9 o1 (o = D)rc2as
Kas(x,t) = =3k*A csch <2K<B(a) Sc YT —an) +x)> (33)

When [0 =0& x #0& § #0],

2 (=12
248 exp(x(B(Q)Z;ﬁo(_ﬁ)nr(l_w) +X))

IC24(x, t) == . (34‘)
(@=1)Ax2t2
(8 eXP(X (B(ot) Z’tﬁo(_%)nr(l_am + x)) - 2)2
When [x =0& o = 4],
4o — 1)rp3t
KCos(x, 1) = —1210% sec? (— > +C+x0 ). (35)
» B(@) Yono(—1%)" T (1 - an)

When [x2 - 480 = 0],

480B(a)*t* (xx + 2)* (2o (-1%)" T (1 — an))?
xH(=xB(a)2 Y2 (- 7)" T (1 — an))?

Kos(x, t) = 12810 (— + 4 + 1). (36)
XX

2.2 The fractional ZKBBM equation

Applying the mK method with its auxiliary equation and the suggested general solutions

for the fractional ZKBBM equation leads to a system of algebraic equations. Using Mathe-

matica 11.2, we find the values of the parameters in this system, which lead to the following

families of solutions.

Family I
Bcux?+c+1 6cuxo 6ciL0>
doﬁ—i,ﬂlﬁo,ﬂzﬁo,blﬁ— ,b2—>— ’
2v v v
1 here 46 241,040
¢—> ————,where - ,V .
40 —px?—1 HO — X

Consequently, the closed-form solutions for the fractional ZKBBM models are given as
follows.
When [x2 480 <0 & § #0],

I

_ —2a
(x = v/480 ~ x* tan(5v/480 ~ (¢ ~ gy iy )

- 1) - 1} « =, (37)

2v

a— —2x
Z ( ) |: ( SM(X \/489 - X2 tan(%\/‘l'ag - Xz(x - B(a) ZDCEO(_I)CLt)nF(I_Om))) + 489 - X2)2
1, 1) = — n=




Khater and Baleanu Advances in Difference Equations (2020) 2020:268 Page 7 of 14

20
et [ ( 3u(x /400 ~ x? cot( /480 — X ~ gy ) + 480 — 1)
K t) = || - - T
(x — /480 - chot(%\/%g - X3 - B(a)ziéo(—l)lcé)np(l_an))))z

_ 1) _ 1} ‘o (38)

When [x% - 480 >0 & & #0],

/ 1/ (e=1)ct—2* 2y2
3ux x2—469tanh(7 Xz_%g(x_B(a)Zgil;(—%)"l"(l—an) ))—480+x7)

cf T -1
(v/ x2-480tanh(} \/ x2-480(x~ ) oé“(}iinr(l_an) N+x)%
Z3(x,t) = 20" I-e , (39
2v
( 3u(x~/ x2-480 coth( A/ x2-480(x— B(a)zm(z:)fiz;r(l—an) ))-480+x%)? N
(- n= 7&_ = —
(v/ x2-480 coth(} \/ x2-480(x~ B(a)zoo(az_l)ciz)nr(l_an) N+x)?
24(96, t) _ n=0""T-o (40)
2v
When [60>0& 0 #0 & § #0 & x =0],
—20
12¢8 110 cot* (/8o (x — 5= R e — ) +c+1
Z5(w 1) = - B oo ) : (41)
2v
200
12c8u,gtan2(«/89(x— <2 j)c_t - ))+C+ 1
Zelo,t) = — & Lol rg)" o) : (42)
2v
When [§0<0& 0 #0&§#0& x =0],
20
12¢8 10 coth? (/=80 (x — (o _Di - )) +c+1
Zy(x0) = - Pt I , (43)
—2a
12¢8 10 tanh?(y /=80 (x — oéa__l)i ) +c+1
Zye0)= - S T— (44)
When [y =0 & o = -8],
1 4
S -
2v (exp(20(x ~ sy ) + 17
(o0 = 1)t
— 24c¢pu0® tanh (Q( -1{. (45)
B(a) Y (-2 (1 - an)
When [x = ¢ =« &8 =0],
3ic2 ju(explic (x— oo(a 1)652‘:, g )+2)?
— e — >)) T
eXprfB(a)Zfﬁ (_%)np(l_w,) -
Ziox, t) = Lt . (46)
2v
When [x =8 =0& o #0],
12cpB(e)*£™ (52 0(—%,)'%1 —an))
Z11(x, ) = @B (20 (- 1%5)" T (A-am)-actc)? rerd (47)

2v
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When [x =0 & o =],

20
12¢10° cOt? (— gt ?ﬁt T +C+x0)+c+1
Zibe )= - o pe T (48)
2v
When [§ =0& x #0 & ¢ #0],
3 (x expx (o= 5 < (z(_l)liiir(l_w) ))+0)?
(- o) “1)-1
(0—x exp(x (x— EEh v (o _L YT (=)
Z13(x,t) = (49)
2v
When [x? - 480 = 0],
Zuu ) 1 Bepx*(xBla)t? (3o (- 1%)" T (1 - an)) — ac +c)*
X, t) = ——
1 20 | (o = T)ex — Bl@)r (xx +2) ano(—m)nm —an))?
6 x>
+ oo 7t Beuxt+c+1|. (50)
xB(e)t20 (Y00 (- 1255 )" T (1~am)—acte ¢
Family Il
Bcux?+c+1 6c8 6¢8>
|:zz0 — —M,al — - ¢ MX,az — - ¢ M,bl — 0,by, — 0,
2v v
! here 48 241,040
¢—> ——————— where - ") .
Trg Pl 1o — X

Consequently, the closed-form solutions for the fractional ZKBBM models are given as
follows.

When [x2 - 480 <0 & § #0],

20
Bcu(4d0 — x*) tan?(3 /480 — x (x— oc(“}ff)nr(l o) te+l
Zis(x,t) = — N , (51)
—2a
Bepu(a80 — 1) cot*(3 /450 — x*(x — gyt IIJ i) Fe+ 1
Zisx,t) = — N = . (52)

When [x2 - 480 >0 & 8§ #0],

200
3c,u(x —489)tanh2( /%2 — 480 (x—B( )an_li Ve ))+c+1

Z17(x,t) = N , (53)
a ¢ —20
Sc,u,(x — 480) coth®(3/x? — 480(x — T }) L e D) +c+l
Zigx, 1) = 7 . (54)
When [50 >0 & 0 70 & 8 £0 & x = 0],
20
1268110 tan* (/80 (x — sy ”if ) +c+l
() Y- p2o(— )"1" (1-an)
Zl9(x’ t) == % 0 ) (55)
—2a
12¢8 g cot*(v/8o(x — 5 oc(a l)ff N +c+l
(@) X520 (- 125" ' (1-an)
Zaolx,t) = — . (56)

2v

Page 8 of 14
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When [60 <0& 0 #0 & § #0 & x =0],

_ —2a
12¢8 10 tanh*(v/=80(x — 55 Ziéi(—l):%t)”l“(lfan) ) +c+1

Znx,t) =— o , (57)
—2a
12¢8 0 coth? (/=80 (x — e ) +c+1
Zy(x,t) = — B(Z(X\);ZFO( Sl . (58)

When [x =0 & o =-4],

—2a
12cp0*csch?(o(x — 5 el )) +12cpo® +c+1
(@) Y520 (- 125" T (1-an)
Zy3(x,t) = — 1 . (59)
2v
When [x =8 =k & 0 =0],
Beie® pcoth? (3k(x = 53 Zoo((z(j)cirjjf(l—an) N+c+1
Zoalx,t) = — e (60)
2v
When [0 =0& x #0 & § #0],
20
31X (6 exp(X (5 s iy )+2)
“ (6 explx (- g yap Dl
explx (x B(Q)Zﬁo(‘ﬁ)nr(l_“”)
Zys(x,t) = — 2 (61)
When [x =0=0& 6§ #0],
12cpB(a)2 64 (3000 o (- 125)" I (1-am))?
" o 1
CB@E (3o (- =) T (—anm)—acte? T €T
Ze(x,t) = - el 7 (62)
When [y =0 & ¢ = 4],
20
12¢710 tan?(~ -1t +C+x0)+c+1
(@) Y00~ 1% " T (1-an)
Zy7(x,8) = — . 121) (63)

When [x% - 480 = 0],

1 |:48082,ug2(((x = Dex = Bla)t® (xx +2) Yoo (—12)"T (1 — an))?

Znlol) =5, X B (L5 (—55) T (- ) -+

48¢6
- ] —24c810 + 3cpuy’ + c+ 1]. (64)

(a—1)ct=2
X0 = 5 = 1 T (1—an)

3 Interpretation of figures
In this section, we give a physical interpretation of the shown figures. All our obtained
solutions are considered as traveling wave solutions. We further give a physical interpre-
tation of the shown figures:
1. Fig. 1 shows the bright cone wave solution (13) in the three-dimensional plot (a) to
explain the perspective view of the solution, the two-dimensional plot (b) to explain
the wave propagation pattern of the wave along the x-axis, and the contour plot (c)
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Ka(x.t)

Figure 1 Numerical simulation of Eq. (13) in three distinct types of plots

Ka(x.t)

Figure 2 Numerical simulation of Eq. (14) in three distinct types of plots

Z3(x.t)

0 0
»o. RO

Figure 3 Numerical simulation of Eq. (40) in three distinct types of plots

to explain the overhead view of the solution when
[a-—(S 6,A\=3,m=1,n=1,x =5,0=1].

2. Fig. 2 shows the dark cone wave solution (14) in the three-dimensional plot (a) to
explain the perspective view of the solution, the two-dimensional plot (b) to explain
the wave propagation pattern of the wave along the x-axis, and the contour plot (c)
to explain the overhead view of the solution when
[@=3,8=6Ar=3m=1,n=1x=50=1]

3. Fig. 3 shows the periodic bright cone-wave solution (40) in the three-dimensional
plot (a) to explain the perspective view of the solution, the two-dimensional plot (b)

to explain the wave propagation pattern of the wave along the x-axis, and the
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Figure 4 Numerical simulation of Eq. (43) in three distinct types of plots

contour plot (c) to explain the overhead view of the solution when
[@=186=61=3,m=1Ln=1,x=50=1].

4. Fig. 4 shows the cone-wave solution (43) in the three-dimensional plot (a) to
explain the perspective view of the solution, the two-dimensional plot (b) to explain
the wave propagation pattern of the wave along the x-axis, and the contour plot (c)
to explain the overhead view of the solution when
[ = %,8 =-9,A=3,m=1n=1,x=0,0=1].

4 Results and discussion
This section is divided into two main parts. In the first part, we studyg the obtained com-
putational solutions for the two fractional suggested models. whereas in the second part,
we compare them with the other obtained results in previous works.

1. The shown solutions in our paper.

+ In this paper, we investigate the fractional KdV and ZKBBM equation by the
employment of the mK method and a new fractional definition (ABR).
Abundant explicit closed-form solutions are obtained for each fractional
model. Receptive twenty-six and twenty-eight solutions are obtained for each
mentioned fractional model.

2. The solutions obtained in previous works.

« In [56], two analytical methods are applied to three different models involving
two our models. However, they use two schemes, but a very few special
solutions are obtained.

+ Two analytical schemes in [56] are just particular cases of the mK method when
[QM©) = (£),0 =~ x = 4,8 =1].

« Eq. (27) is equal to Eq. (3.9) in [56] when
leg = —128(u + d(d — 1)), —3(A% — 4u) = $r0].

« Eq. (43) is equal to Eq. (3.30) in [56] when
[B=0,a=v,c=2bvA2-8bVu + V,bV(A? —4u) = —4cSuo).

« All other solutions obtained in this paper are new when compared with those
obtained in [56].

5 Conclusion

In our paper, we solved the flaws and disadvantages of the (%)—expansion method that is
used by Ali Akbar et al. [56] because, as shown in the previous section, it is just a par-
ticular case of our method. Moreover, we use a new definition of fractional derivative,
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which successfully converts the fractional-order differential equations from our models

to integer-order ordinary differential equations. Abundant new solutions for both models

were obtained, and to further clarify the physical meaning of these solutions, some plots

are sketched in three- and two-dimensional and contour plots (Figs. 1, 2, 3, 4).

Acknowledgements
MK would like to dedicate this paper to my mother, son (Adam), and the soul of my father. Their love, support, and
constant care will never be forgotten.

Funding
Not applicable.

Availability of data and materials
All data generated or analyzed during this study are included in the paper.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors conceived of the study, participated in its design and coordination, drafted the manuscript, participated in the
sequence alignment, and read and approved the final manuscript.

Author details

'Department of Mathematics, Faculty of Science, Jiangsu University, 212013 Zhenjiang, China. ?Department of
Mathematics, Obour Institutes, 11828 Cairo, Egypt. *Department of Mathematics, Cankaya University, Ankara, Turkey.
“Institute of Space Sciences, Magurele-Bucharest, Romania. °Department of Medical Research, China Medical University
Hospital, China Medical University, Taichung, Taiwan.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 19 January 2020 Accepted: 18 May 2020 Published online: 05 June 2020

References

1.

Alderremy, A.A., Attia, RAM.,, Alzaidi, J.F, Lu, D., Khater, M.M.A.: Analytical and semi-analytical wave solutions for
longitudinal wave equation via modified auxiliary equation method and Adomian decomposition method. Therm.
Sci. 23,51943-S1957 (2019)

. Ali, AT, Khater, MM, Attia, RA, Abdel-Aty, A-H., Lu, D.: Abundant numerical and analytical solutions of the

generalized formula of Hirota-Satsuma coupled KdV system. Chaos Solitons Fractals 131, Article ID 109473 (2020)

. Arqub, O.A, EI-Ajou, A, Momani, S.: Constructing and predicting solitary pattern solutions for nonlinear

time-fractional dispersive partial differential equations. J. Comput. Phys. 293, 385-399 (2015)

. Atangana, A, Gémez-Aguilar, J.F.: Numerical approximation of Riemann-Liouville definition of fractional derivative:

from Riemann-Liouville to Atangana-Baleanu. Numer. Methods Partial Differ. Equ. 34(5), 1502-1523 (2018)

. Atangana, A, Koca, I.: Chaos in a simple nonlinear system with Atangana-Baleanu derivatives with fractional order.

Chaos Solitons Fractals 89, 447-454 (2016)

. Attia, RA, Lu, D, Khater, M\MM.A.: Chaos and relativistic energy-momentum of the nonlinear time fractional Duffing

equation. Math. Comput. Appl. 24(1), Article ID 10 (2019)

Baleanu, D., Agrawal, O.P: Fractional Hamilton formalism within Caputo’s derivative. Czechoslov. J. Phys. 56(10-11),
1087-1092 (2006)

Baleanu, D., Muslih, S.I.: About Lagrangian formulation of classical fields within Riemann-Liouville fractional
derivatives. In: ASME 2005 International Design Engineering Technical Conferences and Computers and Information
in Engineering Conference, pp. 1457-1464 (2005)

. Bendi, V., Fortunato, D.F: Solitary waves of the nonlinear Klein-Gordon equation coupled with the Maxwell equations.

Rev. Math. Phys. 14(4), 409-420 (2002)
Fernandez, A, Ozarslan, M.A, Baleanu, D.: On fractional calculus with general analytic kernels. Appl. Math. Comput.
354,248-265 (2019)

. Gao, W, Ghanbari, B, Glnerhan, H., Baskonus, H.M.: Some mixed trigonometric complex soliton solutions to the

perturbed nonlinear Schrédinger equation. Mod. Phys. Lett. B 34(3), Article ID 2050034 (2020)

Gepreel, KA, Omran, S.: Exact solutions for nonlinear partial fractional differential equations. Chin. Phys. B 21(11),
Article ID 110204 (2012)

Ghanbari, B, et al.: A new generalized exponential rational function method to find exact special solutions for the
resonance nonlinear Schrodinger equation. Eur. Phys. J. Plus 133(4), Article ID 142 (2018)

Ghanbari, B, Baleanu, D.: New solutions of Gardner’s equation using two analytical methods. Front. Phys. 7, Article ID
202 (2019)

Ghanbari, B, Baleanu, D.: A novel technique to construct exact solutions for nonlinear partial differential equations.
Eur. Phys. J. Plus 134(10), Article ID 506 (2019)

. Ghanbari, B, Gémez-Aguilar, J.F.: New exact optical soliton solutions for nonlinear Schrédinger equation with

second-order spatio-temporal dispersion involving M-derivative. Mod. Phys. Lett. B 33(20), Article ID 1950235 (2019)

Page 12 of 14



Khater and Baleanu Advances in Difference Equations (2020) 2020:268

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

. Ghanbari, B, Kuo, C-K.: New exact wave solutions of the variable-coefficient (1 + 1)-dimensional

Benjamin-Bona-Mahony and (2 + 1)-dimensional asymmetric Nizhnik-Novikov-Veselov equations via the
generalized exponential rational function method. Eur. Phys. J. Plus 134(7), Article ID 334 (2019)

Ghanbari, B, Osman, M.S,, Baleanu, D.: Generalized exponential rational function method for extended
Zakharov-Kuzetsov equation with conformable derivative. Mod. Phys. Lett. A 34(20), Article ID 1950155 (2019)

. Ghanbari, B, Rada, L, et al.: Solitary wave solutions to the Tzitzeica type equations obtained by a new efficient

approach. J. Appl. Anal. Comput. 9(2), 568-589 (2019)

Guo, M, Fu, C, Zhang, Y, Liu, J,, Yang, H.: Study of ion-acoustic solitary waves in a magnetized plasma using the
three-dimensional time-space fractional Schamel-KdV equation. Complexity 2018, Article ID 6852548 (2018)

He, J-H.: Exp-function method for fractional differential equations. Int. J. Nonlinear Sci. Numer. Simul. 14(6), 363-366
(2013)

He, J-H., Wu, X.-H.: Construction of solitary solution and compacton-like solution by variational iteration method.
Chaos Solitons Fractals 29(1), 108-113 (2006)

Heymans, N., Podlubny, I.: Physical interpretation of initial conditions for fractional differential equations with
Riemann-Liouville fractional derivatives. Rheol. Acta 45(5), 765-771 (2006)

Hilfer, R.: Fractional diffusion based on Riemann-Liouville fractional derivatives. J. Phys. Chem. B 104(16), 3914-3917
(2000)

Inc, M.: The approximate and exact solutions of the space- and time-fractional Burgers equations with initial
conditions by variational iteration method. J. Math. Anal. Appl. 345(1), 476-484 (2008)

Khader, M\M,, Saad, K.M.: On the numerical evaluation for studying the fractional KdV, KdV-Burgers and Burgers
equations. Eur. Phys. J. Plus 133(8), 335 (2018)

Khater, M., Attia, R, Lu, D.: Modified auxiliary equation method versus three nonlinear fractional biological models in
present explicit wave solutions. Math. Comput. Appl. 24(1), Article ID 1 (2019)

Khater, M., Attia, RA., Lu, D.: Explicit lump solitary wave of certain interesting (3 + 1)-dimensional waves in physics via
some recent traveling wave methods. Entropy 21(4), Article ID 397 (2019)

Khater, MM, Lu, D, Attia, R.A.: Dispersive long wave of nonlinear fractional Wu-Zhang system via a modified auxiliary
equation method. AIP Adv. 9(2), Article ID 025003 (2019)

Khater, M.M,, Lu, D, Attia, R.A.: Erratum: “Dispersive long wave of nonlinear fractional Wu-Zhang system via a
modified auxiliary equation method” [AIP Adv. 9, 025003 (2019)]. AIP Adv. 9(4), Article ID 049902 (2019)

Khater, M.M,, Lu, D,, Attia, R.A.: Lump soliton wave solutions for the (2 + 1)-dimensional Konopelchenko—Dubrovsky
equation and KdV equation. Mod. Phys. Lett. B 33, Article ID 1950199 (2019)

Khater, M.M., Seadawy, AR, Lu, D. Elliptic and solitary wave solutions for Bogoyavlenskii equations system, couple
Boiti-Leon-Pempinelli equations system and time-fractional Cahn-Allen equation. Results Phys. 7, 2325-2333 (2017)
Khater, MM.A,, Baleanu, D.: On new analytical and semi-analytical wave solutions of the quadratic—cubic fractional
nonlinear Schrédinger equation. Chaos Solitons Fractals (2020, submitted)

Khater, MM.A,, Baleanu, D.: On the new explicit computational and numerical solutions of the fractional nonlinear
space-time Telegraph equation. Mod. Phys. Lett. A (2020, submitted)

Kuo, C.-K., Ghanbari, B.: Resonant multi-soliton solutions to new (3 + 1)-dimensional Jimbo-Miwa equations by
applying the linear superposition principle. Nonlinear Dyn. 96(1), 459-464 (2019)

Kurulay, M., Bayram, M.: Approximate analytical solution for the fractional modified KdV by differential transform
method. Commun. Nonlinear Sci. Numer. Simul. 15(7), 1777-1782 (2010)

Le, U, Pelinovsky, D.E.: Convergence of Petviashvili's method near periodic waves in the fractional Korteweg—de Vries
equation. SIAM J. Math. Anal. 51(4), 2850-2883 (2019)

Li, J, Qiy, Y, Lu, D, Attia, RAM, Khater, MM.A.: Study on the solitary wave solutions of the ionic currents on
microtubules equation by using the modified Khater method. Therm. Sci. 23, $2053-52062 (2019)

Liu, Q, Zhang, R, Yang, L., Song, J.: A new model equation for nonlinear Rossby waves and some of its solutions. Phys.
Lett. A 383(6), 514-525 (2019)

Liu, W, Chen, K.: The functional variable method for finding exact solutions of some nonlinear time-fractional
differential equations. Pramana 81(3), 377-384 (2013)

Losada, J,, Nieto, J.J.: Properties of a new fractional derivative without singular kernel. Prog. Fract. Differ. Appl. 1(2),
87-92 (2015)

Lu, C, Fu, C, Yang, H.: Time-fractional generalized Boussinesq equation for Rossby solitary waves with dissipation
effect in stratified fluid and conservation laws as well as exact solutions. Appl. Math. Comput. 327, 104-116 (2018)
Luchko, Y, Gorenflo, R.: An operational method for solving fractional differential equations with the Caputo
derivatives. Acta Math. Vietnam. 24(2), 207-233 (1999)

Osman, M.S., Ghanbari, B.: New opitical solitary wave solutions of Fokas—Lenells equation in presence of perturbation
terms by a novel approach. Optik 175, 328-333 (2018)

Osman, M.S., Ghanbari, B, Machado, J.AT.. New complex waves in nonlinear optics based on the complex
Ginzburg-Landau equation with Kerr law nonlinearity. Eur. Phys. J. Plus 134(1), Article ID 20 (2019)

Ray, S.S., Sahoo, S.: Invariant analysis and conservation laws of (2 + 1) dimensional time-fractional ZK-BBM equation
in gravity water waves. Comput. Math. Appl. 75(7), 2271-2279 (2018)

Rezazadeh, H., Korkmaz, A, Eslami, M., Vahidi, J., Asghari, R.: Traveling wave solution of conformable fractional
generalized reaction Duffing model by generalized projective Riccati equation method. Opt. Quantum Electron.
50(3), Article ID 150 (2018)

Rezazadeh, H., Korkmaz, A, Khater, M.M,, Eslami, M., Lu, D., Attia, R.A.: New exact traveling wave solutions of biological
population model via the extended rational sinh—cosh method and the modified Khater method. Mod. Phys. Lett. B
33(28), Article ID 1950338 (2019)

Saad, KM, Baleanu, D, Atangana, A.: New fractional derivatives applied to the Korteweg—de Vries and Korteweg-de
Vries—Burger's equations. Comput. Appl. Math. 37(4), 5203-5216 (2018)

Shah, N.A, Khan, I.: Heat transfer analysis in a second grade fluid over and oscillating vertical plate using fractional
Caputo-Fabrizio derivatives. Eur. Phys. J. C 76(7), Article ID 362 (2016)

. Sun, J-C, Zhang, Z-G., Dong, H.-H., Yang, H.-W.: Fractional order model and Lump solution in dusty plasma. Phys. J.

68(21), Article ID 210201 (2019)

Page 13 of 14



Khater and Baleanu Advances in Difference Equations (2020) 2020:268 Page 14 of 14

52.

53.

54.

55.

56.

57.

Tian, R, Fu, L, Ren, Y, Yang, H.: (3 + 1)-Dimensional time-fractional modified Burgers equation for dust ion-acoustic
waves as well as its exact and numerical solutions. Math. Methods Appl. Sci. (2019).
https://doi.org/10.1002/mma.5823

Yang, H., Fu, L, et al.: An application of (3 + 1)-dimensional time—space fractional ZK model to analyze the complex
dust acoustic waves. Complexity 2019, 1-15 (2019)

Yaro, D, Seadawy, AR, Lu, D, Apeanti, W.O,, Akuamoah, S.W.: Dispersive wave solutions of the nonlinear fractional
Zakhorov-Kuznetsov-Benjamin-Bona-Mahony equation and fractional symmetric regularized long wave equation.
Results Phys. 12, 1971-1979 (2019)

Yaslan, H.C., Girgin, A.: Exp-function method for the conformable space-time fractional STO, ZKBBM and coupled
Boussinesq equations. Arab J. Basic Appl. Sci. 26(1), 163170 (2019)

Zayed, EM.E.: A generalized and improved (G'/G)-expansion method for nonlinear evolution equations. Math. Probl.
Eng. 2012(3), Article ID 459879 (2012)

Zhang, R, Yang, L, Liu, Q, Yin, X.: Dynamics of nonlinear Rossby waves in zonally varying flow with spatial-temporal
varying topography. Appl. Math. Comput. 346, 666-679 (2019)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1002/mma.5823

	On abundant new solutions of two fractional complex models
	Abstract
	Keywords

	Introduction
	Abundant wave solutions of the fractional KdV and ZKBBM equations
	The fractional KdV equation
	The fractional ZKBBM equation

	Interpretation of ﬁgures
	Results and discussion
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


