Ha and Park Advances in Difference Equations (2020) 2020:235 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-020-02694-x a SpringerOpen Journal

RESEARCH Open Access
()]

Blow-up phenomena for a viscoelastic wave
equation with strong damping and
logarithmic nonlinearity

Tae Gab Ha' and Sun-Hye Park?

“Correspondence:

sh-park@pusan.ackr Abstract

?Office for Education Accreditation, . . - . .

Pusan National University, Busan, In this paper we consider the initial boundary value problem for a viscoelastic wave
South Korea equation with strong damping and logarithmic nonlinearity of the form

Full list of author information is
available at the end of the article

t
Ul t) = Aulx, t) + / glt=s)Aulx,s) ds - Augx, 1) = |ulx, t)|p72u(x, 0 In|ux, 0|
0

in a bounded domain £2 C R”, where g is a nonincreasing positive function. Firstly,
we prove the existence and uniqueness of local weak solutions by using
Faedo-Galerkin's method and contraction mapping principle. Then we establish a
finite time blow-up result for the solution with positive initial energy as well as
nonpositive initial energy.
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1 Introduction
In this paper, we are concerned with the following viscoelastic wave equation with strong
damping and logarithmic nonlinearity source:

t
Uy — Au+ / gt —s)Au(s)ds — Auy = |ulPuln|u| in 2 x (0, T), (1.1)
0
u=0 ond2 x(0,7), (1.2)
u(0) = uo, u,(0) =u; on$2, (1.3)

where 2 C R", n > 1, is abounded domain with smooth boundary 9£2. This type of equa-
tion is related to viscoelastic mechanics, quantum mechanics theory, nuclear physics, op-
tics, geophysics and so on. For instance, the logarithmic nonlinearity arises in the inflation
cosmology and super-symmetric fields in the quantum field theory. In the case n = 1,2,
Eq. (1.1) describes the transversal vibrations of a homogeneous viscous string and the
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longitudinal vibrations of a homogeneous bar, respectively. For the physical point of view,
we refer to [1-3] and the references therein.

During the past decades, the strongly damped wave equations with source effect
Uy — Au— oAuy + puy = f(u) (1.4)

have been studied extensively on existence, nonexistence, stability, and blow-up of solu-
tions. In the case of power nonlinearity f () = |u|?~2u, Sattinger [4] firstly considered the
existence of local as well as global solutions for equation (1.4) with @ = u = 0 by intro-
ducing the concepts of stable and unstable sets. Since then, the potential well method has
become an important theory to the study of the existence and nonexistence of solutions
[5-15]. Ikehata [8] gave properties of decay estimates and blow-up of solutions to (1.4)
with linear damping (w = 0 and p > 0). Gazzola and Squassina [6] proved the global exis-
tence and finite time blow-up of solutions to problem (1.4) with weak and strong damping
(@ > 0). Liu [11] considered a viscoelastic version of (1.4). He investigated decay estimates
for global solutions when the initial data enter the stable set and showed finite blow-up
results when the initial data enter the unstable set.

In the case of logarithmic nonlinearity f(«) = «In|u|f, Ma and Fang [16] proved the
existence of global solutions and infinite time blow-up to problem (1.4) withw =1, u =0,
and k = 2. Lian and Xu [17] investigated global existence, energy decay and infinite time
blow-up when @ > 0 and p > —wA;, where A; is the first eigenvalue of the operator —A
under homogeneous Dirichlet boundary conditions. The results of [16, 17] were obtained
by use of the potential well method and the logarithmic Sobolev inequality.

By the way, there is not much literature for strongly damped wave equations with the log-
arithmic nonlinear source |u|’~2uIn |u|. Recently, Di et al. [18] considered problem (1.1)—
(1.3) when the kernel function g = 0. The presence of the Laplacian operator —Au and the
logarithmic nonlinearity ||~ In |«| causes some difficulty so that one cannot apply the
logarithmic Sobolev inequality [19]. Thus, they discussed the global existence, unique-
ness, energy decay estimates and finite time blow-up of solutions by modifying the po-
tential well method. We also refer to [20, 21] and the references therein for problems with
logarithmic nonlinearity.

Motivated by these results, we study the existence and finite time blow-up of weak so-
lutions for problem (1.1)—(1.3) in the present work by applying the ideas in [11, 18]. To
the best our knowledge, this is the first work in the literature that takes into account a vis-
coelastic wave equation with strong damping and logarithmic nonlinearity in a bounded
domain £2 C R”.

The outline of this paper is as follows. In Sect. 2, we give materials needed for our work.
In Sect. 3, we prove the local existence of solutions for problem (1.1)—(1.3) using Faedo—
Galerkin’s method and contraction mapping principle. In Sect. 4, we establish a finite time
blow-up result.

2 Preliminaries
In this section we give notations, hypotheses, and some lemmas needed in our main re-
sults.

For a Banach space X, || - | x denotes the norm of X. As usual, (-,-) and (-,-) denote the
inner product in the space L?(£2) and the duality pairing between H~1(£2) and H}(£2),
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respectively. || - ||, denotes the norm of the space L7(£2). For brevity, we denote || - ||, by

Il - II. Let ¢, be the best constants in the Poincaré type inequality
IVlly < cgIVVI* for v e Hy(R2),

where

. 2n .
2<g<oo, ifn=12 2<g< X if n>3.
n_

We need the following lemma.

Lemma 2.1 Foreach g >0,

1 1
’sqlns}f— forO<s<1 and 0<s%lns<— fors>1.
eq eq

Proof We can easily show this from simple calculation. So, we omit it here. O

Lemma 2.2 ([9]) Let L(t) be a positive, twice differentiable function satisfying the inequal-
ity

LOL' () - (1+8)(L'(®)* =0 fort>0,

O cych that

with some § > 0. If L(0) > 0 and L'(0) > 0, then there exists a time T, < sﬁ/(o)

lim L(¢) = +o0.
t—>Ty

With regard to problem (1.1)—(1.3), we impose the following assumptions:
(H1) Hypotheses on p.

The exponent p satisfies

2n—-1
2<p<oo, ifn=1,2; 2<p< (n 2), ifn>3. (2.1)
n

(H,) Hypotheseson g.
The kernel function g : [0, 00) — [0, 00) is a nonincreasing and differentiable func-

tion satisfying

1- /Ooog(s) ds:=1>0. (2.2)

Definition 2.1 Let T > 0. We say that a function u is a weak solution of problem (1.1)—(1.3)

if

u e C([0, T]; Hy(2)) N C*([0, T;L*(2)) N C*([0, T H (),

Page 3 of 17
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leads to

(@), w) + (Vu(t), Vw) - /0 t g(t =) (Vu(s), Vw) ds + (Vu,(t), Vw)
- /Q |, £) [P ulox, £) In|ulex, £) | wdx (2.3)
for any w e H}(2) and t € (0, T), and
u0)=uy inHy(R),  w,0)=u; inL*).

3 Local existence of solutions
In this section we prove the local existence of solutions making use of the Faedo—Galerkin

method and the contraction mapping principle. For a fixed T > 0, we consider the space
H=C([0, TI;Hy(2)) N C'([0, T]; L*(£2))

with the norm
Wi = max (v @] + 1 vvo)[).

To show the existence and uniqueness of local solution to problem (1.1)—(1.3), we firstly

establish the following result.

Lemma 3.1 Assume that (H,) and (H) hold. Then, for every ug € Hy(£2), u1 € L*(R2),

v € H, there exists a unique
u e C([0, Tl; Hy(2)) N C*([0, T L*(£2)) N C*([0, T H'(2))

such that u, € L*([0, T); H} (£2)) and

t
Uy — AU+ / gt —s)Au(s)ds — Au, = [vP>vInlv| in 2 x (0,T), (3.1)
0
u=0 ondf2 x(0,7T), (3.2)
u(0) = uo, u,(0)=u; onS2. (3.3)

Proof Existence. Let {w;};en be an orthogonal basis of H}(£2) which is orthonormal in
L?(£2) and W, = span{wy,ws,...,w,,}, then there exist subsequences ul)' € W,, and u" €
W, such that u' — up in H}(£2) and ©}" — u; in L*(£2), respectively. We will seek an

approximate solution

u"(x,t) = Zh;”(f)wj(x)

j=1
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satisfying

(u;’Z(t), w) + (Vu”‘(t), Vw) - /Otg(t - s)(Vum (s), Vw) ds + (Vu?’(t), Vw)
= v/g‘v(x, ) ’pizv(x, O)In|v(x, t)|w(x)dx  for we W, (3.4)
and the initial conditions
u™(0) = uy', u'(0) = uy". (3.5)
Since (3.4)—(3.5) is a normal system of ordinary differential equations, there exists a solu-
tion ™ on the interval [0, t,,) C [0, T]. We obtain an a priori estimate for the solution ™

so that it can be extended to the whole interval [0, T'] according to the extension theorem.

Step 1. A priori estimate. Replacing w by u*(¢) in (3.4) and using the relation
! m m g(t)
/0 gt —s)(Vu(s), Vi (t)) ds = Vo ” + = (g o Vu')(t)
1d . o 112
4 ((go V) (6) _/0 o) ds|[ v (0)| )
where
¢ 2
o0 = [ ge-9]60 -9 ds
0

we have

d t m 2 m m 2

{||ut O+ ( - g(s)ds) [V ()] + (g o Vu )(t)} 2| v @)
0
= (¢' o V") (8) - g V) |* + 2 / v, £)7 i, £) In|v(x, 0) 1" (x, £) dix.
Q
Integrating this over (0, £) and making use of (H>),
t
[ @ + [ V@) > + (g o V) (@) + 2 f |Var(s) > ds
0
t
<[ |” + | Vug'||* + 2 / [ v v g, 1)1, s (3.6)
0 £

In order to estimate the last term in the right hand side of (3.6), we let

21 = {x €N: ‘um(x,t)’ < 1} and £, = {xe 2 ’u"’(x,t)‘ > 1}.

MP

Since 2 < p < =5, we can take u > O such that 2 < p + < . Applying Lemma 2.1, we

infer that

a
-1 dx

_p_
[IvIP=2vin fvi||?, _/ ([IvlP~" 10 v]]) 7T x+/ (|l n fv]) 7
p-1 21 2,
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1 p-1 121 p(pp__lfm 1\ 71 19y p(pl;lfu)
+C — 1% -
e(p—1) 1 plo=1+p) en

p-1

< 1 )pllﬂl (1 )p”l/ 2
< +| — v| P x
- e(p—l) ! (72 29

c

) (3.7)

we used the fact that v € H in the last inequality. Here and in the sequel, C denotes a
generic positive constant independent of m and ¢ and different from line to line or even
in the same line.

From (3.7), we see that
t t
2 / [P 2] o ] ds < / 6 (s)], ds
0 p-1 0
t t
<C / | Vi (s)| ds < CT + / |V (s)| ds.
0 0
Adapting this to (3.6), we get

t
@1 + 1] v @] + (g o V) © +/ [ Vi )| ds < Ju? | + | Vo | + €T
0

<C.

Step 2. Passage to the limit. So, there exists a subsequence of {#™}, which we still denote
by {#™}, such that

u” — u weakly star in L* (O, T; Hé(S?)), (3.8)
u]" — u, weakly star in L® (0, T;LZ(.Q)), (3.9)
w]' = u, weakly in L*(0, T; Hy(R2)). (3.10)

Now, we integrate (3.4) over (0, £) to get
t t T
(u](2), w) — (u]', w) + / (V™ (s), Vw) ds—/ / gt =) (V' (s), Vw) dsdr
0 o Jo
t
+ (Vu”’(t), VW) - (Vuo”’, Vw) = / / |v(x, s)‘pizv(x,s) ln‘v(x, S)’w(x) dxds.
0 Je
Taking the limit m — oo in this, we have from (3.8) and (3.9) that

(ut(t), w) — (41, w) + /t(Vu(s),Vw) ds — /t/Tg(f —s)(Vu(s),Vw) dsdt
0 o Jo

+(Vu(t), Vw) = (Vuo, Vw) = /t/ |v(x, ) \p_zv(x, s) In|v(x, s)|w(x) dx ds. (3.11)
0 Jo

Page 6 of 17
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This remains valid for all w € H}(£2). Differentiating (3.11) with respect to ¢, we have
t
(utt(t), w> + (Vu(t), VW) — / gt- s)(Vu(s), Vw) ds + (Vut(t), Vw)
0
= / |v(x, t) ’pizv(x, t)In|vx, £)|w(x)dx  for w e Hy(82). (3.12)
2

Now, we are left with verifying that the limit function u satisfies the initial conditions, that

is,

u(©0)=uy inHy(2),  w,(0)=u; inL*(£2).
From (3.8), (3.9), and Lion’s lemma [22], we get

u" —u in C([0, T;L*(£2)). (3.13)
Thus, #”(0) — u(0) in L2($2). Since #™(0) = uly' — uo in H}(§2), we observe that

u(0) =uy in Hy(£2). (3.14)

Next, multiplying (3.4) by ¢ € C5°(0, T') and integrating it over (0, T'), we find
T T
- f (]'(2), wo' (2)) dt + / (VU™ (2), Vwe(2)) dt
0 0
T pt
—/ / g(t—s)(Vu"’(r),de)(t)) dr dt
o Jo

T T
_ / (Vu”’(t), Vw¢’(t)) dt = / (|v(t) |p_2v(t) ln|v(t)
0 0

, w¢(t)) dt forwe W,,.

Letting m — 00, we get

T T
—/ (ue(2), we' (2)) dit + / (Vu(t), Vwe(t)) dt
0 0
T t
- /0 /o gt - s)(Vu(t), de)(t)) dtdt

T T
_ / (Vu(t), Vwe'(t)) dt = / (‘V(t)|P72V(t) In|v(¢)
0 0

, w¢(t)) dt forwe Hé(.Q).

This yields u, € L*(0, T; H1(£2)). This and the fact that u, € L?(0, T; H}(£2)) imply that
u; € C([0, TLHY(R2)).

Thus, u"(0) — u,(0) in H'(£2). Owing to u*(0) = u}" — u; in L*(£2), we conclude

w,(0)=u; inL*(£2).
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Uniqueness. Let u and u be the solutions of the linearized problem (3.1)—(3.3) and w =
u — i. Then w satisfies

t
Wy — Aw+/ glt—s)Aw(s)ds— Aw, =0 in2 x(0,7T),
0

w=0 ondf2 x(0,T),

w(0) =0, w:(0)=0 on £2.

By the same arguments of (3.6), we observe

t
[we@) >+ 1] T + (g0 Tw)(@) + 2 / [Vwe(s)|>ds <0,
0
and hence w = 0. This completes the proof. d

Now, we are ready to prove the local existence of problem (1.1)—(1.3).

Theorem 3.1 Assume that (H;) and (H,) hold. Then, for the initial data u, € Hy(£2),
uy € L2(82), there exists a unique solution u of problem (1.1)—(1.3).

Proof Existence. For M > 0 large enough and T > 0, we let
MT = {L{ eH: [|z¢]| 3¢ SM}
For a given v € H, there exists a unique solution « of problem (3.1)—(3.3). So, we can define

amap S: My — H by S(v) = u. We will show that the map S is a contraction mapping on
M. By a similar computation to that of (3.6), we find

[ + [ V)| + (g 0 V() + 2 /0 Vi) > ds
<l I + Vo )* + 2 /0 [ v @] 4, Ju)], ds

t
<l + [ Vaol? +2/ |Vise(s)] ds
0
%1

¢ 1 =t pe-lt)) /1 \ p plo-141) 2@1;1)
+ 2/ {(—) [$£21] + Cp(pp_im (—) N6 I } ds
o | \elp-1) ST \eu

t
< w1 + | Vuol* + 2/ [Vaue(s)| ds + CT (1 + M1y,
0

we used v € M in the last inequality. Thus, we see
|uc@)||” + 1| Vue)|* + (g o Vi) (8) < llwr|I> + [ Vaso|® + CT (1 + M?C10). (3.15)

We take M > 0 large enough so that

2
2 vl < Y
leeall” + Vo™ = ==

Page 8 of 17
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then we choose T > 0 sufficiently small so that

2
CT(1+M*P-11) < il

2
From (3.15), we have ||u| < M, that is,

S(Mr) C M.

It remains to show that S is a contraction mapping. Let vi,v, € Mr, u = S(v1), w = S(2)
and z = u — w. Then z satisfies

t
Zy — Az + / g(t—s)Az(s)ds — Az,
0

= P viinvi] = v’ *vaInfvy|  in 2 x (0, 7), (3.16)
z=0 ondfR2 x(0,T), (3.17)
z(0) =0, z;(0)=0 on £2. (3.18)

Multiplying z; in (3.16) and integrating it over (0, £),
2 2 ! 2
llz:|l* + [ Vz||* + (g o Vz)+2f [Vzi(s)|” ds
0
t
= 2/ / (|V1 |p_2V1 In|vy| — |V2|p_2v2 In |V2|)Zt dxds
0 Jo
t
=2f /((p—l)l;l'”lnm +1¢1772) (v1 = v2)z dxds
0 Jo

t t
:2//|¢|P-2(vl—mztdxduz(p—l)/f|¢|P-21n|¢|(vl—mz£dxds
0 2 0 2

&3]
6]

1+ &2, (3.19)

where ¢ = 6v; + (1 —0)vy, here 0 < 6 < 1. Young’s inequality yields
t 2
Z122 [ 10y I - el el ds
0 "
9 t
<23, iy [ IVEIP2I9n - Vsl
" 0
t t
< c/ IVEIPP2Vvy = Vvl ds +/ IV || ds
0 0
t
< CM*P 2T |y =yl +/ V2|12 ds (3.20)
0
and
t
522 20- 1) [ IeP ], i - val gzl ds
0 "

t
<2p- l)cz_n2 / P> miz||| 1V v1 = Vvallllz| ds. (3.21)
"= Jo
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Since p -2 < ﬁ, there exists n > 0 such that n(p — 2 + ) < % By similar arguments to
(3.7), we deduce

12172 mg ]| < 1211+ [ (117 Infg])"1¢1"®=2) d
2

elp-1)

1 n (o-2+m) 1 n
< 21+ P — ) v ez
_(e(p—l))l 1 C,,(p_gm)(en) Vel
C

Applying this to (3.21), we get
t
52 = C(L+ M) [ = valel Vil ds
0
t
< CT(1+ M%) |lv; 1,13, +/ V|12 ds. (3.22)
0
Collecting (3.19), (3.20), (3.22), we arrive at
2 2 _ _
|z + 1| V2| + (g0 Vo) (®) < CT (1 + M*P=2 + ME=2)||y; —v,|3,.  (3.23)
Taking T > 0 sufficiently small so that CT (1 + M>®=? + M®-2*7)) < 1, we conclude
1S(v1) _S(VZ)HH < |lvi = vall%.

Thus, the contraction mapping principle ensures the existence of weak solutions.
Uniqueness. Let w and z be the solutions of problem (1.1)—(1.3) and & = w — z. Then U
satisfies

t
U, - AU+/ gt —s)AU(s)ds — AU, = [wP2win|w| — |z’ %z]n|z| in 2 x (0, T),
0

U=0 ondf2 x(0,7),

u©) =0, U;(0)=0 on$2.
By the same arguments as of (3.19), (3.20) and (3.21), we observe
o]+ [vuol << [ (o] + [vuw]) as
Gronwall’s inequality gives U = 0. This completes the proof. O

4 Finite time blow-up of solutions
In this section we establish the blow-up of the weak solution for problem (1.1)—(1.3). For

this purpose, we set the following functionals:

10=5 (1= [ s )iovie - [ ol foio s+ i @)

Page 10 of 17
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121_00 ds )||Vv|?* - | dx, 4.2
) ( /0 4) s)u y /Q|v<x)| n|v(x)| dx (42)
then

10 (5-2) (1= [ ewdsJiove 1)+ v @3)

Define the potential depth as

d= inf supJ(hv), (4.4)
veH (2)\{0} A>0

then, see e.g. [23-25],

0<d= Vlenj\f[](v), (4.5)
where N is the well-known Nehari manifold given by

N ={veHy(2)\ {0} | I(v) =0}.

Lemma 4.1 Foranyv e H}($2) \ {0}, there exists a unique ,. > 0 such that

>0, O<A<A,,
aJ(\v
I0w) = A () =0, A=A (4.6)
<0, A>A.

Proof For A >0, we have

%](Av) = A{(l—/ooog(s)ds)||w||2—xpZ/Q|v(x)|”1n|v(x)|dx—xp21nA||v||§}

i= AK (W), (4.7)

By simple calculation, we also get

%K(Av) = —)\ps{(p -2) ‘/Q |v(x) |p 1n|v(x)| dx+((p-2) lnk||v||§ + ||v||§}

>0, O<A<Ag,
=0, A=2Ap,
<0, A>Ag,

where

(4.8)

- ((p—z)fg |v(x)|mn|v<x)|dx+||v||§)<1
L= 2-pvll '
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Since limy_, g+ K(Av) = (1 - fooog(s) ds)||Vv||? = 0 and lim,_, ;o K(AV) = —00, there exists a
unique A, > A; such that K(1,v) = 0. From this and (4.7), we have

>0, O<A<A,,
aJ(Av) Y
a)" —Or AT )
<0, A>A,

Noting that I(Av) = )»Ma(;v), which is verified by a direct computation, we complete the

proof. g

Now, we define the energy for problem (1.1)—(1.3) by

Hﬂ:%MMﬂW+%(L14g@dQ”VMﬂW+%@ovwm

—;/ﬂ|u(x, t) |p ln|u(x, t)|dx+ 1% ||u(t) ﬁ, (4.9)
then

E(t) Z](u(t)) + %”ut(t)”2 + %(g o Vu)(¢) z}(u(t)). (4.10)
Replacing w in (2.3) by u,(¢) and using (H3), one sees

d 2 1., g(t) 2

EJs(t) + ||V (0)||” = E(g o Vu(8)(t) - = [Vu@®)|” <o
and hence

t
E@t) + / [Vur(s)|* ds < EQQ)  for 0 < ¢ < T, (4.11)
0

where Tp, is the maximal existence time of the solution u of problem (1.1)—(1.3).

Lemma4.2 Let (H;) and (Hy) hold. If I(uo) < 0 and E(0) < d, then the solution u of problem
(1.1)—(1.3) satisfies

I(u(t)) <0 and E@)<d forte [0, Tna). (4.12)
Proof From (4.11), it is clear that E(¢) < d. Since I(up) < 0 and u is continuous on [0, Tiax),
I(u(t)) <0 for some interval [0,t;) C [0, Tax)- (4.13)
Let ¢y be the maximal time satisfying (4.13). Suppose £y < Tmax, then I(u(p)) = 0, that is,
u(ty) e N.
Thus, we have from (4.5)

J(lto) = inf J) = d.
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But this is a contradiction for
J(u(to)) < E(to) < E(0) < d. O

Theorem 4.1 Let the conditions (Hy) and (H,) hold. Assume that I(ug) < 0, E(0) = ad,

where o < 1, and the kernel function g satisfies

oo p—
/ gs)ds < p-2 : , (4.14)
0 p-2

t 1—a2p2a(-a)

where & = max{0,a}. Moreover, suppose that (ug, u1) > 0 when E(0) = 0. Then the solution
u of problem (1.1)—(1.3) blows up in finite time.

Proof By contradiction, suppose that the solution « is global. For any T > 0, we consider
L:[0,T] — R* defined by

L(t) = |u@)|” + fo t||Vu(s) I? ds + (T = ) Vuol® + b(t + To)?, (4.15)

where Ty > 0 and b > 0, which are specified later. Then

L(t)>0 fortel0,T], (4.16)
L'(8) = 2(u(®), w(®)) + | V() | = I Vaso|? + 2b(¢ + To)

= Z(u(t), ut(t)) +2 ‘/.t(Vu(s), Vut(s)) ds + 2b(t + Ty), (4.17)
0
and, from (1.1),

L) = 2| u)|* = 2| Vue) |* + 2 fo &t —5)(Vult), Vuls)) ds
+ 2/ |u(x, t)|pln|u(x, t)’ dx +2b
2
= 2w )] - 2(1 [ e ds) [vu@)|?
0

-2 ftg(t = 8)(Vu(®), Vu(t) - Vul(s)) ds + 2/ |u(x, 0)|” In|u(x, )| dx
0 2
+2b, (4.18)

for almost every ¢ € [0, T']. By the Cauchy—Schwartz inequality and (4.15), we see that

’ 2 t 2
(& Z)) = ((u(t), ut(t)) + / (Vu(s), Vut(s)) ds+ b(t + To))
0

< <||u(t)||2+ | tHVu(s)szs+b(t+To)2><”ut(t)“2+ | t||Vut(s)H2ds+b>

= (L) - (T—t)||Vu0||2)<||ut(t)||2 +/0 [Vauels) ||2ds+b)

< L(t)(”ut(t) I” + /Otnwt(s) | ds + b). (4.19)
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Thus, we have from (4.18) and (4.19) that
LOL"(t) - ’%2 (L'(8))" = L)FQ), (4.20)
where
F(t) = -p||u®)|” —2(1 - /0 t g(s) ds> |Vu@)|? +2 /g |u(x, )| In|u(x, )| dx

) /tg(t —3) (Vu(t), Vu(t) - Vu(s)) ds—(p+2) /t”Vut(s) H2 ds—pb. (4.21)
0 0

Applying (4.9) to this and using (4.11) and Young’s inequality, we get

F(t) = -2pE(t) + (p - 2)(1 - /0 g(s) ds) || Vu(t) H2 +p(go Vu)(t) + ;ﬂ ||u(t) Hﬁ
t 5 t
-(p+2) / || Vi (s) ” ds — 2/ gt - s)(Vu(t), Vu(t) — Vu(s)) ds — pb
0 0
> -2pE(0) + (p — 2)(1 - /0 g(s) ds> H Vu(t) H2 +p(go Vu)(t) + z Hu(t)”i
t 2 t
+(p-2) / || Viu(s) || ds — 2/ gt- s)(Vu(t), Vu(t) - Vu(s)) ds—pb
0 0
> —2pE(0) + {(p -2)- (p -2+ é) /0 g(s) ds} ||Vu(t)||2 +(p-e€)goVu)r)
2 ¢ 2
o= o] + -2 /0 |Viuu(s)| ds = pb, (4.22)

where € > 0. We now consider the initial energy E(0) divided into three cases: £(0) < 0,
E(0)=0,and 0 < E(0) < d.

Case 1: ¢ <0, i.e. E(0) < 0.

Taking € = p in (4.22) and choosing 0 < b < -2E(0), we have from (4.14)

F(t) > p(-2E(0) - b) + {(p— 2) — (p—Z + 1) / g(s)ds} ||Vu(t)||2
pJJo
+ }% J«@|”+ (¢ -2) /0 t|| Vuy(s)|* ds > 0. (4.23)

Case2: o =0, i.e. E(0) = 0.
Taking € = p in (4.22) and b = 0, we see from (4.14) that

FO) = {uo—z)— (p-z+ ;) | tg(s)ds}uwnuz

. 137 ol + -2 [ [ Vus) | ds = o. (4.24)

Case3:0<a<1,ie 0<E(0)<d.

Page 14 of 17
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Taking € = (1 — a)p + 2w in (4.22), we find

2

1 t
2 t
+ap-2)(goVu)t)+ — ” u(t) Hi +(p-2) / H Vi (s) H2 ds — pb. (4.25)
V4 0
Due to the condition (4.14), it follows that

1 t [ee]
(p—Z)—(p—2+ m)‘/(; g(S)dSEOl(p—Z)(l—/(; g(S)dS), (426)

and hence
fu)z—miu»+a@—24(1—ﬁwg@nk>WMuw2+@ovmu4
2 t 2
2ol + (-2 /0 |Vaee(s) > ds - pb
> —2pE(0) + a(p — 2)(1 - /Ooog(s) ds) HVu(t) ”2 + 2170[ ||u(t) ”i - pb. (4.27)

On the other hand, it is noted that I(x(¢)) < O for all ¢ € [0, T] from Lemma 4.2. So,
Lemma 4.1 ensures that the existence of A, € (0, 1) satisfying I(1,u(¢)) = 0. Hence, from
(4.3) and (4.5)

o) p
d < J(t(®)) = (% , ;) (1 _ /O o) ds)ki [va@)| + % Juco)|?
p-2 o 1
< §<1— /0 g(s)ds) | Vu@)|* + Enu(t)”;;. (4.28)

Since u is continuous on [0, T'], there exists « > 0 such that

P pz (1 - /O " 4) ds) |Vu@)|? + I%”u(t) |2 forallze o, T1.

d+k<

From this and (4.27), we get

F(t) > —2pad + 201;7{pz;p2 (1 - /Ooog(s) ds) ”V“(t) ”2 + l% Hu(t)”i} -pb

> 2apk — pb. (4.29)
Choosing b > 0 sufficiently small so that 2apx — pb > 0, we obtain
F(t)>0. (4.30)

Adapting (4.23), (4.24), (4.30) to (4.20), we infer

LOL'(t) - ’%2 (L) = 0. (4.31)



Ha and Park Advances in Difference Equations (2020) 2020:235 Page 16 of 17

Now it remains to show L'(0) > 0. In the case of E(0) = 0, the condition (x4, u#1) > 0 gives
L'(0) = 2(ug, u1) > 0.

For the cases of E(0) <0 and 0 < E(0) < d, we choose T large enough so that
L'(0) = 2(ug, 1) + 2bT, > 0.

Thus, we conclude from Lemma 2.2 that

1inT1 L(t) = +00 (4.32)
t—=>Ty
for

T, < 4.L(0) B 2uol? + 2T || Vo + 2ng

T (p-2L0) (p—2)((uo, u1) + bT)
Thus, we deduce that

_ 2l|uo | + 2bT2
"7 (p - 2)(uo, u1) + (p — 2)bTo — 2[| Vs |2

(4.33)

From (4.15), (4.32) and (4.33), we have

Jim (”u(t)” . /0 ||Vu(s)||2ds> 0.

This contradicts our assumption that the weak solution is global. Thus, we conclude that
the weak solution u to problem (1.1)—(1.3) blows up in finite time. O
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