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Abstract

In this paper, we study a coupled system of generalized Sturm-Liouville problems
and Langevin fractional differential equations described by
Atangana-Baleanu-Caputo (ABC for short) derivatives whose formulations are based
on the notable Mittag-Leffler kernel. Prior to the main results, the equivalence of the
coupled system to a nonlinear system of integral equations is proved. Once that has
been done, we show in detail the existence—uniqueness and Ulam stability by the aid
of fixed point theorems. Further, the continuous dependence of the solutions is
extensively discussed. Some examples are given to illustrate the obtained results.
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1 Introduction

The subject of fractional calculus is a generalization of ordinary differentiation and inte-
gration to an arbitrary order, which might be noninteger. Very recently it was recognized
that fractional calculus arise naturally in various fields of science and engineering. Today
we witness an increasing number of proposals for operators, both in the form of deriva-
tives and integrals [1, 2] with the extension of fractional calculus. In consequence, there
are several contributions focusing on different definitions of fractional derivatives such as
the Riemann-Liouville (RL), Hadamard, Griitnwald—Letnikov, Riesz, Caputo, Marchaud,
Weyl, and Hilfer derivatives; see [3—12] for some detailed information. All these deriva-
tives are known to contain singular kernels and some generalized fractional derivatives are
novel such as conformable fractional derivative [13], beta-derivative [14], or we have a new
definition [15, 16]. Generally, various definitions differ from one another in choosing spe-
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cial kernels and some form of differential operator. For example, for the kernel k(¢,s) = t—s
and the differential operator d/dt, we obtain the Riemann-Liouville definition.

In the recent contribution, Caputo and Fabrizio [17] proposed a new formulation in-
volving a fractional derivative whose kernel is an exponential function. Motivated by [17],
Atangana and Baleanu in [18], introduced a new definition of the fractional derivative
to answer some outstanding questions that were posed by many researchers within the
field of fractional calculus based on fractional operators with Mittag-Leffler, nonsingu-
lar smooth kernel. Their derivative has a nonsingular and nonlocal kernel and accepts all
properties of fractional derivatives. This new derivative has gained widely attention and
attracted a large number of scientists in different scientific fields for the exploration of
diverse topics. Afterward, many articles on this subject have been published in order to
generalize the results of the fractional derivative without a singular kernel in many di-
rections. To the best of our knowledge, few contributions associated with ABC-fractional
derivatives have been published; see [19-22] and the references therein.

In addition, the Sturm—Liouville problem plays an important role in different areas of ap-
plied sciences and engineering; for example see [23]. A standard form of the linear Sturm-—
Liouville differential equation of second order is defined by

d
-Dy[p(x)D.[u]] =f (¢, u(t)), t€(a,b),D;=—, (1.1)

dt
with appropriate initial conditions, where the functions p(£) and u(t) are continuous on the
interval [a, b] such that p(¢) > 0 and u(t) > 0. D is the usual derivative and f : [a,b] x R —
R* is a continuous function. The fractional Sturm—-Liouville problems were developed by
some researchers in theory and application; see [24].
On the other hand, in [25] Langevin introduced the classical Langevin equation as fol-

lows:
Dy[D- [u] + au(v)] = f(t, u(t)), te€(a,b),1>0. (1.2)

The classical Langevin equation with various boundary conditions has been studied
by many authors; see [26] and the references therein. Various generalizations of the
Langevin equation have been offered to describe dynamical processes in a fractal medium.
This gives rise to the study of the fractional Langevin equation; see [27]. The fractional
Langevin equation was introduced by Mainardi and collaborators in the earlier 1990s.
Several types of fractional Langevin equation were studied in [28-33].

Meanwhile, in the same year, research into fractional order systems has become a sub-
ject of focus because of many advantages of fractional derivatives. For more papers on
fractional order systems, see [34—48] and the references therein.

More recently, the study of fractional Langevin equation in frame of Caputo derivative
has comparably been of small scale; see [49, 50] in which the authors discussed Sturm—
Liouville and Langevin equations via Hadamard fractional derivatives and systems of frac-
tional Langevin equations of Riemann-Liouville and Caputo types, respctively However,
to the best of our knowledge, few of the relevant studies on coupled systems of fractional
differential equations have been briefly reviewed for further information on this topic.

To conclude this introductory section, we introduce the coupled system involving ABC
differential operators with nonsingular kernel, which are discussed throughout this paper,
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which take the form

DY [pi(0)DF [u;] + qi(T)ui ()] = fi(t, ur (), un(£)), £ € (0,T), T >0, 13)
w(0)=0,  p(T)DY[u] +q(TDu(T) =0, i=1,2, '

where D; denotes the ABC-fractional derivative with (°) € {o;, 8;} and O < o;, B; <1, =
[0,T], pi € C(J,R\{0}); g; € C(J,R) and f; € (J x R x R, R) are some continuous functions.

Note that system (1.3) is a generalization of Sturm-Liouville and Langevin fractional
differential systems. In the special case if g;(¢) = 0 then (1.3) is reduced to the Sturm-
Liouville fractional differential equations. For the case p;(t) = 1 and g;(£) = A; system (1.3)
is reduced to the Langevin fractional differential equations. However, the theorems we
present include and extend some previous results.

We arrange this paper as follows: In Sect. 2, we introduce some notations, proper-
ties, lemmas, definitions of fractional calculus. We present a slight generalization for the
Ulam-Hyers theorem which was used in studying the stability. Section 3 contains main
results and is divided into 6 subsections. In Sect. 3.1 we first solve the corresponding lin-
ear problem and show the equivalence between the nonlinear problem (1.3) and integral
equation. In Sect. 3.2, we adopt Banach’s contraction mapping principle In Sect. 3.3, we
use Krasnoselskii’s fixed point theorem to prove the existence and uniqueness of solutions
for problem (1.3). Section 3.4 is devoted to the stable solution of the fractional coupled
systems (1.3) which is provided by using the classical technique of nonlinear functional
analysis investigated by Ulam. In Sect. 3.5, we look at the question as to how the solution
u varies when we change the order of the ABC-differential operator or the initial values
and the dependence on parameters of nonlinear term f is also established. Illustrative ex-
amples are presented in the last subsection. Finally, the paper is concluded in Sect. 4.

2 Preliminaries

In this subsection, we introduce some notations, definitions, properties and lemmas of
fractional calculus, we present briefly the so-called operators with nonsingular kernel. and
present preliminary results needed in our proofs later.

Definition 2.1 Lets € [1,00) and (a, b) be an open subset of R, the space H*(a, ) is defined
by

H(a, b) = {f(t) €L*(a,b): Df [f] € L*(a, b),for all |B] < s}, b>a=>0.

The left-sided RL-fractional derivative of order @ € (n — 1, #], of a continuous function
f:10,00) — R s given by

a\" [t
001210 - o () [ -0, (2.1)

(n—a) \ dt

provided that the right side is pointwise defined on R*.
The corresponding left-sided RL-integral operator of order 0 < o < 1, of a continuous
function f : [0,00) — R is given by

3] = 34[f(0)] = % / (- 1 f(x) dr, 22)

provided that the right side is pointwise defined on R*.
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Let us recall the well-known definition of the Caputo fractional derivative [3]. Given
b>a,f € H'(a,b) and 0 < « < 1, the Caputo fractional derivative of f of order « is given by

1

D lf]1= m/a (t-7)*D.[fldr. (2.3)

By changing the kernel (¢ — 7)™ by the function

E, [—lf—a(t—r)a}

and 1/I"(1 — «) by B(«)/(1 — &), one obtains the new ABC-fractional derivative of order

O<a<l,

wie . Bl@) [7 o N
Di11- o [ B0 ot 4

where f € H'(0,1), 0 < @ < 1 and B(«) is the known normalized positive function satisfying
the properties B(0) =1, B(1) = 1 and

Bla)=1-a+ T

According to the ABC derivative, it is clear that, if f is a constant function, then D{f(¢) =
0 as in the usual Caputo derivative. The main difference between the usual Caputo deriva-
tive and ABC-derivative is that, contrary to the usual Caputo definition, the new kernel
has no singularity for £ = . This ABC-fractional derivative DY is less affected by the past,
compared with the “®¢ which shows a slow stabilization. The term E, can be expressed

as a single- or two- parameter Mittag-Leffler function defined by power series expansions

o0 £
Ea,ﬁ(t) = kZO: m, teC, (2.5)

where a >0 and B € C. When g = 1, we shortly write E, 1 (t) = E,(t).
The fractional integral associated to the ABC-fractional derivative with no-singular and

non-local kernel is defined by

[f] = (;(‘a‘;‘) £t) + B‘(xa 3] 0<a<l, (2.6)

)
where J¢ is the left RL-fractional integral given in (2.2).
We shall state some properties of the fractional integral and fractional differential oper-

ators.

Property 2.2 Let f(¢) € H(a, b).
(i) The RL-fractional integral operators J¢ satisfy the semigroup property

[ =31, a=0,8>0.

T
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(i) The ABC-fractional derivative and ABC-fractional integral of a function f fulfill the
semigroup property [51],

I [Df] =f@t)-f(@), O<a<l.

(iii) The following statement holds:

_
B()B(p)

x[(1=a)(1 = B)f () + (1 - BT [f] + (1 - ) BIL[f] + BT P [£1).

HERIE

Property 2.3 Let f(¢) € L*(a, b). The following statements hold:
(i) Foranya >0and B >0,

AT

_ \Bra-1
" TG+ (t—a) .

3?[(t — a)ﬂ_l]
Forj=1,2,...,[8] +1,
D¢ [(‘L’ - a)ﬂ_j] =0.

(ii) The RL-fractional integral and ABC-fractional integral of a function f fulfill the

semigroup property

fem) - )

In this paper, we take X = C(J,R) to be the Banach space of all continuous functions
defined on J and endowed with the usual supremum norm. Obviously, the product space
(X x X, |1(,-)]) is also a Banach space with the norm

(1, 12) || = max{flaas |, llas21}.
Let T, 71, 15 : X x X — X x X be three operators such that

T (1, u2)(t) = (V1 (1, ua)(2), Vo(ur, un)(2)), Vw1, u2) € X x X, (2.7)
with

17 (1, ) | = max{ || 71 (1, 2)

NV, m0) | }. (2.8)

For completeness, we state the fixed point theorems and Ulam—Hyers stability theorem
that will be employed therein.

Theorem 2.4 ([52]) Let B, be the closed ball of radius r > 0, centred at zero, in a Banach
space X with T : B, — X a contraction and Y (313,) C B,. Then 1" has a unique fixed point
in B,.



Baleanu et al. Advances in Difference Equations (2020) 2020:239 Page 6 of 30

Theorem 2.5 ([52]) Let M be a closed, convex, non-empty subset of a Banach space X x X.
Suppose that E and F map M into X and that
(i) Eu+Fve M forallu,ve M;
(ii) E is compact and continuous;
(ili) F is a contraction mapping.
Then there exists w € M such that Ew + Fw = w, where w = (u,v) € X x X.

Definition 2.6 ([53]) Let X be a Banach space and 77, 75 : X x X — X x X be two oper-

ators. Then the operational equations system provided by

vi(t) = T1(vi, vo)(8),
Va(t) = 1o (vi, v2)(8),

(2.9)

is called Ulam—Hyers stable if we can find 0; > 0, j = 1,..., 4, such that, for each 1, &3 > 0,

and each solution-pair (v}, v5) € X x X of the inequalities

lvi - (i, vl < e,

(2.10)
||V§ - TZ(VT! V;)” =< €2,
there exists a solution (&}, u}) € X x X of system (2.9) such that
Vi—ull| < o161+ 09289,
Vi —uill < o161 + 0282 (2.11)

V5 — u5 |l < o381 + 046.

Theorem 2.7 ([53]) Let X be a Banach space, 11, T»: X x X — X x X be two operators
such that

171 (vi,v2) = (v, vi)ll < oillve = vill + oallva =il (2.12)
1 2(v1,v2) = o (v, vi)ll < osllvi = vill + oallva — v,

forall (vi,v2), (Vi,v3) € X x X and if the matrix
H, = <"1 ”2> (2.13)
03 Oy
converges to zero. Then the operational equations system (2.12) is Ulam—Hyers stable.

3 Main results

This section contains our main results.

3.1 Fractional coupled system (1.3)
In order to study the nonlinear fractional coupled system (1.3), we first consider the asso-

ciated linear problem and obtain its solution.
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3.1.1 Linear fractional coupled system
In this subsection, we consider now the linear coupled system

D} [p:(1)DF (] + qi()ui(x)] = x:(0), te€],

: (3.1)
w(0)=0,  p(T)DF ] +q(T)u(T)=0, i=1,2.

Lemma 3.1 Counsidering the first equation of system (3.1), we assume that x; € C(J,R) N
LY(J). Then, problem (3.1) is equivalent to the integral equation

i (1-5) o ‘_1—(1;’ ' Bl Lrair,
R 0 (IT["’] B(a) x‘“”) + [p,» k [x’]]

. T1 Taq;
— L] x 1 [—] - Ifl[@ui} tel,i=1,2. (3.2)
s

i i

Proof Assume u;(t) satisfies (3.1). By applying the fractional integral operators 1% and 17
successively to (3.1), we obtain

. C1 1 a; qi(t)
D[] = ——~ + — 1" [xm] - = ui(0), (3.3)
! i) pi)" pi(t)
T1 T Ta
w®) = o+ 11 [—] + 17 [—Ifi [xi]j| _1 [lui], (3.4)
bi Di i
for some real constants c; and c,. Using the first boundary condition #;(0) = 0 in (3.4), we
have
1-8) |: 1-q; :|
cy+ c1+ x;(0) | =0. (3.5)
*T BB B(B)

Using the second boundary condition in (3.3), we have
a1 =17 [x]. (3.6)

Substituting the value of ¢; in (3.5), we obtain

_ (l_ﬂl) oy, (I—Oli) '
“” B@EIP0) (IT I B "l(o))' (37)

Substituting the values of ¢; and ¢, from (3.6) and (3.7), respectively, in (3.4), we end up
with (3.2).

Conversely, it can be easily shown by direct computation that the integral equation (3.2)
satisfies the boundary value problem (3.1). The proof is complete.

By a solution of problem (3.1) we mean a pair of functions (1, u;) € X x X satisfying
(3.2)forallte],i=1,2. O

Lemma 3.2 Letx; € C(J,R)NLY()), i = 1,2. Then the integral solution for the linear system
of fractional differential equations (3.1) is given by the pair of functions (u1,uz) € X x X,
with (3.2).
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3.1.2 Nonlinear fractional coupled system
In this subsection, we consider a nonlinear coupled system of the form (1.3).
From problem (3.1) we get the fractional integral system

ui(t) = (1-8) <Iai ']_1—011‘

11
— £0,0,0) ) + IP | 1% [f;
B(B)p:(0) Bla) )>+ [pi f[”}

| 17 4l
—I?[ﬁ]xlf‘[;}—lfl[%ui} te)i=12,

i i

which is equivalent to the initial value problem (1.3).
By virtue of Lemma 3.2, we get the following.

Lemma 3.3 Suppose that fi, f, : ] X R x R — R are continuous functions. Then (uy,u;) €
X x X is a solution of (1.3) if and only if (u1,u;) € X x X is a solution of system (3.8).

Proof The proof is immediate from Lemma 3.1, so we omit it.

O

Since problem (1.3) and Eq. (3.8) are equivalent, it is enough to prove that there exists

only one solution to (3.8).

In this paper, a closed ball with radius r centered on the zero function in X x X is defined

by
B, = {(Mlyuz) eEXxX: || (41, us) || < V}.

We define an operator ¥ : X x X — X x X by

(Wu)(t) = W (ur, u2) (1) = (W1(001, u2)(0), W (w1, ) (1)), Vw1, u2) € X x X,

where

. ( :Bz % 1-o; ﬁf|:l o ]
Wilinr, u)(0) = B(ﬁ,>p,<o>< V1= B 0))” pald

o it | g: )
_ITl[fi]XIfl[_]—Ifl[iui} tel,i=1,2.
Di

i

(3.9

(3.10)

Observe that problem (3.8) has solutions if and only if the operator equation ¥ u = u has

fixed points.
We make use of the following notations: for i = 1,2

pi=inf{|pi(0)|:t €T}, qf =sup{|qut)|:t €T
and

v = sup{|yis @]t €y =y (D) uf =sup{|uio)] : £ €T} = nd(D),
where

V() = 1] = (1-B)+jBIVN]), i=12j€N,

B(ﬂz)

(3.11)

(3.12)

Page 8 of 30
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and

wi(t) = J1,i(8) + Fp,i(2) + I3,(F) = ((L(_;)i) + 2y, (t)> Y1, (0,
where

~ n A=B) 0 (1=B)

Qi) = B(A) L'[1] = B(E) Y1, (£),

Q(t) 1= I I [1]] = 10, (O 5, (O),
N3() = I [1] x I [1] =y, ()y16,(8),  and

Sai(t) =11 = 75 (0).

(3.13)

(3.14)

Throughout the remaining part of this paper, we assume the following conditions hold.

(A7) Assume thatf; : ] x R x R — R are continuous functions and there exist constants

M, >0 such that, for all £ € J and u;,v; € R, i = 1,2, we have
(6, w1, u2) = fi(t, v1,v2) | < Mi(Juy = vil + luz — val).
(A,) Assume that there exist real constants N; > 0 such that
[filt,u, w)| <N;,  i=1,2,
for all (t,u1,us) €] x R x R. Also, let
a; = Irtlealx[ﬂ(t,o, 0)| <00, i=1,2.

By our assumption, for (¢, u1,u3) € ] x R x R, we have

V;’(trulrMZ)’ < V;’(t: MI:MZ) —ﬂ(t,0,0)| + lfl(tro!o)’ SMl(HMIH + ||Lt2||) +4a;.

Let us introduce the notation

Si= @) =fiuw =fit, u) =fi(t, m1 (), u2(2)),  fi(£,0) :=£i(£,0,0)

and

1-a)1-48)

ni= PO By 100

3.2 Existence and uniqueness of the solution of (3.8)

(3.15)

(3.16)

(3.17)

In this subsection, we apply Banach’s fixed point theorem to establish existence and

uniqueness of solutions of (3.8).

Theorem 3.4 Assume (A1) and 0 < pf QM;u} + q;‘yffﬂl) <1, fori=1,2, hold. If we choose

. max{ PiMiar + i Prk3d2 + 1
p— ) ’

L-pr@Myps +qiyvig,) 1-psCMaps + g5y,

then problem (1.3) has a unique solution u € B,.

(3.18)

Page 9 of 30
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Proof Step i. We show that ¥ (B,) C B,. To see this, for u = (u1,u;) € B,,t€J,i=1,2, we

have
W, 12)(0)] = P gy Iﬂf[llaf[f]”
s _B(ﬁ)pz ‘Lo
[ x 1 [—] " Ifi[@ui] : (3.19)
Di Di
We used the fact that
LAl
" B l)|(1 a)fi(t ur (8), ua(t)) + 37 (]
_ (= allfi(t,u) —fi(2, 0)] + (2, O] + (37 [[fiw, w) - £i(z, )11 + T [Ifi(z, 0)1)
- B(«;)
(1 o) (Mi(llur || + luz ) + ;) + o(Mi(llug || + lu2 ) +a;) x T ”a’[ll
B(w;)
These imply that
17 01| < voa (D (M (]| + lls2ll) + ai). (3.20)
Thus, we have
|(17ﬁl Tl - PESLi@) (Ml |l + luall) + i) + ns. (3.21)
B(B:)Ipi(0)] N '
From (3.15) and (3.20), we obtain
|11
1’ |:p—l‘;“[ﬁ]:| < P20, @) (Mi(llur || + uall) + a), (3.22)
again from (3.15) and (3.20), one has
I7[fi] x 1/ [;} <P, (Mi(llu | + uall) + a;). (3.23)
In view of (3.20), we have
gl ai | _ Q=8| Bi sl NN .
I |:Pz’ uz:| = B(8) Pz(t) u(t )‘ B(B) |: lul:| =q;p; \341(1')”141”' (3.24)
Using the above estimate in inequality (3.19), we obtain
|Wi(u1, 2)(@®)| < pF || (M (ln | + Ni2ll) + i) + G Pf |Sai(®) |1l + 7 (3.25)

where 1;(t) and J4;(¢) are given by (3.13) and (3.14), respectively.
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Taking the maximum on both sides of the inequality (3.25), the following can be ob-
tained:

Wiy, w2) @) | < P}y 2Mil|ull + ai) + gt pvi g, ull + ni
< (2Mip; i + qipivip,) lull + pfpia; + n;

< pf (M} +qiyip, )+ pinfai+ i < r. (3.26)

Choose a real constant r > 0 such that

*utar + nt *uk¥as + nk
rzmax{ *plul e *pzuz 2+ } (3.27)
1-pi2Mypu7 + %71,,31) 1-p3(2Mop; + qz)’l,ﬂ2)
with
0<p; 2Mipsf +qfyyp) <1, fori=1,2, (3.28)

and taking into account that (3.28), we conclude that (3.27) holds.
Step ii. Next, we show that ¥ is a contraction mapping. To see this, let u = (u1,u3), v =
(v1,v2) € B, and for any ¢ € ], we get

(A-8)
B()p:(0)

e |17 et
Di Di

“]

, teli=1,2. (3.29)

|(Wiw)(8) - (W) (0)] = !Ia‘ 1) - 17 [ ()|

+IF A1) - 17 [l ()] x

+ Ifi [@vi] - Ifi [@ui]
Di Pi

In view of (3.20), we have

17 (A1) - 17 (A1) < |31 | Mi(llug = vill + lluz = v2l]). (3.30)

Similarly to the above argument, we can also obtain

Im[ *v1(>1@[ *v]<>

Pi Pi
1-8)1 o o o Bi 1 e

= B |pr|[H IO - E 6] + B(ﬂl ( LV )‘jt (Elt [ﬁ](u))’
(1 _ﬁi) o o /3, 5 i ot, al

=BG |p || WO - V@) s (3:31)

again from (3.31), we have

ﬁ{iwwqw—ﬁ{lﬁmqw
Pi Di

<pi|30:@) | Mi(lluy = vill + lluz = vall).  (3.32)
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In the same way, we obtain

L7 VA1) - IF [ ()] x

Ifi [@V{| - If’ [@u,}
bi bi

Using (3.29)—(3.34), we obtain

11
I [;” < ;|35 | Mi(llur = vill + |z = v2ll),
15

< qp} 30O i = vill.

(3.33)

(3.34)

|(@) () - (@) (@)| < p| O (Milluy = vl + 1wz = va ) + G 2} | Sai ()| i = vill, (3.35)

with J4,(¢) as in (3.14),
|(@ae)(2) = (F) @] < 20 | @) | Mille = v + g} 0F | vi g, (@)1 = VI,

where yy'g (¢) and p;(¢) are given by (3.12) and (3.13) respectively.

Furthermore, for any ¢ € J, from inequality (3.36), we obtain
| (1, u2) = W (v1,v2)|| < Lllu—vl,
with
0 <pf(2M;pf + q;"y{’jﬂl) <1, fori=1,2,
implying that (3.37) holds, where

L = max{p; (2M11] + 411’5, ), 05 (2Ma1t + G5 v1'g,) |-

(3.36)

(3.37)

(3.38)

(3.39)

Since L < 1, therefore, the operator ¥ is a contraction. Thus, by Theorem 2.4, problem

(1.3) has a unique solution « € B,. This completes the proof.

3.3 Existence of solutions of (3.8)

d

In this subsection, define the following operators: E,F: B, - X x X and T: B, - X x X

by]E = (El,Ez), F= (]Fl,]Fz) and T=E +]F, with

(Eu)(t) = (E1(u1, u2), Ba (1, 12))(8)  and  (Fu)(2) = (F1(u1, ), Fo(u1, u2)) (), (3.40)

where the operators E; : X x X — X and F; : X x X — X are defined, respectively, by

(Eq201)(t) = Eq(u1, u2)(£)  and  (Eoun)(t) = Eo(uq, u2)(2),

(Fru)(t) = F1(uy,up)(€) and  (Fauo)(t) = Folu, us)(2),

Eas)(0) = oo 3&[%], teli-12,

(3.41)

Page 12 of 30
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and
a0 = g oo (1711~ 5ot ) +1f [ S|
st |- (o) - s < ) 092
with
Eu|l = max{[|Eyuy, |E2uzll} and  [[Ful = max{|[Fyu |, |Faull}
and
T (2e1, ua)(t) = Euq, uo) (£) + F(uq, 1) (2). (3.43)

The operator T is well defined as f; and f, are continuous functions. Then the system of
integral equations (3.8) can be written as an operator equation of the form

(41, u2)(¢) = T (1, ua)(2) (3.44)

and solutions of problem (3.44) mean solutions of the operator equation, that is, fixed
points of T.

We apply Krasnoselskii’s fixed point theorem to establish the existence of solutions of
system (1.3).

Theorem 3.5 Assume (A1), (Ay) and 0 < q;p; Vg < 1, for i = 1,2 hold. If we choose

(3.45)

koK, K

r> max{ , P
L-qipivsp 1—-45P5v5p,

WiNy+11 uiNy + 12 }

then the boundary value problem (1.3) has at least one solution u € B,.

Proof We will prove the theorem in several steps. Clearly, B, is a closed, convex, non-
empty subset of X x X.

Step 1: The first condition of Theorem 2.5 holds.

That is,

Eu+FveB,, VYuvel,. (3.46)
For this purpose, take u = (11, u3) and v = (v, ;) in B,, t € ], and consider

qpiB x )

|(Eiui)(t)| =< B(5)

luill, i=1,2. (3.47)

Now taking the maximum on both sides of the inequality (3.47), we obtain

qpi B x 35 (1]

IE;u; | < B(E)

r, Q=12 (3.48)
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Analogously, we obtain

(1= B)AFf] - 5sfi0)

<pi|3L@) [N + s,

B(B)pi(0)
Ifi [il‘;‘t[ﬁ]] - I‘;j il x Ifi [i} <p |32,i(t) + Ss,i(t)|Ni, (3.49)
(“@%ﬁﬂ.> mjﬂ_})qmm.M+m%u)' .
‘mm 20" ) By || = B(5) il (3:50)

Therefore, from (3.42), (3.49) and (3.50), we get
|(Fw) ()] < P} [O) N + @5} [ o, @[ vill + 0 = 1,2, (3.51)

Similarly, taking the maximum on both sides of the inequality (3.51), the following can be

obtained:

IFvill < pi N+ 0+ qipivagt, =12 (3.52)
where

ya,(t) = B(ﬁ,) ——((1-g)+263011]), i=12, (3.53)
Consequently,

IFiu; + Bivill < pi i Ni +mi + q;pivsgr, i=12. (3.54)

Hence, using (3.48) and (3.53), we can conclude that
IEu + Fv|| < [Bull + |Fv] < p} (1 N; + g vsp7) +ni <7, (3.55)

where

. (=) +jBIT)
DT TB(B)

, i=1,2,jeN. (3.56)

Choose a real constant r > 0 such that

*UEND + SUSNy +
rzmax{plul* 1* *711’192//«2* 2* :’2 }, (3.57)
L-qiP1vsp, 1 - a3p375,,
with
0<q;pivsp <1, fori=1,2. (3.58)

Thus, |Eu + Fv|| <r, this implying that (3.45) holds.
Step 2: TF is a contraction mapping.
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To see this, let u = (43, u3) and v = (v1,v,) € B,. Following the proof of Theorem 2.4, we

have

|(Fi)(2) = Fv)(2)| < P |S14(T) + S0,(T) + I3,4(T)

x [Mi(lur = vill + lluz = o)) + 617P?|V2fﬂi(T)| lui —vill.  (3.59)
Taking the maximum on both sides of the inequality (3.59), we obtain
|(Fiua)(t) — (Fv)(8)| < 20} i Millu = vl + qip} vi g, llu = vl < Lillu—vll, (3.60)
where 1;(t) is defined in (3.13). So, from (3.60), we get
IFu —Fv|| < Llju—vl, (3.61)
where L = max{Li, L,}, with
Ly =pi (2uiMy + qiysy) and Ly = p3(2u5Ms + v, )- (3.62)
When L < 1, the operator F is a contraction.
Step 3: E is continuous in X x X.
Let {(u1,4, u2,.)} be a sequence of a bounded set

Uy = {(u1,u2) € X x X : || (w1, m0) | <7}

such that (uy,,, us,) — (41, uz) as n — oo in U,

B0~ B0 = s < [1% ”] 5 " jﬂ[i”}

q;p; Bi
B(B:)

IA

x IV (|t — uil], fori=1,2. (3.63)

Now taking the maximum on both sides of the inequality (3.63), we obtain

q;p;Bi x |¥4,i(t)|

B, — Byl <
B(8:)

letin — uill, (3.64)
which implies that

E(u1,, #z0) — 0 as n —> o0.
Clearly, E is continuous in view of the continuity of #; and u.

Step 4: E is equicontinuous.
For this purpose, take (uy,uy) € B,, t1, t; € ] such that £ < £,. Then we have

’(Eiu)(tz) - (Eiu)(tl)‘

Bi (5. [%‘ ] Bi [611‘ ] Bi |:%‘ })
< I | —ui |+ L | —ui | — 1 | —u
B(B) \ " pi 2 e
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: Bﬁ;i) F(lﬁi) / oo o) %“’m‘ a
B6) r(ﬁ,)f =B uto
< ﬁ];‘(flﬂil F(lﬂi) [ /0 [t - 1) = (ty — 7)P V] dr + /:(trz)ﬂi-l d‘L':|
< iﬁf %(@ﬁf -t% 4 2(t, - 11)P), (3.65)
IEx(u 102)(6) — Er, )(e)| < 2042 L e, (3.66)

B(B) I'(Bi+1)

provided

28:q"p* 1 -1
Ity — 1| < 8% = Pid;pi _ X €,
B(B) I'(Bi+1)

proving the claim. Observe that |E;(u1, u2)(t2) — Ei(u1, u2)(t1)| — 0 as £, — &, implying
that E(u;, u3) is equicontinuous and thus the operator E(u1, u;) is completely continuous.
Step 5: E is uniformly bounded.
It follows from (3.51) that E is uniformly bounded. Therefore, by the Arzela—Ascoli the-
orem, we conclude that E is a compact operator. Thus, all the conditions of Theorem 2.5

are fulfilled. Hence, system (1.3) has at least one solution u € 3,. The proof is complete. [J

3.4 Ulam-type stability of solutions of (3.8)
In this subsection, we use Urs’s [53] approach to establishing the Ulam—Hyers stability of
solutions of (1.3). Thanks to Definition 2.6 and Theorem 2.7, the respective results are

obtained.

Theorem 3.6 Assume (A1) and 0 < pf QM;u} + q?yfﬂi) <1fori=1,2, hold. Choose

(3.67)

. max{ PiMia1 + M Palt3a2 + 1 }

1-pi@Mys + qiyvis) 1 - p5Maps + g5 vis) |

Further, assume the spectral radius of matrix H, is less than one. Then the solutions of (1.3)

are Ulam—Hyers stable.

Proof In view of Theorem 2.4, we have

1¥1 (21, 102) — 1 (vi, vo)ll < G1lluy —vill + G lluy — vol, (3.68)

¥ (21, 102) — Yo (vi, vo)ll < G3llun — vill + Gallus — v2l,

which implies that

| (1, 15) = W (v1, )| < Ho (”ul - Vl") , (3.69)

llzt2 = val|



Baleanu et al. Advances in Difference Equations (2020) 2020:239 Page 17 of 30

where

97 - o1 02\ _ (PI(WiM1+qiyys) PIuiM (3.70)
77\ A ad = kM (kM. ko % : N
03 04 DroiVin (M + 421/1,,32)

Since the spectral radius of #, is less than one, the solution of (1.3) is Ulam—Hyers sta-
ble. O

3.5 Dependence of solution on the parameters
For f; Lipschitz in the second variables, the solution’s dependence on the order of the dif-
ferential operator, the boundary values, and the nonlinear term f; are also discussed.

In the following, for any u; € X, we let

SE= () @) = fi(t, us (0), u5(®)),  te(0,T). (3.71)

3.5.1 The dependence on parameters of the left-hand side of (3.8)
In this subsection, we show that the solutions of two equations with neighboring orders

will (under suitable conditions on their right-hand sides f;) lie close to one another.

Theorem 3.7 Suppose that the conditions of Theorem 2.5 hold. Let u(t) = (u1(t), ua(t)) and
uc(t) = (u5(t), us(t)) be the solutions, respectively, of problems (1.3) and

D% (pi()DP + q;(t) ) ui(t) = fi(t, w1 (t), u2(8)), t€(0,T),i=1,2, (3.72)

with the boundary conditions (1.3), where 0 < o; — € < o; < 1. Then ||u — u|| = O(e¢), for €
sufficiently small.

Proof By the above theorems, we can obtain the following results. Let

€ (1 ﬂl € ﬂz[ - e]
0= BT VI b L]

-1 xlfi[l] —I“”l[q‘ ] te]i=12. (3.73)

On the one hand, from (3.8) and (3.73)

(A-5)
B(8)p:(0)

I/tsil:_laie € i|_I/t-‘3i|:iIai liH
RGN

. 11 ) |11

o~ € Bi o Bi

+ ] < I [I;]—IT 1 x I [E”

+ Iﬁzl:ql Ei| I,Bz|:ql ] .
bi Di

|ug () — wi(t)| = ] - 171

(3.74)
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From (3.74)

G U -1 U = [ L] - LA+ [ 0 - X7 A

= O 1A ) SV I [ (3.75)

Repeating arguments similar to that above we can arrive at

1. T,
| Saege | ap | e
Dpi pi

11 T1 _
:Ifl[_lgie} z‘E —Ji Ifl|:— I‘:Fe 1 —I‘:’ 1 i| |, 3.76
S A=Al 1 e = ] (3.76)
wepr] e |-
Di Di
T1 , , ,
=1 [;} x LI = A]] + [ 1 - G| AL (3.77)
Ifi[ﬁ”f] - Ifi[@”i} = Ifi[@} |os§ — w4 (3.78)
bi bi Di

From (3.74)—(3.78), we can get

|us () — wi(t)| < pim OV = fi] + pimi©)Ifil

L P OO - w®)], =12, (3.79)
where
1-Bi) ro;- i[yoi—e€ i aj—
myi(t) = <( A (1)) + 1<) + 1) = I e[1]), (3.80)
B(8:)
_ (1 B ﬁl) aj—€ o Bil | ya;—e€ o aj—€ a;
ny,(t) = B(B) (|IT [1]_IT[1]|)+It le (1] -1, [1]|]+ |It (1] =L 1]} ),
(3.81)
and
h,(t) = 1)'71]. (3.82)
From (3.79) and (A;) we have
pini(8)|fi]
ui (t) — u(2)| < : ,
[0 - (0] 1 - pi2my(O)M; + g 1,i(8))
with 0 < p} (2m1’,~(t)M,- + q;“ll,,’(t)) <1, (3.83)
as a result, we obtain the following:
uf —ui| < o7 with 0 < £; = p} [2mM; + 4}I]] < 1,i=1,2, (3.84)
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where

i Il = sup{max |f; (2, u1 (£), u2(0))| : £ € (0, T)},
m; = sup{ ’mLi(t)| :t e]}, n; = sup{|n1,i(t)| :t e]},
I =sup{|l@®)|:t e}, i=1,2

Consequently, from (3.84), we obtain

_uf <2

T With£=max(C;, L) (3.85)

1z
where
pr=max{pi,p3},  f*=max{fi,fo},
and
m* =max{mi,m3},  n*=max{n},n}},  F=max{l],}},
Thus, in accordance with (3.85), we obtain ||u€ — u| = O(e). a

Theorem 3.8 Suppose that the conditions of Theorem 2.5 hold. Let u(t), u®(t) be the solu-
tions, respectively, of problems (1.3) and

DY (pi(O)DP ™ + qi(0))ui(t) = fi(t, ua (8), ua(2)), te],i=1,2, (3.86)
with the boundary conditions
u(0)=0,  p(T)DPu,(T) + qi(T)ui(T) =0, (3.87)

where 0 <a; —€ <a; <1and 0 < B; — € < Bi < 1. Then ||u¢ — ul| = O(¢), for € sufficiently
small.

Proof Let u(t) and u“(t) be the solutions of (1.3) and (3.86)—(3.87), respectively. Hence, by
the above theorems, we can obtain the following results. Let

€ (1_/31'_ ) aj—€[ re i—€ 1 a;j—€[ g€
ui(t):m(lT [el-m)+ 1 [ZI’L Di]]

oj—€ i—€ 1 i—€ i .
] x 1 [;]—If‘ I:I%uf}, teli=1,2. (3.89)

4 l

be the solution of (3.86)—(3.87).
On the one hand, from (3.8) and (3.88)

_ (1_,31‘_6) aj—€[re] (l_ﬂl) oy
=136 op©" 1 BT

1 |1
Iﬁl—€|:_I(:l~—€ iE :|—I'B’|:—I(:i ]i”
] - [ R

| () — wi(2) |

+
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Similar to the above, we can obtain

(1-Bi- (-8

(/31—6)17; [f;] B(ﬂt)l”l(o) T[f ‘
(1- ﬁz

) (ﬂ,—e)p kel

’ (B(ﬁi “op0)  BB)pi0)

(l—ﬁi—é) (1-5)

Analogously, we have

+

i [

[

I1

:1’?!6[_

P

oj—€ i—€ 1 @ i 1

I[1] x If [E}—IT[l]xlf [E}

]
i

Taking similar procedures to (3.74) to (3.89), we obtain

qi
bi

:| x 177
i

i—€ 1 o— i 1 a;
0] e

|

p
el 1
X If‘ €|:—
pi

. |1
i Bi
Jomae ]

I Al

:Ifi_ [ ‘u —u,|]+
Pi

|us () — wi(t)| < pimai (O —fi] + pmai©)Ifil

+ 05 G b, ()| — wi| + piq;eni()|uil,

where

and

mai(t) = <(1_¢

nyi(t) = (

Li(t) =

=171,

(1_ﬁi_6)_(1_:3i)) Ia,-—e 1 _Iot,-l
B(Bi—¢)  B() 1 - )
+ e )] - ] + 1) < 1)

B(p;

) e
)

es,(t) = 1) [1] - 1/ [1].

—€ i—€ 1 o i 1
sl [t ]
Iﬁz—€|:ql e] Iﬂl[ql ] .

Pi Di

i [

yﬁ*M—lew.

ql] Iﬁl |:qli|
= |- =
bi Di

i=1,2,

! 71
1‘;"‘6[—1‘;!‘6 1 ] —If‘[—l‘ji 1 ]‘ 1,
» (1] P (1] | |Ifil

T+ 1] + B x 1‘;1"[1]>,

-17[1] x

|24l

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

Page 20 of 30
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From (3.94) with (3.15), we have

pimi(Ofil + piq;exi(t)
— pE @y (OM; + gl i(2))

with 0 < p (2m2,l'(t)Mi + qflg,i(t)) <1 (3.98)

| (£) — wi(8)| < n

Similarly, it can be shown that

Kk %

Pi‘ni‘lllfllll +p;4q;¢;
-pfCmiM; + q;*lf)'

with 0 < pf (2mM; + q}1f) < 1, (3.99)

€
-] = - ,

where

m; = sup{|m2,i(t)| it e]}, n; = sup{|n2,i(t)| it e]},
l;“:sup{!lz,i(t)|:t€]}, i=1,2,

e = sup{|eg,i(t)| ot e]}.
Consequently, from (3.99), we obtain

€

_prlfl pae

1z with £ = max{Ly, L5}, (3.100)

[ = u]

where

pomlpipil @ emaxgharl S omax(ifbl e - max(ee),

m* = max{m},m}}, n* = max{nj,ns}, I* = max{l}, 1;}.
Thus, in accordance with (3.100), we obtain ||u¢ — u|| = O(¢). a

Theorem 3.9 Suppose that the conditions of Theorem 2.5 hold. Let u(t), u®(t) be the solu-
tions, respectively, of problems (1.3) and

D?i[(pi(r)Dfi_f + qi(t))ui(r)] =fi(t, ul(t),uz(t)), tel,i=1,2, (3.101)
with the boundary conditions

w(0)=0,  p(T)DFu) + q(T)ui(T) =0, (3.102)
where 0 < 8; — € < 8; < 1. Then ||u® — u|| = O(€), for € sufficiently small.

Proof By the above theorems, we can obtain the following results. Let

€1\ _ (I-Bi—¢€) Qi re Bi—e iai €
i (t) = B(ﬁi—f)Pi(O)IT[ﬁ J+L |:Pilt Ui ]]

o i—€ 1 i—€ i .
~I7[f] < 1 [f]—lf’ [Zue} teli=12, (3.103)

1 L

be the solution of (3.101)—(3.102).
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On the one hand, from (3.8) and (3.103)

(1-Bi-¢€) [ fe 1-8) airg
56— U BEpo) l]‘

Bi— ;[ re Bi a;
oG- e
) : 1 1
+ Iaz f X Ilng[_:| _Ial[f] Iﬂz|: ]’
) <[ L] -2
+ Ifi |:q’u ] Ifi[@ul}
bi bi

(1 ﬂz‘e) oz,[ e] (1 ,31) Dll
(ﬁz—f)Pz O) g B(,Bz)Pz(O) T

__(1=pi=€) ( (L-Bi-¢) (1—,3i)>at |
B(B; — €)pi(0) 1[I £l + BB —)pi(0)  B(B)pi0) LA |fi]. (3.105)

| (£) — wi(t)| = ‘

, (3.104)

In a similar manner, we can get

. 1 ;
Itﬁl_g[ I(:L ] - Iﬁl[ Il;’ ! ]
Di U ] Pi 2
_ Ifi_e[il(:i[ ié _ﬁ]] + Ifi*[l[‘:i—s[l]] —Ifi[llgi[l]]
bi bi bi
;[ re i—€ 1 o i 1
i[5 ]
. 1 . . 1 1
:1'3!‘5[—} 1P| -fi]+ 10 (1‘3"6[ ] Iﬁ’[ ])
7 X T[]V f|+ 7 [1] x i 7

12

ol
yZi Di

£l (3.106)

Ifil, (3.107)

—1f [ql us —ul|:| |1fe [q’} Iﬂ'[q X [uti]. (3.108)
Di Pi Di
Moreover, we have by (3.104)—(3.108)
|us () — wi®)| < prms O |f —fi| + pins (O]
+pigils(t ’uf (t) - u,-(t)| +p:‘q2‘egy,’(t)|ui(t)|, i=1,2, (3.109)
where
msi(t) = <%I°}i[l] I ] + U x 1?'[1]), (3.110)
) _ (1 _,Bi _6) (1 ﬁl a, Bi—€ a,—e _1bi 01,
(S-St
+[1901] (If"*[l]—lfl[l])l, (3.111)
L) =111,  es0) = [P -1[1]]. (3.112)
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Thus, from (3.109) with (3.15), we get

pinsi Ol + piq;esit)
2pims()M; + piqils (1))

| (8) — wi(2)| < - i=1,2. (3.113)

Consequently, we obtain

prrrllfil +prge”
1-L

with 0 < £; = p} (2m;‘M,- +qi1") <1, L =max{L;, L5},

s =l =

(3.114)
pr=max{plp;}, ¢ =max{qiq},  f*=max{f.f},
e = max{e;l,e;Q}, n = max{ng'l,n;z}.
Thus, in accordance with (3.114) we obtain ||u€ — u| = O(e). (]
3.5.2 The dependence on parameters of the right-hand side of (3.8)
D (pi(£)DP + q;(2)) ui(2)
= fi(t, ur (), uz(t)) + €gi(t, 1 (), ua(2)), t€],i=1,2, (3.115)
w(0)=0,  p(T)DY[w]+q(T)u(T)=0, i=1,2. (3.116)

Theorem 3.10 Assume that the hypotheses in Theorem 2.5 hold. Let u(t), u(t) be the so-
lutions, respectively, of problems (1.3) and

D (p()DPi +qi(0)ui(t) = fi(t, ur (), un () +egi (6, ma (), ua(2)),  te],i=1,2, (3.117)

with boundary conditions (1.3), where 1 < o; < 2 and (gf)(¢) := gi(t, u$(2), us(2)), t € (0, T).
Then ||u¢ — ul| = O(¢).

Proof In accordance with Lemma 3.2, we have

€ (l_ﬁl) i [ re € ; 1 ;[ £€ €
ui(t):Wp(O)IT[ﬁ +egi]+I}9 (;jl;[fi +egi])

o |1 | i
et |1f 2], G118

i i

|oas () — ()|

l—i o [ re € o ilat-e ¢ i]‘a-
= 7]3((&)5(3) (IT’[fi +€g,»]—IT 1) + <If [;jl,l[fi +egl.]i| —If [;i[rz[ﬁ.]D

(gt ] 1] X I L}]

i

- (I’f" [guf] -~ L%MD TeJ, (3.119)

7[5+ eg 1 -5 UA1| = X7 [ - fil] + X7 [lgf] ] (3.120)
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Similarly, it can be shown that

el i
0 el )| vetf | aefi ]
0 +eg] -t < 0 ] - @1

L f] - exes)) < Ifl'|:
1
I’?i [@uf] - Ifi [@ul}
Di Di

Rewriting (3.119) as

)

1]1

Di

i

bi Itﬂi [

€
U; —Mi|].

|4 () — ui(0)| < Py mai@)|f —fi] + P} qf 1ai(©) | — ;| + pidai(t)|gf

where

(1-58)
B(8)

dy(t) = e(;l‘;‘m + 1% ] + 1) x I’f”[l]),

i

0]+ (0] 10 < 1,

ma(t) =

(1) = 111,
Hence, from (3.124) with (3.15), we have

)’ - Pida(t)g]
T 1-prma;(OM; + g la(8)

i

|4 (£) — wi(t i=1,2,

again from (3.128), one has

”ue_u” Sp ‘li_mi Il

with 0 < £; = p (2m;M; + ;") <1, L =max{Ly, Lo},
p"=max{p},p;}, d* = max{d;,,€,},

m* = max{mdz,l,miz}, g = max{gi",g;}.
Then we have d* — 0 as € —> 0, implies || u — u|| = O(¢) as desired.

3.5.3 The dependence on parameters of initial conditions of (1.3)

(3.121)

(3.122)

(3.123)

, i=1,2, (3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

The following theorem investigates the continuous dependence of the solutions of system

(1.3) on the initial value and the functions f;. For this purpose, we introduce small changes

in the initial conditions of (1.3) and consider (1.3-a) with boundary conditions

u;(0) =0, pi(T)D’Siu,»(T+e) +qi(T + €)u (T +€) =0.

(3.130)

Theorem 3.11 Assume the conditions of Theorem 2.5 hold. Let u(t), u(t) be respective
solutions of problems (1.3) and the boundary conditions (1.3-a)— (3.114). Then ||u‘ — ul| =

O(e).
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Proof Let u(t) = (u1(2), uz(t)) and uf(£) = (ug(2), u5(t)) be the solutions of (1.3) and (1.3-a)—
(3.114), respectively. Hence

€ _ (l_ﬁi) € l_aie Bi l“i €
40~ gt (U1 g @)+ (1¢10)

1 ) .
Bi pi| 4i
T+e[ ze] x I |:p_] - It |:;%i| (3.131)

i i

Now we derive from (3.8) and (3.131) that

|14 (£) — wi(0)| = ) ( 5] -1 (0) —ﬁ(O)!>

ﬂl )p(0)

o
; Iff[—v:f[ ]] —Iff[ilffw}
Di Pi
11 ) 11
ﬂl (% :Bl
|, |-t

- If‘i[ql } If"[q’ ] (3.132)
Di Pi
TR STATE) S TARS A [ SRS S8l /A (3.133)
Similarly to the above argument, we can also obtain
o el e = et - (.13
o € i o i 1
el
=; (05 [ = A]] + 1 0 = X []16]) x ), (3.135)
Ifi[q’ 6] Iﬂl[ql } = BN | - ] (3.136)
Di Di Pi
From (3.132)—(3.136), we derive that
| (6) — wi@)| < pims @[S = fil] + pinsiOUfi] + b} q) 1s,:(0) |, — i
+pjes(t), i=12, (3.137)
where
ms,i(t) = ];(lﬂ:)f("()))( 15, (1] + |191] 1‘3’[1]+(|IT“ 1)) xlff[l]),
(0= G (1 ) (0 - 1),

Ls, () = |11,

CA=-B)( 1-o
eit) = g (_ B /1 © —ﬁ”")'
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Combining (3.15) with (3.137), we have

|4 (8) — ui(2)| = p} (2msi(O0M; + g 15,1(0)) |5 () — wi(0)| + P} s (D) i
+p;'k65,i(t)¢ i=12, (3.138)

pinsi@fi| + pjesi(t) .
u; (t) — ui(t)| = - — , i=12 (3.139)
| | 1 - p; Q2ms  (OM; + g} 15,:(t))

Taking the maximum on both sides of the inequality (3.139), the following can be obtained:

_ POl + €)
)

< i=1,2, (3.140)
1-1;

45 — i
L; = pf (2mM; + g} I}). (3.141)

From the inequality (3.140) we have

prlIfil +e)
e _y| L Wlire) 3.142
[ —ul === (3.142)
where
L =max{Ly, L3}, m* = max{m}, m}},
(3.143)
n* =max{n},ns},  I*=max{}, 5}
Then we have n*||f ||| + e* —> 0 as € —> 0, implies || u® — u|| = O(¢) as desired. O

3.6 Examples

In this subsection, we will give examples to illustrate our main result.

Example 3.12 Let us first consider system (1.3) with

1/6
1+ |ur ()] + lua(2)]

St uy, uy) = and  fo(t, u1,up) = 1_56 (sinu1(2) + cos uy (£)) + ua ().

It is easy to see that the function f; satisfies condition (Hj).

From system (1.3) we take a; = 3/5, B = 2/3 and ay = 2/5, Ba = 3/4, p1 = 32 + 1/8,
q1 =t —1,py =t + 1/9, g5 = t3/1° — 1. By using the Maple program, we can find that

0<pi (M +qiyis) <1 iff 0.0465< T <5.2691,

0<py(2Mous + gsyis,) <1 iff 0< T <2.2268.

We see that Ty = 0.0465 < T < Thax = 2.2268, and all the conditions of Theorem 3.4
are satisfied. Thus, the coupled system (1.3) has at least one solution. For example, when
T € {Tomin, 1,2, 2.2260, T}, we have
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T n n

0.0465  0.023148 0.047611
1 0.105130 0.283450
2 0.234970 2493400

22260  0.276200 644.8100
22268  0.276370  4850.400

Then r > max{ry, .} = 4850.400. In this way, we have actually shown that the coupled
system (1.3) has at least one solution and the solution lies in

2 = {(u1,u2) € X : || (w1, u2) | < 4850.400}.

Example 3.13 Consider problem (1.3), with

1/6 1
TEAPATTIPADT and fo(t,uy,up) = a(sm u1(t) + cos ul(t)) + us(t).

fl(t: u, MZ) =

From system (1.3) we take ; = 3/5, 81 = 2/3and ay = 2/5, By = 3/4, p1 = t>2+1/8,4, = 0,
P2 = lr Q2 = %;

It is easy to see that the function f; satisfies condition (H;). Set T = 2, we can find
that

My=1/6, pi=1/8, ¢ =0,

wi=71531,  a;=1/6, nt=3.3522x1072,

1
M, =1/32, py=1, qé:;,
* 1 *
Wi=62079, ay=—,  n}=0.13937,

64

the assumptions of Theorem 3.4 are satisfied with
r > max{r;, r;} = max{0.26005,0.68882} = 0.68882.

Further, we see that (3.8) holds.

Example 3.14 Consider problem (1.3), with

t £

filt,ur,u) = 3 + 3 sin|u1(t){ + - cos{uz(t) , N; =718/105,
1 2 t*

folt,ur,u) = 2 + 2 sm|u1(t){ + 3 cos{uz(t) , N, =25/6.

For system (1.3) we take a; = 3/5, By = 2/3 and ay = 2/5, By = 3/4, p1 = 32 + 1/8, q; =
27— 1,py =P +1/7, gy =310 - 1.

It is easy to see that the function f; satisfies condition (A;). Set T' = 2, we can find that

pi=8  q;=021, ui=71531, =0,  yj, =2.826,
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py=17, q5 =0.23, w15 =6.2079, n2 = 0.78047, V;fiz =2.9001.

On the other hand, we have

INT + SNy +
=T 55833 and r = 2212 _99453;
1-4q1p1vsp, 1-q3p5758,

the assumptions of Theorem 3.5 are satisfied with r > 52.833.

Example 3.15 For system (1.3) we take a; = 3/5, f1 = 2/3 and ay = 2/5, B = 3/4, p1 =
2 +1/8,q1=0,p2=1, 2 = 3, with

1/6
L+ |u(8)] + lua(8)]

1 .
Silt,u,uz) = Lot ur,uz) = o (sinzey () + cos uy () + ua(2),
pi=1/8, 4qf=0, My=1/6, pi=7.1531,

. My=1/32,  u}=6.2079.

N =

=1  q=

Then, by the use of Theorem 3.6, we have

7 _ (Pionu + diviy,) LM,y _ (014902 0.19400)
prwiM, PisM + qivis))  \0.14902  0.46285

Here, te characteristic polynomial is A% — 0.61187A + 4.0064 x 1072, the spectral radius
,0(’;‘:[,) =0.53731 < 1. Therefore, the matrix H,, converges to zero, and hence the solutions
of (1.3) are Hyers—Ulam stable by using Theorem 2.4.

4 Conclusions

The theory of fractional operators with nonsingular kernels is new and we need to study
the qualitative properties of differential equations involving such operators. This paper is
different from the ones presented in the previous literature and shows that it is possible
to extend the analysis of the coupled system with the Sturm—-Liouville problems and the
nonlinear Langevin equation to the concepts of fractional differentiation, using the newly
introduced notion of the ABC-fractional derivative with nonlocal and nonsingular ker-
nel. ABC-fractional operators were therefore used in this work to present some results
dealing with the existence and uniqueness of solutions for the coupled system. As a first
step, the coupled system is transformed to a fixed point problem by applying the tools
of ABC-fractional calculus. Based on this, the existence results are established by means
of Krasnoselskii’s fixed point theorem and Banach’s contraction principle. The paper also
presented a discussion of the Ulam—Hyers stability of the solution of the proposed prob-
lem. We also analyzed the continuous dependence of solutions as regards the right-hand
side of the equations, initial value condition and the fractional order for the coupled sys-
tem. We conclude that such a method is very powerful, effectual and suitable for the so-
lution of coupled systems. The concerned theory has been enriched by providing suitable

examples.
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