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sense of conformable derivative. We introduce the fundamental (G'/G)-expansion

method and its extension, namely the two-variable (G'/G, 1/G)-expansion method, to
establish general solutions, some typical wave solutions existing in the literature, and
some new and compatible soliton solutions comprised with certain parameters. For
the definite values of these parameters, we derive and show in figures the
well-known kink, singular kink, bell-shape soliton, periodic soliton, cuspon, and so on.
The obtained solutions affirm that the introduced methods are reliable and efficient
techniques to examine a wide variety of nonlinear fractional systems in the sense
conformable derivative.
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1 Introduction

Although the concept of fractional derivative is as old as that of the classical one, its ad-
vancement is not so old. Though relatively new, its use is increasing day by day due to its
advantages in modeling and widespread applications to real-world problems, and thus it
has generated much interest among researchers. There are many physical phenomena and
processes, such as anomalous diffusion processes in physics, chemistry, and biology, com-
plex diffusion process, diffusion in heterogeneous medium, diffusion processes in porous
medium, viscoelasticity, viscoelastic deformation, viscous fluid, groundwater investiga-
tions [1-3], and so on, which can be analyzed more accurately through fractional differen-
tial equations than through integer-order differential equations. Fractional differential and
integral operators have eliminated the drawback of classical integer-order difficulties con-
sidering their nonlocal characteristics [4—11]. There are different definitions of fractional
derivatives and integrals, such as variable-order fractional derivative, Riemann—Liouville
fractional derivative, Jumarie fractional derivative, Caputo fractional derivative, Weyl frac-
tional derivative, and so on. To describe anomalous diffusion phenomena, constant-order
fractional diffusion equations are introduced and have had great success. On the contrary,
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to characterize some complex diffusion processes, for instance, diffusion processes in het-
erogeneous medium [12] and diffusion processes in porous medium, if the medium struc-
ture or external field changes with time, then the variable-order fractional diffusion equa-
tions properly model the incidents [13]. The Riemann-Liouville and Jumarie derivatives
are recognized as a powerful modeling approach in the fields of viscoelasticity, viscoelastic
deformation, viscous fluid [14—16], anomalous diffusion [17], and so on. The problem in
groundwater investigation can be better analyzed by the Weyl fractional-order derivative
[18]. The Caputo-type fractional derivative [19] is useful in investigating numerical solu-
tions of a model equation. Therefore, in the recent years, fractional calculus has become
an emerging and interesting branch of applied mathematics and analysis.

Referring to mathematical models of the problems, the estimation of traveling wave
solutions of fractional nonlinear differential equations (FNDEs) helps us to better un-
derstand these phenomena. Therefore various mathematical approaches have been pro-
posed over the past few decades to extract soliton solutions to FNDEs, such as the aux-
iliary equation method [20], the exp-function method [21, 22], the simplest equation
method [23], the sine—cosine method [24], the first integral method [25, 26], the (G'/G)-
expansion method [27-29], the (G'/G, 1/G)-expansion method [30-32], the Kudryashov
method [33-35], the subequation method [36], the Jacobi elliptic equation method [37],
the Ricatti—Bernoulli sub-ODE method [38—40], and so on.

The exact traveling solutions to the coupled BB equation have been established in [41].
By using the Lie symmetry analysis Mhlanga and Khalique [42] described the traveling
wave solutions to the generalized coupled BB equation. The envelope soliton and pe-
riodic wave solutions have been studied by Ebadi et al. [43]. The coupled WBK equa-
tions are examined by other researchers using different analytical and numerical meth-
ods, such as the exp-function method [44], the Adomian decomposition method [45],
the (G'/G?)-expansion method [46], the hyperbolic function method [47], the Lie sym-
metry analysis [48], the differential transformation method [49], the homotopy analysis
method [50], and so on. Recently, Amjad et al. [51] used the result of a standard order
coupled fractional-order Whitham—Broer—Kaup equation by the Laplace decomposition
method. To the best of our knowledge, the coupled Boussinesq—Burger and Whitham—
Broer—Kaup nonlinear fractional differential equations have not been examined through
the (G'/G)-expansion method [52] and the (G'/G, 1/G)-expansion method [53]. There-
fore, motivated by the studies mentioned, the objective of our study is to extract general
solutions, some classical wave solutions, and some compatible soliton solutions entangled
with parameters to the equations mentioned. When we set definite values of the param-
eters, bell-shape soliton, kink, periodic, and other solitary wave solutions are originated
from the broad-ranging general solution.

The rest of the paper is arranged as follows: In Sect. 2, we present the properties of
the conformable derivative. In Sect. 3, we present the basic idea of the (G'/G)-expansion
method. In Sect. 4, we give the algorithm of the (G'/G, 1/G)-expansion method. In Sect. 5,
we implement the methods to extract soliton solutions to the coupled BB and coupled
WBK systems of time-fractional order. In Sect. 6, we provide a physical explanation and

graphs of the solutions. In Sect. 7, we present conclusions.
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2 The conformable derivative and some its properties
The conformable derivative of a function g of order « is defined as [54—57]

T.@(0 = lim w, t>0,0€(0,1), @2.1)

where g:[0,00) > R, t >0, and « € (0, 1).
Letwx € (0,1),and let g, f be a-differentiable at the point £. Then T, satisfies the following

important properties:

Tylag + bf) =aTy,(g) + bT,(f), a,beR; (2.2)
T, (t”“) =utt™, pner; (2.3)
T.(gof)(2) = £ (g (F (1)); (2.4)
To(gf)(t) = gTa(f) + fTa(9); (2.5)
T, (}5) (t) JM. (2.6)

L . ) —ad
If g is a differentiable function, then T, (g)(¢) = £'"*55(¢).

3 The algorithm of the (G'/G)-expansion method for FNDEs
Consider an FNDE of the form

F(v,D{v,D{D}v,...)=0, O<a<l, (3.1)

where F is a polynomial of v and fractional partial derivatives of s, and v = v(x,¢) is an
unidentified function to be computed.
By using the wave transformation

o

)= V(E), ¢ =kx- w%, (3.2)

where w is the wave velocity, and k is the wave number, both nonzero constants, the FNDE
(3.1) can be rewritten as the following ordinary differential equation (ODE):

P(Vd—VdZ—V >—o (3.3)
@) .

Assume that Eq. (3.3) has the formal solution

Y GOY
V(;) = ai( > y O 7'/0, (3'4‘)
Zo G() Y

where ¢; (i =0,1,...,N) are constants, and the function G(¢) satisfies the auxiliary equa-

tion

G'(¢) +AG(¢) + nG(g) = 0. (3.5)
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The constant N in Eq. (3.4) can be determined by balancing the highest-order derivatives
and nonlinear terms turn up in Eq. (3.3). Substituting solution (3.4) into (3.3), using (3.5),
summing up all terms of the same order of (G'/G), and setting the coefficients to zero yield
a system of algebraic equations for o; (i =0,1,...,N), k, w, A, and u. We obtain the values
of constants «; (i=0,1,...,N), k, w, A, and u by unraveling this system, and substituting
these constants and the general solutions of (3.5) into solution (3.4), we attain adequate
travelling wave solutions to the FNDE (3.1).

4 Description of the (G'/G, 1/G)-expansion method for FNDEs
In this section, we interpret the (G'/G, 1/G)-expansion method as follows [53]. For the

auxiliary differential equation

G'(¢) +AG(¢) =, (4.1)
we set
e 1 2)
¢ - E’ I// - 67 "

Thus from (4.1) and (4.2) we can derive

¢ =-¢*+uy-r Y =-¢y. (4.3)

The solutions of Eq. (4.1) are subject to the following three cases.
Case I: If A < 0, then the formal solution of Eq. (4.1) is

G(¢) =A sinh(ﬂ() + A, cosh(ﬂg) + /A, (4.4)

and the corresponding relation is

wzz_)\‘(w>’ (45)

220 + u?

where o = A% —A%.

Case 2: If A > 0, then the standard solution of Eq. (4.1) is
G(¢) = Ay sin(v/AZ) + Ay cos(VAL) + /. (4.6)

Thus the relation between ¢ and  is

=21 + A
v =A(w), (4.7)

where o = A? + A3.
Case 3: If A = 0, then the typical solution of Eq. (4.1) is
_K

G(¢) = 2;2 +A1¢ + A, (4.8)
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and the relations between ¢ and ¢ is

i

; 4.9
A3 - 2uA, 49)

wQ
where A;, A, are integral constants.
The major steps of the (G'/G, 1/G)-expansion method are described as follows.
Step 1: We assume that Eq. (3.3) has the general solution

s s
V(E) =) aid'+ ) pid Y, (4.10)
i=0 i=1
where G is the solution of the auxiliary Eq. (4.1),«; (i =0,1,...,5), B (i=1,2,...,S), u, and
A are constants, and S in solution (4.10) can be determined by the balancing theory from
Eq. (3.3).

Step 2: Substituting (4.10) into (3.3) with (4.3) and (4.5), we obtain a polynomial in v
and ¢, where the degree of i is not greater than one. Setting all coefficients of the poly-
nomial to zero yields a set of algebraic equations, which can be solved with the help of
Maple software package, and substituting the values of k, w, 1, A, «;, B; into (4.10), we get
analytical exact solutions to Eq. (3.3) expressed by the hyperbolic function.

Step 3: Substituting (4.10) into (3.3) with (4.3) and (4.7) (or (4.3) and (4.9)), we get exact
solutions to Eq. (3.1) expressed by trigonometric or rational functions, respectively.

5 Extraction of soliton solutions
In this section, we extract the traveling wave, including periodic, kink, bell-shape soli-
ton, and so on wave solutions to the following fractional systems utilizing the methods
described in Sects. 3 and 4.

First, we consider the model based on the nonlinear time fractional coupled BB equa-
tions [58, 59]:

" 1

Diu - va + 2uu, =0,

t>0, O<ac<l, (5.1)
" 1

Div- Euxm +2(uv), =0,

where u(x, t) represents the horizontal velocity field, and v(x, ) indicates the water surface
height above a horizontal level from the bottom.

Second, we consider a model based on the nonlinear time fractional coupled WBK equa-
tions [49]:

DYu + Uty + Vy + Cliyy = 0,
t>0, O<a<l, (5.2)
Div+ (uv)y + Dty — CVyx = 0,

where the constants b and ¢ represent the coefficients of diffusion and dissipation, respec-

tively, u(x, t) represents the horizontal field of horizontal velocity, and v(x, t) indicates the
height of deviation from the liquid equilibrium position.
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5.1 The time-fractional coupled BB equations
For the time-fractional coupled BB equations, we put the wave transformation

ulx,t) = U(g), v(x,t) = V(¢),

tot
f=x—-—w—.
o

(5.3)

We will take the advantage of fractional wave transformation to turn system (5.1) into
the ODEs:

1
wl' + EV’—ZUU’ =0,

(5.4)
! 1 ///
wV' + = 2 -2Uvy =
By integrating we obtain
1 2
wlU + EV_U +c¢1 =0,
(5.5)

1
wV + 5Ll”—2L[V+cz:0,

where ¢; and ¢, are integrating constants.
Balancing between V' and U? U, and UV in (5.5), we find N; =1 and N, = 2.
Therefore the formal solutions of (5.5) can be presented by a polynomial in (G'/G):

U(§)=a0+a1(G//G), o #O,

(5.6)
V(£) = Bo + B1(GIG) + B2 (G1G)*, B #0.

Embedding (5.6) into (5.5) and applying the procedure stated in Sect. 3, we get the fol-
lowing result:

O{()=:F)\./4~+W/2, (X1=:Fl/2, ,3()=,LL/2, /31 =)»/2, ﬂ2=1/2,
(5.7)
c1=A216 — w?/4 — /4, ¢ =0,

where w is an arbitrary constant.

By means of the values assembled in (5.7) and the general solutions of (3.5), from solution
(5.6) we accomplish three types of solitary wave solutions to the coupled BB Eq. (5.1) as
follows.

Type I. When (A2 — 4u) > 0, we attain the hyperbolic function solutions of (5.1):

5.) w  JAZ—4du (31 cosh /A% — u + By sinh /A2 — >
ui(x,t)= — F
2 4 By sinh/A2 — 4§ + By cosh /A% —4u

(5.8)

5.0) (A2 —4p) [(Bl cosh/2% —4u + By sinh /A2 — 4pL2> 1i|
V1%, = )
8 B;sinh /A2 — 4u2 + Bycosh /A2 —

where { =x— w%. Solution (5.8) is the general hyperbolic type of the coupled BB equation,
from which different compact-form solutions can be extracted for definite values of the
integral constants.
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For By =0, B, #0, we get the squeezed bell-shape and kink-type solitary wave solutions
to the coupled BB Egs. (5.1):

VAZ -4
uy, (x,t) = w = Tﬂ tanh(\/k2 —4-/1%),

2

2_
vy, (%) = —()LS%M) sech? <\/)\2 - 4,u%).

(5.9

On the other hand, if we put B, = 0, By # 0, we gain singular solitary wave solutions of
(5.1):

VA2 -4
Uy, (x,t) = ld F TM coth(\/)u2 —4u%),

2

A2 -4
Vi, t) = (%gﬂ) csch2< A2 —4u%>.

(5.10)

Again, if we set By 70, B3 > B2, we accomplish the solitary wave solutions of (5.1):

VAZ -4
Ui, (x,t) = w ¥ TM tanh({o +4/A2 —4/L%>,

2

2_
Vl3(x)t) = _M SeCh2<§0 + ‘/)\‘2 —4#%))

(5.11)

8

where ¢, = tanh™! g—;.
However, if we set B; #0, B > B2, we attain the singular solitary wave solutions of (5.1):

2

VA2 -4
uy, (%, t) = w T TM coth(g“o +4/A2 —4u%>,

(5.12)

2_
V14(x,t) = (}L%;L'u)cschz (;O + /A2 _4'#‘%);

where ¢, = tanh™! %.
Type II: When (A2 — 41) < 0, we derive the trigonometric function solutions of (5.1):

x,0) w \/4,u—)\2<—31 sin,/4u—k2% +Bzcos\/4,u—)\2%>
up(x,t) = — F ,
Blcos~/4u—k2% +stin‘/4u—)\2%

2 4
5.0) (4p - 22) |:1 (—31 siny/4u — 125 +Bzcos,/4u—kzg>2:|
Vo t) = ————= x |1+ .
8 Bycosy/4u — 325 + By sin \/4u — 125

Since B; and B; are integral constants; someone is able to accept their values sponta-

(5.13)

neously. Therefore, if we accept B; = 0, B, # 0, we attain the subsequent singular periodic
wave solutions to the nonlinear coupled Boussinesq—Burger equations:

Vap — A2
Uz, (%,8) = z F MTcot(\/m%)

2

42
vy, (%, ) = LSM csc? (mg)

(5.14)

Page 7 of 27
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Furthermore, if we accept B, = 0, B; # 0, then we determine the following singular pe-
riodic wave solutions to the nonlinear coupled BB equations:

w 4 — A2
U, (%, t) = 5 + Ltan(«&u—)ﬂ%),

4

2
i) = BEE) o2 (mg)

(5.15)
8

However, if B, # 0, B3 > B, then we obtain the singular periodic wave solutions of (5.1)
as follows:

4y — 22
Uy (%, 2) = > + o COt(CO ++/4u —AZ%)

2 4
2 (5.16)
4 — A
Vo, (o, £) = (Mfg) csc? (fo + m%),
where ¢y = tan™! %~
On the other hand, if B; #0, B? > B3, then we attain the periodic wave solutions of (5.1)
as follows:
422
Uy (%,0) = g - @ tan<§o - Vap —12%>,
2 (5.17)
4 — A
V24(x, t) = (Mfg) Sec2 ({O _ /4'/,L _ )\2%>,
where ¢ = tan~! %,
Type III: When (A2 — 4u) = 0, we ensure the subsequent rational function solutions of
(5.1):
w 1 32
us(x,8) = — F ———2
0= F B Bt
(5.18)

w0 1 B, 2
s t) == =—=— 1 »
3 2\ B, + By¢

wherein B; could be zero, but B, cannot be zero; otherwise, solution (5.18) would turn
into steady solution, which has no physical significance.

Now we use the two-variable (G'/G, 1/G)-expansion method to analyze the wave solu-
tions to the coupled BB equation. Accordingly, we look for the solutions in the form

U)=ag+a19 + b1y,

(5.19)
V(¢) = +onp + aad® + By + Podp ),

where ay, ay, by, o, a1, as, B1, and B are constants to be determined. As we mentioned
in Sect. 4, we have three cases.

Case 1: When A < 0, inserting (5.19) into (5.5), by (4.3), (4.4), and (4.5) system (5.5) turns
into a polynomial in ¥ and ¢. The coefficients of this equation yield a system of alge-
braic equations in ay, a1, b1, ao, 01, &2, B1, P2, W, A, 4, 0, &1, and &,. Solving the algebraic
equations via Maple software package, we obtain three different sets of results.

Page 8 of 27
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Result 1
1 2A30 — Au? A
ey D VY
2 4020 +4u? 4\ A20 + pu?

[ 220 + u?
a) = 0, bl =% —76 a ’
4

(5.20)
1130 +2au? 0 1 p 1 8,20
ap=-————, a; =0, =, ==, =0,
0=7 2o + 12 1 2=5 1 2M 2
2030 — pp? o A3 /-
w==%£ -4+ ———, G1=101, L=F .
4020 +4u 8(A2o + u?)/A2o + u?

From (4.4), (5.19), and (5.20) with (5.3) we derive the following hyperbolic function so-
lutions of (5.1):

35 _ 52 Z
m 0 = i%\/_%l * 322 + ZZZ i )l;fuz
1 ST
24/=A A; sinh «/—_kg“ + Ay cosh ﬁg’ + ,u/)»’ (5.21)
i d) = Ao +2au? ~ &( Aj cosh/=AZ + Ay sinh/=1A¢ )2
4220 +4u? 2\ A;sinh/=A¢ + Ay coshv/=AC + /A
1 iz
2 A, sinh/—A¢ + Ay coshn/—AC + puin

_ 2030 -Au? * _ 42 2
where ¢ =x F,/-4¢ + Wi @ and o = A7 — A3.

Inasmuch as A;, Ay, and p are free parameters, choosing A; = 0, u =0, and A, > 0, from

(5.21) we attain the following solitary wave solutions:

uy, (%, t) = :I:%(,/—él-é’l + % + i«/—_)»sech«/j§>,

A A
vy, (%) = 173 tanh? v/—-AZ.

(5.22)

Alternatively, choosing A; = 0, u = 0, and A; > 0, we attain the solitary wave solutions

Uy, (x,t) = i%(,/—élg“l + % + x/—_)»cschx/—_)»g“),

(5.23)
AoA
Vi, (x,t) = — — —coth® v —AZ.
4 2
Result 2
1 1 1/ Mo +u?
- +-/r—160, e S ,
ao 2 & a 2 1 2 .
1 1 1 1 A2o + u? (5.24)
= A, =0, =, =—u, =+ ) ,
@ =7 o =7 B s B2 2 .

1
w:i5 —A—161, ¢1=21, £ =0.



Al-Shawba et al. Advances in Difference Equations (2020) 2020:232

From (4.4), (5.19), and (5.24) with (5.3) we find the following hyperbolic function solu-
tions of (5.1):

1
Z/tz(x, t) = :I:Z\/ A= 16§1

V=A  Aijcosha/—A¢ + Aysinh+/—A¢
+
4 A;sinh/-A¢ + Ay cosh/=AL + u/h

n 1 VA2o + p?
4/=)\ Ay sinh/—A¢ + Ay cosha/—AE + ,u/)»’ (5.25)
A1 "

Voo, t) = — — =
2 4 4 A;sinh/—AL + Aycosh/—AE + /A

1 Ajcosh+/—A¢ + ApsinhA/—AL
4 (A sinh+/=AZ + Ay cosh /AL + ju/1)?

X [Al)L coshv =A¢ + AyAdsinhv/—AL F/A20 + ;ﬂ],

where ¢ =x F %«/—)\ -16¢ %
In particular, if weset A; = 0, u = 0,and A > 0 into (5.25), we attain the following solitary

wave solutions:

J
4

1
us, (x,t) = :l:z -1 -16¢; + [tanh v/ —A¢ £ isechv/—AZ],

(5.26)
vy, (%, £) = % - % tanh «/3{ [tanh «/3; + isech «/3{].

On the contrary, if we set A, =0, u =0, and A; > 0, we attain the solitary wave solu-

tions

U, (%, t) = :i:i -\ —16¢; + g[coth V=A¢ £ eschv/=Az],

(5.27)
AA
vy, (%, £) = 171 coth+/—A¢[cothv/ —A¢ F csch v/ —AZ].
Result 3
1/ Ao+ pu?
=+-/~r_16z, ==, bi=4—/- ,
agp 1 & @=-7 1 2 >
1 1
(X():—)u, 0(1—0, Oy = é_l-,
(5.28)

1
w:i5 —A—161, ¢1=21, £ =0.

Page 10 of 27
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From result 3 we gain other hyperbolic function solutions of (5.1):

1 V=-A A h+/—AC + Ay sinh /)
U, £) = £ S 16c. 162, 1 COS ¢ +Ajysin s
4 4 A;sinh+/—A¢ + Ay cosha/—AC + /A
n 1 VA2o + p?
4o/~ Ay sinh/—AC + Ay cosh /=L + /A
A1 M (5.29)
4 4 A;sinha/—AL + Aycosh/—AE + /A
1 Ajcosh/—A¢ + Ay sinh+/—A¢
4 (A sinha/—AC + Ay coshv/—A& + /)2
X [Alk coshv —A¢ + Aydsinhv/ =LA £/ A%0 + /,LZ],

v3(x, t)

where ¢ =x F %m%

Similarly, if the parameters take distinct values, then we deduce many other solitary
wave solutions, but for conciseness, here we do not document the other solutions.

Case 2 When A > 0, substituting (5.19) into (5.5) and using (4.3), (4.6), and (4.7), system
(5.5) can be expressed as a polynomial in ¢ and ¢. Vanishing all coefficients from this
polynomial, we obtain a system of algebraic equations, which can be solved by utilizing
Maple software package to get different results.

Result 1

1 2X30 + Ap? A
ag = +-— —4{1 + s + E )
2 4220 —4u? 4\ Ao —u?

(5.30)
1130 —2au? 0 1 p 1 £,-0
o - o =0, oy = —, =—=/U, =0,
0=7 2o — 2 1 2 5 1 2M 2
2030 + Au? o3 uvA
w==£ -4+ ——, G =4, H=7F .
\/ 4020 — 4u? 8(A\20 — u?)\/A20 — pu?

From (4.6), (5.19), and (5.30) with (5.3), we deduce the following trigonometric function
solutions of (5.1):

2 2

1 2030 + A2 p
\/—41+ g Mi% VA

,t) = +—
u1(x,t) FrEE— pEr—
1 VAo — u?
2V/A Ay sin/Ag + Ay cos VAL + ;L/A’ (5.31)
230 — 2au> A( Ay cos /AL — Ay sin/AL )2

vi(x, £) = + =
! 4720 —4p? 2\ Aysinv/AC + Ay cos VAL + /A
1 iz

- EAlsin\/xg + Ay cos VAL + ,u/)»’

_ 2030 +Au? ¢ _ A2 2
where ¢ =x F /-4 + Woa? @ and o = A7 + A;.
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In particular, by taking A; =0, u = 0, and A, > 0 in (5.31), we achieve the following

periodic wave solutions:

uy, (x,t) = il‘/—zL;l + & + ﬂ sec«/xg,
2 22 (5.32)

A A
vy, (%) = 1 + 3 tan® v/AZ,

whereas for A; =0, u =0, and A; > 0, we deduce the periodic wave solutions

uy, (%, t) = :I:l,/—4§1 + & + ﬂ CSC\/XC,
2 22 (5.33)

AA
Vi, (%, 8) = 1 + 5 cot> VAL,

Result 2
1 1 1 [A20 —p?
=+—/-A-167, =—, by =+- s
aop 4 & a; 2 1 2 5
1 1 1 1 [A20 —u? (5.34)
Z—)\,, =07 = =——MW, =£- )
Qo 4 o1 (2% 2 B 4M B2 2 3

1
w::tiw/—k—16§1, &1=201, & =0.

From (4.6), (5.19), and (5.34) with (5.3), we get the following trigonometric function

solutions of (5.1):

Q Ajcos ﬁg — Ay sin \/X;‘

—h-lehe 4 Ay sin/AL + Ay cos /AL + il
L %
4% Ay sin /AL + Ay cos AL + A
A1 " (5.35)

Vvo(x,8) = — — =
? 4 4 A sinV/AL + Aycos /AL + /A

1 A, cosﬁ;‘ —Azsinﬁg
4 (Ay sinv/AL + Ay cos /AL + ju/X)?
[

Ak cos VAL — Axhsin /AL £ /220 — /ﬂ],

+
x
where ¢ =x F %«/—k -16¢ %

In particular, if we set A; =0, i = 0, and A > 0 into (5.35), then we get the following

periodic wave solutions:

le(x:t):ii -\ —167; - %[tanﬁ{ :Fsecx/X§], ( )
5.36

vy, (%, ) = % + %tan Vg [tanv/Az Fsec VAL
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Moreover, if we set A =0, u =0, and A; > 0, then we find the periodic wave solutions

uzz(x,t)z:l:i\/—k—16§1+ g[cotx/)_»g‘:l:csc«/)_»é’], 5.37)
5.37

Vo, (X, 8) = % + %cotﬁ; [cotv/AL £ csev/AL].

Result 3

1 1 1 (220 —pu?
=t/ - 162, e il
aop a & a; 2 1 2 5
1 1 1 1 [A20 —u? (5.38)
=2h, -0, =2, - S Y e Amiimp ]
o 4 o o 2 B 4M Ba :F4 3

1
w::tiw/—k—16§1, &1 =201, & =0.

From result, we have other trigonometric function solutions of (5.1):

VA Ajcos ﬁg — Ay sin ﬁg

1
us(x,t) = t—/ -2 -165 — — -
4 Y74 A sin/AC + Ay cos AT + /A

! S~
4/} Ay sin/AL + Ay cos /AL + //L/)»’
_A 1 H (5.39)
4 4 A;sin /AL + Ay cos AL + /A
Ajcos \/)_@ — Ay sin «/X{
(A; sin /AL + Ay cos /AL + p/A)?

x [A1rcos vVA¢ = Asdsin/AL F /320 — 2],
where ¢ =x F %«/—k -16¢ %

Similarly, By taking special values of the parameters we deduce many other periodic

v3(x, £)

1
+_
4

wave solutions.

Case 3 When A = 0, substituting (5.19) into (5.5), by (4.3), (4.8), and (4.9) system (5.5)
can be exposed as a polynomial in ¥ and ¢. Equating each coefficient of this polynomial
to zero, we obtain a system of algebraic equations, which is analyzed by applying Maple
software package, and get the following results:

ap = ao, ay = 0, bl = ﬂ:% A% - 2A2/L, w= 2(1() F

_n
2/A22451"

_ 1l _ _1 - _1 -
W=—3plny =0 w=5  fi=—u =0 , (5.40)
t = —a WP tdagpa/A3-2450 L= it
0 8(4324p)  ’ 8(43-2420)/A3-24210

ag = ao, a = i, b ::I:i A —2A5u,
=0,  01=0, =3  Pr=—gu  Pr=%5/A] 24 ¢, (541)
w = 24, 0 = —aj, =0

ao = do, ay=-3, by = +1/A} - 245,
o =0, o1 =0, =1, B =—1ik B2 = F3AI - 245, - (5.42)
w=2a9, {=-ai, (=0
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In this case the rational function solutions to the coupled BB (5.1) are:

VAT 2451

,t = :t—j
ul(x ) %0 M§2+2A1C+2A2
X (5.43)
1w 1 ne +A; 3
Vl(x¢t):__ 2 +3 ) - 2 ’
4A7 =240 2\ 50+ AL+ Ay ne? +2A18 + 245
-y Y TR
where ¢ = x (2a0$2m)a,
we +Ar Al -24Ayu
Uy (x,t) = ag + ,
2182 +4A1E +4Ay T 2u8t + AALE +4A,
n
1) =— 44
va(x, t) 2M§2+4A1§ +4A, (5.44)
1 nE + A [ \/7
1 Ay |43 - 24001),
FAET AL Ay LM T ATEY AL T 2
where ¢ :x—2a0§;and
us(x, ) = ap — pe + Ay + A1 = 241
T T U v aA L+ 44y T 287+ AALC + 44y
Vs, £) = ® (5.45)

C2UC% +4ALL + 44,

1 e + A, [

- AL F /A2 =24 ]
+4(%§2+A1§+A2)2X K¢ + A1 F /A7 2

o
where { = x - 2ao%.

These solutions are generalized further and also contain extra free parameters. The defi-
nite values of these parameters yield some solutions available in the literature as particular
cases. This modification validates the achieved results.

5.2 The nonlinear time-fractional coupled WBK equations
In this section, we use transformation (5.3) to reduce system (5.2) into the following ODEs:

wld -Uuu' -v' —cl” =0,

(5.46)
wV' —(UV) -bU" +cV" =0.
Integrating Eq. (5.46), we get
1 2 4
wl--U"-V-cl +¢ =0,
2 (5.47)

wV UV -bU" +cV' + & =0.

By balancing theory, from V and U? and from U” and UV appearing in (5.47) we get
N =1 and S = 2. Therefore the formal solutions to Eq. (5.47) are of the following form:

U(§)=a0+a1(G//G), o #O,
2 (5.48)
V() = Bo+ Bi(G1G) + Bo(GIG)", B, #0.
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Substituting (5.48) into (5.47) and applying the same procedure discussed in Sect. 3, we
get the following results:

ag=FINCE+b+w, a1 = F2V 2 + b,
Bo :2u(:|:cx/62 +b-c2 —b), B1 = 2)»(:|:cx/c2 +b-c2 —b),

5.4
ﬂ2:2(qZCVC2+b—c2—b), w=w, (549)

51:%(k2—4u)(c2+b)—%w2, & =0.

By substituting (5.49) and general solutions of Eq. (3.5) into (5.48) with (5.3) we deduce
three types of solitary wave solutions of the coupled WBK Eq. (5.2).
Type I: When (A2 — 4u) > 0, we acquire the hyperbolic function solutions of (5.2):

Bj cosh /A2 —4/1% + B, sinh /A2 —4;1,%)
B sinh /A2 —4,u% + By cosh /A2 —4/1% ’

o (Feve2 +b-c*-b) (5.50)

[(Blcosh,/)\2 4,u + B, sinh /A2 — 4,u > 1]
By sinh /A2 —4ps £ + Bycosh /A2 — ’

ui(x,t)=w=F (A2 —ém)(c2 +b)(

vi(x, £) =

where ¢ =x — w%.
Here B; and B, are integral constants. Therefore we can randomly select their values.
Thus, if we select By = 0, B, # 0, then we accomplish the kink and bell-shape solitary wave

solutions of (5.2) of the form

up, (x%,8) =wF,/ (AZ - 4/L)(cz + b) tanh(x/)\2 - 4M%>:

(5.51)
K (:I:cv +b+c+ b) sech? (\/)\2 - 4@%).

vi, (%, t) =

Moreover, if we select B, = 0, By # 0, then we obtain the singular solitary wave solutions
of (5.2):

U, (%) =wF,/ ()\2 - 4/1,)(C2 + b) coth(«)\2 - 4u%>,

(5.52)
— M(:':Csz +b—c? —b)csch2< A2 —4u%).

Vi, (X, t) =
In addition, if we select B, #0, B3 > B?, then we get the solitary wave solutions of (5.2):
(%) = wF /(A2 = 4u) (c* + b) tanh(;o + m%),
T (:I:c«/m+ & +b) sech2<§0 + m%),

(5.53)

Vis (xr t) =

where ¢ = tanh‘1 B
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However, if we select By # 0, B? > B3, then we carry out the solitary wave solutions of
(5.2):

U, (x%,8) =wF,/ (AZ —4/L)(02 + b) coth({o ++/A2 —4u%),

(5.54)
22 -4
vy, (%, £) = 5 o (:|:c«/c2 +b-c* - b) csch2<§0 +4/A2 —4M%),

1B
where ¢y = tanh ™ B—f.

Type II. When (1% —441) < 0, we get trigonometric function solutions of (5.2) of the form

—Bj sin/4u —A2% + By cos /4 —k2%>
B cos/4u —)»2% + By sin /4 —AZ% '

4y — 22 )
vy, t) = 5 (Feve2+b-c* - b) (5.55)

) [(_Bl sin e — 5 +BzcosJW%)2 " 1]
Bjcos /4 — 225 + Bysin/4u — 225

uy(x,t) =wF (4-pc - AZ) (c2 + b)(

We might accept B; = 0, B #0, Since B; and B, are integral constants, we find the

following periodic wave solutions of (5.2):

Uz, (%, 8) = wF [ (4p — A2) (¢ + b) cot<\/4u - ){L’%),

(5.56)
52
Vo, (%, 8) = 4M2 & (Feve? +b—c* - b)csc® (*/4M _p%)_

In addition, if we put B; = 0, B; # 0, then we find the following the periodic wave solu-
tions of (5.2):

e 50) = (= 2) @ + (Vi =37 ),

5 (5.57)

Vo, (x,2) = 4M;k (Feve2 +b-c* - b) secz<\/4u —A2%>.

Besides, if we set B # 0, B% > B%, then we achieve the following periodic wave solutions
of (5.2):

tay (x,8) = wF /(4 — A2) (2 + b) cot<;0 +/4u - A2%>,

(5.58)
52
* (Feve? +b—c* - b)csc? <§0 + m%),

Va3 (xr t) =

1B

where ¢ = tan™ B
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Additionally, if we set By # 0, B? > B3, then we achieve the periodic wave solutions of
(5.2):

Ur,(x,8) = wF |/ (41 = 2%) (c? + b) tan(;o - \/zm—ﬂ%),

(5.59)
52
Vo, (x,8) = 4M2 A (Feve +b-c* - b) secz(go —V4u - AZ%),

15
By*
Type III: When (A2 — 4u) = 0, we find the following rational function solutions of (5.2):

where ¢y = tan™

2By +b
S T Y
1+ By
. ) (5.60)
V3(x; t) = 2(:FCV 2+b- C2 - b) (BI+72BZ§> .

Now we examine the coupled WBK equations by means of the (G'/G, 1/G)-expansion
method. For the balance number attained in the earlier section for this equation, the shape
of the solution is of the form

U)=ao+a1¢ + by,

(5.61)
V(¢) = o +anp + ad” + By + Podpyr,

where ay, ai, b1, o, o1, &z, B1, and B, are constants to be determined. Now we take into
account the following three cases.

Case 1: When X < 0, inserting (5.61) into (5.47), by (4.3)—(4.5) system (5.47) will be trans-
figured to a polynomial in ¥ and ¢. A system of algebraic equations can be obtained by
equalizing the coefficients of this polynomial for the unknown ay, ai, b1, @, o1, &2, B1, B2,
w, A, 4, 0, &1, and &. Solving the algebraic equations via Maple software package, we get
three different sets of solution.

Result 1

b2
a=w, a=0, bi=b, a=--, =0,

4o

b2 4c*ho + b?
=1 =0, = byc, h=-——"" "1 (5.62)
“= e P Pr=bc 4o
20w* + b?
w=w, u=0, HH=-—"—", & =0.
4o

From (4.4), (5.61), and (5.62), with the help of (5.3), we deduce the following hyperbolic
function solutions of (5.2):

by
Ajsinha/=A¢ + Ay cosh/=A¢ ’
b?  Aibycosh/=A¢ + Ayby sinh/—-A¢
40 (A;sinha/—A¢ + Ajcosh/—A)?

X I:f_l(Al cosh~/=A¢ + Ay sinhv/—AZ) — cﬂ],
o

ur(x,t) =w+

Vi, t) = (5.63)

- ©“ — A2 _ A2
where { =x —w% and 0 = A} - Aj.
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In particular, by taking A; = 0 and A, # 0 in (5.63), we attain the following solitary wave

solution:

b
uy, () =w+ A—l sechv/-\¢,
2

(5.64)
b b b
vy, (x,t) = ——12 + =L tanh v/ -\ —L tanh v/ —AL + ¢V —Asechv/—AC |.
442 " A, 24,
When A; = 0 and A; # 0, we obtain the previously mentioned wave solutions
by
U, (x,t) =w+ i cschv—-A¢,
1
» b b (5.65)
vi, (%, £) = El% - A_11 coth~/=AL [Ell cothv/ AL —cvV -\ cschV—)Lg“].
Result 2
A2 2
ap=w, a) = ay, b =iﬂ1\/—%+u,
g = —ﬂl)\,(ﬂl — C), o =0, 0y = —ﬂl(ﬂl - C):
(5.66)
Ao+ u?
Pr=aiplar~c),  Pr=Fai(ar-c)\/-——,
2 2 Lo s 2
b=aj-c, w=w, {1:—E(w +Aay), £y =0.

From (4.4), (5.61), and (5.66) with (5.3) we find the following hyperbolic function solu-
tions of (5.2):

ay
Ajqsinha/=A¢ + Ay cosha/=AE + /A
. VA2o + u?
X [A1vV =Acoshv/=A¢ + Agv/ —Asinh/ A + ————— |,
Vv =A
ajpula; —c) (5.67)
Aqsinha/=A¢ + Ay cosh/—AC + /A
. ai(a; — c)(A; cosh/—AL + Ay sinh/—AL)
(Ay sinha/=AC + Ay cosha/=As + u/A)?
X [Al)\ coshv/=A¢ + Axdsinh /AL F+/A2%0 + /,Lz],

ur(x, ) = w+

va(x, t) = —a1A(ar —c) +

©
—.

In particular, if we substitute A; =0, 4 =0, and A, > 0 into (5.67), we get the following

where ¢ =x—w
wave solutions:

U, (x,t) =w+ a1v/—A[tanh «/3; + isech «/3;],

(5.68)
Vo, (%, 8) = —a1A(a; — ¢) + a1 M(a; — c)tanh ﬂ; [tanh ﬂ; +isech ﬂ{].
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On the other hand, if we introduce A; = 0, u = 0, and A; > 0, then we get the following

wave solutions:

U, (x,8) =W+ a;v/—(coth «/3{ =+ csch \/Ig“),

(5.69)
Vo, (%, 8) = —a1M(ay — ¢) + a1A(a; — ¢) coth+/—A¢ (coth~/—A¢ £ csch v/ —-AZ).
Result 3
2(ag — w)(A2o + u?)
ap = do, dlzol blz_ )
A
(ao — w)*(W%0 +2u?)
o = 2 ) o) = 0;
"
2an — W) (20 + u? Uao — w2(A20 + w2
o = &) W)(20 ,U«)’ By = (@0 —w)* (W0 u), (5.70)
A A
2c(ag — w)(\2o + u?) (ao — w)*(A%0 + pu?) +
ﬂZ = ) b = P) )
AL A
aolag — 2w)(2A%0 — u?) + 2320 w? Ao (ag — w)?
w=w, Gi=- 5 , =
2u “

For the values of the parameters organized in (5.70), we carry out other hyperbolic func-

tion solutions of (5.2) given in the underneath:

2(ay — w)(A2%0 + u?)
Ajdpsinh v/ —AZ + Apdpcosha/—AL + ,uz’

us(x,t) = ap —

1
v3(x, £) = E(ao -w)?*(3%0 +2u?)

2ag — w)* (Ao + u?)
Ajdpsinh /=AZ + AyApcosha/=A¢ + 2
2 (ag — w)(A20 + u?)(A; coshv/=A¢ + Ay sinhv/-A¢)

2 (A1 sinhv/=AZ + Ay cosha/—AL + u/A)2

(5.71)

) I:i(ao B W)(Al COSh\/Z;' +A2 sinh \/3;-) - \/L—_)\.};

where { =x — w%.

Similarly, by taking special values of the parameters we might attain many other solitary
wave solutions, but for simplicity, the solutions are not designated here.

Case 2: When X > 0, in this case, solving the system of algebraic equations with Maple

software package, we obtain three different sets of results.

Result 1
b2
ap=w, a; =0, by =Dy, o= ——+, a; =0,
4o
b —4c% Ao + b?
- =0, = byc, h=— " 71 (5.72)
T B B2 =bic o
—20w* + b}
w= W, ’[,L = 0, 1= 5 Cz = 0
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For these values, the trigonometric function solutions of (5.2) are:
by

Ay sinv/A¢ + Ay cos /AL

b% _ Aib; cos VAL = Aybysin/Ag

4o (A; sinV/AC + Ay cos /AL)?

X I:f—l(Al cos VAL — Ay sinv/AZ) —cﬁ],
o

ur(x,t) =w+

vi(xt) = (5.73)

where ¢ =x - wt and o = A} + A2.
In particular, by taking A; = 0 and A, # 0 in (5.73), we determine the following periodic
wave solutions:

b
uy, (X, t)=w+ —1 sec «/X;,
(5.74)

vy, (%, 8) = — b—z——t «/_g“[—tan«/_g“+c«/xsec«/_§i|

4A3 A,

Alternatively, taking A, = 0 and A; # 0, we determine the following periodic wave solu-

tions:

b
Uy, (x,t) =w+ A_l csc «/X{,’,

bZ (5.75)
Vi, (3, £) = ——L — — cotv/A¢ —cot«/—;“ —cvhese Vg |.
44? A1
Result 2
)LZ 2
ag=w, ai = ay, b1=iau/%,
ap = —airla; —c), a1 =0, ay = —a(a; —c),
(5.76)
Mo — p?
B1 = aip(ar —c), B2 = Fai(a1 - c) —
1
b=a?-c?, w=w, 41:—§(w2+kaf), £ =0.

In this case, the trigonometric function solutions of (5.2) are:

ay
A; sin /AL + Ay cos /AL + /A
/72

|:A ﬁcosfg‘ Azﬁsm«/_{ + — Mo - ],

Vi

ayju(a; —c) (5.77)
Ay sin/Az + Ay cos VAL + ulh
~ ai(ar — ¢)(A1 cos VAL — Ay sin /A7)
(A sin /AL + Ay cos VAL + /A)?

x [A1rcos vVA¢ = Asdsin/As £ /320 — 2],

ur(x,8) = w+

va(x, t) = —arA(ar —c) +

o
where ¢ =x —wt
o
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For the values A; = 0, « = 0, and A, > 0, of the parameters, we get the following periodic

wave solutions:

ugl(x,t)zw—alﬁ[tanﬁg :Fsecx/xC], ( |
5.78
vy, (%, 8) = —a1M(a; — ¢) —a1A(a; — c)tan ﬁ{ [tan x/XC F sec ﬁ{].

Moreover, for the values A; =0, u =0, and A; > 0, we get the following periodic wave
solutions:

U, (%, ) = w+a1ﬁ[cotﬁ§ + csc «/X{],

(5.79)
Vo, (X, t) = —a1A(a1 — ¢) —air(a; —c) cot «/X; [cot «/Xg“ +csc ﬁg].
Result 3
2(ao - w)(3 o — u?)
ap = ao, a; =0, by = ,
Ap
(ag — w)* (W20 —2u?)
Qo = — 2 ) ) = 0,
m
Uan — w)2 (Ao — u? Uao — w)2(0 20 — 12
= — (a0 W)(26 w) By = (a0 —w) (o — 1) (5.80)
A A
2c(ap - w)(A*o — u?) (a0 — w)* (\?0 — pu?) — *ap®
B2 = , b= , w=w,
AL A2
aolag — 2w)(2A%0 + u?) + 2220 w? 220 (ag — w)?
G = 212 ) fo=——7F5—
w n

For the values in (5.80), we establish other trigonometric function solutions of (5.2):

2ag - w)(3*0 — u?)
A dpsin /AL + Aghpecos VAL + /42,

2(ao - w)* (Ao — u?)
Ahpsin /AL + Aghpcos VAL + pu?
2 (ap — w)(A%0 — u?)(A; cos VAL — Ay sinv/AZ)

2 (A Sin VAL + Ay cos VAL + u/A)?

us(x,t) = ap +

1
v3(x, £) = —?(ao - w)z(kzo - 2u2) +

(5.81)

X I:i(“o — w)(A; cos VAL — Ay sinv/AL) — %}

where  =x — w%.

If the parameters receive diverse definite values, then we might accomplish many other
periodic wave solutions, but for succinctness, these solutions are not displayed her.

Case 3 When X = 0, in this case, solving the system of algebraic equations with Maple
software package, we get the following results:

b
ag=w a; ==+ by=b ap=0 a1 =0
0 ’ 1 /—AZ—ZAZ/,L’ 1 1, 0 ) i 1 )
bic by biuc bin
Oy = + - =3 ’ ,31 =F + = ,
2 — 2 —
«/Alb—ZZAZM AT-2A21 2 \/Al—ZAZU- A]-2Asp , (582)
1 1 2
Br=F—l  ibe, b=l ¢
«/A%—ZAz[l. ’ A7-242u ’

1
w=w, o = —5w £ =0.
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ag=ap,  a1=0, b= 2(a—w)(A] -24:u),

oo = (ag — w)?, a1 =0, oy = —%(ao - w)(A2 - 24,),

Bi = 2(ao—wP(AT - 24o),  Bo= (a0 - w)(AT - 24:1), (> (5.83)
b= l%_,(ao - W)z(A% —2A,1) - C27 w=w,

o1 = 3a} - 3agw + W, & = (ag—w)’.

In this case, the rational function solutions of (5.2) are

by ne +A;
ul(x,t)=w+H—x 1 |
300+ AIL + Ay A2 — 2451
blM |: bl Cc :|
vi(xt) = X F 5.84
1 e+ A+ Ay T [AT 2400 T JAT 2450 (5.84)

. bi(ug +Ay) y |: by —cul —Aic by(ug +A1)]
(5¢2+A1¢ +Ay)? VAZ 24,1 Al =245 ’

o
where ¢ =x —wL; and
o

2 (a0 - w)(A] = 24511)

uy(x,t) = ag +
%é’Z +A1{ +A2

’

2 (ao — w)* (A7 - 2421)
Vo, t) = (ag — w)* + =
2 0 %§2+A1§ +A2

2 (ao — w)(AT - 2A51)(ug + A1) 1
_; (%§2+A1§+A2)2 X [;(QO_W)(MQ-"'AI)_C};

(5.85)

where ¢ =x — w%.

The solutions obtained are more general and useful to analyze the shallow water wave
profile.

Note: It is worth mentioning that all the solutions derived in this study were confirmed
using the Maple software package by returning them to the original equation and found

correct.

6 Physical explanation and graphical representations

In this section, we present some 3-D and 2-D figures of some of the obtained solutions. The
figures are carried out by taking suitable values of the parameters to objectify the inward
contrivance of the incidents, which are analyzed through the time-fractional coupled BB
equations and the coupled WBK equations and are displayed in Figs. 1-6. For example,
Fig. 1 shows the kink-shaped soliton depicted from the solution (5.9) when A =7, u = 12,
w=0.5,& = x—1t*> wherein the fractional order is o = 0.5 within the intervals —15 < x < 15
and 0.1 < ¢ < 15. Solution (5.15) presents the singular periodic wave for A = 4, u = 4.25,
w=1/3, &£ = x — (20/51)¢*8 with fractional order o = 0.85 and is sketched in Fig. 2 within
the limits —10 < x < 10 and 0.1 < ¢ < 0.2. The modulus of solution (5.26) signifies the
cuspon for A = -1, & =0, w = 1/2, & = x — (10/19)t* with fractional order & = 0.95 and is
shown in Fig. 3 within the range —50 < x < 50 and 0.01 < ¢ < 0.5. Solution (5.51) indicates
the kink-shape soliton for A =3, u =2,c=1,b=1, w= 0.5, £ = x — 2t%> with fractional
order o = 0.5 and is depicted in Fig. 4 within the intervals —90 <x <90 and 0.1 <¢ < 90.
Solution (5.52) characterizes the singular kink wave for A =3, u=2,¢=1,b=1,w=1,
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Figure 1 Modulus plot of solution (5.9) which is a kink-shape soliton

Figure 2 Modulus plot of solution (5.15), which is a singular periodic wave

-30 -20 o 20 10

Figure 3 Modulus plot of solution (5.26) which is a cuspon

£ = x — 2¢°° with fractional order « = 0.5 and is plotted in Fig. 5 within the limits —100 <
x <100and 0.1 <t < 1. Solution (5.64) represents the bell-shape soliton for A = -1, b; = 1,
Ay=1,w=1,& =x— 2% with fractional order a = 0.95 and outlined in Fig. 6 within the
range -5 <x <5and 0.1 <¢<0.5.

7 Conclusion

By means of the basic (G'/G)-expansion method and the two-variable (G'/G,1/G)-
expansion method, in this study, we have ascertained further general solitary wave so-
lutions to the time-fractional coupled Boussinesq—Burger equations and the coupled
Whitham—Broer—Kaup system as a linear combination of the exponential, rational, and
hyperbolic functions or separately including several free parameters. For definite values
of the associated parameters, some well-known solutions are extracted from the broad-
ranging solutions, which are available in the literature, and some fresh solutions are de-



Al-Shawba et al. Advances in Difference Equations (2020) 2020:232

" J

0.5

-so -60 -40 -20 o. 20 10 60
30 .

o,
o
20 49 2
. 60 g 10 20

Figure 4 Modulus plot of solution (5.51) which is a kink-shape soliton

9

Figure 5 Modulus plot of solution (5.52) which is a singular kink-shape soliton

Figure 6 Modulus plot of solution (5.64) which is a bell-shape soliton

rived, which confirm the correctness and validity of the general solutions and the method.
We have exposed the graphical representations and discussed the physical significance
of the obtained solutions. Every nonlinear equation is distinct and atypical; therefore not
all equations can be examined through a single method. The greater the scope of appli-
cation of a method, the greater the acceptability of that method. Since this study shows
that the introduced methods are straightforward, compatible, and powerful mathematical
tools for obtaining abundant traveling wave solutions, to test the range of applicability and
consistency, the method can be implemented to other types of nonlinear fractional differ-
ential systems to analyze closed-form soliton solutions, and this is the concern of further
research. Numerical solutions to these equations can also be explored in the future by
following the effective schemes discussed in [60, 61].
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