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Abstract

In this paper, we propose a simple network consisting of only two nodes and two
paths. The first node, which is called the source, has three competing firms that send
their quantities of load via the two paths to the second node, called the destination
node. The static game that describes the reaction among the three firms is
constructed. The Nash equilibrium point of the static game is discussed. Assuming a
gradient firm based rule we investigate the dynamic game which has the same Nash
equilibrium as in the static game. The local stability conditions of the Nash
equilibrium are obtained in terms of the reactivity parameters among the firms and
the nonlinear costs functions adopted by those firms. The obtained results are
supported by a numerical simulation that in turn gives routes where Nash equilibrium
may lose its stability. The simulation shows that Nash equilibrium loses its stability via
flip and fold bifurcations and then chaos exists.

Keywords: Congestion; Triopoly; Stability; Bifurcation; Network; Chaos

1 Introduction

Modeling competition among players over a finite set of resources whose cost change with
demand is a type of congestion games. Traditionally, such games may be known as cost
minimization games. The congestion game can be simply defined as a game of resources
where players can allocate some of these resources. Each resource should be accompanied
by certain costs. These costs depend on the load each player wants to induce. Such games
are considered quite simple; however, they have enough structure for interesting situations
spanning from oligopoly, migration and the internet to possibly be modeled [1]. Such types
of games always have a Nash equilibrium in pure strategies as cited by Rosenthal in [2]. In
the literature, there is a variety of work that has studied such games. The applicability of
those games makes researchers investigate them more and hence new directions are being
explored and discussed. For instance, in [3], the worst-case price of anarchy that is defined
as the ratio between summation of players’ costs in a Nash equilibrium and in a minimum
cost outcome of congestion games has been studied. This summation is used to measure
social cost. That polynomial latency functions could be used as the transportation costs
along the network has been proved for two different congestion games in [4]. A general-
ization of oligopolistic games via networks has been studied in [5]. This game was known
as a type of atomic game. In [6], it has been proved that the price of anarchy of a dynamic
Cournot game under coalition information was bounded by the number of players.
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In the current paper, we focus on the dynamic case and the properties of a Nash equi-
librium point. Our investigation starts with modeling the suggested congestion game and
then it is studied as statically. Moving from the static to the dynamic versions we assume
that the three firms adopt a gradient rule by which they can react with each other. This
gradient approach has been intensively studied in the literature. It has been studied in
the context of monopoly, duopoly and triopoly [7-12]. In addition, it has been investi-
gated by Perc and many coauthors in other contexts such as in the prisoner’s dilemma and
public good games (see [13—16]). Indeed, in our paper we have got a unique Nash equi-
librium for the dynamical system describing the suggested congestion game. According
to the gradient mechanism we generate our system and study its complex dynamics. The
first finding we get is that the stability of the Nash equilibrium is influenced by the volume
of resources and the nonlinearity of the cost functions. We stress in our investigation the
role of destabilization that the Nash equilibrium may face. The destabilization is obtained
via two types of bifurcation, which are period-doubling and fold bifurcations. Interest-
ingly, our numerical simulation experiments show the presence of irregular fluctuations
near the Nash equilibrium. Those kinds of fluctuations around Nash equilibrium are not
normally distributed as supported by the simulation and empirical literature [1].

Now, we summarize the current paper as follows. In Sect. 2, we introduce a congested
triopoly model. We give some definitions related to congestion games. This also includes
the type of nonlinear costs functions adopted by each firm with the amount of quantities
that must be transferred via paths of the network. Hence, in Sect. 3 we present some theo-
retical investigations on setting the dynamical system that describes the congestion game
handled in this paper. Furthermore, in Sect. 3, we follow the standard direction to discuss
the conditions of stability of the Nash equilibrium. In Sect. 4, we perform an intensive
numerical simulation to validate the obtained results that include bifurcation, time series,

and 2D-bifurcation analysis.

2 The model
Suppose we have three firms (players) that send their productions from a source node (S)
to a destination node (T). Those two nodes are connected by only two paths, path 1 and
path 2. Each firm, indexed by i = 1,2, 3, must send a d; unit via these paths from their
source node to the destination node as follows:

x11 +x12 = dy,

X21 + X2 = dz, (1)

x31 + %30 = d3,

or it can be rewritten in the simple form,
2
Y xy=di =123, )
j=1

where d;, i = 1,2, 3, refers to the total unit sent from firm i to the destination node (T)

through the two paths {1,2}. Since we have a simple network with two nodes and two
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paths, the three players will provide a total load on each path as follows:

X1 =X11 + X21 + X31,

3)
Xy = X12 + X223 + X32,
or
3
inj =x;5 j=1,2 (4)
i=1

Indeed, each firm will get a cost of total load on each path. We denote by ¢;(x;) and
£5(x7) the cost on path 1 and path 2, respectively. We follow [1] and restrict these two
costs to the following form:

L1(x1) = (%11 + %21 +x31)F1,
(5)

La(x2) = (X12 + Xoa + x32)F2,

or

3 bj
tilx) = (th/) ; j=12 6
i=1

where the convexity of the above costs is guaranteed under the condition p; > 1; j = 1,2
and p; € N. Now, the cost of each player for a given strategy profile X = (x;);en can be
written in the following form:

c1(X) = x11€1(%1) + %1262 (x2),

c2(X) = x91€1(%1) + %2265 (x2), 7)

c3(X) = x31€1(%1) + %3262 (x2),
which each player wants to minimize. The aim of this paper is to study the dynamics be-
longing to this game. This requires one to model the behaviors of the competing play-
ers within the game by repeating their behaviors in a discrete time dynamic game. These
competing players (or firms) have some preferences to be maximized. The following utility
functions are used to describe those preferences:

Ui (X) = —c1(X) = =11 (011 + %21 + 231 = 12 (010 + %2 + x32)72,

Uz (X) = —c2(X) = =21 (k11 + %21 + 231" = 222 (012 + 02 + x32)72, 8)

Us(X) = —c3(X) = —a31 (011 + %21 + 231" = 232012 + 202 + 2032)72.

These utilities can be simplified using (1) and the variables, x, ¥ and z for x11, 251 and

%31, respectively, as follows:

Ui(x,y,2) =—x(x +y + 2)* —(d —x)(3d —x —y — 2)P?,

Usr(x,y,2) = =y(x +y +2)' = (d ~y)Bd —x — y - 2", )

Us(x,y,2) =—zlx + y+ 2)P* — (d — 2)(3d —x —y — 2)"?,
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where we assume also d; = d, i = 1,2, 3, to reduce the number of game parameters. Now,
we assume that the three players adjust their works over time proportionally to their
marginals. This means that the change in their choices at any time ¢ and the next one
will be governed by the following relation:

ou
X=X +y X)) — (10)
0X;

where X, refers to the firm’s choice at any period ¢.

Proposition 1 The suggested game above admits a unique Nash equilibrium point whose
variables satisfy the condition

Cp X' = Cpy(d - X2, Cp=3i+3/p; i=1,2.
Proof 1t is similar to [1]. O

Proposition 2 The static equilibrium point of the above congested game is an increasing
function of the variables x*(p1, p2) if the following conditions are satisfied:

_q dg
( 1171)
)

x*<e P1dn

—1dg
d-x"> e(_c”%WpZZ).
Proof A Nash equilibrium should satisfy the condition

. -1 .
Cp Pt = cp, (d — x)P2, Cp; =3 +3p;, i=1,2

By differentiating this condition with respect to p; and py, respectively, we get

d ax* ax*
2 Cpy tep <10gx* Lo )xm =cp2p2(d—x)p2"1 <_i),
dpl d

x* 0
) ] P1 'P1 a (11)
_ x* C )2 x*
A ) = 22 (g - X2 log(d —x) — )
Cp 1 (3192) dpz( x)P2 + ¢, | log(d — x) 1-%) o
where
d ox*
— (cp ) =t  logx™* + ptE ),
ap1 x* 0py
] p2 ) 0x*
— d—x)P?) = (d —x)P*| log(d — x) — .
o (oo (d —x)?) = (d - ) (Og( x) (d_x> 8p2)
With simple calculations (11) can be rewritten in the following form:
dc,
ox* _ —xpl Cpl logac*Jerl1 ,
ap1 Cp P1XP1L + Cpy po(d — x)P271 12)
12
X depy _
dxt TR ar log(d — x)

dps o P11+ Gy po(d — )2
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which are positive if

¢, logx* iz 0
” gx+dp1<,

dcy,

+ ¢y, log(d —x) > 0,
de P2 g

and then the proof is completed. d

Proposition 3 [n the case of a small asymmetry (p, = p1 + €) where € is very small then

1
=———+o(e), or
1+ £ +dm
p1

QUK

s Lged R G T

d- GO 1 e £ vy

p1 pil
Proof Since we know that x(p1, p,) is the only solution of
Cp L = cp, (d — x)P2,
by setting ps = p1 + € we get
Cp Kt = Cpyye(d — X)L,
which can be simplified to

APl = (d —x)r'e, (13)

. C, .
where lim,_, ¢ CL = 1. Now, (13) can be rewritten as
pl +€

1+ -5 X 1+‘”L1
x=d n (1_3>
2

with simple calculations, (14) takes the following form:

()G (o)) e

as € is very small we obtain

f:1+pi]+d‘m[1i - 2(1%)(“1%)}
d ()1 +5) (1+£+d )

Page 5 of 14
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which can be simplified to
145 +d b (S)(1+ <)
22 e [1i<1_ oy +O(E)>]'
G+ (14 £ 4d i)

This completes the proof.

3 Stability of the dynamic model

This section is organized to study the dynamic characteristics of the congested game de-

scribed in the previous section. We assume that the firms’ allocations choices can be mod-

eled according to the following bounded rationality rule:

ol
K =% + Y (X)) —,
0x

all,
= X)—,
Yer1 = Ve + ¥ (Xp) 5y

o3
Ze1 =2+ Y (X)) —,
0z

which can be written in the form

Xyl =%+ Y [—(xt + 9+ 2P — prxg(x, + 9 + 2P

+(Bd —x —yr — 2P + (d —x)p2(3d — %y — ¥y, — zt)m’l],
YVer1l = Ve + y[—(xt + 9 + 200 — prye(oe + v + 21!

+(Bd = —y: — 2:)P? + (d —y:)p2(3d — x¢ — y: — zt)m_l],
Zen1 =2+ Y[~ + ye + 2 = prz +y+ 2 )

+Bd =%~y —2)” + (d - 2)py(3d — %, — 3. — 2],

(15)

(16)

where we assume that y (X;) = y asa constant parameter in order to make the above system
admits a unique Nash equilibrium obtained above. Now, to study the stability of the Nash

equilibrium we need to calculate the Jacobian of the dynamical system (16),

921 8% 8%
L+y dx2 4 9y ox Y azox
92Uy 02Uy 92Uy
4 axdy L+ 4 9y2 az dy
92U3 0213 0213
Y %oz Y 9yoz Vo2

So to calculate the Jacobian, the following proposition is given.

Proposition 4 For the above discussed Nash equilibrium, the Jacobian can be written in

the following simple form:

L-y@x ! +od-x)2")  —y@a ! + &(d - x> —y @1t + &y(d — x>
Y@+ G d -2t 1-y@ T+ ad-x)t) —y@a T+ e(d - 22

—y (@17 + &(d —x)2t) —y(@ T+ od -2 1-y@a T +o(d —x)m_l):|

Page 6 of 14
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where

51 = 2p13p1*1 +p1(p1 — 1)317172,
52 = 2p23p2*1 +p2(p2 — 1)317272,
21 =p13p1—1 +p1(p1 — 1)3}71—2,

& =3 4+ pa(py - 1)3727%
Proof See the Appendix. d

In order to study the stability of the Nash equilibrium of our model we need to investigate
which types of bifurcations would have influence on the stability. So we need to recall the
stability conditions which are known as Routh—Hurwitz conditions. The characteristic
equation of the above Jacobian takes the form

M+ AAE+ An + A5 =0,
where

A =3[y +yo(d-x) -1,
A2 = S[V(El — &) 4y (C - )(d - x> - 1]

x [y(@ + @) 4y @ + &) -2 -1],
As = [y(@ + 2002 4y (@ + 28)(d -2y ~1]

x [y@ - )"+ y (e - &)d -2 - 1]2~

Hence, the eigenvalues are

M= 1 -y [+ 26 + (@ + 28)(d - x)27Y],

Mz =1-y[@E - &)x" " + (@ - &)d -2,
which are real and lie within the unit circle if

y[@1 +28)8 7 + (62 +28)(d - )27 <2, .
17
y[@ =) + (@ - &) d - x> ] < 2.

Proposition 5 The Nash equilibrium is stable if and only if the following conditions are
satisfied:

1 +A1 +A2 +A3 >0,

1 —Al +A2 —Ag >0,

A <1,

(1-42)" = (Ay - A143)? > 0.

Page 7 of 14
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Proof The first condition can be simplified to

Y2 (@ + 28" + (€2 + 28)(d — %)) (@1 — e)w” ™' + (€2 — &)(d _x)p2—1)2’

which is always positive due to (17). The second condition can be simplified to
(2 4 ((51 + 221)90”1_1 + (22 + 222)(d—x)p2"1)) ()/ ((El —él)xpl_l + (62 —22)(d—x)”2"1) —2)2.
It is also positive due to (17). The third condition can be simplified to

(v (@ +28)0 71 + (62 + 282)(d - 2)7271)) = 1)

4

X (V ((51 — )P 4 (6 - 8o)(d —x)pzfl) - 1) :

Also, this condition is satisfied (becomes less than 1) if (17) holds. The last condition is
satisfied if

YO (6 + 260077 + (@ + 28)(d — 2?7 (@ - e + (6 - &) (d - a2
— 6y (@1 + 28)% 7 + (© + 282)(d — 072 )) (@1 + )P + (@5 + E)(d — 227
x (@1 =)™ 4 @ = 2)(d - 2271’ + 9y (@@ - ) ™ + (@ — &) (d - 227
X [2(c10 7 + 8p(d = 2)27)? 4 4(@1a !+ Ep(d — )27 (G + G(d — w27
+ (@ 1 a(d - 02 7Y) ] = 292 (@ - )+ (6 - &)(d - )Y
x (42 — e)a? ™" + (425 — &)(d — x)>71) ((4ey + 5810 + (485 + 56)(d — x> 1)
+y(30(@a” ™ +6pd -0 7) - 12(0a 7 + Gn(d - 02 7)’)

—12(c1” 7 + & (d - x)*71) > 0. O

4 Numerical simulations
The above discussion tells us that the main parameters y, p;, p» and d have a serious
impact on the stability of the Nash equilibrium point. So we carry out some numerical
experiments in order to investigate more the influences of those parameter values on the
behavior of system (16). Our analysis includes some tools such as bifurcations, time series
and the basin of attractions.

Let us first set our parameter values as follows: x, = 1.5,y, = 1.5,z, = 1.5,d = 2, p; = 1.66
and p, = 2. It is worth mentioning here that the reader should observe that we begin with
values for the parameter p; less than p,. Later on we investigate the dynamic character-
istics of (16) when p; > p,. This setting shows the influence of the parameter y on the
equilibrium point. Figure 1(a) shows the bifurcation diagram of system (16) when vary-
ing the parameter y in the interval [0,0.0616]. It is clear that this parameter has no effect
on the Nash equilibrium point up to the point 0.04586 where the first period-doubling
occurs. This is also seen in the Lyapunov exponent that corresponds to the bifurcation di-
agram. After that value, the periods of the cycles increase when varying the value of y. For
instance, at y = 0.056 a stable period-2 cycle appears. Its phase portrait is given in Fig. 1(b)
with the time series. It is obvious that the period-2 cycle lies on the diagonal due to the
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Figure 1 The complex analysis of the system (16) via bifurcations, phase portrait of the period cycles and
chaotic attractor, time series and Lyapunov exponent when varying the parameter values of v, py, p> and d
separately

symmetry in system (16). Now, we go forward to the next period-doubling by fixing the
previous parameter values and changing the value of y to 0.057. This small change in the
parameter gives rise to the stable period-4 cycle as shown in Fig. 1(c). This figure shows
the four period points in the phase portrait and they lie in the diagonal because of the
symmetry of the system. Increasing the parameter y further to the point 0.059 gives birth
to the stable period-8 cycle as shown in Fig. 1(d). More experiments are carried out to dis-
cover the period-6 cycle but the simulation gives nothing. For any values of the parameter
y in the interval [0.057, 0.059) we get only a stable period-4 cycle. There is no indication of
a period-6 cycle. Changing this parameter slightly to 0.0591 the system’s behavior jumps
to stable period-16 cycles and no indication of a period-10 cycle exists. The phase portrait
of this periodic cycle is given in Fig. 1(e). Interestingly, when increasing the value of the
parameter y with 0.0001 simulation gives birth to 8 pieces of chaotic attractors as shown
in Fig. 1(f). Pieces of chaotic attractors still exist for any increase of y; then they turn to
a stable period-10 cycle at the value y = 0.05998 as presented in Fig. 1(g). Increasing this
parameter value gives different types of periodic cycles and pieces of chaotic attractor till
the value 0.0617, where we only witness the birth of a one-piece chaotic attractor. We end
this part of simulation analysis by giving the influences of the other parameters p;, p> and
d via plotting their bifurcation diagrams. Those bifurcations are presented in Fig. 1(h),
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Fig. 1(i) and Fig. 1(j). It is obvious that those parameters have a destabilization impact on
the system’s Nash equilibrium when varying them. In addition, we give a 2D-bifurcation
diagram for the parameters y versus d. We also plot the basin of attraction for x versus y
for the stable period-32 cycle at the parameter values z, = 1.5, y = 0.05913,d = 2, p; = 1.66
and p; = 2 in Fig. 1(k) and Fig. 1(1), respectively.

The gray color in Fig. 1(k) refers to the stable period-1 cycle and the other colors are
for different periodic cycles. Furthermore, the 2D-bifurcation diagram between y and d
includes some regions where periodic cycles with odd order can be found. For instance,
at the parameter values y = 0.05626133 and d = 2.294044, another stable period-5 cycle
arises. At y = 0.0561244 and d = 2.262711, a stable period-5 cycle arises. Now, we study
the case when the two parameters p; and p, are equal. We set the parameter values to
x,=1.5,9,=1.5,2,=1.5,d =2, p; =2 and p;, = 2. The bifurcation diagram when varying
the parameter y is given in Fig. 2(a). The Jacobian of the system (16) at those values of the
parameters and for y = 0.033333 takes the form

0.066676  —0.533328 —0.533328
—-0.533328 0.066676  —0.533328 |,
—0.533328 —0.533328 0.066676

whose eigenvalues are

1 = 3 = 0.600004,

Lo = —0.99998,

where |1113] < 1and |u2| & 1, which means that the Nash equilibrium may lose its stability
via a fold bifurcation type. Keeping the other parameter values fixed and reducing y to
0.033 we get a situation where the Nash equilibrium of system (16) becomes stable. This
is depicted in Fig. 2(b) and as one can see from the time series the Nash equilibrium point
becomes stable. The influence of the other parameters, d, p; and p,, are also important
and we give only here their bifurcations just to reduce our analysis. The interesting reader

x10"

209 d 2095 21 2105

°

11 12 13 14p,15 16 17 18

0 4
‘
1.1

T8 2 22

1.9
:

0.0328 0.033 0.0332 0.0335 24 4 26 28 3

Figure 2 The complex analysis of the system (16) via bifurcations and Lyapunov exponent when varying the

parameter values of y, p; and d separately for the cases when p; = p, and p1 > p»

Page 10 of 14
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is advised to investigate further this case, as the previous case. Furthermore, we can see
from Fig. 2(d) that the 2D-bifurcation diagram of y versus d indicates that there is only
period-2 cycle. Now, we study the case when we have p; > p,. We set the parameter values
tox,=1.5,9,=15,2,=15,d=2, p; =2, pp = 1.3 and y = 0.085. The Jacobian matrix of
system (16) at these values takes the form

-1.0471 -1.1573 -1.1573
-1.1573 -1.0471 -1.1573 |,
-1.1573 -1.1573 -1.0471

whose eigenvalues are

m=ns= -0.1102,

1 = —3.3617,

which are real and |7;| > 1 means that the Nash equilibrium loses its stability via a period-
doubling bifurcation only. At those parameter values and when varying the parameter
y, the Nash equilibrium becomes stable until the parameter approaches the value 0.066
where we see the birth of a period-2 cycle. After that it becomes unstable due to chaos as
shown in Fig. 2(e). Other numerical simulations for this case give interesting results but
we end our numerical analysis here and give the bifurcation diagrams for the parameters
d and p, in Fig. 2(f).

5 Conclusion

The current paper has investigated the chaotic characteristics of a congested triopoly
game, where three firms use a simple network to send their goods to the destination node.
The static framework of the congestion game has been introduced and studied. Moving to
the dynamic case it has been assumed that the three firms adopt the gradient rule in order
to react with the decisions made by their agents. Due to the symmetry of the discrete dy-
namic model describing this game, we have discussed the influence of the model’s param-
eters using experimental simulation. The simulation has shown that the game’s Nash equi-
librium may lose its stability using two types of bifurcations which are period-doubling and
fold bifurcation. However, the simulation has provided interesting results that support and
extend the results found in the literature [1], the complex phenomenon of strange chaotic
attractor has not existed before. Furthermore, the simulation has provided some irregular

fluctuations around the Nash equilibrium point.

Appendix

The proof of Proposition 4 is given below in detail.

Proof The partial derivatives in the Jacobian can be written as follows:

U, _ -
-7 " [—201 (% +ye + 2P = pr(pr — D + yp + 20 )P 72

=2py(3d —x, — y, — 2 )P> " = pa(pr — )(d — %) B — % — y: — 2”272,
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32U
L= (o4 e+ 20 = pr(pr = D + 9 + 200172
ay ox
~p2(Bd —x; —y. — 20> = pa(pr — 1)(d — %) (3d — % — y, — 2.7,
U
S = [+ e+ 2P = pr(pr = D + 90+ 20712
0z 0x
= p2Bd - %, =y — 2)” 7" = papa = 1)(d — %) (3d — %, — yr — 2.} 7],
and
32U
ay22 = [<2p1 (e + 30 + 2P = pr(p1 = Dye(we +ye + 202
=2py(3d — %~y — 2} = pa(pa = 1)(d - y)(Bd — %, — y, - Zt)pz_z],
02U
P aj/ = [-p1@ +ye + 2P = pr(pr = Dye(oe + 90 + 27172
-p23d =%~y — 2" = pa(pa = 1)(d - y)(Bd — %, -y, — Zt)pzfz],
02U
Py a; = [-p1(xe + 30 + 2P = pr(p1 = Dye(we +y, + 2002
—p2(3d —x,—y, — 27 = pa(pa = V)(d - y)(Bd — %, -y, — 21} 7],
and
32U
W; = [-2p10x + e + 2P = pr(p1 = Dze(we +y, + 202
=2py(3d — %~y — 2} = pa(pa = V)(d = 20)3d — %, — yr — 2./,
d%U.
2 = oG + 30+ 2P = pr(pr = Dzl + 90+ 2012
0x 0z
—pa(3d —x, =y, — 2> = pa(pa = 1)(d — 2)(Bd — %, -y, — 20} 7%,
92U
> [_pl(xt +Y t+ Zt)pl_l -pi(p1 — Dz +y; + Zt)p1—2
dy 0z

—-p2(3d —xy -y, — z,)P> ! —p2(p2 —1)d —2)(3d — %t — y: — zt)m’z].

At the Nash equilibrium the above can be simplified to

92U, . R
2 [-2p13x) ™ = p1(p1 — 1)x, (3,

~2p5(3d — 3%, — po(par — 1)(d — x,)(3d — 3x,)7277],
2;;[; = [-p1Bx) ™ = pr(p1 — D)y (B, )12

— p2(3d = 3x,)P271 = py(py — 1)(d — )(3d — 3,72,
gz;[; = [-21 3% = pi(pr - (331

- p2(3d = 3x,)P"" — pa(p2 — 1)(d — x,)(3d - 3xt)p2_2],
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and
82
& = [_2P1(3xt)p1_1 -pip1 - 1)y (3 )12
9y?
—2p(3d = 3x,)"> ™! = pa(ps - 1)(d — x,)(3d — 3x,) %],
82
t = [_pl(?’xt)pl_l -pi(p1 — l)xt(3xt)p1_2
ox dy
—P2(3d — 3xt)p2_1 —pz(pz - 1)(d — xt)(Bd — th)p2—2],
2
e = [_pl(gxt)pl_l -pilp1 - 1)xt(3xt)p1_2
0z dy
- pa(3d = 3%, = pa(pa — 1)(d — x)(3d — 3x, )72
and
32U
=[2G = prlr — D)
—2p>(3d — 3%, P> — pa(py — 1)(d — x,)(3d — 32,27,
U
2 = [P Br) = pr(pr — D (B )12
dx 0z
—p2(3d - 3x[)p2—1 —p2(p2 — 1)(d — x,)(3d — Sxt)pz_z],
92U
> = [~ B = pr(pr — D (3, )12
0y 0z

- p2(3d = 3x,)" 7" = pa(ps — 1)(d — x,)(3d — 3x,)7>7%],

which can be simplified further to

U

5z = (23 ey = D3 ) - (22377 4 pa(p - 103772 (d - )
32u1 -1 _2 1-1 1 iy a
0y 0x = =137+ Py = D3)HT = (023727 4 pap2 - 1)37270)(d - )

U, U U, Uy 92Uy s 92U, U 9L
dzdx dydx dxdy 0zdy odxdz 0dydz Y2 92> ox2’

which completes the proof. d
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