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Abstract

In a recent paper (Filomat 32:4577-4586, 2018) the authors have investigated the
existence and uniqueness of a solution for a nonlinear sequential fractional
differential equation. To present an analytical improvement for Fazli-Nieto's results
with some conditions removed based on a new technique is the main objective of
this paper. In addition, we introduce an infinite system of nonlinear sequential
fractional differential equations and discuss the existence of a solution for them in the
classical Banach sequence spaces ¢y and £, by applying the Darbo fixed point
theorem. Moreover, the proposed method is applied to several examples to show the
clarity and effectiveness.
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1 Introduction and preliminaries
As is well known, the fractional differential equations (FDEs) is a fundamental topic that
considered as a powerful tool in many fields, for example, dynamic systems, rheology,
blood flow phenomena, biophysics, electrical networks, modeled by different fractional
order derivatives equations; see for details [2—5] and the references therein. Also, in the
last two decades, FDEs have been used to model various stable physical phenomena [6—
8]. For example, when the random oscillation force is assumed to be white noise, Brown’s
motion is well described by some fractional differential equations. On the other hand,
during the last years, many studies have been done on the existence and uniqueness of
solution of nonlinear initial fractional differential equations by the use of some fixed point
theorems; see [9-20].

Recently, Fazli and Nieto [1] investigated the existence and uniqueness of the following
interesting problem, which is a model of physical phenomena:

D2 u(x) = f(x, u(x), D*u(x)), x€(0,T],
lim, o %' “u(x) = o, limy, 0 *D%u(x) = uy,

(1)
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where 0 < < 1,0 < T < co. The term D% is for the sequence fractional derivative pre-
sented by Miller and Ross [21],

D%y = D%u,
Dray = pepk-Day  (k=2,3,..),

where D is the classical Riemann—Liouville fractional derivative of order «.
Before giving the weighted Cauchy type problem obtained in [1], let us recall some no-
tions introduced in that work. Let

Ci-4[0, T1 = {u € C[0, T : ' “u € C[0, T} 3)
be the weighted spaces of continuous functions with the following norm:

1-a
u = max |X uwx)|.
ltllcy_q 10,77 ] <T| )|

<X

We define the following spaces of functions:

Cy 10,71 ={u e Cl0, T]: 2" *u € C14[0, T], D*u € C1_4[0, T1},
with the norm

lullce o = lullc,yi0m + ”Dal'i”q_a[(),T]’

which are Banach spaces.
A function u € C¢_,[0, T] is called a lower solution of the initial value problem (1), if
D¥ u(x) < f(x, u(x), D*u(x)) for every x € (0, T] and

lim 2% u(x) < uo, lin(l)xl’“D“g(x) <u.
xX—>

x—0

Let f: [0, T] x R? — R be a function satisfying the following axioms:
(H,) for every u € CY_,[0, T], f(x, u(x), D*u(x)) € C, [0, T] for some 0 <y < 1.
(H,) f is non-decreasing in all its arguments except for the first argument and

fu,v) —f(x,u,v) < Li(u—u) + Ly(v—7)

for some Li,L, >0 wheneverx € (0, T] and u > 1, v > V.
The weighted Cauchy type problem presented in [1] is given by the following result.

Theorem 1.1 Assume that (H,)—(H,) hold. Then there exists 0 < 8 < T such that the exis-
tence of a lower solution for (1)—(2) in CY_, [0, 8] provides the existence of a unique solution
u € CY_,[0,6] for (1).

Moreover, the authors in [1] defined the generalization of (1) and obtained some results
for it as follows:

D" u(x) = f (%, u(x), D*u(x), D**u(x), ..., D" Vu(x)), xe€(0,T],
lim,_ox'*Du(x) =ux  (k=0,1,...,n-1),

(4)

where 0 <o < 1.
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Definition 1.1 For 0 < o < 1, we define the space

Cr [0, T = {u € Cio[0, T]: D*u € C14[0, T),k = 1,2,...,n -1},

o

equipped with the norm

n-1

il gutom = 3 I D s,y o
k=0

To prove the main results, we need the following assumptions:
(Hs) f:10,T] x R*" — R be a function such that, for every u € C}%,[0, T,

£ u(), D*ulx), D*u(x), ..., D" *u(x)) € C, [0, T

forsome0 <y <1.
(Hy) fisnon-decreasingin all its arguments except for the first argument and there exists
L >0 such that

n
f(x’ulwu;un)_f(xrﬁlr»-~,12n) SLZ(Mi_ﬁi)luiZ’zi, i= 1;2;'”’”'
i=1

Theorem 1.2 Assume that (Hz)—(Hy) hold. Then there exists 0 < 8§ < T such that the ex-
istence of a lower solution for (4) in C{_,[0,8] provides the existence of a unique solution
u € Cy_,[0,8] for (4).

In present paper, we address the following questions.
(Q1) Isit possible to remove the non-decreasing conditions of the mappings f in Theo-
rem 1.1 and Theorem 1.2?
(Qq) Isit possible to remove assumption of the existence of a lower solution of the prob-
lems (1) and (4)?
(Qs) Isitpossible to define the problem (1) as an infinite system and discuss the existence
results of the solution to it in spaces ¢y and £,?
In the sequel, we prove that the non-decreasing condition of function f in Theorem 1.1
and Theorem 1.2 is not necessary. Also, in Theorem 1.1 and Theorem 1.2, we need to
find a lower solution of (1) and (4), respectively, while we show that do not need to this
assumptions. In fact, by removing some of the assumptions and even with the weakening
of other conditions of the main results of [1], using the new technique, we get the same
results. Moreover, we present some remarks and examples to support the results herein
and we compare the main results of Fazli and Nieto [1] and our results. In addition, since
the theory of infinite systems of differential equations is an attractive research topic of the
theory of differential equations in Banach spaces (for details, see [22—24]), we consider the
problem (1) as an infinite system as follows:
: D21, (x) = fi o, 4 (), Dt (x)), %€ (0, T, "
lim, o 2 %, (x) = 1, limy, 06 *D%u,(x) = u}, n=1,2,...,

where 0 < T < 00, @ and D** are defined in (2), and also f,(x, u(x), D%u(x)), i = 1,2,...,
are real valued functions. Actually, we study the existence of the solution for the infinite
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system (5) in the spaces ¢y and £, 1 < p < 0o, which ¢y is the space of sequences tends to
zero. For this purpose, we use the Darbo fixed point theorem. Finally, illustrative examples
are presented to evaluate the realization and effectiveness of our results.

At first, we recall some important definitions, lemmas and theorems that we use in our
proofs of the main results. For details see [25, 26].

Definition 1.2 The Riemann-Liouville fractional integral of order y of a function u €
C[0, T] is defined as

1 *ul(s)
I" u(x) = F()/)/o e s)i ds, 0<x<T.

Definition 1.3 The Riemann-Liouville fractional derivative D¥ of order 0 <y <1 of a
function u : [0, T) — R is defined by

1 d

'D”u(x) = ”17_)/) %

/ (x =) u(s)ds,

0

provided the right-hand side is defined for almost every x € (0, T). Herein, I"(-) represents
the classical Gamma function.

Lemma 1.3 Leta, > 0. Ifu € LY(0, T), then I*IPu = I**Py almost everywhere on (0, T).
Lemma 1.4 Leta > 0.Ifu € LY(0,T), then D*I%u = u almost everywhere on (0, T).

Lemma 1.5 Assume that u € C(0, T) N LY(0, T) with a fractional derivative of order 0 <
a < 1 that belongs to C(0, TN L*(0, T). Then

IDu(x) = u(x) + cx®!
for some c e R.

Throughout this paper (X, | - ||) indicates a Banach space, for every E C X, E indicates
the closure of E, and conv(E) indicates the closed convex hull of X. Also, note that My is
the family of non-empty bounded subsets of X and Ny is the family of non-empty and rel-
atively compact subsets of X. The use of the measure of noncompactness(MNC) concepts
was first proposed by Kuratowski [27]. Here, we will give a brief overview of this notion,
which is used in Sect. 3.

Definition 1.4 ([28]) A mapping u : Mx — R* is said to be a measure of the noncom-
pactness in E if it satisfies the following conditions:

(A1) The family Ker uu = {X € My : u(E) = 0} is non-empty and Ker u C N;

(A2) X1 CEx = u(Er) < p(Ea);

(A3) w(E) = w(E);

(A4) p(convE) = u(E);

(As) n(yEr+ (1= p)E) < yu(Er) + (1—y)u(Er) for0<y <1;

(Ag) if (E,) is asequence of closed sets from M such that E,,; C E, and lim,,—, oo (E,,) =

0, then the intersection set Ex, = (- E, is non-empty.
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In addition, the definition of the Hausdorff measure of noncompactnesss x which can
be found in [27] is expressed as follows:

x (s) = inf{e > 0:S has finite e-net in X}.

Lemma 1.6 ([29]) Let A be a non-empty, closed, bounded and convex subset of a Banach
space X and let H: A — A be a continuous mapping such that there exists a constant
L € [0, 1) with the property n(H(A)) < Lu(A). Then H has a fixed point in A.

Proposition 1.7 ([30]) If W C C(I,X) for all continuous functions on I to E is bounded
and equicontinuous, then the set u(W(x)) is continuous on I and

w(W) = sup (W), u </ W (n) dn) < / w(W(n)) dn.
X€E 0 0

Theorem 1.8 ([30]) Let Q be a bounded subset of the Banach space X = cy. As (e, e?,...)

is a Schauder basis for cy, the Hausdorff MNC y for Q is given by

Xeo = lim {sup (max |xk|) }
n— 00 x€Q k>n

Theorem 1.9 ([30]) Let Q be a bounded subset of the Banach space X = £,. As (eM, e, .. )

is a Schauder basis for £,, the Hausdorff MNC x for Q is given by

’
= 1 »
= o fp ()}
2 An improvement of the existence and uniqueness of solutions to the initial
value problem

In the following theorems, we remove some of the hypotheses of Theorems 1.1 and 1.2.
Moreover, we show that under our assumptions (1) and (4) have a unique solution. This
gives a partial answer to (Q;) and (Q3).

Theorem 2.1 Let f: [0, T] x R? — R be a function such that, for every u € C_,[0,T],
S, u(x), D*u(x)) € C, [0, T for some 0 <y < 1, and also

f (4, v) = f (%, 8, V)| < Lylu— | + Lolv = V|, Vx € (0,£],Y(w,v), (&% V) € R?

forsome Ly, Ly > 0. Then there exists 0 < § < T such that the problem (1) possesses a unique
solution in CY_,[0,4].

Proof Fix § > 0 such that

l:max{Ll,L2}<82"‘ G 8¢ G ) <1

rGa) " T )
Consider the operator A defined on Cy_,[0, 5] by

I'(x)
U 2a)

Au(x) = ugx™ " + a2l Izaf(x, u(x),D“u(x))
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for each u € C¢_,[0,8] and x € [0, §]. It is obvious that u is a solution of the problem (1) if
and only if u is fixed point of the operator A. By the same arguments as given in the proof
of Theorem 4.2 of [1], we draw the conclusion that the operator A is well defined. Now,

we only need to show that A is a contraction mapping. For each u,# € C{ [0, 8], we have

|Au(x) — Anx)|| c (0]
= | Po(f (%, ux), D*ulx)) — f (. it(x), D* (%)) ] | o 041
= L[ P (o) = @) [ 105+ Lo 1207 (@) = #0) [ o0,
= Lo | 2] () = ) [ ,_, 0.5 + L[| () = @) [, 0,
+ Lo | IP%| D (u(x) - ik(x))

+ Lo | I |D* (u(x) - ia(x))

leraion leraion

I'(a) \ 5@ I (a)

< Ly, Ly} 8% — i
< max{L, 2}< T Ga) F(Za))”u ulcy 00

<Lllu-ullceos)-
Since the space C{ ,[0,8] is a complete metric space, applying the Banach contraction,
the operator A has a unique fixed point and this fixed point is the unique solution of the
problem (1). O
Theorem 2.2 Let f:[0,T] x R* — R be a function such that, for every u € C{*,[0, T,

£ (% u(x), D*ux), D*u(x), ..., D" u(x)) € C, [0, T

forsome 0 <y <1, and also

n
V(xlul)""un) _f(xii:tl"“‘)i;[n)| ELZ“'H_’ZL' u; zﬁi) i= 112)'“1”
i=1

for some L > 0. Then there exists 0 < 8 < T such that the problem (4) possesses a unique
solution in C{*,[0,4].

Proof The proof is the same as Theorem 2.1. d

Remark 2.1 Let f : [0, T] x R? — R be a non-decreasing function in all its arguments
except for the first argument such that

SO u,v) —f(x,1,v) < Li(u— i) + Ly(v - V)
for some L1,L, >0 forall > &, v>vand x € (0, T]. Then
[f(x,u,v) —f(x,it,f/)| <Lilu—u|+Llv-9|

for all (u,v), (i, 7) e R and x € (0, T].

Page 6 of 20
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Remark 2.2 Let f: [0,T] x R” — R be a non-decreasing function in all its arguments
except for the first argument such that

n
f(x»uly--wun) _f(x)itl;"~:ﬁn) SLZ(Mi_ili)ui zi"ti, i= 1,2,...,1’!
i=1
for L >0and x € (0, T]. Then
n
Gttt t) = f i, i) S LYty =
i=1

for all (uy,...,u,),(4y,...,u4,) € R" and x € (0, T'].

Remark 2.3 By using Remark 2.1 and Remark 2.2, we can conclude that our theorems are
really generalizations of Theorem 1.1 and Theorem 1.2.

Remark 2.4 In Theorem 1.1 and Theorem 1.2, we need to find a lower solution of (1) and
(4), respectively, while we do not need this assumption in Theorem 2.1 and Theorem 2.2.
In general, finding a lower solution of (1) and (4) is difficult.

Remark 2.5 The mapping f in Theorem 1.1 and Theorem 1.2 is non-decreasing in all
its arguments except for the first argument, while this assumption is not required in our
theorems.

Now, with the following examples, we show that our main theorems are generalizations
of the main theorems of [1] that are Theorem1.1 and Theorem1.2.

Example 2.1 The linear initial value problem is given as follows:

Du(x) - xz _n sin(ZI;)Do‘u(x) ) tanl;(x)u(x)) xe (0’ T],

. 1 . 1 1
lim,_ox2u(x) = a, lim,_,ox2D2u(x) = b.

(6)

This problem is a special case of (1) with « = %, T,a,b,v1,vy >0, max{vy, 1} < and

F o ux), Du(x)) = x2 — WSRODTUE) _ vy @b@ul) 1 i eqsy to see that

_4
(2+4/7)

[f(x, u(x), ’Dau(x)) —f(x, v(x), D* v(x))| < % |V(x) - u(x)| + %|Dav(x) - D"‘u(x)|.

Applying Theorem 2.1 the linear initial value problem (6) possesses a unique solution
in Cy_,[0,y]. It is simple to verify that Theorem 1.1 cannot be applied to our example.
Because f is not increasing in all its arguments except for the first argument, that is, the
condition (FH,) of Theorem 1.1 is not satisfied.

Example22 Leta =32,n=4,4;>0,i=1,2,3,4and

o 2 30 o & 0
f(x,u(x),D u(x), D u(x), D u(x)) =e - v u(x) — e(x+3a)D u(x)
;3 20 §4 3o
e(x+3a)D u(x) - e(x+3a)D u(x)
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il

If max15i54{§i} < 5.86’

then, by applying Theorem (4), the problem

Diux) = ¢ — -5 _u(x) - e(f—fz)D“u(x) + -8B D2y(x) — 4D y(x),

. ex+2) L ex+2) ex+2)
lim,_, %3 u(x) = ay, lim,_, o x3 D3 u(x) = a,, (7)
. 1.4 . 1
lim,_,ox3 D3 u(x) = as, limy_, o x3 D%u(x) = ay,

where x € (0, T], possesses a unique solution. On the other hand, since f is not increasing,
Theorem 2.2 is not applicable here.

3 Solution of infinite system (5)

In this section, we give a partial answer to (Qs). For this purpose, firstly, we present some
weighted continuous spaces. Then we discuss the existence of solution of infinite system
(5) in the Banach space ¢y and ¢, in Sects. 3.1 and 3.2, respectively.

Definition 3.1 Let X be a norm space and C(Z, X) be the family of all continuous functions

on [ to X. We define a weighted spaces of continuous functions as follows:
Ci-a(I,X) ={u e C((0,T],X) : 5 u € C(,X)},
with the norm ||u|c,_, (%) = maxo<x<7 |¥* " u(x)||x.

Definition 3.2 We denote the spaces of continuous functions
Cy (LX) ={ueCio(,X): D'ue Ci,(,X)},
with the norm [lullce ) = llullc,_ux) + ID“ullc,_ux)-

Throughout this section, we define I = (0, T], up = {2}, u1 = {ul}2,, u(x) = {u,(%)}32,
and f(x, u(x), D*u(x)) = {f.(x, u(x), D*u(x))}:2,, which belongs to some Banach space
(X, Il - II) Therefore, one has system (5) as follows:

D¥u(x) = f(x, u(x), D*u(x)), x¢€(0,T], ®)
0 1

Lagy(x) = u®, lim,,ox'*D%u(x) =u', n=1,2,...,

limy_,ox
where u,(x), n=1,2,3,..., are continuous on /, f is defined on I x X x X — X and f; is a
real valued function.

3.1 Solution in space ¢y
In this subsection, let X = ¢y. We intend to show the existence of a solution of the infinite
system (5) in the Banach space cq with the norm |ju|| = sup{|u;|:i=1,2,3,...}.

Suppose that the following conditions are satisfied:

(C1) {ug}i2, and {uf}52, belong to co;

(Cy) for any fixed u, f(x, u(x), D*u(x)) is measurable;

(C3) foreachx el, u(x) ecopandi=1,2,..., we have

Lﬂ(x, u(x),D"‘u(x))f <ji(x) + ki(x) sup{lun| n> i},
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where j;(x) and k;(x) are continuous real valued functions on I such that the se-
quence {k;(x)}?°, is equibounded on I and the sequence (j;(x)) converges uniformly
on I to the zero function identically;

(C4) the family of {f,(#)}xe; where fi.(u) = f(x, u(x), D*u(x)) is equicontinuous at any point
of the space c.

Theorem 3.1 Under the conditions (C1)—(Cy), with (r oDt 20”1 K < 1, where
max; sup,; |k;(x)| < K, the infinite system (5) possesses at least one solution {u,(x)}32, =
u(x) € co forany x € 1.

Proof Suppose that u(x) = {u,(x)}2, satisfies the boundary conditions of the infinite sys-
tem (8). We define the operator A: Cy_,(I,co) — Cy_,(I,co) by

Au(x) = upx® ' + 1y %xm’l + P*f (%, u(x), D u(x)).

Applying (Cy), A is well defined. We show that A is bounded on C{_, (I, co),

||x1’°‘,4u(x)||c0 + || 4D Aulx) ||C0

I'(a)
I'(2a)

Uo + U1 x% + xl_"‘lzaf(x, u(x),D“u(x))

€0

+ oy + 6171 (), D) |,

I'(a)
I'(2a)

< sup|ug + U3

i>1

+ sup|uf + IS (%, ulx), D u(x))|

i>1

i i I'(a) a >
—_— 1
5?3?'”°' +iz?|ull(p<2a>x !

&%+ 2P (o, u(x), D u(x) ) ‘

By sun| [ 6= 0Pt D)
* SUP/ (=) fi(n, un), D"u(n))dn‘
F( ) i>1

r'a) .,
< lluolley + llze1ll o WT +1

Tl o x 21y ' ‘ ) ’

F(2a) Slg?/o (= 0)** 7 (ji(x) + ki(x) sup{[u| : 11 = i}) d
a—1

T fgg/ (= )" ) + ki) sup{ 1 n>t})dn’

Using (Cs), there exists / = max; sup,; |ji(x)|, therefore

max ||x1_°‘Au(x) ||c(J + max ||x1_°‘D"‘.Au(x) ||C0

< max (Tl + Nl [ =L a4 1
~ xel 0 O\ I'2w)
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"Te su?f (@ =) (ji@)] + [kix)| sup{lunl : n > i}) dn

xl’

b 8;111@/ (=) (ji(x) + ki(x) sup{ 1| :nzi})dn)

r'@) ,
< lluollcy + llee1ll¢y mf +1

1 * 20-1(];. X . .
F(Zcx) H;élxslil?x /0 (@ =) (|ji)] + | ki) | sup{ sl : n = i}) diy
¥ a-1(|:. ) . .
* ) s /0 o= m)* (|ji@)| + | k()| sup{lunl : n > i}) dn

B F(Ol) Ta ) T« TZOt
= ol + ””l”CO(W * ) * (F(a +D) Tl 1))]

" ™ Kllu|l
+ + ,
ra+1)  TQRa+1)) "o

and so

r'a) ., T T*
|Aull < llzeollc, + ”ul”co(mT + 1) + Ta+1) + I'(2a + 1)>]

r T \kjul
+ + ull.
Fe+1) TI'Qu+1)

Then we conclude that

20
lahollcq + 1261 leo (T T + 1) + (35555 + Foas V)
r =
T T2
1- (r(a+1) * TRasD I (2a+1) e K

is the optimal solution of the inequality

F(Ol) Ta ) T® Tth
letolley + ”ul"c0<m ¥ ) i <F(a +1) * (o + 1)>]

T T ,
+ + Kr <r
I'Ra+1) I'(Qu+1)

Define the closed, bounded and convex set

B, = ’u e C1_,(L,co) : [lul| <r,lim 2%, (x) = ug, lim 2Dy, (x) = uy, },
x—0 x—0

where n =1,2,.... Clearly, A is bounded on B,. In the following, we show that .4 is con-
tinuous on B,. We can write

||.Au(x) — Av(x) ||

2a 1 o o
s r<2 ) / (e = s, en), D 2m)) — £ (7, v(n), Dv(m)) | b

2a-1 o o
< o5 / (e = ) [f (), D) — f (. vin), D“v) |,

Page 10 of 20
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The family of {f,(«)}xcr where f;(u) = f(x, u(x), D*u(x)) is equicontinuous on cy. Bearing

(C4) in mind, we have

Vv,ueB,andVe >0, 36>0: |u-v|<§ = Hﬂc(u)—ﬁc(v)“mf , Vxel,

€
z

__1?
where z = TaarD" Therefore, we conclude that

1 X
||Au(x) - Av(x) ||C0 = T(20) fo (6 —m)> ! Mz(”) -fHW) ||C0 dn <e,

which means that A is continuous. Without loss of generality, we can suppose x; > x5.
There exist m7, my and m3 in R* such that

[ =257 < mulxn = x|, forallay <n <w,

|x¢ = a5 < malwy —xa), forallay < <a, )
)20(—1 _ (

(2 = x1 = 0)** 7| <mslx?x,), forallxy <n <w.

Applying (9), for any u € B,, we have

”Au(xl) — Au(x,) ”co

I'(a) ( 20-1 _xZa—l)

_ if(,o-1_ ,o-1 i
= Slg’ ”0("1 ) ) T U I (2a) *1 2
o ([ = it D) a
+F(20l) o X1 n i\, u\n), u\n n

- /O z(xz—n)Z“’lfi(n, u(n), D*u(n)) dn)‘

i 00— o— i F((X) o— o—
= SUpRALAT ~A7) [ suplid gy (7 -
+ 1 sup f ™ (G = P = ey = )Y (), D) i
I'(2a) >11Jo o ’

. / (e = P, ), D) dn‘

< lluoll] EERATPAILACI R, |
= Ugl|[X2 — X1 |17 + || Uy my Xy — X1
I'(2a)

i /0 w2 = 21 Im3Gi() + kaCn) sup{ [ ()| : 1 = i}

+/ 2(xz—17)2”‘1(1}'(17)+ki(n)sup{|un(77)| tn > i} dn)

< lluolllx2 — %1111 + |1 | ma|xy — X1

(a
I'(2x)
1 1
+ F(Za) (WI3] + [(”M”)Lxl _x2| + m(} + I(”M”)(xl _x2)2a’

which tends to zero when x; —> x,. Thus, we deduce that A is equicontinuous on B,.
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Setting B = conv(A(B,)), clearly B C B,. Let Y C B, then A is continuous on Y and the
functions from the set of Y are equicontinuous on I. In view of the definition of the Haus-
dorff MNC yx on the space C{_, (I, ¢o), Proposition 1.7 and Theorem 1.8, we have

Xcewe)(Y) = SUp X (Y (%))

xel

Recalling Theorem 1.8, for any u € Y, we observe

Xeo (Au(x)) = lim {sup (max Au,,(x)) }

i»ool cp\ n>i
. (o)

< lim { sup( max|ufx®"u} a2t
i—o00 | yep \ n=i F(2a)

1
I'(2a)

1 X
< 1 - _ )\ 21
Jim {f};g(nﬂlg;( ) ‘/o (& =0 (ju(n)

+ k() sup{ |ux(n)| : k > n})an}

+

/O (o= 1, (), D ) i D }

<K lim {sup(max 1 “/x(x— > (sup{ |u(n)| : k = n})an}
0

i=oo | yep \ n=i I'(2a)

KT .
_— hm{
I'2a +1) i»oo

IA

sup(max|un (%) |) }

ueB N "=t

Therefore

20

T .
s e () = oy i [ up (] )

and

KT

xco (eo) (Au(x)) < mchLco)(Y).

KTZot
AS Fiogr)

solution for (5) in the space C¢_, (I, co). O

< 1, applying Lemma 1.6, A possesses at least one fixed point in A, which is a

Now, with the following example, we clarify the main result of this subsection.

Example 3.1 The system of fractional differential equation is given as follows:

in(1
Dzu,,(x) _ xsm(n+1)+ta:£alrctan(x))un(x), x€(0,1],

. . ) (10)
lim, o'~ u,(x) = 4, limy o5 *D%u,(x) = 2,n=1,2,...,

where u,(x), n=1,2,3,... are continuous on /. This system is a special case of (5) with

a=T=1,

~ xsin(% + 1) + tan(arctan(x))u,, (x)

S, u(x), DY u(x)) ,

n+1
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and a, b > 0. Obviously, the conditions (C;) and (C,) are satisfied. Hereafter, we show that
fx, u(x), D*u(x)) € ¢o. For any x € (0, 1] and u € ¢y, we conclude that

xsin(% + 1) + tan(arctan(x))u,, (x)

S ) D7) = fi

-l
lim sin(-, + 1) + sup, <y [#,(x)| o
n—00 n+1

Also, clearly |f,(x, u(x), D*u(x))| < j,(x) + k,(x) sup{|ux| : k > n}, where

xsin(% +1) ko (x) = tan(arctan(x))

) = +1 n+1

Moreover, j,(x) converges uniformly to zero and k(%) is equibounded by K = % Now, we

are going to check the conditions (C,). For any x € (0, 1] and u, v € ¢o with ||u(x) —v(x)|| < 5,
we have

[ - L0,

If (0, (), D*ulix)) = £ (%, v(x), D*v(x)) |
= su;l)lfn (0, u(x), D*u(x)) — fo (%, v(x), D*v(x))|

xsin(% + 1) + tan(arctan(x))u,, (x)
= sup
n>1 n+1

xsin(% + 1) + tan(arctan(x))v,(x)

n+1
< Esup|un(x)—vn(x)|
n>1
1
= 5 lut) -vin] <e.

Applying Theorem 3.1, hence the system of fractional differential equation (5) possesses
at least one solution in C{ ,(, co).

3.2 Solution in space [,
In this subsection, let X = £,. For a real number p > 1, the space denoted by ¢, is the
Banach sequence space, when equipped with the following norm:

1
p

llllp = (iluilp>

In the following, we show that the infinite system (5) has at least on solution in the space
£,, when the following conditions are satisfied:

(C1) uo and u; belong to €,;

(Cy) f:1x ¢, —> £, is continuous;

(Cy) foreachx € [0,¢], u(x) € £, and i = 1,2,..., we have

[f,v(x, u(x), D u(x)) {p <Jiw) + ki(x) | l?,
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where j;(x) and k;(x) are continuous nonnegative functions on [ such that the se-
quence {k;(x)}°; is equibounded on 7, lim;_,  sup k;(x) is integrable over I and the
series ) - ji(x) converges uniformly on J;

(Cy) the family of {f(u)}xer, where fi(u) = f(x, u(x), D*u(x)) is equicontinuous at any
point of the space £,,.

Theorem 3.2 Under the conditions (C})—-(Cy,), if

( T20£ T« )
T+ T |JK? <1
rQ2a)(Qe-1)p+1)r T'(e)((a-1)p+1)r

the infinite system (5) possesses at least one solution {u,(x)}50, = u(x) € £p for any x € I,
where ] = sup,; [j(x)|, j(x) = Yoo, ji(x) and ki(x) is equibounded by K.

Proof Suppose that u(x) = {u,(x)}:, satisfies the boundary conditions of the infinite sys-
tem (5). We define the operator A: C{_,(1,£,) — C{_,(I,£,) by

_ a-1 F(Ol) 20—
Au(x) = ugx* ™ + g F(2oz)x

Ly IZ“f(x, u(x),D“u(x)).

Applying (C3), A is well defined. We show that A is bounded on C{_ (I, £,).

" x% + xl_“lz"‘f(x, u(x), D“u(x))

p

I'a) .,
< lluollp + ||M1||p(mT + 1)

+ Hxl""lz"‘f(x,u(x),D"‘u(x)) ||p + ||x1’“1"‘f(x,u(x),D"‘u(x)) ||p

r
=< lluollp + lla ||p<% T“)

(Z / [Ge= P, o), D u)| dn)l

i>1

=< lluoll, + ||u1||p(+ )

m)(Z/ o= )+ kil |u<n)|)dn>
i>1

< lluollp + “P(r(za) )

L x(2a-1)p+1 K2e-Dprl N
7 J K u@)|) s
2a) (2a p+ 1 PRu-1)p+1

< lluollp + lwall,p F(2) )

T%xl“" . x(za-m}, A x(za-m},
) P +Kr Hu(x)”p—1
(2) (2e - )p +1) (2 - 1)p + 1)?

ST
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<ol + ey | L
= Ollp 1llp 1_,(20{)
T(1+ot)]’% T(Za)l(% )
+ Hx ““u(x) ||p

+

ra)(Qa-1)p +1)7

and

”xl_“D"Au(x) ”p

< llwllp + [J&"Tf (x, u(x), D*u(x)) |

1-

o
<lmllp+ ——=
< lluallp @

(=

i>1

/0 (=) fi(n, u(n), D*u(n)) dn

ra)(Qa-1)p +1)?

p

p);

p-1 xl—a X . N %
<l + T m(z / (e )P |fi (), D u(n))|Pdn)

xl—u
I ()

p-1
<lwlp+T 7

i>1

p1 ! af
<lwlp+T 7

a-1)p+1

(Z /0 |Ge— )~ Gin) + ki) |e)|”) dn)”

P x(oz—l)erl

p-1
Slwmlp+T7

@ (] @-1p

+ I(Hu(x) H

p
+1 p(a—l)p+1)

1
Tj»

P R o Vs \ CENS
T <]p - +K? ||u(x)||p7>
@O\ (@-1p+1)?

(@ -1)p+1)7
TR s

< lluallp + 1
Ie)((@-1)p+1)?

Therefore, we have

1- 1-
Igclglx”x “Au(x)”p+r§clgx||x “D“.Au(x)”

+ ||x1’°‘u(x) “p'

=

I(e)((@-1)p+1)

p
< max Jull, + max |y m(ﬂ T 4 1) L T 1
e x<! I Q) [ (20)((20 - 1)p + 1)
(2ct) ,%
+ 7K T max”xl""u(x) ||
I'(2a)((2a —1)p + 1) * ?
o T K T max”xl’“u(x) »
r@(@-1p+1)7 ) (@-1p+1)r *
and so
r
1 Aull < llzoll, + ||u1||p(% To 1)
( T1+a T ) 1
+ T+ - )
rEe)(e-1p+1)7  a)(@-1p+1)?
20 o .
+< T _ T I)K””“(’C)”'
rEe)Qe-1p+1)7r I'@)((@-1p+1)r
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Then we see that

T1+u T 1
lluoll, + ||u1||p(p +1) +( T e
y= I'(2e)((2a-1)p+1)P (@)
- o o 1
- (— s — 1)K

I'2a)(2a-Dp+1)?  'a)((@-1)p+1)?

+

is the optimal solution of the inequality

luollp + llua ”p(% T + )

( Tl+e T ) 1
+ T+ T |7
'2a)(Qea-1)p+1)r Ta)(a-1)p+1)r
( T20¢ T >
+ -+ T |K?r <r.
I'e)(Qe-1)p+1)r e@)((a-p+1)r

/

Define the closed, bounded and convex set
C = {u € Ci (1, 6): aal < 7, lim 220, () = 143, lim 1D, (x) = ], }
x— x—

where n =1,2,.... Clearly, A is bounded on C,. In the following, we show that A is con-

tinuous on C,. For any u,v € C,, applying Hélder’s inequality, we can write
|| Au(x) — Av(x) ||p

=2/

i>1

T”lz/

i>1

)2(1 1 »

(’“ G O, D) =i, o) D)

20(117

O ot Do) i o, D)

(2a)
(x n) (2a-1)p
'(2a)?

T2a
= Tap(@a-1p+1)

< vl dn||f (n, u(n), D*u(m)) = f (n, v(n), D*v() |,

I (. ), D)) = f (m, v(m), D= () |-

The family of {fi(#)}.e; where f; (1) = f (%, u(x), D*u(x)) is equicontinuous on £,. Bearing

(C,) in mind, for all x € I, we have

’

Vv,u € B, and Ve >0, 38 >0with ||[u—-v|| <8 such that Hﬂc(u) —fx(v)”p < <
z

2
TP

. Therefore, we see that
I'2a)((2a-1)p+1)P

where z =

2a

tr
20)(2a —1)p + 1)

r[h6) -0, <e

||Au(x) — Av(x) ||p <

which means that A is continuous.

Page 16 of 20
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Without loss of generality, we can suppose x; > x,. Applying (9), for any u € C,, we have

[ Auter) — Autxa)],

r
< H Mo(x?_l _xg 1) ”p + 1_,((2“)) (x B x%ﬁt—l)
p
H I@a) Jy m* = (=) (0, uCn), D uln) dn

p

- /Z(xz—n)z"“lf(n,u(n),D"‘u(n))dn

p

')
< g llplxs —x1 |71 + ||M1||pmm2|x2 —x1]

T(Zpa) (Z/O 1 ez — 01| P (i) + ki(’?)|”i(7))|p) dn)p
i>1

o (Z/ (w2 = )P i) + k(|| ) )

I'(a)
< llugllplxs — %1 |11 + ||M1||p—r(2a) ma Xy — %1
p-L
T p

+ T 2a) (mé)_/(; g — 1|7 Zii(ﬁ)dﬂ

i>1

1
X1 v
+/0 £2) —x1|Pnan;osupki(n)Z|ui(n)|Pdn>

i>1

(/ (x2 =P " ji(n) dn

i>1

X
+/ 2(x2—n)(2“ lp hm sup k;(n Z‘u(n ‘ dn)
x1

i>1

1

I'(a)
< lugllplxs — x1 |71 + ||M1||pmm2|x2 —x1]

p-1
T7r 1
+ Tk %y — 21|17 + TK || u||P %0 — 21|7) ?
F(Za)(] 31%2 — x| ll2ell? |62 — %11")
p-1
T7 |x2_x1|(2a—1)p+1 |x2_ 1|20¢ 1)p+1 »
+ + K||u||?
o)\ Qa-1p+1 Qe-1)p+1

I'(a)
< g llplxs — %1721 + ||M1||pmm2|x2 —x1]

Tfll’mgl | TJK» | I
+ |y — x|+ ——— |y —x
ree) 2 N e

1|x2 x1|2(x 1p+1
I'2a)(Qe-1)p +1)r

which tends to zero when x; —> x5. Thus, we deduce that A is equicontinuous on C,
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Setting C = conv(A(C,)), obviously C C C,. Let Y C C, then A is continuous on Y and

the functions from the set of Y are equicontinuous on /. In view of the definition of the

Hausdorff MNC yx on the space CY (I, co), Proposition 1.7 and Theorem 1.9, we have

xcs, 1) (Y) = sup xe, (Y (%)).

xel

For any u € Y, we obtain

Xe, (Au(x)) = {sup(DAun(x) |") }

n>i
I ()
< lim {su E WOx 1 4yl 2a-1
_ieoo{ueg(ypi " nF(Q.O{)

)]

/ (= ) (1, x), D)) di

1 ¥ 2a—1 o
+ m/(; (e =)o (o, u(x), Dulx)) dn

1
< lim (
i—00 ueB F(ZO[)

)]

< limys MGBF(2a)(Z/‘x > (i) + k) [ws()[7) d > }

1-p
T r
<1 _\2a-1|P d
< Jim 1 sup 7o s </ (R ;h(ﬂ) n
/ [ (n)Z|ul<n)|’”) dn)”}
Then we get
1-p 1
TP (2e-1)p+1) »
su Au(x sup ——— lim — K u; .
xEII) le( ( )) xEII) I'(2w) ’”OO{MEB<((2O[ - 1)}7 +1) ;‘ > }
Therefore
KT I
sup x¢, (Au(x)) < = sup lim sup(max|u )[” )p }
xel F(za)((Za 1)p+ 1)17 xel i>00lyep \ nzi
and
1
Kr T2

xee i) (Aulx)) <

T Xce (1e,)(Y).
F'a)((2ae-1p+1)r

1
As Ll < 1, hence, applying Lemma 1.6, A admits at least one fixed point in A
' (2a)((2a-1)p+1)?

which is a solution for (5) in the space C{_,(I,£,). O
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Example 3.2 The system of fractional differential equation in the space ¢, is given as fol-

lows:

Duy,(x) = x" tanh(~x) + > v %, x€ (0,11, 1)
limy_ 02! %u,(x) = ¢ limy_, o 21 *D%u,, (x) = %, n=12,....

n’

This system is a special case of (5) witha,b>0,a0=1,T = % and

(@), Du(x)) = " tanh(~x) + Y %.

Obviously, the conditions (C}) and (C}) are satisfied. For every x € (0, %] and u € £,, we
have

o]

o 2 _ n um(x)ex
[fn(x, u(x), D u(x)) | = |x" tanh(—x) +27mn

m=n

|x” tanh(—x) |2 + Z

m=n

IA

Uy (x)e" |
mn

. 262
<x+

- 612

|4 ()|

2 er

Therefore, f satisfies condition (C}) with j;(x) = x*" and k;(¢) = 5
ji(x) are continuous, Zizl ji(x) converges uniformly to ﬁ and lim;_, o, k;(x) = O, that is,

in which the functions

it is integrable over I. Now, we are going to check condition (Cj). For any € > 0, x € (0, 1]

and u,v € £, choose § = % with ||u(x) — v(x)|| < 8, we have
o " 2 (U (%) = V() > |*
S 1) D) — v, Dv) [ = 30| TR
n>1 n>1'm=>n
er |um(x) —Vm (x)|2
< -

ez" 2
=Y S Jut) - v,

n>1
22
< ||u(x) —v(x) ||§2% <e€.

Applying Theorem 3.2, hence the system of fractional differential equation (11) possesses
at least one solution in C{_, (I, £5).
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