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1 Introduction
Let £2 be a bounded domain in R” with a C* boundary I". Consider the following two
weakly coupled plate equations:

Vi + A2y + c(x)z + d(x)y: = 0 inR* x £,
Zu+ A%z +c(x)y=0 inR* x £,
tt (x)y (1.1)
y=Ay=z=Az=0 onR* x I',

((0),5:(0)) = (4°,9"), (2(0),2:(0)) = (z°,2") in £2,

where ¢(-) € L*°(£2; R) is the coupling function, and d(-) € L*°(£2;R) is the damping func-
tion. Both ¢(-) and d(-) are nonnegative.

In system (1.1), the damping which is distributed locally in the domain under consid-
eration acts through one of the equations only, and its effect is transmitted to the other
equation through the coupling. Thus, system (1.1) is a special case of the general frame-
work proposed by Russell (see [28]) for the indirect damping problem in elastic systems.
Motivated by Russell’s work, the indirect stabilization problem for all kinds of coupled sys-
tems have been extensively studied (see e.g. [1-4, 10, 16, 18, 23, 27, 30] and the references
therein).

It is well known that a single wave equation is exponentially stable if and only if the
geometric control condition (GCC for short) is satisfied (see [6]). When the GCC failed,
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Lebeau [22] first derived the logarithmic decay result for wave equations where no geo-
metric restriction was imposed on the damping regions. After that, the logarithmic decay
result was extended to many other problems (see [5, 9, 19] for a single wave or plate) with
internal or boundary damping. However, for the indirect stabilization for weakly coupled
wave-type equations (wave—wave, wave—plate, etc.), even under some geometric condi-
tions, the exponential stability does not hold (see [3]). There are many results related to
the polynomial decay. In this respect, we refer to [2—4] for the indirect stabilization for
weakly coupled systems of wave—wave or wave—Petrowsky type, and [17, 24, 25, 29] for
the weakly coupled plate—plate equations. Further, we refer to [21] for the uniform decay
rates of the coupled wave equation and plate equation with the coupling on the interface,
and [15] for the polynomial decay estimate for a single plate equation with local degener-
ated dissipations.

It should be pointed out that there are few references addressing the logarithmic decay
rate for the indirect stabilization for weakly coupled wave-type equations. We refer to [11]
for the logarithmic decay rates of the energy of a hyperbolic—parabolic system coupled by
an interface, [12] for the logarithmic decay result of the weakly coupled hyperbolic equa-
tions, [13] for the logarithmic decay result of the weakly coupled wave—plate equations.
As far as we know, there is no reference addressing the asymptotic behavior of the system
(1.1).

In this paper, we will show the logarithmic decay property for solutions of the system
(1.1). Due to Burq’s [8] general results in the study of asymptotic behavior of solutions, it
suffices to show some high-frequency estimates with exponential loss on the resolvent. To
this aim, we borrow some ideas in [12, 13]. In [12], to get the energy decay for a system
coupled by two wave equations, one is required to establish an interpolation inequality for
a system coupled by two elliptic equations. In [13], to get the energy decay for a system
coupled by wave—plate equations, one is required to establish an interpolation inequality
for a system coupled by one elliptic and two parabolic equations. In our case, we consider
the coupled plate—plate equations, noting that the plate operator “32 + A2” can be decom-
posed as two conjugate Schrédinger ones “02 + A% = (id, + A)(=id; + A)’, therefore, we
have to get an interpolation inequality for a system coupled by four parabolic-type equa-
tions (see (4.5)). Since there is no elliptic-type equation in our situation, the interpolation
inequality we obtain here differs from [12, 13]. See Sect. 3 for more details.

The rest of this paper is organized as follows. In Sect. 2, we give the main results in this
paper. Section 3 is addressed to proving an interpolation inequality by virtue of Carleman
estimates for the parabolic equations. At last, in Sect. 4, we prove our main results.

2 Statement of the main results

Let m* = innyHz(_Q)ﬂHé(Q) ||Ay||%2(9)/”y”%2(9). Throughout this paper, we assume that c(-)
and d(-) satisfy

c(x) >c>0 inw,,

llcllzoo (@) < ¥,
and

dx) >do>0 inwy, (2.2)
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where w, and w, are arbitrary non-empty open subsets of 2. The solutions y and

z to system (1.1) are complex-valued functions. In what follows, we shall use C =

C(£2, w., wq, co, dp) to denote generic positive constants which may vary from line to line.
Now let us introduce the energy space H over the field C as follows:

H = (H*(2) N Hy(82)) x L*(82) x (H*(£2) N Hy(£2)) x L*(£2).
For any U = (y,u,z,v), U = (3,1, %,7) € H, their inner product is
(IR S /Q(AyA):/ + AzZAZ + c(x)y% + c(x)zjzz) dx + /Q(ML:t + ) dx. (2.3)
Define a linear unbounded operator A : D(A) C H — H by

D(A) ={U =, u,z,v) e H: AU € H,ylr = Aylr =z|r = Az|r =0},

(2.4
AU = (u, - A%y — c(x)z — d(x)u,v, - A%z — c(x)y). )

In fact, if U = (y,u,z,v) € D(A), we have y € H*(£2), u € H*(22) N H}(£2), z € H*(£2) and
ve H*(2) NHA($2).
Let Uy = (5°,, 2% 2%). Then system (1.1) can be rewritten as

du
=S AU, U(0) = Uy
-, =AU, U0)=Uy

Proposition 2.1 Assume ||c|| o) < m*. Then Ais the infinitesimal generator of a Cy semi-

group of contractions {e}=o on H. Furthermore, A has a compact resolvent.

Proof Since D(A) = H, by the Lumer—Phillips theorem (see [26]), A generates a Cy semi-
group of contractions if A is dissipative and 0 € p(A), where p(A) denotes the resolvent
set of A. For any U = (y,u,z,v) € D(A), noting the inner product (2.3) we define on H, it
is easy to show that

Re(AU, U) = — / d(x)|u|*dx < 0. (2.5)
2

On the other hand, given F = (f°,f1,g% g!) € H, let us consider the problem AU = F,which

is equivalent to

u=f° in £,

(2.6)
v=g" ingQ,

and

A%y —c(x)z=dx)f° +f! in 2,
—A2z—c(x)y=g" in 2, (2.7)
y=Ay=z=Az=0 onl.
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Let G = (HX(22) N H}(2)) x (H*(£2) N HA(£2)). In the following, we shall prove that the
problem (2.6)—(2.7) has a unique solution U = (y,u,z,v) € D(A). Introduce a sesquiliner
form A over the product space G x G as follows:

AV, V) = / (AyAY + AzAZ + c(X)yZ + c(x)2)) dx, (2.8)
2

where V = (y,2), V = (7,2) € G. It is easy to see that A is continuous and coercive. Thus,
by the Lax—Milgram theorem, for (-d(x)f° — f,—g') € G/, the system (2.7) has a unique
weak solution (y,z) € G such that, for any (3,2) € Q,

/ (AyA)ZJ +AZAZ + c(x)y% + c(x)z;z/) dx = —f (d(x)jﬂjzi +f13:/ +g1§) dx. (2.9)
o e}
Denote by D’'(£2) the space of all distributions on £2. By the equality above, one has

Ay +c(x)z=-dx)f° - f' inD(2), (2.10)
which implies A2y = —c(x)z — d(x)f* — f* € L*(82). Let f = c(x)z + d(x)f° + f. Then there
exists a unique solution 9 € H(£2) N H}(£2) such that A9 = f in £ and ¥ = 0 on I". Now,
noting (2.9), for any j € H2(£2) N HY(2) we have [, 9 Ajdx = [, fydx = - [, AyAydx.
Since the mapping —A : H*(22) N H}(£2) — L*(R2) is surjective, it follows that Ay = - €

H*(2) NH{(£2). Then, by the elliptic regularity theory, we have y € H*(£2) and the follow-
ing estimate holds:

932y < CUIAY 20 + 171 12(02))- (2.11)

Thus, combining A(Ay) € L2(£2) with Ay|; = 0, by the elliptic regularity theory, once
again we have

1Ayl2) < C(1AYI @) + ez + d@u+ 1] 12 )- (2.12)
Similarly, we also have z € H*(£2), Az € H}(£2), and the following estimates hold:

Izl a2y < C(I1AZIlp2(0) + 12l 2(2)) (2.13)
and

1AZll2(2) < C(I1AZl20) + @)y + &' 12q))- (2.14)
On the other hand, taking (y,z) = (y,2) in (2.9), it is easy to find that

IAYl2) + 1Azl 2@) < ClIF|l%. (2.15)
Finally, combining (2.6) with (2.11)—(2.15) we conclude that 0 € p(A) and

IVl @) + 1l 22y + N2l @) + VI E2(2) < ClF |2 (2.16)

which implies that A™! is compact. d
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The energy of system (1.1) at time ¢ is given by

E(t):% /Q (|ay@)|* + ye@)| + | az@)|* + |z@)]*) dx + /Q c®)Re(z)dx. (217

When d =0, E(-) is obviously conservative. Otherwise, we have

2
E(ty) — E(ty) = - / / A2 dxdt, V=t >0,
51 2

which implies the energy is nonincreasing and system (1.1) is dissipative.

Our main result is stated as follows.

Theorem 2.1 Let c(-) and d(-) satisfy (2.1) and (2.2), respectively. Suppose that w. N\ wg 7
(. Then there exists a constant C > 0 such that for all (y°,y',2° z') € D(A) the solution
e A0, 9, 2%, 2Y) € C(R*; D(A)) N C(R*; H) to system (1.1) satisfies

|e (091202 |5, < nZe D 16°9"2%2" ) |y VEZO. (2.18)

In order to prove Theorem 2.1, let us recall the following result:

Lemma 2.1 ([7, Theorem A]) Assume that B is the infinitesimal generator of a bounded C,
semigroup {8} ;cg+ on Hilbert space H. Let p(B) denote the resolvent set of B.IfiR C p(B)

and there exists a positive constant C such that

sup H(ir -B)! Hﬂ(ﬁ) < Ce%, VvE>0,
[tl<§

then, for any k € N*, there exists a positive constant Cy such that

Crk

<—- Vt>0,

sB 1-B -k . ,
w0 =B e = 15 4

where N* = N\ {0}.

According to Lemma 2.1, Theorem 2.1 is reduced to the following resolvent estimate of

the operator A.

Theorem 2.2 Under the assumptions of Theorem 2.1, we have iR C p(A) and there exists
a constant C > 0 such that, for every B € R,

@B = A £y = CeP

Remark 2.1 In this paper, we assume that w. N w; # @. It would be quite interesting to
consider the case that w, N w; = @. Some results are obtained in [4] for one dimensional
coupled wave equations. For the multi-dimensional case, as far as we know, it is an un-

solved problem.
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3 Aninterpolation inequality for the coupled parabolic system
In this section, we shall prove an interpolation inequality for the following coupled

parabolic system:

Ps+Ap=w in Q,

ws — Aw —id(x)p; — c(x)g =w° in Q,

g +Aq=z2 in Q, 3.1)
zs— Az —c(x)p =2° in Q,

p=Ap=gq=Aq=0 on Y.

Here Q=(-2,2) x £2, ¥ = (=2,2) x I and w?,2° € L*(Q).
Set

L) x 2, X2(22)xw, wo-oNwo.
We have the following interpolation inequality for the system (3.1).

Theorem 3.1 Under the assumptions in Theorem 2.1, there exists a constant C > 0 such

that, for any € > 0, any solution (p,w, q,z) of the system (3.1) satisfies

||P||L2(X) + ||W||L2(X) + ||61||L2(X) + ||Z||L2(X)
< Ce“ (W] o * 12°] 2y + 1PN 2) + N1 sl 12()

+ Ce_l/g(”P”LZ(Q) + Wl + 191l 2 + “Z”LZ(Q))' (32)

3.1 Some preliminaries
The proof of Theorem 3.1 is based on the Carleman estimates for the parabolic operators
+0, + A. In this subsection, we collect some known results we need.

As we know, Carleman estimate can be regarded as a weighted energy estimate. To begin
with, we first give the choice of the weight functions. Let wy be a non-empty subdomain
of £2 such that wy C wy C w. By [14, Lemma 1.1] we know that there exists a function
¥ € C2(2;R) such that

U >0 inf2, U =0 onas, IV{/|>0 in 2\ wo. (3.3)
With such choice of ¥ and A, i > 1, we define

¥ = Y(s,%) = VW 22y e @seR,
1702 a4

O=¢, (=rp, P=e",

where b € (1,2) will be given later.
Choose a cut-off function € C§°(w) such that

0<nx)<1l x€eow,
<nk) < (3.5)

nx) =1, X € wg.
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For fixed u, proceeding with exactly the same analysis as [13], we have the following

result.

Lemma 3.1 ([13, Lemma 3.2]) Let y € R and £ be given by (3.4). Let k be a positive integer
and k > 2. Then, for a fixed u, there is a constant Ay > 0 such that, for all .. > Lo, one can
find a constant C > 0 such that, for all z € Hy(—b, b; H*(2) N Hy(£2)) and for any B > 2,

b
/f@znk|Vz|2dxds
-bJe

1 [b b
5—/ /Gznk|yzs+Az|2dxds+CAﬂ/ f@znk’2|z|2dxds. (3.6)
Moyl bJe

Further, we recall the following well-known Carleman estimate for the parabolic opera-

tor yz, + Az.

Lemma 3.2 ([13, Lemma 3.4]) Let y € R and € be given by (3.4). Then there is a constant
1 > 0 such that, for all > 1, one can find two constants C > 0 and 1 = 21() > 0 so
that, for any A > Ay, for all z € H3(—b, b; H*(2) N H}(R2)),

b
A;ﬁ/b/ 0°¢(IVz|* + 12 u¢%|2l*) dxds
-bJ

b b
< C(/ / 0%|yzs + Az|* dxds + )ﬂf/ / 62¢?’|z|2 dxds). (3.7)
-bJR —-b Jayg

3.2 Proof of Theorem 3.1
To prove the interpolation inequality (3.2), first we apply the Carleman estimates in
Lemma 3.2 to p, w, q and z, respectively, to get (3.13). Then the main difficulty is to esti-
mate the energy of (p, g, W, 2) localized on wy by only the energy of p localized on w, which
can be solved by using their coupling relations and the multiplier technique. Since the
proof is long, we divide it into several steps.

Step 1. There is no boundary conditions for p, w, g and z at s = £2 in the system (3.1).
Thus, we need to introduce a cut-off function ¢ = ¢(s) € C5°(=b, b) such that

0<¢(s)<1, |s|<b,

(3.8)
90(5) = 1» |S| =< bO'
Here 1 < by < b <2 are given as follows:
1 1 1+et
e 1+—ln(2+e#), boé\/bz——ln( e ), (3.9)
2 2 et

where w is the parameter appeared in Lemma 3.2 and is large enough. Put

p=ep, Ww=ow,  g4=¢q, Z=g¢z (3.10)

Page 7 of 15
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Noting that ¢ does not depend on x, it follows from (3.1) that

ps+ Ap=F in Q,
Wws—Aw=F, in Q,
gs+Aq=F; inQ, (3.11)
zs— Az =F, in Q,
p=Ap=g=A3=0 onZX,

where

NI
F=w+¢p,

A
F, = idps + c(x)g + o,w — idogp + on,
5 = idps + c(x)q + ¢ osp+ (3.12)

A
F5=z+ ¢,
Fy=c(x)p + 05z + 92°.

By using Lemma 3.2 for y = 1, we conclude that there is a £; > 0 such that, for all
> 11, one can find two constants C = C(u) > 0 and A; = A1(u) so that, for all A > A,
b
Wf f 0°¢(IVRI* + [Vi* +|Vg|* + V2]
b J2
+ 22127 (117 + W) + |g1” + 121%)) dx ds

b
sc[/ f 0> (IF1* + |Ea2)? + |5 + |Fal?) dxeds
-bJ 2

b
+x3,ﬁ/ / 92¢3(|1§|2+|17v|2+|21|2+|2|2)dxdsi|. (3.13)
-b Jwg

Step 2. Let us estimate f_bb oo 02\2|* dx ds.
Recall that n € C§°(w) satisfying n = 1 in wp. By (3.11) and (3.12), we have

92}712'2'2
=92n12§(&s+Aé)_92n12§¢sq

= —0°n"4(2 - AZ) + (0°n"29), - (0°n") 24 — 0°n"*20sq
n n
+ ) (070Gl ~ 2y @], + Y _(0°0"), (B ~ 2d). (3.14)
j=1 J=1

Integrating (3.14) on (-b, b) X 2, noting that z(-b) = 2(b) = 0in £2, § = Z = 0 on the bound-
ary, by (3.11)-(3.12), we find that

b
//92n12|2|2dxds
-bJ 2
b 9 b
gc[/ /92|z°| dxds+f /92|ﬁ|2dxds
-bJ2 -bJow
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+f / (lgl + 121 )dxdsusf /92 U412 dxds
b,~bg)U(bg,b)
+k2/ /92 10|Vq|2dxds+—/ /9 |Vz|2] (3.15)

Next, taking 8 = 3 in Lemma 3.1, we have

b
//GZnIOIVZNdeds
< AS/ /92 1015512 dxds+Ck3f f92n8|q| dx ds. (3.16)

Combining (3.15) and (3.16) we obtain

b
//92n12|2|2dxds
<C|:/ / 2{zo| dxds+/ /9 \p|? dxds

+/ / *(IqI* + |z|*) dxds
b,—bo)U(bo,b)
+A5/ /02n8|q| dxds+—/ /92 IVZ|2 + 22|22 )dxds] (3.17)

Step 3. Let us estimate f_bb [ 0*n®1q1* dx ds.
Multiplying the second equation of (3.11) by 6287, we get

c®)0*n®|qI?
= 0208 q(Ws — AW) — Hzngg(idﬁs +osw — idogp + gw°)
—angﬁ/(gs +Ag) + (027185171/)5 - (92778)55171/ - angg(idgops QW+ (pwo)
n n
_ Z[ezng@% - ?,x/_ﬁV)]xj - Z(Gzns)x, (z,x/ﬁ, - E,wxj), (3.18)

j-1 j-1

Now, integrating (3.18) on (-b,b) x §2, recalling (2.1) for ¢y, we find that

b
Co/ /92n8|é|2dxds
-bJQ
’ 21..0]2 b 2,12
<C 0 |w | dxds + 0°|ps|“ dxds
-bJ 2 -bJw
+/ / *(Iwl* + |q1*) dx ds
(=b,—bg)U(bo,b)
+M°/ /92 7w dxds+)\2/ /92 |2 dxds
1 N A
+Ff_b/992(|w|2+ﬁ|z|2)]. (3.19)
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By Lemma 3.1 and taking 8 = 8, we have

b
//92n6|V17v|2dxds
_18/ /92n6|F2| dxds+cxsf /92n4|w| dx ds.

Substituting (3.20) into (3.19), it is easy to show

b
//92n8|21|2dxds
-bJa
b ) b
§C|:/ /92|w0| dxds+/ /92|ps|2dxds
-bJ 2 -bJw
+/ / 2(Iw* + 1q1*) dx ds
b,—~bo)U(bo,b)

xlO//92n4|w| dxds+—// (1Val + 2212 + 2[4 )}

Step 4. Let us estimate ffb [ 0*n*|1W|* dx ds.
Similar to (3.14), we have

92’74“1\/'2
= 0°n*W(ps + AD) - 0°n*Wpep
— _92n4ﬁ(§s _ A@) + (02n4§ﬁ)s _ (92’74)S@ﬁ _ 92774@%]9
n . _ n B B
[0 (b, - wxl.ja)]xj + 2(92n4)xi(17,,x1_1} — Why,).

Jj=1 Jj=1

Integrating (3.22) on (-b, b) x £2, we find that

b
//92n4|fV|2dxds
b J@
b b
§C|:k20/ /92|p|2dxds+/ /92|p3|2dxds
-bJw -bJow
+/ /«9 |w|? dx ds
b,~bo)U(bo,b)
/ /9 |w0| dxds+)\2/ /anZIVpI dxds
2,52
ps// (IVA? + 22141 )]

Applying Lemma 3.1 again, we deduce

b b b
1
/ /OZnZIVﬁIdedsﬁﬁf f@ZIWIdeds+CA18/ /Qzlplzdxds.
bJQ A -bJ2 -bJow

Page 10 of 15
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By (3.23)—(3.24) we get

b
/f92n4|17v|2dxds
b J@
b b
SC[AZO/ /92|p|2dxds+/ f92|p5|2dxds
-bJw —
+/ f@ |w| dxds+/ /92’w0| dxds
b,—~bo)U(bo,b)

118// (IVW* + 221g1* + A2 |w)* )} (3.25)

Step 5. Combining (3.13), (3.17), (3.21) and (3.25), by (3.10), we have

1
it [ [ (10 4 19w 4 197 4 028
-1J0

+ 2217 (1pl” + w* + 1q)* + |2I*)) dx ds
b ) ) b
Ce“* [/ / (|z°| + |w0| + |dps|2) dxds +/ / Iplzdxds}
-bJ 2 -bJw
+ cx“‘/ / 0*(IpI* + Wl + |q1* + |z|*) dx ds. (3.26)
(=b,=bo)U(bo,b) J 2
Recalling (3.4) and (3.9) for the definitions of ¢, b and by, it is easy to see that

¢(S)') Z 2 + ep-f fOr |S| S 11

@(s,-) <1+et, forby<|s| <b.

(3.27)

Fixing the parameter u in (3.9), and using (3.27), one finds that
1
Aezx(z"‘f#)/ / (|Vp|2 + |V + Vg2 + |Vz* + |p|* + [w* + 19> + |z|2) dxds
-1Je
Ca g 02 02 2 2 2
Ce (|2°]" + [w°]” + dps|?) dxds + |p|* dxds
-2JR 2 Jw
2
+ Cxlge”(“e")/ / (Ip1* + 1wl* + |gI* + |2|*) dx ds, (3.28)
2Je
which implies
1
/ /(|p|2+ lwl* + |q| + |2I%) dx ds
1Je
Ch 2 012 012 2 2 2
< Ce (|2° + [w°|” + dps|?) dxds + |p|? dxds
2J0 2 Jo

2
Ce_’\/ / (|p|2 +|w)?+ g+ |z|2) dxds. (3.29)
2Je

For every ¢ > 0, by taking A in (3.29) large enough, it follows that (3.2) holds. Thus we
complete the proof of Theorem 3.1.

Page 11 of 15
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4 Proof of the main result
In this section, we shall give the proof of the logarithmic decay result. To this end, we only

need to prove Theorem 2.2.

Proof of Theorem 2.2 We divide the proof into two steps.
Step 1. Fix F = (f°,f1,g% ¢") € H and U = (4°,5',2°,2') € D(A). Then

(@ip-Aly,=F (4.1)

is equivalent to

iBy° —y' =f° in 2,
A% — B0 +iBdy’ + c(x)2° = f1 + (iB +d)f° in £2,
ipz° -z = ¢° in 2, (4.2)
AZZO —,3220 + c(x)yo :gl + lﬂgo in Q,
W0 =0)°0=2"=Az"=0 onT.
Put
p ="y, q =2, seR. (4.3)

Then (p, q) solves the following equation:

A%p — pg + idps + c(x)q = [f* + (i + d)f°]e’* inR x 2,
Aq— g+ c(x)p = (g +ipg°)e inR x £, (4.4)
p=Ap=q=Aq=0 onR x I.

Set w =p;s + Ap and z = g, + Ag. Clearly, (p, w, q, z) solves the following equation:

Ap+ps=w inR x £,
AW —w; + idpg + c(x)g = [f* + (iB +d)f°]e’® inR x £,
Ag+qs=z inR x £, (4.5)
Az -z +c(x)p = (g* + iBg°)ef* inR x 2,
p=w=q=2z=0 onR x I'.

Step 2. By (4.3), we have the following estimate:

IIyOIIHz(Q)an(m + ||Z°||H2(Q)mH3(Q)
< Ce“PUlpll 2 + IWli200 + lgll20 + 121200)s

1Pl + W2 + 19l 2@ + 12112 o
< Ce“PU1° i i@rmiie) + 12° )i (2)

Ipll 2@ < Ce“PHyOl 2w
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Applying Theorem 3.1 to Eq. (4.5), and by (4.6), we get

Hyo HHz(.Q)ﬁHé(.Q) + ”ZO “HZ(Q)mHg(Q)
= Ceclﬂl(”fo ”LZ(Q) +|f! HLZ(Q) +g° ||L2(.(2) + ¢! HLZ(Q) + [ dy° HL2(Q))‘ (4.7)

Multiplying the second equation of (4.2) by 30 and integrating it on £2, we have
L(‘Aj’oyz - ﬁ2|y0’2 + iﬁd‘yo‘z + CZOW) dx = /Q[fl + (B +d) O]Fdx. (4.8)
Multiplying the fourth equation of (4.2) by 2° and integrating it on £2, we find that
/9(|AZO|2 - B2 + ¢y°20) dx = /9(g1 +iBg°)20 dx. (4.9)
Taking the imaginary part in both sides of (4.8) and (4.9), we have
81 dy*f
fe)

= CA BN 2+ 1 20y + 18202 + €] 1200)

< (1’1 22) *+ 12’ 20 (4.10)

As 0 € p(A) (see the proof of Proposition 2.1), one can find a positive number § > 0 such
that (-3,8) C p(A). For |B| < 8, Theorem 2.2 holds trivially. For || > §, combining (4.7)
and (4.10), we derive that

Iy HHZ(Q)ﬂHé(Q) +2° ||H2(.(2)DH&(.Q)
= 1 i I+ 1 L) @)
Recalling that y! = iBy° — £, z! = iBz° — g0, it follows
17" 200 + 12" |2y
= P laey + 1B | 2@y + 1€° 20y + 18112 2y
= Ce VPN oy + U 2y + 18° 2y + 8" 2 (4.12)

By (4.11)—(4.12), we know that there exists C > 0 such that

[ Uollz < Ce“P1| (i — AUy (4.13)

I

Since A has compact resolvents, i € p(A) as long as i — A is injective (see [20, Theo-
rem 6.29]). Therefore, by (4.13) we have iR C p(A) and

|- A7 ”L(H) < Cel.

This completes the proof of Theorem 2.2. g
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