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1 Introduction

Concrete nonlinear difference equations and systems have attracted some recent attention
(see, e.g., [1-39]). One of the classes of such equations/systems are max-type difference
equations/systems. For some results of solutions of many max-type difference equations
and systems, such as eventual periodicity, the boundedness character and attractivity, see,
e.g. [1-5,7-9, 11-16, 18-25, 28-30, 32-36, 38, 39] and the references therein. Our pur-
pose in this paper is to study the eventual periodicity of the following max-type system of

difference equation of higher order:

x, = max{A, 2=},
Yt e Ny =1{0,1,...}, (1.1)

Yn = maX{B: i:: }r

where A,B € R, =(0,+00), t,5s € N={1,2,...} with gcd(s, £) = 1, the initial values x_z,y_4,
X_gi1,Y—-dils---»%-1,Y-1 € R, and d = max{t, s}.

When £ =1 and s = 2, (1.1) reduces to the max-type system of difference equations

X, = max{A, i”‘l 1
x”_lz n € No. (12)
yn = max{B, s 1
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Fotiades and Papaschinopoulos in [5] showed that every positive solution of (1.2) is even-
tually periodic.
In 2012, Stevi¢ [23] obtained in an elegant way the general solution to the following

max-type system of difference equations:

A J’n
Xyl = max{ }
" " " neN,, (1.3)
X
Yne1 = Max{y-, T},

for the case xg,y0 > A > 0 and yp/xp > max{A, 1/A}.

In [35], Sun and Xi studied the following max-type system of difference equations:

Xy max{ ,mln{l Ay
. B - n € Ny, (1.4)
Yn = max{y—nim »min{l, ==}},

where A,B € R,, m,r,t € Nandtheinitial valuesx_;, y_s, %_4:1,¥-4+1,- - - »%_1,y-1 € R, with
d = max{m,r,t} and showed that every positive solution of (1.4) is eventually periodic with
period 2m.

When m=r=¢t=1and A = B, (1.4) reduces to the max-type system of difference equa-

tions

Xy = max{—,mln{l }},

1h

n ENo. (15)

Yu = max{m,mm{l, o

Yazlik et al. [39] in 2015 obtained in an elegant way the general solution of (1.5).
In 2012, Stevi¢ [24] studied the following max-type system of difference equations:

1)

yn =maXi<i<m {fn(}’( k(l 7y ,}/ ,l’l) yn—s

,2 Ll

1 2

¥ = max; <i<m {fz,(y e 7)’ wy( : k(z),n), y2,

1,2 n=k; n € Ny, (1.6)

(1) (2)
yn —max1<,<ml{fh(y k(z)ry - ,y (l ) 1), J’n =5
i1 n— kL,Z

where s,l,m/,kffz eN (¢t € {1,2,...,]}) and f;; : Rl xNy— R, (je{l,....I}and i €
{1,...,m;}), and showed that every positive solution of (1.6) is eventually periodic with
(not necessarily prime) period s if f; satisfy some conditions.

Moreover, Stevi¢ et al. [29] in 2014 investigated the following max-type system of dif-

ference equations:

(1) (1) )
Yno =MaXi<y<m (i OV sy Y ’e ,y D7 n), yn tls }¢
=K "‘/‘z‘l,z Lll
(2) (o(2))
Xp = MaAX1<iy<my {}[2;2()/ 2) 'J’ »y ) »”1) Vietys b
0,1 io,l ne NO) (17)

cey

yn —maxl<,l<ml{fhl(y k(l ’)’ HURE ) :”l) yn tls}’
K2 '1
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where s, 1, m;, t;, kg?h eN(,hefl,2,...,0}),(c(1),...,0()) is a permutation of (1,...,/) and
Jiij ‘Rl x Np — R, (je{L,...,I} and ij € {1,...,m;}). They showed that every positive
solution of (1.7) is eventually periodic with period sT for some T € N if fj; satisfy some
conditions.

2 Main results and proofs

In this section, we study the eventual periodicity of positive solutions of system (1.1). Let
{(*1, Y1)} n>—a be a solution of (1.1) with the initial values x_z, y_4, X_ 411, Y-ds15 -+ ¥-1,Y-1 €
R..

Lemma 2.1 Ifx, = A eventually, then y, is a periodic sequence with period 2s eventually.
If y, = B eventually, then x,, is a periodic sequence with period 2s eventually.

Proof Assume that x,, = A eventually. By (1.1) we see

n-s

A
Y = max{B, } eventually, (2.1)

which implies y,y,_s > A eventually and

A
B<y,= rnax{B, }
yn—s

A n—241s

_ max{ B L}
Yn-sYn-2s

<max{B,y,_2s} < yn_2s eventually. (2.2)

Then, for any 0 <i < 2s—1, y,,s; is eventually nonincreasing.

We claim that, for every 0 <i < 2s—1, y9,,; is a constant sequence eventually. Assume
on the contrary that, for some 0 <i < 2s— 1, y5,5; is not a constant sequence eventually.
Then there exists a sequence of positive integers k; < ky < - - - such that, for any n € N, we

have
A
B< Yoskp14i =
Vaskyy1+i-s
A
< Yoskn+i = ’ (23)
y2$k,,+i—s

which implies Yo, +i—s > Yask,+i—s for any n € N. This is a contradiction. Thus y, is a pe-
riodic sequence with period 2s eventually. The second case follows from the previously
proved one by interchanging letters. The proof is complete. O

Lemma 2.2 IfA > B> 1/A, then %ypus1)e+i < Xomsi foranyn>t+sand i€ No. f B> A >

1/B, then yyui1)t+i < Yont+i for any n >t + s and i € Ny.

Proof Assume that A > B> 1/A. By (1.1) we see that x, > A and y, > B for any n € N,
and

B KXont+i } (2.4)

Xo(nel)eei = rnaX{A, ) .
Xo(n+1)t+i-s X2(n+1)t+i-sY2(n+1)t+i—t—s
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Since B/xyu41)p4i-s <B/A<1<A and Xo(na1)t+iosY2(n+Deri-t—s = AB >1 for2(m+ )t +i>

t + s, we obtain

Xo(nat)eri < MAX{A, X244} < Xonesie (2.5)

The second case follows from the previously proved one by interchanging letters. The

proof is complete. O
Theorem 2.1 Let AB > 1. If A > B, then x, = A eventually and y, is a periodic sequence
with period 2s eventually. If B > A, then y, = B eventually and x, is a periodic sequence

with period 2s eventually.

Proof Assume that A > B. For any 0 <i <2t — 1 and n € Ny, we have

x .
A < Xyne1)e+i = MAX1 A4, 2nts! } (2.6)
X2(n+1)t—s+i) 2(n+1)t—s—t+i

By Lemma 2.2 we may let lim,,_, o X2, = A;. Note that

. Xonpri . KXo Ay
lim < lim =—<
n—>00 X(y4 1)t-s+iV2(nsl)t—s—t+i "—° AB  AB

A; (2.7)

and

im x5(,41)04i = Ai- (2.8)

n—>-00

Thus we have x,, = A eventually. By Lemma 2.1, we see that y, is a periodic sequence
with period 2s eventually. The second case follows from the previously proved one by

interchanging letters. The proof is complete. g

In the following, we assume AB = 1. For any i € N, let

lim x9,,=A; ifA>B (2.9)
n—s> 00
and
lim yousi=B; if B> A. (2.10)
n—s 00

Then A; > A and B; > B.

Lemma 2.3 IfA > B=1/A and A; > A for some i € Ny, then, for any k € N, Xy, ,ks+i and
YVoni—t+ks+i are constant sequences eventually. If B> A = 1/B and B; > B for some i € Ny,

then, for any k € N, Youriksri ANA Xopr_trks+i Are constant sequences eventually.
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Proof Assume that A > B and A; > A for some i € Nj. Since A; > A, it follows from
Lemma 2.2 and (1.1) that
x _ .
Xont+i = maX{A, el }
KXont—s+iY2nt—t—s+i

X2(n—-1)t+i

= ————— eventually. (2.11)
x2nt—s+i_y2nt—t—s+i
From this we have
B < lim YVont—t—s+i
n— 00
- lIim X2(n-1)t+i
n—00 X2yt +iX2nt—s+i
1 1
= <_- =B (2.12)
A—s+i A
This implies
lim Xont—s+i = A (213)
n— 00
and
lim yyu ¢-si=B (2.14)
n—00
and
Hm youpri = M X044 i%0u-51i = AiA. (2.15)
n— 00 n—-0o0
Since

X2(n—1)t+s+i } (2 16)

KXont+s+i = max{A,
x2nt+iy2nt—t+i

and

Xo(n— i Agpi
lim 2D sl g (2.17)

2
n—>00 Xopp Yome—t+i  AjA

we see that xy,,;,5,; = A eventually. Note that

X2(n— i A
lim 2l 2 g (2.18)
=00 Yont—t+i AA;

from which it follows that

Xo(n-1)t+s+i }

Vont—t+s+i = max{B,
yzm—m

=B eventually, (2.19)
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and

X2(n-1)t+2s+i

Yont—t+2s+i = maX{B; E—

Yont—t+s+i
X2(n-1)t+2s+i
= 2D eventually,
B

and

YVont—t+2s+i }

Xont+2s+i = max{A,
Xont+s+i

=max{A, Xo(u-1)r+2s+i}

= Xo(m-1)e+2s+i  €ventually.

If %oue405+i > A eventually, then, in a similar fashion, we obtain:
(1) xons3s+i = A eventually and yau_r435+: = B eventually.

(2) %ontrassi and You_rias4; are constant sequences eventually.
If %9405+ = A eventually, then yo,;_s405; = A/B eventually, and

X2(n—1)t+3s+i }

Vant—t43s+i = max{B,
Yont—t+2s+i

X2 B
_ max{B, 2(n—1)t+3s+i }

A

Xo(n— B
_ 20111)4& eventually,

and

y2m‘—t+33+i }

Xont+3s+i = Max {A,
Xont+2s+i

X(n—1)¢+3s+iB
A2

= max {A,
From this we see that if A = B, then
Konts3ssi = Xo(n-1)e+3s+i  eventually,
and if A > B, then

Xonesssyi =A  eventually,

since

. x2(n—1)t+3s+iB Azg.iB
lim =
n—s 00 A2 A2

3s+i-

} eventually.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

Using induction and arguments similar to the ones developed in the above given proof, we

can show that, for any k € N, X941 ks+; and yo,_s1ks+; are constant sequences eventually. The

second case follows from the previously proved one by interchanging letters. The proof is

complete.

O

Page 6 of 13
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Lemma 2.4 IfA =1/B > B and for some i € No, Xo,14; > A eventually and A; = A, then, for
any k € N, Xopusrks+i ANA Yonr_yiksei are constant sequences eventually. If B = 1/A > A and for
some i € No, Your+i > B eventually and B; = B, then, for any k € N, Youriissi ANA Xopt—trksti
are constant sequences eventually.

Proof Assume that A = 1/B > B and for some i € Ny, x2,4; > A eventually and A; = A. By
(1.1) we have

y2nt—t+i
KXopt+i = MaX {A’
Xont—s+i
y2nt—t+i
=——— eventually, (2.27)
Xont—s+i
and
X2(n—1)t+s+i
Kontrsti = max{A, S EEE— (2.28)
Xont+iY2nt—t+i
and
. X2(n—1)t+s+i . X2(n-1)t+s+i
lim 22Dewstl g A2AncDeesti
N—=00 Xopnt+i)Y2nt—t+i "7 X5, iXont—s+i
As+i
< VE < Agsi. (2.29)

Then we see that xy,z,s,; = A eventually. From this and ya,s_z,; > A2 eventually it follows
that

Xo(n-1)t+s+i }

Vont—t+s+i = max{B,
yZnt—Hi

= max {B, }
YVont—t+i

=B eventually, (2.30)

and

X2(n—1)t+2s+i
YVont—t+2s+i = Maxy B, —————
Yont—tts+i

Ko )
= % eventually, (2.31)

and

Yont—t+2s+i }

KXont+2s+i = max{A,
Xont+s+i

= max{A, Xy(u-1)r+25+i}

= Xo(n-1)t42s+i €ventually. (2.32)

Thus %425+ and Yo,—s425+; are constant sequences eventually. Using arguments similar to
the ones developed in the proof of Lemma 2.3, we can show that, for any k € N, 2, 4s+; and

Page 7 of 13
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Yont—t+ks+i @re constant sequences eventually. The second case follows from the previously

proved one by interchanging letters. The proof is complete. 0

Theorem 2.2
(1) Assume A =1/B > B. Then one of the following statements holds.
(i) x, =A eventually and y, is a periodic sequence with period 2s eventually.
(ii) Ifsisodd, then x,, y, are periodic sequences with period 2t eventually.
(iii) Ifs is even, then x, is a periodic sequence with period 2t eventually and y, is a
periodic sequence with period 2st eventually.
(2) Assume B =1/A > A. Then one of the following statements holds.
(i) yn = B eventually and x, is a periodic sequence with period 2s eventually.
(ii) Ifsisodd, then x,, y, are periodic sequences with period 2t eventually.
(iii) Ifs is even, then y, is a periodic sequence with period 2t eventually and x,, is a
periodic sequence with period 2st eventually.

Proof Assume that A = 1/B > B. If x,, = A eventually, then by Lemma 2.1 we see that y, is a
periodic sequence with period 2s eventually. Now we assume that x,, ¥ A eventually. Then
we have A; > A (or x4 > A eventually and A; = A) for some 0 <i <2¢f-1.

If s is odd, then gcd(2t,s) = 1. Thus, for every j € {0,1,2,...,2¢ — 1}, there exist some
1 <i; < 2t and integer A; such that jis = 1,2t +jsince {rs: 0 <r <2t-1} ={0,1,2,...,2¢t -1}
(mod 2¢). By Lemma 2.3 and Lemma 2.4 we see that, for any k € N, X2,z ks+i and Yous_srksi
are constant sequences eventually. Thus, for any 0 <r < 2¢ — 1, X9, and Yoz are con-
stant sequences eventually, which implies that x,, y, are periodic sequences with period
2t eventually.

In the following, we assume that s is even with s = 2s’. Then ged(¢,s") = 1 and ¢ is odd.
Thus, for every j € {0,1,2,...,¢ — 1}, there exist some 1 < j; < t and integer A; such that
ijs' = Ajt +j and ijs = ;2L + 2j.

If X5,.; # A eventually for some i € {0,2,...} and xy,; # A eventually for some [ €
{1,3,...}, then by Lemma 2.3 and Lemma 2.4 we see that, for any k € N, X2,z ks+i» Vant—t+ks+is
Kontrks+l AN Youerikse are constant sequences eventually. Thus, for any 0 <r <2¢ -1,
Xoneer and Yo, are constant sequences eventually, which implies that x,,, y, are periodic
sequences with period 2¢ eventually.

If Xue4; # A eventually for somei € {0,2,...} and x3,,4,; = A eventually forany/ € {1,3,...},
then by Lemma 2.3 and Lemma 2.4 we see that, for any k € N, xp,1k5+; and Yos_siksii are
constant sequences eventually. This implies that, for every r € {0,1,2,...,2¢ — 1}, X2,14r
is constant sequence eventually and for every [ € {1,3,...}, y2us+ is constant sequence
eventually. By (1.1) we see that there exists N € N such that, foranyn > N andr € {0,2,...},

A
YVontir = max{B, } (2.33)

y2nt+r—s

Then we have youirYauerr—s > A. Thus, forany n > N and [ € {1,3,...} and k € N,

Xont+2ks+l }

B < Yontere2kstl = maX{B;
Yont+t+2ks+l-s

— max {B, Ay2nt+t+2ks+l—2$ }

Vont+t+2ks+l-sY2nt+t+2ks+1-2s
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< max{B, Yaut+t+2ks—25+1}

= YVont+t+2ks—2s+l eVentuallY' (234‘)

Then, for every n > N and / € {1,3,...}, we have

B <.---=< YVont+t+2ks+l < YVont+t+2ks—2s+1 < YVont+t+2s+l < YVont+t+l- (235)

We claim that, for every n > N and [ € {1,3,...}, {yaur+t+24s+1}keN IS @ constant se-
quence eventually. Assume on the contrary that, for some » > N and some [ € {1,3,...},
{Vont+e+2ks+1}ken is not a constant sequence eventually. Then there exists a sequence of pos-
itive integers k; < kp < - - - such that, for any r € N, we have

A
Yont+t+2kps+l-s

A

S —
Yont+t+2k,_15+l-s

B< YVont+t+2kps+l =

< Vont+t+2ky_1s+l = (2.36)

which implies youeste26,54i=s > Yontrer2k,_1s+i—s for any r € N. This is a contradiction. Take
ps>N. Then Yougiiil = Yopstet+2(m—p)s+1 is @ constant sequence eventually for any / €
{1,3,...}. From the above we see that y, is a periodic sequence with period 2st eventu-
ally.

In a similar fashion, we can show that if xy,,,; = A eventually for any i € {0,2,...} and
%xou+1 7 A eventually for some [ € {1, 3,.. .}, then also statement (1(iii)) holds.

The second case follows from the previously proved one by interchanging letters. The
proof is complete. 0

Now we assume that A = B = 1. Then, for any 0 <i <2¢ -1 and n € Ny, we have 1 <

Xa(ne)e+i < Xoperi €ventually and 1 < yapi1)eri < Youers €ventually.

Lemma 2.5 Let A=B =1 and s > t. Then the following statements hold.

(1) IfA;=1,then B;,; =1.IfB; =1, then Ay = 1.

(2) Ifxn =1 for some N € N and Agpinsis = 1 for any k,n € N, then
Xont+N+ks = Yontstsks+N = 1 for any k,n € N. If yn = 1 for some N € N and Bopeiniks = 1
forany k,n € N, then YouriNks = Xontrerksen = 1 for any k,n € N.

(3) Ifsiseven and gcd(s,t) =1, then 1 € {x,:n €{0,2,..}} U {y1sn : 1 €{0,2,...}} and
le{x,:ne{l,3,..}U{yn,:ne{l,3,...}}.

(4) 1ef{x,:neN}U{y,:neN}.

Proof (1) Assume that A; = 1. Assume on the contrary that B,,; > 1. It follows from (1.1)
that

Xont+i
Yomtroni = — (2.37)

Yont+t—s+i
This implies

1

— <1 (2.38)
Bt+i

1< lim youpss-sei =
n— 00
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This is a contradiction. The second case follows from the previously proved one by inter-
changing letters.
(2) If x5y = 1 for some N € N, then x5, = 1 for any n € N. It follows from (1.1) that

Xont+N }

YVont+t+N = max{ 1;
y2nt+t—s+N

1
= max{ 1, —— } =1 (2.39)
Yont+t-s+N

and

Xont+s+N }

Yont+t+s+N = MaAX { 1,
Yont+t+N

= Xont+s+N (2.40)

and

J/ 2nt+t+s+N }

X2(n+1)t+N+s = max{ 1,
X2(n+1)t+N

= max{l, y2nt+t+s+N}

= YVout+t+s+N

= Xont+N+s- (241)

Thus XouteN+s = Youerersen = 1 for any n € N. In a similar fashion, we can show that
XontsN+ks = YomererkseN = 1 for any k,n € N. The second case follows from the previously
proved one by interchanging letters.

(3) If s is even and ged(s, £) = 1, then ¢ is odd. Assume on the contrary that 1 ¢ {x, :n €
{0,2,..}} U {yrsn : m €{0,2,...}}. Then it follows from (1.1) that, for any n € N,

Xont
Yont+t = Maxy 1, ———

Yont+t—s

Xont

>1 (2.42)

J’ 2nt+t—s
and

YVont+t-s }

Xont+2t—s = maX{ 1,
Xont+2t-2s

Vont+t—s

=—>1. (2.43)
Xont+2t-2s

Thus

Xont > X2nt-2(s—t)

> Xont-4(s—t)

> X2t(n—t+s)- (244')

This is a contradiction.
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(4) Case (4) is treated similarly to case (3). The proof is complete. a

Theorem 2.3 Let A =B =1 and s > t. Then one of the following statements holds.
(1) x, =1 eventually and y, is a periodic sequence with period 2s eventually.
(2) yu =1 eventually and x, is a periodic sequence with period 2s eventually.
(3) %y, yn are periodic sequences with period 2t eventually.

Proof Ifx, =1 (or y, = 1) eventually, then by Lemma 2.1 we see that y, (or x,,) is a periodic
sequence with period 2s eventually. Now we assume that x,, # 1 eventually. Then we have
A;>1forsome0<i<2t—1orlim, ,o%,=1.

If s is odd, then gcd(2t,s) = 1. Thus, for every j € {0,1,2,...,2¢ — 1}, there exist some
1 <i; <2t and integer A; such that is = 1,2t + j. By Lemma 2.3 and Lemma 2.5 we see that,
for any k € N, xo¢4ks+; and Youe—r1ks+: are constant sequences eventually, or for some N € N,
XontsN+ks = YanessrkssN = 1 for any k,n € N, or for some N € N, yaursn+ks = XonsrtekseN = 1
for any k,n € N. Thus, for any 0 < r < 2t — 1, x4, and Y, are constant sequences
eventually, which implies that x,,, y,, are periodic sequences with period 2¢ eventually.

In the following, we assume that s is even with s = 25, then ged(¢,s") = 1 and ¢ is odd.
Thus, for every j € {0,1,2,...,t — 1}, there exist some 1 < j; < ¢ and integer A; such that
ijs = 22t + 2.

If A; > 1 for some i € {0,2,...}, then by Lemma 2.3 we see that, for any k € N, X215+
and yo,:_¢1ks+i are constant sequences eventually. If A; = 1 for any i € {0,2,...}, then by
Lemma 2.5 we have B,,; = 1 for any i € {0,2,...} and %p4i+ks = Yonr—s+ks+i = 1 forany k € N
eventually. In a similar fashion, also we can show that, for any i € {1,3,...}, X2ur+ks+; and
Yont—t+ks+i are constant sequences eventually for any k € N, or Xoutyivks = Yont—t+ks+i = 1 for
any k € N eventually foranyi € {1,3,...} and k € N. Thus, for any 0 < r < 2t —1, 3,1 and
Yone+r are constant sequences eventually. This implies that x,,, y,, are periodic sequences
with period 2t eventually.

Using the previously proved one by interchanging letters, also we can show that if y, #
1 eventually, then x,, y, are periodic sequences with period 2t eventually. The proof is
complete. d

In Example 3.1 of [37], we showed that the equation

Xn—t

X = (t>s) (2.45)

Xn—s
has a positive solution z, (n > —¢) with 1 < z,,1 <z, for any n > —f and lim,,_, 5 z,, = 1.
From Example 3.1 of [37], we obtain the following theorem.

Theorem 2.4 Let A <1and B<1 and s <t. Assume z, (n > —t) is a positive solution of
(2.45) with 1 < z,41 < z, for any n > —t and lim,_, » z, = 1. Then equation (1.1) have a
solution (x,,y,) With 1 < X,41 = Vel = Zusl < Xp = Yn = 2y for any n > —t and lim,_, » x, =

lim, oy, =1.
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