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1 Introduction
This paper deals with the existence of random attractors for the following non-

autonomous stochastic wave equation with white noise in a bounded domain U C R®

with smooth boundary aU:
uy + q)uy + ouy — Au+ f(u,x) = glx, t) + ah(x) W (¢), (1)
M(x’ t)'xeau = 01 t >T,T€E R1 (2)
u(x, t) = up (%), uix,v) =u(x), xel,TeR, 3)

for (x,2) € U x (t,+00) with T € R, where & € H}(U) N H*(U) and « > 0 is the damping
coefficient. Here u(x, ) is a real-valued function on U x [t,+00); g(x,-) € Cp(R, Hi(U))
is a time-dependent driving force; C,(R, H} (1)) denotes the set of continuous bounded
functions from R into H} (U); and W (¢) is a two-sided real-valued Wiener processes on the
probability space (£2, F, P). In addition, the function g : R — R and the nonlinear function
f satisty the following assumptions:

(H;) The function g € C! is not identically equal to zero, and there exist three constants

a1, @y, a3 and oy > || such that

—a <o <q(s) <y < +00, \q’(s)| <oz, VseR. (4)
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(Hy) Letf(u,x) =fi(u,x) + fo(u,x) and F; = fouﬁ(r,x) dr, where fi(-,x) € CH(R,R), fo(-, %) €
CY(R, R). Furthermore, f;, f, meet conditions that there exist constants cy, ¢, ¢3, ¢4 >
0 and functions ¢;(x) € LY(U), i = 1,2, such that

fi,0,%x)=0,  filu,x)u=>0, V%)) < ey (1 + ul), (5)
£(0,x) =0, [fz’,u(u,x)’ <o(l+uf), 0<p=<2, (6)
csu* — ¢y (%) < Fi(u,x) < caufi(u, x) + o(x), YueRxel. (7)

In the deterministic damped wave equation (i.e., a = 0), global attractors have been stud-
ied by many authors, such as [1-3] and the reference therein. In addition, uniform attrac-
tors and pullback attractors also attracted many experts’ attention, cf. [4—8]. If the func-
tion g does not depend on time, (1)—(3) is an autonomous stochastic wave equation, and
its random attractors have been explored in [9-13]. For many problems, such as wave
propagation through the atmosphere or the ocean, the more realistic models must take
the random fluctuation into account. So it is important and interesting to study random
attractors. For non-autonomous random dynamical systems, Wang established an effica-
cious theory about the existence of random attractors [14—17]. Particularly, Li [18] stud-
ied the asymptotic dynamics for a stochastic damped wave equation with multiplicative
noise defined on unbounded domains and proved the existence of random attractors. For
the non-autonomous stochastic strongly damped wave equation, the existence of random
attractors is proved in [19-21]. Lv and Wang [10] also studied the existence of random
attractors for the stochastic wave equation and showed the upper semicontinuous depen-
dence of the random attractor on parameters. The authors in [22] studied the asymptotic
behavior of a class of non-autonomous nonlocal fractional stochastic parabolic equations
driven by multiplicative white noise on the entire space R”.

In this paper, (1)-(3) is a non-autonomous stochastic system where the external term g is
time-dependent. We shall transform the stochastic wave equation into a deterministic one
with random parameter and random initial data through an Ornstein—Uhlenbeck process
z(0;w), then prove the existence of a random attractor for the random dynamical system
generated by (1)—(3). It is well known that the key step in proving the existence of attractors
in both deterministic and random systems is to establish the compactness of the system
in some sense. Motivated by [23], we will work out this problem.

The paper is arranged as follows. In Sect. 2, we collect some basic concepts and back-
ground material about random attractor for the random dynamical system generated by
(1)—(3), then the existence and uniqueness of solutions is established in Sect. 3. In Sect. 4,
we consider the concrete bounds of the solution and decompose the solution of (12)—(13)
into two parts. In Sect. 5, we establish the asymptotic compactness of the random dynam-

ical system and obtain the existence of the random attractor.

2 Random dynamical systems
In this section, we collect some basic definitions and known results about general random
dynamical systems (see [17, 24, 25] for details).

Let (£2, F, P) be a probability space, where 2 = {w € C(R,R) : w(0) = 0} is endowed with

compact-open topology. F is the Borel o -algebra on §2 and P is the corresponding Wiener
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measure on F. For any ¢, let (6;);cr on £2 via
biw(-) = w(- +t) —w(t), teR,

thus (§2, F, P, (0¢):er) is an ergodic metric dynamical system [24]. In the following, X labels
as a Banach or Hilbert space with the Borel o -algebra B(X).

Definition 2.1 Let {6,},cr be a family of (B(R x F), F)-measurable mappings, 6; : R x
£2 — £2 such that 9y(-) is the identity on £2, 6,,(-) = 6,(:) 0 65(-) for all £,s € R and P, = P
forall £ € R.

Definition 2.2 Let (£2,F, P, (6;):cr) be a parametric dynamical system. A mapping @ :
R* x R x £2 x X — X is called a continuous cocycle on X over R and (£2, F, P, (6¢);er) if,
forall T € R, w € £2, and ¢, s € R*, the following conditions (i)—(iv) are satisfied:
(i) @(,7,):R" x 2 x X — Xisa (B(R") x F x B(X), B(X))-measurable mapping;
(i) @(0,7,w,-) is the identity on X;
(iii) ®(t+s,1,0,-) =P(t, T +5,0,w,-) 0o P(s,T,w,-);
(iv) @(t,1,0,-): X — X is continuous.

Definition 2.3

(1) Let 2¥ be the collection of all subsets of X. A set-valued mapping
(t,0) = D(t,w) : R x 2 — 2% is called measurable with respect to F in 2 if
D(t,w) is a (usually closed) nonempty subset of X and the mapping
w € 2 — d(x,D(t,w)) is (F, B(R))-measurable for every fixed x € X and v € R,
then D = D(t,w): 7 € R,w € £2 is called a random set.

(2) Let D be a collection of random sets in a Polish space X. A continuous cocycle @ is
said to be pullback D-asymptotically compact (D-a.c.) in X if, forany t € R, w € £2,
D € D and any sequences t, — +00, ¥y € D(t — t,,0_,w), the sequence
D (ty, T — ty,0-,w,%,) has a convergent subsequence in X.

(3) Let K =K(t,w): T € R,w € 2 € D. Then K is called a pullback D-absorbing set for
@ if, for all T € R, w € §2 and for every D € D, there exists (K, t,w) > 0 such that
(L, T —t,0_,0,D(t — t,0_,0)) C K(t,w) for any ¢ > £,.

(4) A family C = C(r,w):7 € R,w € 2 € D is said to be pullback D-attracting if
limy_s ;00 d(@(t, T — t,0_;0,D(T — £,0_;w), C(1,w))) =0 for all D € D.

(5) A compactset A ={A(r,w):7 € R,w € 2} € D is called a pullback D-attractor for
@ if A attracts every B € D and A is invariant in the sense that
D(t,7,0,A(T,w) =A(r +t,0,w) foreveryt >0, 7 € R, and w € £2.

In addition, if there exists T > 0 such that A(t + T,w) = A(t,w) forany t € R, w € £2,

then A is periodic with period 7.

Proposition 2.1 Let D be a neighborhood-closed collection of (t, w)-parametrized families
of nonempty subsets of X and @ be a continuous cocycle on X over R and (2, F, P, {0} icr)-
Then ® has a pullback D-attractor A in D if and only if @ is pullback D-asymptotically
compact in X and ® has a closed F-measurable pullback D-absorbing set K in D. The
unique pullback D-attractor A = A(t, ) is given by

Ar,0)=[(JPWT-1,040),Kr-1,0.0), TeRweR.

r=>0t>r
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Proposition 2.2 Let D be a neighborhood-closed collection of (t, w)-parametrized families
of nonempty subsets of X. If ® is a continuous t-periodic cocycle with period T >0 on X
over Rand (2, F, P, {6:}icr) and if @ has a pullback D-attractor A € D, then A is T -periodic
with period T if and only if @ has a closed F-measurable pullback D-absorbing set K € D
with K = K(t, ) being periodic in T with period T for each w € 2.

Notation Set E = H}(U) x L*>(U) with its inner product and norm as follows:

(12 = (1) + vov2) Nzl = (02)]

forall z; = (u;,v;)T,i=1,2,and z = (,v)T in E.
1
(1,1) = f wv) de,  lul = el = (1)
u

for all u,v € L*>(U), and

[T

(@) = [ VuVrods, s = g = (010)

for all ,v € Hj (U). More generally, denote E; = WS*(U) N H} x W*2(U) for s € R.
The letters c and ¢; (i = 1,2,...) are generic positive constants which do not depend on

w, T, a.

3 Existence and uniqueness of solutions

In this section, motivated by [26, 27], we establish the existence and uniqueness of so-
lutions for Egs. (1)—(3). Let A be the first eigenvalue of the operator A := —A on U
with Dirichlet boundary conditions. Note that A : H}(U) N H*(U) — L*(U), so D(A) =
Hj(U) N H*(U). In the following, we convert problem (1)—(3) into a random system
without noise terms. Identify w(£) with W(¢), i.e., w(¢) = W(¢), t € R, and let z(6;w) :=
- ffw e (0,w)(s)ds (t € R) be a Ornstein—Uhlenbeck stationary process which solves the
It6 equation dz + zdx = AW (¢).

Let ¢ = )i By the transformation

2(a+ag)2+3A1

@1 = U, @y = U + eu — ah(x)z(6,w),

Equations (1)—(3) are equivalent to the following determined system with random param-

eters in E:
@ =@y — &1 + ah(x)z(0,w) (8)
dt =2 ®1 t )
dps
T Ay + (o= &)1 + (e — a)pa — q(p1)(p2 — £91)
- (q(<p1) ta—¢€-— 1)ah(x)z(9tw) —flp1,x) + g(x, 8), 9)
(pl(xx t)|BLI =0, (10)

01T, T,%) = U (%), ©2(T, T, %) = Ve (%) = Ui + U, (%) — ah(x)z(0: w). (11)
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Then (8)—(11) can also be rewritten as a vector form:

@ +L(p) = G(p, 0, 1), (12)

01, ) = 9 (@) = (the, 1,0 + 614 —ah(x)z(6,0))", TERE>T, (13)
where

v= <Z;) L= (A—efoj—s)l (a:ls)1> (14)
and

Glp,0,0,1)

ah(x)z(6,w) ) . (15)

<—Q(<P1)(<P2 —eg1) = [q(p1) + o — & — 1]ah(x)z(0,w) - f (1, %) + g(x, 1)

It is known from [28] that —L is the infinitesimal generator of a C°-semigroup X!
on E. By assumption (H,) and the embedding relation Hj(U) < L®(U), the function
G(p,6,w,t) : E — E is Lipschitz with respect to ¢ for ¢ in a bounded interval and w € £2,
continuous in (¢, t), and measurable in w w.r.t . Thus, by the classical semigroup theory
on the local existence and the uniqueness of solutions of evolution differential equations

in [25], we have the following theorem.

Theorem 1 Consider the initial value problem (12)—(13), if assumptions (Hy) and (H,)
hold, then for each t € R, w € §2 and any ¢, € E, there exists T > 0 such that Eqs. (12)—(13)
have a unique mild function ¢(-) = ¢(-,7,0,¢;) € C([t,T + T); E), where ¢(t,7,w,¢;) = ¢r
and ¢(t) satisfies the integral equation

—L(t-1

‘P(tzf:w:(/%) =e€ )(/)T(w)

t
+/ €_L(t_r)G((ﬂ(r, T;a):wr)rerw, I") dr, Vt>rt. (16)

System (12)—(13) generates a continuous random dynamical system over R and
(Q;]:;P) (et)tER)

P:R*"xRx2xE—E, (L1,0,¢0;)— @(t,T,0,0;), (17)

where

D (t, 7,0, 0:(v))

=(t+7,7,0_:0,¢:(0_ )

) ult+7,7,0_0,¢_.(0_;))
S\t + 7,7, 00,00 (0-c0)) + eult + T, T,0_c 0,9 (0 0)) — ah(x)z(Bw) |’
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dj(o’ t; C(), (p'[w)
=@ (0_rw)
_ u(t, 7,0 0, ¢ (0_ )
u(t,7,0_c0, 0 (0_; ) + eu(t, T,0_ 0, 9 (0_; w) — ah(x)z(w) ’

and
D(t,7 — 1,0_0, pr4(04w)) = 9(T, T — 1,0_ 0, 9r_1(0_; w)).

Sowe have I'(t,7,w,Z;) =R}, ®(t,T,0,¢:)Rep,0: Zr — Z(t +T,7,0_,0,Z;). Next, we

S,9za)

use the transformation

Vi=u, Vo= u+eu,
By using

Ve (&) - G- (g(x, P ah(x)z(@cu)) 19
and

Hn = (Ax/fl PRV ew1)> ’ 1
Egs. (1)=(3) can be rewritten as

V+HW) =GW),  Yel@) = (e, 1, +e) " (20)
Thus

Yt t,w, W) =T Lt T, 0,2:)T ¢ : Yy = @(E+T,T,0_ 0, ¥7), (21)
where

Wt T,0,00) = Y(E+T,7,00,9r)

= o(t+7,7,0_.0,0,(0_0)) + (0,ah(®)z(6,0))". (22)

Since R. g, : (a,b)T — (a,b + ea — ah(x)z(6,w))7 is an isomorphism of E, then &, I', ¥ are
equivalent to each other in dynamics.

Therefore, the existence of random attractors in any of these stochastic dynamical sys-
tems means that random attractors also exist in other dynamical systems. We will consider

the existence of a random attractor for RDS @ in the following.
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4 Pullback absorbing set
Let ¢ = (¢1,92)T be a solution of system (12)—(13). Rewriting system (12)—(13) as

9+ Qu=Glg.6w),  p(-7,0) = (o, ur + sty — ah(x)z(6_w))", (23)

where

Qp = EQ1— @2
Apy —e(a —8)p1 + (a —&)py + q(o1) (@2 — £¢1)
and

El0,6,0) = ah(x)z(6,) ) ’

(—(q(<p1) +a— e~ Dah(x)z(0,0) - f(p1,%) + g, 1)

we have the following lemmas.

a+o]

Lemma 1 ([26,27)) Forany ¢ = (p1,¢2)" €E, (Qp,9)e = 5119z + Fll0nllpo + “5 0217

Lemma 2 If assumptions (Hy)—(H,) hold, then for any T € R, w € 2, there exists a tem-
pered variable My(w) (independent of t) such that, for any set B € D(E) and ¢,_;(0_,w) €
B(t — t,0_w), there exists T = T(t,w,B) > 0 such that, for t > T, the solution ¢(t,t —t,
0_rw, pr_1(0_rw)) € E of (12)—(13) satisfies

||<p(r, T-t0_;0, go,_t(O_ra))) ||; < M%(w), vVt > T(t,w,B). (24)

Proof Forany t € R, @ € 2,let ¢(r) = o(r, T —t,0:_,0, 00— ®)) = (p1, 92)" €E (r>1—1)
be a solution of (12)—(13) with

Ot =) = 0r1(0_r0) = (s th1,0 ¢ + £ty — ah(%)2(6_ ) € E.

Taking the inner product (-, -)g of (12) with ¢(r), according to Lemma 1, we have

1d

e e o+ o -
T lplz + Ellfpllﬁ + EII%II?{? + Tllwzllﬁz < (G(@,0r—c 0, 1), ) - (25)

and
(G((/)r er—'r w, t)r (p)E

= ((ﬂh(x)z(er—'rw)r (/)1)) - ((Ol —e-1+ Q(fﬁl))ﬂh(x)z(er—rw): (/72)
+ (g(x: r): <P2) - (f(u: x), §02) (26)

By some simple computations, we obtain

(@6, 1)) = ~ a6l B} + Tl 27)

(~a(@1)ah(x)z(0,—:), ¢2)

= 8ll@2l% + Colar + @2)|a* | 1) | 12 |2(6r—c )|,

(28)



Yao and Zhang Advances in Difference Equations (2020) 2020:221

and

(~(a — & = ah(x)z(0,-w), ¢2)

<8llgall, + Csla — £)%a> | (@) |* |26, )|,

1 o
(g 1) 02) < = llgll* + = llg2ll?s
o 2

where

ligll? = sup,cz lIg(, MII? < 00, 92 = u; + eu — ah(x)z(6,w).

By (5)—(7), we have

(f (%), 2) = (f(w,%), uy + 61 — ah(x)z(6,_. )

= — [ F(u(r,x),x)dx + &(f (u, %), u)
dt Ju

— (f(u, %), ah(x)z(6,_, w)).

From assumption (H>), it is clear that

1
(f(u,x),u):‘/uf(u,x)udxz a(/ul-"(u(r,x),x)dx—/;@dx).

With u* < %F(u,x) + ¢y and [f (i, x)| < c3(1 + u*), we get

(f (u, %), ah(x)z(6,_- »))

< calal [ A(x) | |2(6,— )| + cslal ( /U |u|“dx) 1) 2060, )]

£ -
< calalllh)l|z(0r—r )| + —F(u, x)
2C2

’

+ Cg / o1 dx + cyat ||h(x) ||[”z(9,_ra)) *
u

here F(u,x) = fu F(u,x) dx. By taking (26)—(33) into (25), we have

N =

| s

= 1 & o+ oy
2 2 2 2 2
F u;»’/‘c - - S

Q

t

+ i|:1_-"(u,9c) - 2/ qz’)z(x)dx] + c4|a|||h(x) || |z(9,_rw)| + i1_-"(u,x)
c u 2¢y
+Cq /;1¢1 () dx + C7a4||h(x) ||[1L|z(0 _Tcu)|4

1 1
< &b [ ) + 2||u||% +—[llgll* + @ |26, 0)|* 1) ]

+ Sl + 8llgall}y + Co(2ar + 02)a? | @) 2 206, 0)]

Page 8 of 19

(29)

(30)

(31)

(32)

(33)

(34)



Yao and Zhang Advances in Difference Equations (2020) 2020:221 Page 9 of 19

Let
2
pO-0) == [ dadr s calal| )| 266,
¢ Ju
+ Cg /;1 &1(x) dx + cyat ||h(x) ||;L|z(9,_ta)) |4

+ = [lgl? + |26, 1) |
+ C5(2a + @2)%a? | h(w) | 12 |2(6,-c )|

=cg + 69u4‘z(6,_fa))|4. (35)
By choosing § small enough, we get

d
Ey(r) +py(r) < B(br_r,w), Vr=rt-—t, (36)

£+2 atap+2 2e
47 2 g

where y(r) = l@(r)||2 + 2F(u,x) and p = min{
Eq. (36), we have

}. By Gronwall’s inequality to

y(r T —t,60_c0, 01 (0_;w))

= y(f -t,71-t0_;0, (pr_t(e_rw))e—p(r+t—r)

o[ porertas (37)
-t
where

(T =7~ £,0_:0,¢:(0_;0))

- ||<p,,t(6,rw) ||}23 + 2/ F(M(‘L’ —t,x),%) dx
u
< | @e—eO—0)|; + 2010(|U| el +2 f () dx), (38)
u
_/ B ds = 5 4 coa _/ |2(6y)[*e77 ) (39)
Tt - Tt
and

y(rT = 6010, 00 (0_c )

= ol 60000} -2 [ drtaas (40)
u
Thus by (37)—(40), for » > 7 — t, we have

lo(r 7~ 1,609 0 |

<y()+2 /u ¢1(x) dx
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< <||<p”(erw) 2 + 210 (|U| + e} +2 / b2 () dx))e-”“”-”
u
+ 2/ o1(x)dx + 11 + 612a4/ !z(@s_,w)|4e_"(’_s) ds. (41)
u Tt

Therefore
lo(r,7 = £,6-), pe(0c)
< (lor-so-col + 2en0 (11 et 2 [ o) Jero
+ 2/u¢1(x) dx + c1q + cpat /r fz(@s,rw)’4e’”‘ ds. (42)
-1
For any set B(t,w) € B € D(E),

Dr—t (e—rw)
= (Ue—ty s + U7 — aB(X)Z(O_0)) "

€ B(t —t,0_;w) € D(E). (43)

We have

t—>+00

lim sup (wa_t(e_m» I;
+ 2C10<|U| + llute—e |} + 2/ $2(x) dx))e_pt =0. (44)
u

Taking

0
Mg(a)) =211 + 2c12a4/ |z(«93a))|4e”s ds < 00,
—00
which is a tempered random variable, By(w) = {¢ € E: |l¢|lr < Mp(w)} is a close measur-
able absorbing ball in D(E), and there exists T(t,w,B) > 0 for all £ > T(r, w, B) such that

9(7,7 = 1,00, ¢r (6 )) € Bo(w). (45)
By(w) is the random absorbing set for @. The proof is completed. d

5 Decomposition of the equations
In this section, for proving asymptotic compactness of the random dynamical system @,
we decompose the solution of Eq. (12)—(13) with different initial data into a sum of two
parts, one part decays exponentially and another one is bounded in a higher regular space
by using the method in [4, 13].

For any r € R and w € £2, assume that

Bir,w)= | J o(t.7-560.10,By(0-0)) S Bo(w).

t>T(7,w,Bp)
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Let o(r) = o(r, T — t,0_; 0, 9. _1(0_; w)) be a solution of system (12)—(13), with ¢, _(0_,w) €
Bi(t —t,0_1w) C Bo(6_w). Thus ¢(r) € Bo(6,_.w) for all r > 7 — t. We decompose ¢(r) into

@) =u(r) + on(r), @) = (ur,vi) ", on(r) = (un, 0an) T

where ¢ (r) and ¢x(r) satisfy

. 0
¢L+Q¢L+(f1(ubx)):0’ (46)
QL(r T = 601,00 ®)) = Qrir—s = (Ur—ps Ur,r—¢ + EUr_)T

and

. 0 _ ah(x)z(0rw)
{‘/)N + Q@N + (f(u,x)—fl(u,x)) - (—(q(u)+a—5)ah(x);(9[w)+g(x,r))’

) (47)
ON (r, T—-t0_ 0, go,-t(e_,w)) = (O, —ah(x)z(e_tw)) .

First, let us estimate the component ¢; which decays exponentially.

Lemma 3 Under assumptions (Hy)—(Ha), forany t e R, w € 2,t>0,r> 1 - ¢, and
@r_1(0_;w) € By(6_,w), the solution ¢ (r) = ¢ (r,T — t,¢1,._) of (46) satisfies that

2 _ _
loL(r,t =t pre-) || < Mpe 21 (48)
holds.

Proof Let o1 = (¢r,1,¢12) = (ur,ve) = (ur, ur, + eu). Taking the inner product (-,-)r of
Eq. (46) with ¢, (r), we have

1d 0,
CPT: | (r) ||12; +2(QerL, ¢r)E = ((_fl(ubx)) ,¢L> , (49)

where ((—fl((;,L:x))’(pL) = —% S F@r1,%) — € [,,f(¢r1,%)¢11. By Lemma 1, we see that
g
2(Qler) ¢1) = ellerliz + §||<PL,1 ||,2_,§ +(a +an)lleral?s- (50)
By assumption (H,), we obtain
1 -
f((lerx)r goLl) = (f(urx)r M) > EFI(qux) —& ¢2(x) dx (51)
4 u
Thus, by Eqgs. (49)—(51), we have
L g2 + 26, ()] + el + Ellgral?
dr QLIE + 201 UL, X) | + ENQLIIE + 5 (78] H2
9 2 -
+(a+arllgr)liza + = Fi(ur, x)
Cy

<2¢ / oo (x) dox. (52)
u
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Hence we can conclude that there exists o7, = min{2 o 5, ©52} such that

d
P oryi(r) < Br, (53)

where y(r) = llor(n)I} + 2F(ur,x) > 0, B = 2¢ [, ¢o(x)dx. Since @r((0_ o) +
(0, ah(x)z(0_,0))T € By(0_,w), we have

lr,c-lle < Mo(0-1@) + |al [ (%) || 2(6-)].
Notice that ¢y, is independent of w, so replacing w by 6_;w, then
l@Le—tlle < Mo(w) + |al|| () . |z(w)].
Applying Gronwall’s inequality to Eq. (53), we have

lorr, T = topre-d)||3 < 900t = £, 01,0-0)

<yt -tT—t,Qrc)e " L{t4r=1) | 'BL
oy,
_ _ Br
< <||¢L,r_t||%+cm(|w +lltteel} + / @dx))e oLltr=T) | =
u oL
= Mi(o). (54)

Next, we consider Eq. (49). Due to (f;(uz,x),uz) > 0, |[fi(ur(r),x)| < ciz(lur () + lur(r)])
and assumption (H,), according to Sobolev embedding H;(U) C L*(U) C L*(U), there
exists M,(w) > 0 such that

0 < By (ur (%) < cua((Jur (@) |1 + |u2()|*) < Ma(e) | ()] 5- (55)
That is, |Ju(r)||3 > Fl(uL(r) x). From (49)—(50) and (55), for any r > 7 — ¢, we have
i[”@L”%‘ +2F, (ug, )| + : gl + s=——Fa(ur, %) <0. (56)
dt 2 2M: ( )
So the inequality

d - _
E[”‘/’L”?g + 2F1 (ur, %) + 201(0)[ @17 + 2F1 (ur,%)] <0

holds, where o7 = min{Z, } > 0. Thus, we get

8M 2(w,

—201 (r+t-1)

ler(r.t =t 1. t)”E < [l@Le—tll + 2F1 (u o) e

< (nw,”n%wm(w + e |1 + / ¢zdx))e-2"l(“’-”
u

_ Mie—Z(rl(Ht—r)' (57)

The proof is completed. d
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For the component ¢y, which is ultimately pullback bounded in a higher regular space,
we have the following estimate.

Lemma 4 If assumptions (H,)—(H,) hold, then for any T € R, w € 2, and t > 0, there exist

1 3p
474

such that the solution on(r) = (p1n(r), pan(r))T of Eq. (47) satisfies the following:

a positive constant v € (0, min{ ) and a positive-value random variable My(w) > 0

| A on (1,7 = £,6_c0, (0 0)) |} < M3 () (58)
fort>0and ¢,_(6_,®) € By(6_,w).

Proof Taking the inner product of Eq. (47) in E with
A%y = (A o1, A% pon) = (A un, A% oo,

we have

d
L atont 2 [ [0 At 4% ] (@A)

+¢ /UU(u,x) —fl(uL,x)]Az”uN dx

_ /L[([fl’ﬂ(u,x) —fl’,u(uL,x)]ut +fi (L, x)ung +f2’,u(u,x)ut)A2”uN dx
= (ah(x)z(Q,,,w),szuN)1 — (F(wx) = fi(ur, x), A* ah(x)z(6,_. )
+ (g(x: r) - (O( —&- l)ﬂh(x)z(er—rw)vA2v¢2N)

+ (~q(o1n)ah(x)z(6,—- ), A% pan). (59)

Similar to (50), we get

o+ 0o
2

Sz + 2 1Ay + S5 A% < (Qon A o), (60)

By some computations, we have

2v 2612 2 2 € Vit 2

(ah(02(6,-r), A" un) = =220, ) [ [} + 24" b |, (61)
(£ (16, %) — fi (141, %), A ah(x)2(6, )

< Ki(r, T - £,0_,0) + c15a? | h() |} |26, ) [, (62)

and
(g, 7) = (& — & = 1ah(x)z(6,—r ), A pan)
2
= ~[llgll + (@ - & - %@ |h@) [ ,220, )] + S 4 ean [, (63)




Yao and Zhang Advances in Difference Equations (2020) 2020:221

where ||g]|? = sup,z lg(-,7) ||} < 0. Thus, by taking (60)—(63) into (59), we obtain

1d
27 (HA"(pN”Z + Z/U[f(u,x) —fl(uL,x)]szuN dx) + JZHA”(/JNH}ZS
+8/ [f (u, %) = fi(ur, %) - A% uy dx] —/ (A1 (s, )

u u

A wlur, %) |ue + ], X)un e + £, (%) 1) - A% uy dix

<Ky(r,r —t,0_,0) + c16a°2* (0,_; ).

2e+a
4

Let 05 = min{ ji’ }, then by Holder’s inequality, we have

| (1 (e X 1, A iy ) |

1+4v 3—4v
6

2)3 % 2v o 6 6
<c1y (l + uL) dx ‘A uN| v gy lun | 5 dx
u u u

S R R

for r > T — t. We have

| (le,u(urx)uth2qu) |

< Cl9/ || - (1+ |ul?) - |A> un | dx
u
1+4v

2 N o\
=< </ |ut|2dx> </ (1+|u|p)“" dx) </ |A2”uN 1+4V>
u u u

< llaello(1+ Null?) [A™ 2 un | < K(r, T = £,6_0) | A" |

and
’([fl/,u(u’x) _ﬂ,u(ub x)]ut,szuN)]
< / |Mt|(1 + |L{N| + IML|)|MN||A2\1MN’ dx
u

< (/u|ut|2dx)%</u(1 +un] + |L¢L|)6alx>é

3—4v 1+4v

6 6 6 6
X (/ lun |35 dx) (/ ’AZVMN‘ T+dv dx)
u u

< Ky(r,T —t,0_;w) ||A”*% Uy ||

By putting the above inequalities into (64), we get

1d

2dt (HAV@NH; + 2/u[f(u,x) Al 2)]A% uy dx)

+01 [”A"(pN”Z + 2/u[f(u,x) — i, %) A un dx]

(64)

(65)

(66)

(67)

Page 14 of 19
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<y ||A”+% 175% H ||A"uN,t || +Ky(r, T — £,0_,0) + c16a°2*(0,_r @)

Do (1 + Null? A" 3 un|)) + Kalr, 7 — £,6_,0) | A" e .

That is,

d
(1T = 160.0,001(6-10) + o131 (1, T~ 1,60, 9 (6-1))

<Ks(r,T — t,0_,0) + c1a*2*(6,_, )
and

1) = 47| +2 fu [F () — fi o, 9] A%

Bo(Or—r ) = K5(r, T —t,0_,0) + c1a°Z*(0,_, ).

It follows from (69) that

d
Eyl(r) +o(r) < Bo(bycw), Vr>t1 -t

(68)

(69)

(70)

(71)

(72)

Note that y;(t — ¢, 7 — £,0_,0, 9, _s0) < a*| A" h(x)||*2*(6_,w), then by applying Gronwall’s

inequality to (72) on [t — ¢,7] (r > T — £), we have

y1(r, T — 4,00, 9 _¢w)

=) (T -t,1-1, 9_-[6(), wt—t(e—r(/l))) + / ,32(91—t60)3r_r+t
-t
< ”1’1(96) M&lzzz(Q_ta))e"T*t + / ﬁz(er_ta))er_”t
-t
< a’Mg(w) + Mo(t, w)

for

A2“uN dx

][ [ st -5 (umc)]

- /[fz(u,x) +fi(1, %) = fi(ur, %) |A* uy dx,

where

/ o1, %) A% un dx
u

< 631/ (1 + IMIP)AZ"MN dx
u

5-4v

ol frrrs) ([

< Ky(r, T — £,6_,0)| A" S uy |

<Ki(r,t —t,0_,0) + %HA”*%MNHZ

6 6
I+4v

1+4v

(73)

(74)

(75)

Page 150f 19
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and

/U| [fi () = fi(ur, %) | A un | dx

5632/ (1 + i + oz ) x| | A% ] b
u

3—4v

1
2 2\3 3 6 6
<css| [ (1+ unl?+url?) lun |32
u u

1+4v

x( |A2qu}1+%> ’
u

<K 1,0.0) + A4 b (76)

It follows from above that
v 2 2v
1) = [A%x ] +2 / [£(,3) i (a1, )] A% ey i,
u
where

/M [F (4, %) — £, %) | A% 1y de
<K T 1,0 0) + A4 b
G- 0.0) + <[4 |
< Kyl e—60.0) + 4" 7)
So we obtain
[4%0x | = A" 2un |+ | A% ue |

=n (1’, T-t,0 0, (Pz—t('g—tw)) + K3o(r, T = £,0_0)

< &’ Mg(w) + Mg + K2 (r, T —t,0_,0) < M3, (). (78)
The proof is completed. O

Lemma 5 Foranyt € R, w € §2, and t > 0, assume that B,(t,w) C B1(t,w) C Bo(w) and
B, (t,w) € Dgv, where v is as in Lemma 4, then if assumptions (H,)—(H,) hold, then there
exist a random variable t,(w) > 0 and a tempered random variable M, (w) > 0 such that, for
any t > t,(w), ;_+(0_w) C B,(t — t,0_1w) C Bo(0_;w) N D(E"), the solution ¢ of Eqs. (12)—
(13) satisfies

lo(r,7 - £,60_, 00 (0_)) |

= [A0(t, T = 1,60, 90— (6:-0)) |7 < M (). (79)
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Proof Taking the inner product of Egs. (12)—(13) in E with A% = (A2"u, A>'v)7, then for

any r > v —t, we have

1d

L (a0 [ i) + (@),

+&(f(u,x), A% @) + (f (u, ), aA* h(%)z(6,_, w))
= (ah(x)z(@,_ra)),Az"u) + (g(x, r)

+ (e — o + 1ah(x)z(0,—r ), A*'v). (80)

The same to (75), the following inequality holds:

/ fu,x)A* udx
u

< 03/ |(1 + u4)||A2”u| dx
u

5-4v 1+4v

_6 6 _6_ 6
<c3 (/ (1 + u4) 5-4v dx) (/ |A2”u 1"4")
u u

< &My (6,-c@) + |4 2u” (81)

Similar to (72), by (80) and (81), we get

d
2o < B30, w), (82)

t

where
v 2 2v 1 v 2
Yo = ||A o(r) ||E +2 | f(u,x)A"" dx > 2 ||A o(r) HE - c3Mg(6,_; w), (83)
u
Bs = Ki1(r, T — t,0,0) + cna®2* (6, o), (84)
hMSMQ—mmmH”/‘&@JMKM%Wﬁ (85)
T—t

By applying Gronwall’s inequality to (82) on [t —¢t,7], one has

|A" ¢ (T, = £,0_c0, 01 (6_c ) |

<295(7, T — 4,01 0,01 (0_; 0)) + c3Mg(w)

<2p(t—t)e ™ +2 ﬂg(@g_,a))e"”(r—g) d§ + 4csMes(w)

Tt

0
<2yy(t —t)e M + 2[/ (K11 (r, T = t,6,0) + cnazzz(G,_tw)]e"lg de

=T

+ 4desMg(w). (86)
From (81), (83), (85), and ¢,_;(0_,w) € Bo(6_;w) N D(E), it is clear that as ¢t — +00,
2

ya(T — et < (% ||A"<pr_[||) + 2c3Mg(0_;w)e 1 — 0.
E
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Taking
0
MS = 4c/ (Ki1(r, T = £,6,0) + C22a?2* (0, )]€7* dE + 8csMg(w),
—00

then the proof is completed. d

6 Existence of random attractor
Lemma 6 Ifassumptions (H,)—(H,) hold, then for any t € R, w € $2, there exist T,,(w) > 0,
a random bounded ball B, of E, a positive number p, and a tempered random variable

Q(w) such that, for any t > T, (w) and ¢,_,(0_.®) € B1(t — t,0_,w), the solution ¢ of (12)—
(13) satisfies

dp((t,7 = £,6_c 0, Bi(t — £,0_,0)), Bi(»)) < Q(O_,w)e™". (87)

By Lemma 7.6 in [2], Lemma 3, and Lemma 4, one can prove Lemma 6. Since the proof
of Lemma 6 is similar to that of Lemma 3.8 in [29], we omit it here. From Lemmas 5 and

6, it is easy to see the existence of a random attractor for the cocycle @.

Theorem 2 [f assumptions (Hy) and (H,) hold, then the cocycle @ associated with (12)—
(13) possesses a D(E)-pullback random attractor A € D(E) such that, forany t € R, w € 2,
A(z, ) € Bi(w) N By(w), where Bo(w) and By (w) are as in (45) and Lemma 6, respectively.

Proof Forany t € Rand w € £2, by Lemma 6 and the compactness of embedding E” — E,
By (w) is a compact measurable D(E)-pullback attracting ball in E. By Proposition 2.1, the
cocycle @ has a D(E)-pullback random attractor A € D(E) such that, forany 7 € R, w € £2,
A(t,w) C Bi(w) N By(w). The proof is completed. O
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