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1 Introduction
In this paper, we establish some oscillation criteria for the fourth-order neutral differential
equation of the form

Ly +q()y’ (8(1) =0, t>1, (1)

where L, = r(t)(Z”(¢))? and z(¢) := y(t) + p(£)y(z (¢)). We suppose that:
(S1) y and B are quotients of odd positive integers,
(S3) r,p,q € Clty,00), r(t) >0, () >0,q(t) >0,0 < p(t) <po <1, 7,8 € Clty,00), T(t) <
t, lim;_, o T(¢) = lim;_, o, 8(¢) = 00. and

* 1

By a solution of (1) we mean a function y € Cs[ty, 00), ty > ty, satisfying (1) on [t,, 00)
and such that ()(z”(¢))? € C! £y, 00). We consider only those solutions y of (1) that satisfy
sup{ly()| : £ > T} >0forall T > ¢,.

A solution y of (1) is said to be nonoscillatory if it is ultimately positive or negative; oth-
erwise, it is said to be oscillatory. The equation itself is called oscillatory if all its solutions
are oscillatory.

Delay differential equations play an important role in applications of real-world life. One
area of active research in recent years is studying the sufficient conditions for oscillation
of delay differential equations, see [1-23] and the references therein.
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In particular, the Emden—Fowler delay differential equations have numerous applica-
tions in mathematical, theoretical, and chemical physics; see, for instance, [24—27].

Let us briefly comment on a number of related results, which motivated our study. The
authors in [28, 29] were concerned with oscillatory behavior of solutions of fourth-order
neutral differential equations and established some new oscillation criteria.

In [30, 31] the authors considered the equation

() + peyy(x )™ + ae)f (y(6))) =0 3)

and established the criteria for the solutions to be oscillatory when 0 < p(¢) < 1.

Xing et al. [32] proved that the equation

(&) ((v® + p@y ()" ")) + q@)y” (5)) =0 (4)

is oscillatory if

(67'1) 28>0, TO=w>0, (1)<t (5)
and

TGSy 1 py \ (=1

llgéglfll(g(t)) T(S) (S ) ds > (80 * 8()'(0) e ’ (6)

where 7 is even, and §(t) := min{g(§71(¢)), (61 (z (£)))}.
Moaaz et al. [33] proved that if there exist positive functions ,¢ € C'([ty, 00),R) such
that the equations

/ (T (n(e))) v _
v ((n . 1)!r1”’(t‘1(?7(t)))> 40P} (30)y (= (n(0)) =0 @)
and
')+ T (@) Rus (P (t71 (¢ (1)) =0 (8)

are oscillatory, where

A )
PO = iy ( <r—1(t))ﬂ*p(rl(r—l(t)») ’
Rus(t) = / Rua()ds,

and

00 1y
Ro(t) = (%/ q(s)P} (o (s)) ds> , 9)

then (1) is oscillatory.
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Our aim in the present paper is employing the Riccati technique to establish some new
Kamenev-type and Philos-type conditions for the oscillation of all solutions of equation
(1) under condition (2).

The paper is organized as follows. In Sect. 2, we give four lemmas to prove the main
results. In Sect. 3, we establish new oscillation results for (1) by using Riccati transforma-
tion. In Sect. 4, we establish some new Kamenev-type oscillation criteria for (1). In Sect. 5,
we use the integral averaging technique to establish some new Philos-type conditions for
the oscillation of all solutions of equation (1). Finally, we present an example and some
conclusions to illustrate the main results.

Remark 1.1 All functional inequalities considered in this paper are assumed to hold even-
tually, that is, they are satisfied for all £ large enough.

Remark 1.2 Without loss of generality, we can deal only with the positive solutions of (1).

Notation For convenience, we use the following notation:

Ai1(t) = q(6)(1 - po)’ MP77 (3(2)),

52 8
A= ye 0,
Awﬁ/'m@@, &m=18,

By(t) = w()q(t)(1 - po)’ MP7 (5(1)),
and

82(6)¢s'(8)

(7 (t)r(e)) V7" (10)

Bs(t) =ye
2 Some auxiliary lemmas
We will employ the following lemmas:

Lemma 2.1 ([34], Lemma 2.1) Let y > 1 be the ratio of two odd numbers, and let V > 0
and U be constants. Then

1
Uy vy < ¥ U™

S L (11)

Lemma 2.2 ([1, Lemma 2.2.3]) Let y € C"([ty,00),(0,00)). Assume that y"(t) is of
fixed sign and not identically zero on [ty,00) and that there exists t, > ty such that
YV (@)y"(t) < 0 for all t > ty. If lim,_.« y(t) # 0, then for every u € (0,1), there exists
t, > t1 such that

"
(n—1)!

OE D@ fort =t (12)
Lemma 2.3 ([35]) Let y(t) be a positive and n-times differentiable function on an interval
[T, 00) with its nth derivative y™ (t) nonpositive on [T, 00), not identically zero on any in-
terval of the form [T',00), T' > T, and such that y(”’l) (t)y(”)(t) <0,t>t,. Then there exist
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constants 0 < 0 < land N > 0 such that

Y (0t) = Nt"2y=D(g) (13)
for all sufficient large t.
Lemma 2.4 Assume that y is an eventually positive solution of (1). Then

(" 0)") < -q()1 - po)' 2 (50). (14)

Proof Let y be an eventually positive solution of (1). Then there exists #; > £, such that
y(£) > 0, y(z(¢)) > 0 and y(5(¢)) > O for £ > ;. Since () > 0, we have

z(t) > 0, Z(t) >0, Z"(t) > 0, 2P <0, (re)(2"@®)") <0 (15)
for t > t;. From the definition of z we get

y(&) > z(t) - poy(t(2)) = 2(2) - poz(t(2))

> (1= po)z(2),
which, together with (1), gives
(rO (")) + 41 - poy’2" (5(0) < 0. (16)
The proof is complete. O

3 Oscillation criteria
In this section, we establish new oscillation results for (1) by using the Riccati transforma-
tion.

Lemma 3.1 Let y be an eventually positive solution of (1). If there exist constants ¢ € (0,1)
and ¢ > Osuch that

_HOE@)
0= ) a7)
then
@'(8) + A1) + Ar () (1) < 0. (18)

Proof Let y be an eventually positive solution of (1). Using Lemma 2.4, we obtain that (14)
holds. From (17) we see that ¢(¢) > 0 for ¢ > t;, and using (14), we obtain

—q(t)(1 - po)P 2P (3(1))

r()(" ()7 Z(£8(£)¢8'(6)

YOS T o) 19
From Lemma 2.3 we have
¢'(8) < —q@)(1 - po)’ 277 (5(0)) - v ’”(t)(Z///(t))ygaz(t)zw(a(f))§5/(f), (20)

271 (55(2)
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which is

r(t)8*(8)¢ 8 () (2" (8)) !

') < —q(t)(1 - po)P P77 (8(¢)) - 21
¢'(t) < —q)(1 - po)’2" 77 (8(t)) - ve 71050 (21)
Using (17) we have
82(t)¢ s (¢

¢'(t) < —q()(1 - po)’2"7 (8(t)) - VS%(”()QO‘“”/ Y (8). (22)
Since 7Z'(£) > 0, there exist £, > #; and a constant M > 0 such that

z(t) > M. (23)
Then (22) turns into

82(t)¢ s (¢

9'(6) < ~q(O)(1 - po) MP (5(0)) - ye%m” i), (24)
that is,

¢'(6) + AL(e) + Ax(0)p7 D7 (1) < 0. (25)
The proof is complete. g
Theorem 3.1 Assume that (2) holds. If

1 o0 L1l y
liminf = / Ay(s)A)” (s)ds > ——, (26)
=00 Ay(t) Je (y +1) 7

then (1) is oscillatory.

Proof Let y be an eventually positive solution of (1). Then there exists £; > £, such that
y(t) > 0, y(z(¢)) > 0, and y(5(¢)) > O for ¢ > ¢;. By Lemma 3.1 we get that (18) holds.
Integrating (18) from ¢ to [, we get

l / y+l
o) = p(0) + / Ai(s)ds + / Ax(5)97 (s)ds <. 27)

Letting / — oo and using ¢ > 0 and ¢’ < 0, we have

0(0) = A1(0) + / Ax(8)9'7 (5) ds. (28)
This implies

o(0) 1w (w(s))y?”

= —~ As(s)A — ds. 29

Al(t)Z“Al(t)/t 4O 7 29

Page 5 of 12
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Let A =inf>7 go(t)/;h(t). Then obviously A > 1. Thus from (26) and (29) we see that

(r+D)/ly
kzl+y(y+1) (30)
or
(y+1)/y
A 1 A
>— 4 : (31)
y+1 - y+1 y+1\y+1

which contradicts the admissible values of & > 1 and y > 0. Therefore the proof is com-
plete. d

4 Kamenev-type criteria

In this section, we establish new Kamenev-type oscillation criteria for (1).

Lemma 4.1 Let y be an eventually positive solution of (1), and suppose that (15) holds. If
there exist a function w € C'([ty, 00), R*) and constants ¢ € (0,1) and ¢ > 0 such that

o (t) = n(t)%, (32)

then
@' (t) - Bi(t)w (¢) + By(2) + Bs()aw V7 (¢) < 0. (33)

Proof Let y be an eventually positive solution of (1). Using Lemma 2.4, we obtain that (14)
holds. From (32) we see that @ (¢) > 0 for ¢ > ¢;, and using (14), we obtain

0@y a0 - po ()
7O =m0 Sey T T s
O (1) 2 (€80)¢8'(8)
—ym(t) .

2715 8(2))

From Lemma 2.3 we have

) 2T (1) _
ow'(t)<m (ﬂm -7 (H)q(t)(1 - po)’z’ 7 (3())

) r(t)(2" (1)) £8%(t)2" (8(£))¢ 8/ (¢)

’ 271(Z3(0)) ’

which is

, N T(OE" (1) -

o'(t)<m (ﬂm -7 (6)q(t)(1 - po)’z’ 7(8(1))
r(£)8*()g 8 ()" ()"
e (t)

2715 8(2))
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By (32) we have
w0<" ((,f)) o (1) = 7 (D)1 - o)’ 7 (5(0))
S8 ey
_yg—(f[(t)r(t))l/y YEUIY ().

Since 7Z'(t) > 0, there exist t, > #; and M > 0 such that

z(t) > M. (34)

Hence we obtain

@'(t) < Z((;) @ (t) - 7 ()q(8)(1 - po) MP (8(2))
T
that is,
@'(t) - Bi()w (t) + By(t) + Bs() V7 (1) < 0. (35)
The proof is complete. 0

Theorem 4.1 Assume that (2) holds. If there exist a function w € C*([ty, 00), R*) such that

U Y O OGOl i
T / =9 <B2(t’ T+ D7 er (R0 ) > oo o

then (1) is oscillatory.

Proof Let y be a nonoscillatory solution of (1) on [£y, 00). Without loss of generality, we
can assume that u is eventually positive. Using Lemma 4.1, we get that (33) holds. From
Lemma 2.1 we set

u=nrin, V= y882(t)§8’(t)/(rr(t)r(t))1/y and y=@(¢). (37)

Thus we have

/ (t) ()
@0 =B+ T 09 (00 ) (38)
and
SN o r(s) (v )"
_ /m (t—5)" @’ (s)ds > /to (t—s) (Bz(t)— T eromar)

(39)
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Since

/t(t —s)"w’(s)ds=n /t(t —8)" Lo(s)ds - (t - to)"w (L), (40)

0

we get

n t
(t_t°> w/(to)—ﬁf (t—3)" oz (s)ds
¢ " Jyy

1ot "(s) ('(s))7 !
= / (t=9) (BZ(” A (en(s)azmca/(s)w) &

Hence

1 t ; }"(S) (JT/(S))VH t—to n
t_” /to (t—S) (Bz(t) - ()/ + 1)y+1 (8ﬂ($)82(t)§'8’(3)))/)ds < (T) @ (), (41)

and so

g o ey
0 SUP / ¢ <B2(t) T D7 e ©5A0c 6 > Gowlo @)

which contradicts (36), and this completes the proof. d

5 Philos-type oscillation result
In the section, we employ the integral averaging technique to establish a Philos-type os-

cillation criterion for (1).

Definition Let
D= {(t,s) eER*:t>s5> to} and D= {(t,s) eR*:t>s5> to}. (43)

A kernel function H € C(D, R) is said to belong to the function class 3J, written as H € 3,
if
(i) H(t,s) =0 for t > ty, H(t,s) >0, (¢,8) € Dy;
(if) H(t,s) has a continuous and nonpositive partial derivative dH/ds on Dy, and there
exist functions = € C!([£y, 00), (0,00)) and % € C(Dy, R) such that

D )+ D H(e5) = (e, ) H (1, 5). (44)

0s 7 (s)

Theorem 5.1 Assume that (2) holds. If there exist a positive function = € C'([ty, 00), R)

such that
. ! Wli(ts)  m(s)r(t) ~
imsor e |, (om0 - S s ) 4

then (1) is oscillatory.
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Proof Let y is a nonoscillatory solution of (1) on [£, c0). Without loss of generality, we can
assume that « is eventually positive. From Lemma 4.1 we get that (33) holds. Multiplying
(33) by H(t,s) and integrating the resulting inequality from ¢, to ¢, we find that

ftH(t, 8)By(s)ds < w (t1)H(¢t, 1) + ft<%H(t, s) + B1(s)H(t, s))w(s) ds

5]

- / By H(t, ) 5 (6) ds.

2]

From (44) we get

f tH(t, $)By(s)ds < w (&) H(t, 1) + f th(t, H' (¢, $)r (s) ds

y+1

t
- / B3(s)H(t,s)wo 7 (s)ds.
t
Using Lemma 2.1 with V' = B3(s)H(¢,s), U = h(t,s)H"'V*D(t,s), and y = @ (s), we get
Wt ) H'7 (2, 5)a0 (5) ~ By(H(E, ) 7 ()

- hrl(¢,s) 7 (s)r(t)
T (y + D7t (yes?(s)c8'(s)r

which implies that

1
H(tv tl) t

hrH(t,s) 7 (s)r(t)
(v + D)7+ (yed®(s)c8'(s))”

t(H(t,s)Bz(s) - > ds < w(8), (46)

a contradiction to (45).

Theorem 5.1 is proved. O

Corollary 5.1 If condition (45) in Theorem 5.1 is replaced by the conditions

1 t
lim su H(t,s)By(s)ds = o0 47
msup— f (t,9)B>(5) (47)
and
t hy+1 f, t
limsup (t.9 7)rle) oo, (48)

t~o0 H(t,t1) Jyy (v + 1)1+ (yed?(s)¢8'(s))”
then (1) is oscillatory.

Example Consider the differential equation

1 VAN
(o)) L)
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where go > 0 is a constant. Note that y = 8 = 1, r(t) = £, po(t) = 1/2, q(t) = qo/t*, 8(¢) = t/2,
and t(¢) = t/3. If we set 7 (¢) = t2, then

/ Lo las-oo (50)
to r(S) to N
and

Bo(t) = m ()1 - po) MP8(0) = . (51)
Thus we get

1 t
lim sup— / (t—2s)" <Bz(t) -
t" to

t—00

r(s) (7'(s)r*!
(y + 1r+t (sn(S)Sz(t);“S’(S))V)

1 [t 1
1imsup—2/ (t—s)2—<@—8> ds = co.
t—>00 t [0 S 4

Therefore by Theorem 4.1 all solutions of (49) are oscillatory if go > 32.

Remark 5.1 We can easily see that the results obtained in [32, 33] cannot be applied to

(36), so our results are new.

Remark 5.2 We can generalize our results by studying the equation

j
(rO@E"®)) + > @@y (5:0) =0, t>t5,j>1. (52)

i=1
For this, we leave the results to interested researchers.

Remark 5.3 For interested researchers, there is a good problem of finding new results for
(1) where

2(t) = y(t) - p)y(t(2)). (53)

6 Conclusions
The aim of this paper was to provide a study of asymptotic nature for a class of fourth-
order neutral delay differential equations. We used a Riccati substitution and the integral
averaging technique to ensure that every solution of the studied equation is oscillatory.
The results presented complement some of the known results reported in the literature.
A further extension of this paper is using our results to study a class of systems of higher-
order neutral differential equations, including those of fractional order. Some research in
this area is in progress.
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