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Abstract

The present article addresses the exponential stability of recurrent neural networks
(RNNs) with distributive and discrete asynchronous time-varying delays. Some novel
algebraic conditions are obtained to ensure that for the model there exists a unique
balance point, and it is global exponential asymptotically stable. Meanwhile, it also
reveals the difference about the equilibrium point between systems with and without
distributed asynchronous delay. One numerical example and its Matlab software
simulations are given to illustrate the correctness of the present results.
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1 Introduction
In the last few decades, a number of successful applications of RNNs have been witnessed
in many areas, including associative memory, prediction and optimal control, and pattern
recognition [1-8]. During the implementation of the operation, time delay is inevitably
inherent in the transmission process among neurons on account of limited propagation
speed and limited switching of the amplifier [9-13]. In addition, because of the existence
of a large number of parallel channels with different coaxial process sizes and lengths,
there maybe exist distributions of conduction velocities delays and propagation delays
along with these paths. In these cases, we cannot only model the signal propagation with
discrete delays due to it not being instantaneous. Thus, it is more suitable to add continu-
ous distribution delays into the neural network model. Moreover, these delays sometimes
may produce the desired excellent performance, such as processing moving images be-
tween neurons when signals are transmitted, exhibiting chaotic phenomena applied to
secure communication. Therefore, it is quite necessary to discuss the dynamical behavior
of the neural networks with mixed distributive and discrete delays. And there has been a
lot of literature on mixed constant delays [14—19] and time-varying delays [19-24].
Recently, Liu et al. [25] proposed the asynchronous delays, and investigated the ex-
ponential stability for complex-valued recurrent neural networks with discrete asyn-
chronous delays. Afterwards, Li et al. [26] presented the stability preservation in discrete
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analogue of an impulsive Cohen—Grossberg neural network with discrete asynchronous
delays. In the implementation of the operation, time delays are not just discrete asyn-
chronous, but also distributive asynchronous, or even mixed asynchronous. In fact, for a
driver, there is not only one kind of delay; his eyes, hands and feet all have delays in re-
sponding to the operation. Since the delays are different for different drivers, it needs to be
coordinated in the driver’s brain central nervous system. Therefore, the stability analysis
of neural networks with distributive and discrete asynchronous delays is a challenge that
we should look forward to discussing.

Inspired by the challenge above, we investigated the exponential stability of RNNs with
mixed asynchronous time-varying delays. The main contribution was to find some novel
sufficient conditions which make the discussed system’s balance point unique and the
global exponential asymptotically stable. The rest arrangement of this article are as fol-
lows. In the second section, the RNN model with some reasonable assumption is given.
The main results are given and proved in the third section. The corollaries and compar-
isons with the existing literature are given in the fourth section. Section 5 gives a numerical
example with comprehensible simulation to illustrate the effectiveness of the main results.
In the end of this paper, the conclusion is drawn.

2 Model description
In the present article, we investigate a class of RNNs of # (n > 2) interconnected neurons
as follows:

O = —am(t) + Y bifiai(6) + S, cifi (it — (1))
+ 0y [0 0509 ds + i, (1)
t>0,i=12,...,n

where x;(¢) is the state variate at time ¢ related to the ith neuron; a; is a positive behaved
constant; f;(-) stands for activation function of the jth neuron, and it is a globally Lipschitz
continuous and differentiable nonlinear function such that

i) =fi0)| <llx -y, L;=0,Vxy€eR, @)
i) <M, M;=0; (3)

bij, ¢, and dj; are the corresponding connection weights associated with the neurons
without delays, with discrete delays, and with distributed delays, respectively; 7;;(t) cor-
responds to the discrete asynchronous transmission time-varying delay along with the
axon of the unit j to the unit i at time ¢ such that

7;(t) > 0, max sup 7;(¢) < 7, 0< T (4)

— — b )
1<j<n 450 dt

hy(t) corresponds to the distributed asynchronous transmission time-varying delay along
with the axon of the unit j to the unit i at time ¢, and satisfies

hy(t) > 0, max sup h;(t) < h;, i=1,2,...,m; (5)

1sj=n ¢>0

u; is a constant, and represents the external input of the ith neuron.
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For model (1), its initial conditions are assumed to be
xi(s) = ¢ils),  Vse[-T,0], (6)
where ¢;(s) is real-valued continuous function, and
T, = max{t;, h;}, Vie{l,2,...,n}. 7)

Remark 1 7;(t) and h;(t) above receive different information between different nodes at
time ¢, which means that the time-varying delays are asynchronous in system (1). There-
fore, model (1) is more general than Refs. [22, 26].

Assume that x* is a balance of model (1), and «} is its ith component. Then Eq. (1)
becomes

n n

ax! = Zbuf,(x/*) + Zcuﬁ(xl*) + Zdi'hij(t)f,»(x;‘) + U (8)
-1

j=1 j=1
By Ref. [20], we can define the global exponential asymptotic stability of x*.

Definition 1 The equilibrium point x* in model (1) is said to have global exponential
asymptotic stability, if there are M > 1 and y > 0 such that each solution of Eq. (1) satisfies

n n
> Jxi0) - 7| < Me* Y sup|pi(s) - 7], ©)
i=1

i=1 se
where ¢;(s) is the initial continuous function, and §2 is a set of real numbers.

3 Main results and proofs
In this section, we will show that there is a unique balance point x* in the neural networks
(1), and it shows global exponential asymptotic stability.

Theorem 1 Suppose that (2), (3), and (5) hold. If for each i, i € {1,2,...,n}, one has

liZ(|Cji| +1bji| + |djily) < @i (10

j=1
then the equilibrium point x* exists and is unique in system (1).

Proof On account of a; > 0, (8) can turn into

X = LI bafi) + X cufi ) + X0 dihy (0 (6) + 1),
t>0,i=1,2,...,n.

(11)

Let

n

X1, %, .., %,) = al [Z bifi) + Y cifi(x) + Y dyhy()fi(x) + ui|
L ].=1

j=1 j=1
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Then we know that x] is a fixed point of the mapping g;(x) from Eq. (11). Hence the equi-
librium point of Eq. (1) can be determined by the fixed points of functions g; (x), g2(%), ...,
and g, (x) within a specific range. Let x(t) be the vector (x; (), %5(¢),...,%,(¢))T, and @ be a
hypercube set defined by

1| ,
@ = { t)“x, ‘<a—|:2(|hij|+|ci,'|+|di,'|h,<)Mj+|ui|i|,l—1,2,...,n}. (12)

j=1

By the hypotheses (3) and (5), we can get

g (x5, x%) |

ﬂli |:Z buﬂ(x]*) Z C’If Zdtjhz/(t)f ) + u’:|

j=1

IA

1 n n n
= |:Z |by| M + Z |cii| M + Z |dijlhiM; + |u;)
LLj=1 j=1 j=1

IA

1 n
= |:Z(|bij| + legl + |diylhi)M; + |Mi|:|' (13)

Jj=1

Let g(x) be the vector function (g1 (x),g2(x), ..., 2,(x))”. From the continuity of f;, we know
that g(x) is a continuous mapping from set @ to @. By Brouwer’s fixed point theorem,

there is at least one x* € @ such that
&) =x, Vie{l,2,...,n}.

It follows that there is at least one equilibrium point in Eq. (1).
Next, we will show the uniqueness of the equilibrium point in Eq. (1).
Let y* = (95,55, ...,75)T be also an equilibrium point of model (1). From (2), (3), and (8),

we can obtain

n

1
i =il = — 1D+ by + dihy ) (607) - £(57)

i -1
< —Z legl + byl + |yl () |y: - 7]
j=1
1 n
=< a_ile“Ctﬂ + |bl]|+|dl]|hl)|y]*—xl*| (14)
j=1

Summing over all the neurons that satisfy the inequality (14), we get

Z|yl - X; i < ZZ |C1]| + |b11| + |dz/|h)|y1 —%; |

tl]ll

< ZZ—I il + byl + |dilly) [y7 7 . (15)

i=1 j=1
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It follows that

Zb’z —%; }|:“t iZ(|Cﬂ| +1bjil + 1djilhy ):| (16)

j=1
According to the condition (10), we can get

X =y i=12,...,n,
implying that there exists a unique equilibrium in model (1). d

Theorem 2 Suppose that (2)—(5), and (10) hold, and we have 8 > 1 and q > 0 such that

1 h
ﬂ:ggl+§]%ﬂq +2]@u< q q)} (17)

Ifthe equilibrium point x* and each solution of Eq. (1) with the initial conditions (6) satisfy

n n

Y |xde) x| <pe Yy sup |gi

i=1 i=1 S€[-7i,0]

(18)

then x* is the global exponential asymptotic stability.

Proof By Theorem 1, model (1) exists a unique balance point under the assumptions (2),
(3), (5), and (10), and we denote it as x*. Then from Eq. (1), we have

d ¢ n n
W —al|xl xf| +Z|bi,|lj|xj(t)—xf| +Z|Cil‘|lj|xj(t—fl‘j(t)) —x]*|
=1

j=1

+ Z |d,]|/ o Lilx;(s) xf| ds. (19)
hyj(

Assumed that

yi(t) t>-7,i=1,2,...,n

Then the derivative along with (19) is

dyi(t) _
dt

dlox; () — %7 |

e |xi(t) — x| + &7 i

~(ai - @)yi(t) + €Y |byllj|ai(e) — x7| + equ el (¢ — 7(®)) — 5 |

j=1 Jj=1

n ¢
+ett Z |dj /t » l]«|x,~(s) - x;" | ds. (20)
j=1 ~hij
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Since

t t
e‘”/ |%i(s) —x]*| ds < eqt/ |%i(s) —x]*| ds
t

—hyj(0) t=h;

hj
:e‘”/ |+ £ = hy) = x’du
0
h;
:/ i ”)y(u+t h;)du,
0

we substitute (21) into (20), and get

dy;(t) -
1 = lai- i) + e > byl |x(e) - a7 | + e Z legllj|o; (¢ = 7(2)) - x

j=1 j=1

n h;
+ ) 1dyll / 1My + t — hy) du
=1 0

Consider a Lyapunov function V(£) = V(y1,%2,...,y,)(t) defined by

V(t) = Z: f y;(s)ds
i=1 (t-35(9))
n hi t
+Z|di/|l/f eq(hl'_”)/ yiw)dwdu ;.
j=1 0 u

+t—h;

Taking the derivative of V(t) along with (19), we get

dV(t dy; (¢t .
o Z[ i) Dcl,u,l (50 (e~ 750) (1 - ()

+Z|d,]|l/ 1= (y,(8) — gy + t = hy)) du }

j=1

—Zi(ﬂi—qm(t)—z byl Ly () —Z |Cp|l 1= J’;(t)

i=1 j=1 j=1

n hi
-l / e y,(0) du}
=1 0

n n

i q
= —lzl:i(ﬂi —q) -y Iblli= ) |Cji|lile%

Jj=1 Jj=1

! }yxt).

Let F;(q;) be an auxiliary continuous function related to index i, defined by

jilbi

(21)

(22)

(23)

(24)

oo k-1 hk
Fi(qi) = ai q,—lZw IDcﬂ(l )q/q lZ|d,l|[ Zq‘ ’], (25)
k=2

Page 6 of 14
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where ¢; is a positive real number, and i is a positive nature number not bigger than #. In
view of the hypothesis (10), one has

O)=a;i—LY bl =LY lcil =L Y |dilhy > 0. (26)
j=1 j=1 j=1
From the continuity of F;, there exists g} € (0, +00) such that
Fi(g})>0, i=1,2,...,n

Without loss of generality, let ¢ = maxi<;<,{47},43,...,4};}. Then

[ —lk
- zzw-zzw——zZw[ +Z"k, }

k=2

= (ai—q) - Zwﬂu Z|c,l|l —Zwﬂu 27)

Therefore, by (24) and (27), one can see that the derivative of V/(£) is smaller than 0 for
t € [0, +00]. Based on the definition of V(¢) and the assumption (4), we obtain

el - x| < V(o) < V(0), 28)
i=1

where

n

V(0) = { (0) + Z el T—

0
/ y;(s)ds
i=1 —Tij(o)

n h; 0
+Z|dij|l,-/ eq(h"’”)/ yi(w) dw du
j=1 0 M—h,’

edti

i " et
< {yz(0)+Z|Cij|lei1— sup_y(s)
— — & se[-1;,0]
i=1 j=1 L
n h;
+ ) 1dyll / e (h; —u)du sup  y;(s)
i1 0 s€[~h;,0]

n

i e
= Z{yi(0)+Z|Cij|lj7im sup y;(s)
j=1

i=1 s€[-7;,0]

s€[-h;,0]

¥ Z Il ( 1eqh> sup y,<s>}

IA

n n 17
1+ E |Cji|lifj?
-1 j=1
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+Z|d1,|l( eqh)} sup \goi(s)—x*|

se[-7;,0]

sﬂZ sup le(s) x"|. (29)

1 se[-7;,0

Combining (17), (28), and (29), one can derive the inequality (18), and thus the equilib-
rium point x* of Eq. (1) has the global exponential asymptotic stability on account of Def-
inition 1. g

Remark 2 The constant 8 > 1, which plays a significant role in the index of convergence
of model (1), relies on the distributive delay /; and delay 7; for j = 1,2,..., n. If either the
discrete delay 7; or the distribution delay /; of (17) is sufficiently large, namely, the dis-
crete asynchronous delays 7;;(t) of (4) and distributed asynchronous delays /() of (5)
are sufficiently large, then B will be large enough, and thus the convergence time towards
the equilibrium point will be longer. Therefore, the convergence time of model (1) can
be shortened only if the two delays are reduced appropriately in the process of operation

coordination.

4 Corollaries and comparisons
By Theorem 1 and Theorem 2, we will have the following corollaries. Meanwhile, we also
will compare the conclusions of this paper with the existing literature.

When h;(t) = 0 for i,j € {1,2,...,n}, Eq. (1) changes into the following neural networks:

dx; (2
fii ) —axi(£) + Zb/ x(2)) + Zcijﬂ(xj(t - 75(0))) +wi, =0, (30)

j=1 j=1
and its initial conditions are

xi(s) = ¢ils),  Vse€[-7,0], (31)
where i is a positive integer not bigger than #.

Corollary 1 Assume that (2) and (3) are true. If for each i, i € {1,2,...,n}, one has

liZ(|C/‘i| +|bjil) < a;, (32)

j=1
then the equilibrium point x* exists and is unique in the system (30).

Corollary 2 Suppose that (2)—(4), and (32) hold. If there exist two constants 8 > 1 and
q > 0 such that

n 1Y
B= max 1+ Z |cﬁ|lﬂjm , (33)
<i< S



Jia and Chen Advances in Difference Equations (2020) 2020:200 Page 9 of 14

and the equilibrium point x* and each solution of Eq. (30) with the initial conditions (31)
satisfy

Y |we) x| < pe ™y sup |gils) -], (34)

i=1 i=1 S€l-1:0]

then x* is the global exponential asymptotic stability.
Remark 3 By Ref. [26], the equilibrium point of model (30) with discrete asynchronous
time-varying delay is the same to that without delays. Meanwhile /;(¢) # 0, by Theorem 1,

the equilibrium point of model (1) will be affected by 4;(¢), £ > 0.

When 7;(t) = 0 for i,j € {1,2,...,n}, Eq. (1) turns into the following neural networks:

d l n n
’;;t) = —am®)+ Y bifi(50) + 3 cufy(3(0)
j=1 j=1
+Y dy /t » fi(%(9)) ds +u;, t=>0, (35)
j=1 ~hij

and its initial conditions are
xi(s) = @ils), Vse[-h;,0], (36)
where i is a natural number, belonging to the set {1,2,...,n}.

Corollary 3 Suppose that (2), (3), and (5) hold. If for each i, i € {1,2,...,n}, we have
li Z“bjll + |d]l|h]) < adi, (37)
j=1

then the equilibrium point x* exists and is unique in the system (35).

Corollary 4 Suppose that (2), (3), (5), and (36) hold. If we have B > 1 and q > 0 such that

- 1 gh-1
i~ L ah
ﬂ=ggs>;{1+;ld/illi<;+ 76‘“)}, (38)
and the equilibrium point x* and each solution of Eq. (35) with the initial conditions (36)
satisfy

n

Y |we) x| < Be ™y sup |pils) - a7

i=1 i—1 S€[-hi,0]

, (39)

then x* has the global exponential asymptotic stability.
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When 1;(t) = 7(t) and hy(t) = h(t) for i,j € {1,2,...,n}, let sup,7(f) < 7, and
sup,. 4(t) < h. Hence Eq. (1) changes into

S = —ain(6) + YL bufi((8) + S cufi (e - T()
+ Z] 1 dij ft (e Ji(xi(s)) ds + u;, (40)
i= 1,2,...,n,t2 0,

and its initial conditions are

xi(s) = pi(s), Vsel[-7,0],

(41)
i=12,...,mt>0,
where ¢;(s) is real-valued continuous functions, and
T = max{zt, h}. (42)
>0

Corollary 5 Suppose that (2), (3), and (5) hold. If for each i, i € {1,2,...,n}, we have

li Z(|bji| +|cil + |djilh) < a;, (43)
j=1

then the equilibrium point x* exists and is unique in the system (40).

Corollary 6 Suppose that (2)—(5), and (43) hold, and we have 8 > 1 and q > 0 such that

- qh
B = 515151; 1+ Z|cﬂ|lr +Z|dﬂ|l( )} (44)

If the equilibrium point x* and each solution of Eq. (40) with the initial conditions (41)

satisfy
n n
Y |we) x| < pe ™y sup |gils) -], (45)
i-1 i=1 s€[-7.0]

then x* has the global exponential asymptotic stability.

Remark 4 The system (40) is one of the RNNs with distributive and discrete delays, which
occur to the literature [22]. In this paper, we show the balance x* of Eq. (40) is the global ex-
ponential asymptotic stability via the Lyapunov function method, which is different from
the method used in the literature [22].
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5 Simulation example

Example We consider the following two-dimensional neural network model:

10 _ _5x,(¢) + 0.2/, (x1(£)) + 0.3f(02(0)) + 1.7f (1 (£ — 711 (£)))
+ 0.8f2(x2(2 — 712(2))) + 0.3 ftt—hu(t)fl (x1(s)) ds
+0.2 f:ihlz(t)fZ(xz(s)) ds+2.5,

420 — 75, (8) + 0.1 (01.(8)) + 046 (x2(8)) + 0.8f, (x1 (¢ — 721 (£)))
+ 0.9 (o (¢ — T22(2))) = 0.2 ftt—hzl(t)fl (x1(s)) ds
+04 [, flea(s)ds + 15,

(46)

where fi(x;(¢)) = tanh(x;(2)), T11(¢) = T21(¢) = 0.49 + 0.495in(0.02¢), 712(¢) = T22(¢) = 0.48 +
0.48 c0s(0.03¢), l111(t) = ho1(¢) = 1.5 + 7%, and M1 (¢) = h2a(t) = 3 + e7*. For the initial condi-
tion is considered that x;(s) = In(s + 3.9), x5(s) = 0.4¢* — 0.7, s € [-4,0].

After comparison and simple calculation, we know that Eq. (46) represents a two-
dimensional RNN with discrete and distributed asynchronous time-varying delays, and
satisfies all the assumptions of Theorem 1 and Theorem 2. In Fig. 1, we illustrate state
trajectories of x; and x; of model (46), which show that model (46) has a unique and ex-
ponential asymptotically stable equilibrium point.

In Fig. 2, we illustrate state trajectories of x; and x, of model (46) under three other
different initial conditions: x1(s) = 0.4, x5(s) = 0.7; x1(s) = —0.5 + €°, x2(s) = 0.4¢* and x;(s) =
—0.9, x5(s) = —0.3, which demonstrate that exponential convergence of model (46) is global.
Therefore, Figs. 1 and 2 show fully the effectiveness of our results in this paper.

Taking out the distributed delay, model (46) turns into a two-dimensional RNN with
discrete asynchronous time-varying delays. Figure 3 illustrates its state trajectories, which
are marked as x1-discrete and x2-discrete, respectively. Meanwhile, Fig. 3 also shows the
sate trajectories of x; and x, of model (46) without delays. From Fig. 3, we see that the
dynamical behaviors of Eq. (46) without distributed delay and Eq. (46) without delay are
converging toward the same equilibrium point.

— |

- - -2

10 15 20

Figure 1 State trajectories of model (46)
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Figure 2 State trajectories of model (46) under three other initial conditions
151
A
/7 \
1F / N
/ T R R R
/
L/
05 / e e o e e e e e e e e e e
/ v’
— / I
5 0r | 1
I 1
1 ’ x1-discrete
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Figure 3 State trajectories of model (46) without distributed delay, or without delay

Removing the discrete delay, model (46) becomes a two-dimensional RNN with distribu-
tive asynchronous time-varying delays. Figure 4 illustrates its state trajectories, which are
marked as x1-distributed and x2-distributed, respectively. Meanwhile, Fig. 4 also demon-
strate the sate trajectories of x; and x, of model (46) without delays. From Fig. 4, we see
that the trajectories of Eq. (46) with distributive asynchronous time-varying delays and
Eq. (46) without delay are different, which implies that the dynamical behavior of model
(46) is affected by the distributed asynchronous time-varying delay.

In Fig. 5, we illustrate the state trajectories of model (46) with delays (i): 711(¢) =
T91(£) = 0.49 + 0.498in(0.02%), T12(£) = T22(£) = 0.48 + 0.48 c0s(0.03¢), /11(¢t) = hp1(£) = 1.5 +
el, hip(t) = hyp(t) = 3 + €%, and model (46) with delays (ii): 711(¢) = T1(¢) = 0.11 +
0.11in(0.02¢), T12(¢) = T22(¢) = 0.09 + 0.09 c0s(0.03¢), h11(t) = hy1(£) = 0.1 + 7%, h1(t) =
h(t) = 0.2 + e7%, which are marked as x1-big and x2-big, and x1-small and x2-small, re-

spectively. Obviously, the maximum of all delays in (i) is bigger than that in (ii). From Fig. 5,
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Figure 4 State trajectories of model (46) without discrete delay, or without delay
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Figure 5 State trajectories of model (46) with different asynchronous time-varying delays

we see that the stability convergence time of neural networks with big upper bound delay

is longer than that of neural networks with small upper bound delay.

6 Conclusion

In the present paper, we discuss the RNNs with mixed asynchronous time-varying delays.
By the Lyapunov function method, some algebra conditions are given to make the inves-
tigated model have a unique and global exponential asymptotically stable balance point.
Meanwhile, we also show that the balance point of the neural networks with distribu-
tive asynchronous time-varying delays is different from that without distributed delays.
Finally, one numerical example and its simulation are given to demonstrate the effective-
ness of our results. The considered neural networks in this paper can be further discussed
as regards their discrete-time analogue, and also can be investigated as regards their dy-

namical characteristics by adding pulses.
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