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1 Introduction

Let T > O be fixed, (£2, 5§, {S+t}o<t<7, P) be a filtered probability space, on which a martingale
process W; with independent increments is defined, and §; = o {W,[=0,1,...,t -1} VNp
(the set of all P-null subsets). Consider the following discrete-time fully coupled stochastic

system:

AXt = b(t;Xt; Y})Zt) EXD E}/tr ]EZD Mt)
+ U(t; Xt: Ytr Zt’ EXt’EYtr EZD ul’)AWti

(1.1)
=AY =f(t + 1, Xe01, Yeo1, Zeo 1, EXpit, EY 1, EZp 1, 1) — Ze AW, — AM,,
X() = X0, YT = l(XT, EXT),
with the cost functional
T-1
Jw) =E]> gt X,, Y;, Z,, EX,, BY,, EZy, u) + h(X7,EX7) {. (1.2)
£=0
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Here, we reserve the notation A for the backward difference operator AX; = X;,1 — X;. W,
M are the square integrable martingale processes and M is strongly orthogonal to W. E
means the expectation operator and f, b, o, g, &, [ are given functions (satisfying some
proper conditions to be elaborated later). Then we could present the following stochastic
optimal control problem.

Problem A. Find # € %,q (which shall be defined later) such that

J(u) = ug@lzfad](u)'

For stochastic optimal control problems (see [1]), one of the main topics is to es-
tablish the stochastic maximum principle (SMP). A wide range of concerns have been
given to different versions of SMP (see [2—5]), especially, to forward—backward stochas-
tic control systems (see [6—9]). It is widely recognized that forward—backward stochas-
tic differential equations (FBSDEs) are extensively studied and there are productive re-
sults (see [6, 10, 11]). Nevertheless, discrete-time optimal control problems are more
relevant to economic, engineering, biomedical, operation research problems, optimizing
complex technological systems, etc. As is known to all, Pontryagin maximum principle in
continuous-time framework cannot be extended to discrete-time counterpart, except for
some very special cases, due to the nature of admissible control variations. Naturally, it
motivated us to formulate discrete analog and even some improper results were deduced.
Butkovskii [12] clearly demonstrated some errors in the existing works. The intrinsic rea-
son for the errors is that the significance of convexity has been ignored. Generally speak-
ing, the discrete-time maximum principle fails unless a certain convexity precondition is
imposed on the control system. Pshenichnyi [13] elaborated why discrete-time systems re-
quire a certain convexity assumption for the effectiveness of the necessary condition while
continuous-time systems enjoy it automatically because of the so-called hidden convex-
ity. To the best of our knowledge, the study on the SMP of forward—backward stochastic
difference equations (FBSAEs) is quite rare in the literature. To fill the gap, in this work,
we are devoted to considering the SMP of the forward—backward stochastic difference
systems.

As for the discrete-time framework, recently, Mahmudov [14] derived the first-order
and second-order necessary optimality conditions for discrete-time stochastic optimal
control problems by virtue of new discrete-time backward stochastic equation and back-
ward stochastic matrix equation. Lin and Zhang [15] investigated the SMP where the state
equation was just on a forward SAE with the convex control domain. Xu et al. [16] con-
sidered the solvability of fully coupled FBSAEs, in which the BSAE was given as the con-
ditional expectation form and the coefficients in the backward equation were degenerate.
Some representative works in this direction include [17-20]. Very recently, Ji and Liu [21]
first discussed the SMP for FBSAEs under the convex control domain, which made sub-
stantial progresses in discrete-time forward—backward systems.

In 2009, Buckdahn et al. [22] investigated a special case of backward stochastic differ-
ential equations (BSDEs), the so-called mean-field BSDEs, which were derived by a limit
of high dimensional FBSDEs, parallel to a large stochastic particle system. From then on,
many authors discussed the mean-field system in different frameworks (see [4, 23]).

Motivated by the above discussions, our purpose of this paper is to derive the more
general and constructive SMP for mean-field system (1.1)—(1.2) under weaker convexity
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assumption. From the perspective of the techniques adopted for discrete-time case, the
obstacles encountered are twofold. The first issue entails choosing a suitable expression
of the product rule

AXe, Ye) = (Xeo1, AYe) + (AX Vi) = (Xe, AY) + (AX, Yeir).

In our setting, the It6 formula in continuous-time framework is invalid. In addition, most
of the methods applied to discuss continuous-time systems cannot be directly adapted to
discrete-time cases. Hence, it is necessary to employ a more characteristic and refined ap-
proach for investigating the discrete-time stochastic optimal control problems. The next
issue entails formulating the discrete-time counterpart BSAE as (1.1), which is distinctly
different from the continuous-time BSDE. Lately, many authors have been devoted to con-
sidering BSAE (see [24—26]). In general, there are two approaches to formulating BSAE.
One is driving by a finite state process (see [25]). In this work, we adopt another formu-
lation as in [24], which is driven by a martingale with independent increments and the
generator f in (1.1) relies on time ¢ + 1. Based on these arguments, we could obtain the
dual principle. It is worth mentioning that our paper differs from [19] in the following as-
pects. Firstly, our work is based on a weaker convexity assumption. Secondly, our results
are obtained in the mean-field framework. Thirdly, we not only establish the SMP, but
also derive, under additional assumptions, the SMP, which turns to be a sufficient con-
dition. Finally, as an application, we present a Stackelberg game of mean-field BSAE to
demonstrate our results. To sum up, this is the first paper to discuss the discrete-time
forward—backward stochastic optimal control problems of mean-field type under weaker
convexity assumption, enabling us to establish the more general and constructive SMP.
Our work generalizes and enhances the previously known SMP of [19, 23]. Meanwhile,
it extends the classical results of [17, 23] to the mean-field theory as well as forward—
backward system. It is interesting to remark that the results of our work also remain for
multi-dimensional driving process; in addition, we could also consider a more general sys-
tem, in which the mean-field terms are allowed to depend on some functional of the law
(see [27]). There is no essential difficulty.

The reminder of the paper is organized as follows. The next section states some prelim-
inaries. Section 3 is devoted to considering MF-FBSAE (1.1). In Sect. 4, we establish the
SMP and the sufficient condition for Problem .A. In Sect. 5, a Stackelberg game of mean-
field BSAE is given to illustrate the theoretical results. Section 6 presents some perspec-
tives and open problems.

2 Preliminaries

Let T ={0,1,..., T}. For a vector x, x’ stands for its transpose. I represents the unit matrix
with appropriate dimension. E; means the conditional mathematical expectation E[-|F,].
Fo=1{0,2}and F=F7. For t €{0,..., T - 1}, E,[AW;] = E[AW,] =0, E[AW;AW]] = I.
Now, we shall introduce some spaces to be used frequently in what follows.

L2(FsR") = X, : 2 —> R" | X, is §,-measurable, E|X;|* < oo},
820, T;R") = {X :{0,1,..., T} x £2 - R" | X is {§;}-adapted, E|X,|* < 0o},
M?10,T]:=8%(0, T;R") x 8%(0, T;R”) x §*(0, T - LR") x S*(0, T;R”),
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K?[0,T]:= 8%(0, T;R") x §*(0, T;R") x S*(0, T — ;R"),
H?[0,T]:=8*(0, T;R") x 8*(0, T - LR") x S*(0, T;R"),

N?[0,T]:=8%(0, T - R") x §*(0, T - LR") x 8*(1, T;R").
In addition, we introduce the following admissible control set:
Upa = {(uo,ul,...,uT) Tup € EZ(&;R’”) and u; e U, C Rm}.

Definition 2.1 ([28]) A pointy € S C R™ is called a relative interior point of S along the
straightline [(y,9) :={y |y =7+ (¥ -7),y € S\ {3} # 9,k € R} if there exists y = y(¥) € (0,1]
such that y+&(y—7y) € Sholds forall ¢ € [-y, y]. Besides, y is called a relative interior point
of S in a broad sense if y is a relative interior point of S along every straight line in the set
{{(3,y):y € S\ {y}}. The totality of these points is called a relative interior of S in a broad
sense and is denoted by ri S. S is called relatively open in a broad sense if ri S = S.

Definition 2.2 ([18]) A set S C R is called y -convex relative to a point y, € S if, for each
point y € S, there exists y = y(y) € (0,1] such that, forall € € [0, ], y0 + (¥ —y0) € S holds.
S is y-convex if S is y -convex relative to all of its points.

Definition 2.3 A set S C R” is called £y -convex relative to a point y, € S if, for each
point y € S, there exists y = y(y) € (0,1] such that, for all ¢ € [0, y] or for all ¢ € [-y,0],
Yo + (¥ — yo) € S holds. S is £y -convex if S is £y -convex relative to all of its points.

Remark 2.1 1t is obvious that a relatively open set in a broad sense, convex and open sets
are a y -convex set. Besides, a y-convex set is a £y -convex set. Nevertheless, the reverse
does not always hold. For instance, M; = [1,2)U(3,4] is y -convex, but it is neither a convex
set nor an open set. M, = [1,2] U [3,4] is 2y -convex, but it is not y-convex.

We proceed to introducing some notations and basic assumptions which shall be as-
sumed throughout the paper. Denote the usual inner product by (:,-) and the norm by
| - | of a Euclidean space. For I = (x,9,2,%,,%), define F(¢, I',u) = (—f(t, I, u),b(t, ', u),
o(t,I',u))and A=b,0,f,g.

(Al) f(t,y,2,5,7) is uniformly Lipschitz continuous and independent of z, zat ¢ = T, i.e.,

for any y,y1,2,21 € R”, there exists a constant ¢ > 0 such that

f(T,y,2,9.2) - f(T,y1,z1,51,20)| < c(ly =yl + [y =3, t=T,P-as,
[f (.9, 2,9,2) = f(t, 91,21, 91, Z1)]

<cly-nl+ly-nl+lz-z1l+1z-z11), te{l,2,...,T-1},P-as,
f(£,0,0,0,0) € L2(FsR"), te{l,2,...,T},P-as.

(A2) b, 0, f, g are uniformly Lipschitz continuous and differentiable on I', u; [, & are
continuously differentiable on x, ¥, and all the derivatives are uniformly bounded.
Moreover, f is independent of z, zat £ = T.

(A3) VI, u € Ua, A(-, T, u) is a F;-adapted process, I(x,%) € L2(F;R"),

h(x,%) € L2(F;R), and F(£,0,0) € L2(F;R" x R” x R"), g(t,0,0) € L2(F; R).
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(A4) (Monotonic conditions)
Forte{l,...,T -1},

E(F(¢t, I",u) - F(t, I1,u),® - ©1) < -BE|® - 04>, P-as.,

VI =(x,9,2,%52), 1 = (*1,51,21,%1,51,21), © = (%,9,2), O1 = (%1,91,21)-

Fort=T,
E(~f (T, %3, % 3, u) + f(T, %1, y1,%1, 51, ), 2 — %1) < —BElx x>, P-as.
Fort =0,

E(b(O,I",u)—b(O, Fl)u)yy_yl)+E(U(O)F;u)_0(0: Fl,u),Z—Z1>

= —,BIE(D’—)/H2 + Iz—zllz), P-a.s.
Besides,
E(l(x,fc) — (%1, %1), % — xl) > cElx — x1]%, P-ass.,

where ¢, B are nonnegative constants.
(A5) Theset U; (t € T) is £y -convex.
Throughout the paper, we formally denote

0,7, u)=b(T,u)=c(T, T,u) =g(T, ", u) =0. Let w € L*(F;R"), we consider
g

the following MF-BSAE:

AY;=—f(t+1, Y1, 2401, EY31, EZp 1) + ZLAW, + AM,,

(2.1)

YTZJT.

Definition 2.4 The triple of processes (Y,Z, M) € H?[0, T] is called a solution of MF-
BSAE (2.1) if it satisfies (2.1) for any ¢ € {0,1,..., T — 1} and M is a martingale process

strongly orthogonal to W.

Theorem 2.1 Assume that (A1) holds, then for any m € L*(F;R"), MF-BSAE (2.1) admits

a unique adapted solution (Y,Z, M).

Proof Firstly, we shall show the existence by using the backward induction method.
From (Al) and 7 € L%(F;R"), we have f(T,n,Ex) € L2(F;R"). Then E{|Er_i[7 +
f(T,7,En)]|?} < 0o. Hence, 7w + f(T,7,En) —Eq_y [ +f(T,7,Ex)] is a square integrable
martingale difference. Further, by the Galtchouk—Kunita—Watanabe decomposition in
[29], there are Z7_; € Fr_1, Zro1 AWr_1 € L2(Fr_1;R™), and AMy_; € L2(Fr_1;R") such

that Er_1[AM7_;1] = ]ET_l[AMT_lAW}_l] =0and

7 +f(T,n,Ex) - IET_l[n +f(T,n,]En)] =Zr 1 AWr_1 + AMr_;. (2.2)

Page 5 of 24
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Here, AMr_, is uniquely determined in that decomposition. Multiplying (2.2) by AW7._,
and then applying E7_; to both sides, we derive

]ET_l[(T[ +f(T, T, ]EJT))AW}_l] = ZT—1~
‘We further obtain
E|Zr ) < B{Er[|m +£(T, 7, Ex)|*[Era [AW2_, ]} < oo

This implies Y7_; = Er_i[7 +f(T, 7, En)] € L2(Fr-1; R"). Thus, we determine Y7_;, Z7_1,
AMr_,.

We continue this backward procedure. Assume that Yy, € £2(§s1;R?), t € {0,1,..., T -
2}. Similarly to the above discussions, we know Z; € §;, Z;,AW; € L2(FsR"), AM; €
L2(F:;R") such that E,[AM,] = E,[AM,AW]] = 0 and

Yia +f(t+ 1L, Y0, EY 0, 201, BZ) = By (Ve + f(6+ 1, Y, EY i1, Z11, EZy )]
_ Z,AW,; + AM,,

Zy =Ey[(Ye +f(t + 1, Y, EY 1, Z11, EZ 1)) AW,

Vi =E Y1 +f(t+ 1, Y1, EY i, Za, EZ40)].

In summary, we deduce (Y, Z;, AM;) € L2(FsR") x LAFsR") x L2FsR"),0<t < T-2.
Without loss of generality, let My = 0 and M; = M + 2;(1) AM;, we see that (2.1) holds for
t€{0,1,..., T —1}.In addition, M is a square integrable martingale process. Furthermore,

since
t-2
Eoa[M,W]] =) AME [ W] + Ea[AM 1 (Wit + AW, 1) ] = M W/,
s=0

we get that M is strongly orthogonal to W. The existence is finished.
Next, we shall prove the uniqueness. Assume that there are two solutions (Y}, Z}, Y},
Z},M}) and (Y2, Z2,Y?2,Z2, M?) of MF-BSAE (2.1). Then

Y7 - Y} =~f(T,Yr, Z}, Y7, Z3) + f(T, Y1, 25, Y1, Z%)

+ Z5 (AW + AMY._ | —Z% AW — AM3_,. (23)

Combining Z}. | = Er_1[(w + f(T,7,En)) AW} ;] = Z% | with (2.2), we have AM}. ;| =
AM?._,. Thus, using (2.3), we can immediately get that Y., = Y2_|. The inductive method
and Z} = Z3 = My = M} = Oyield (Y}, Z}, M}) = (Y2, Z2, M?) for t € {0, 1,..., T — 1}. O

3 Controlled MF-FBSAEs

In this section, we focus on the fully coupled MF-FBSAE (1.1). Let iz; and (X;, Y;, Z;) be the
optimal control and optimal trajectory of Problem A, respectively. Assume that (A2)—(A5)
hold, firstly we define a multi-valued mapping:

1, (t,Vt)E’]TX U;,
Itve)=1-1, (tv)eTxU;, (3.1)
+1, @GveTxU NnU;,
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where U}, U, represent that the set U, is y-convex and —y -convex, respectively. Notice
that the set U; is £y -convex, there exists y > 0 such that, for all £ € (0,y], we could find
another admissible control

up =i +a(t)e(ve—u,), veely,

where a(t) € Z(¢,v;). We construct a needle variation

ae(vo — i), t=6,

0, te T\ {6},

a(t)e(ve— i) =

where o € Z(0,vy), (0,vy) € T x Up,and € € (0, y*] with y* = % Denote that (X}, Y7, Z?)

is the state trajectory corresponding to the admissible control ;. Now, we give the follow-

ing existence and uniqueness theorem.

Theorem 3.1 Assume that (A2)—(A4) hold, then there exists a unique adapted solution
(X,Y,Z,M) € M?[0, T for mean-field system (1.1).

We shall apply the following two technical lemmas to prove the existence part of Theo-
rem 3.1, and the proof of these lemmas shall be presented in the sequel.

Lemma 3.1 Suppose (r,¢,9) € N?[0,T], » € L2(T;R"), then the following linear MF-
FBSAE

AXt = _YZ —EYt + 71y + (_Zt - ]EZt + ¢)t)A‘Vt’
AYy = —Xpn —EXen1 — e + ZLAW, + AM,, (3.2)
Xo = X0, YT ZXT+EXT+)\,

has a unique solution (X,Y,Z,M) € M?[0,T].
Now, we define a family of MF-FBSAEs parameterized by p € [0,1] as follows:

AXt = b“(tr 1—}, ut) +1: + [au(tl Ft’ ut) + ()bt]AWt;
AY, =Mt + 1, Tt thent) = @et + Z AW + AM,, (3.3)
Xo = %0, Yr=I"(Xr, EX7) + A,

where

b(t, Iug) = ub(t, Tyue) + (1 - w)(=Y: —EY)),
ol (t, T u) = po (&, I ug) + (1= p)(=Z; — EZy),
S T u) = wf @& Tyug) + (10— 1D(=X; — EXY),
(X, EX) = wl(X, EX,) + (u — 1)(=X; — EX;),
I = (X, Y, Z, EX,, EY;, EZ,).

Lemma 3.2 Foragiven i € [0,1) and any (r, ¢, 9) € N[0, T], » € L2(F; R"), MF-FBSAEs
(3.3) have a unique solution. Then there exists &y € (0, 1) such that, for any . € o, o + 8o]
and (r,¢,9) € N?[0, T, A € L2(; R"), MF-FBSAEs (3.3) have a unique solution.
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v

Proof of Theorem 3.1 Uniqueness. Suppose that (X, Y, Z, M) and (X,Y,Z, M) are two so-
lutions of (1.1), we denote

F=®&V,2EXEV,EZ) = - T
=(X-X,Y-Y,Z-Z,EX-EX,EY -EY,EZ -EZ),

b(t) = b(t, Tur) — b(t, Tue),  6(8)=0(t, Ty —o(t, Touy),

FO =f(t, Tou) — £t o),

O=X,Y,2)=0-0=X-X,Y-Y,Z-2), M=M-M.

Forte€{0,1,...,T — 1}, it yields that

AKX, Y = (K, AT + (AKX, 1))

= (b, 1;) - (X1, f (£ + 1)) + (6 () AW, Z,AW,) + W,
where
lI/t = <&(t)AW[, ?t) + (A)A(t + Xt’ AM[) + ()A(t + 2(t), ZtA Wt)

Notice that W, M, M are square integrable martingale processes and M, M are strongly
orthogonal to W, we obtain E[¥;] = 0. Furthermore,

E(X7 - Xr, I(X7,EX1) - I(XTIE)V(T))

T-1 T-1
=E(Xr, Y1) =E) AKX, V) =EY {{(Xear, ~f (£ + 1)) +(6(6), Z) + (b(e), i)}
t=0 t=0

T-1
= E{Z(F(t, Tug) = F(t, Ty ur), O, = 64) + (b(0), Yo) +(6(0), Zo) — (XT,f"(T))}.

t=1

Using the monotonic conditions, it follows that

E|XT - Xr[?

< E(Xr - Xr, (X7, EX7) - I(X7, EX7))

T T-1 T-1
s-clE{Dxt-muzm-mum—zw},
t=0 t=0 t=0

~

-1
(F(t, Tuy) - E(t, T ug), ©; — ©,) + (b(0), Yo) + (6(0), Zo) - (X7, f(T))}

I
—

which further implies
T T-1 T-1
EiZu@—XﬁZm— Yt|2+2|zt-zt|2} - 0.
t=0 t=0 =0

Besides, it is easy to see E| Y7 — V7[> =0and E Y[ |M, — M,|? = 0. Thereby, © = 6.

Page 8 of 24
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Existence. By Lemma 3.1, we can immediately get that, when u = 0, for any (r,¢,¢) €
N?[0,T], » € L2(F;R"), MF-FBSAEs (3.3) have a unique solution. By Lemma 3.2,
for any (r,¢,9) € N?[0,T], » € LXFR"), (3.3) can be solved successively for u €
[0,80], [80,280], . ... Hence, we can deduce that when u = 1, for any (r,¢,¢) € N[0, T],
X € L2(F;R"), ME-FBSAEs (3.3) have a unique solution. Let r; = ¢; = ¢; = A = 0, we con-
clude that MF-FBSAE (1.1) has a solution. O

Proof of Lemma 3.1 We consider the following BSAE:

AYF =Y} +EY =1 — @ + 2Z; + EZ7 — ¢) AW, + AM],
Yi=A

Using Theorem 2.1, the above equation admits a unique solution (Y*, Z*, M*). Then we

solve the following forward equation:

AX, = Xy —BXpo - Y7 —BYF 410+ (-ZF ~EZF + ¢) AW,

Xo = X0.

Let Y =Y*+ X, Z =Z*, and M = M*, we can see that (X, Y,Z, M) is a solution of (3.2).
Thus, the existence is finished. With regards to the uniqueness, it suffices to apply the
method of the proof of uniqueness in Theorem 3.1; here, we omit it. O

Proof of Lemma 3.2 Notice that

bRt (t, Ty, ug) = BHO(t, Ty, ug) + 8[b(t, Ty, ug) + Yy + BY;),
o"o¥ (¢, I uy) = oo(t, Iy, uy) + 8[o (8, Ty uy) + Zy + BZ,),
fﬂoﬂs(t: It uy) :fﬂo (& Iy ue) + 3[f(t’ I uy) — X, - EX{],
o3 (X, EX,) = IM0(X, EXy) + 8[1(X, EX,) - X, —EX,].

Set A’ = (X', Y, EX,EYY), ©' = (X', Y, Z), I'' = (X', Y, Z,EX, EY',EZ"), and I"° = 0 to
solve iteratively the following equations:

AXFY = pro(e, T ug) + 8{b(t, T u) + Y+ EYfY + 1y
+ {G“O (t, EHI; ut) + S[O’(t, 1—71 I/l) + Z; + EZ;] + ¢t}AWtr

AYtiJrl = _fﬂo(t + 1; 17:11; ut+1) - 6{f(t + 1: ni—l’ ut+1) _X£+1 - ]EX;.A} (34')
— Qi1 + ZFLAW, + AMEH,

Xo = %9, Yt = o (XEL EXEY) + S{U(XE, EXL) — X5 —EX5) + A

Then we apply the product rule to X/*' ¥/*! yielding
E(XG, 100 (X5, EXEY) - 100 (X5, EXL)) + B(XE, §[ X5 - X4 + EXF! - EXYL])
B a1, EXY) (5 B )

_E[RE, 7

Page 9 of 24
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T-
ZF“O (&, I u) — Fo (¢, T, uy), 61)
t=1

T-1
+EY S(F(t I, w) ~ (6, I w) + 6}, 61

P
+ BB (0, g, o) — b0 (0, I, uo), Vi)
+ES(b(0, I, o) — b(0, T{ ™, uo) + ¥, Ti')
+E(070(0, I, ug) — 07 (0, I, uo), Zi)
+E8o (0, I, o) — 0 (0, TE ™ uo) + 2, Zir)
—E[f"(T, A, ur) - f*(T, Ay ur), X5

—B8(f(T, Ay, ur) —f(T, At ur) + X, Xirt),

where [ = I} - I}"! and O} = ©! — ©F"". Set i, = min(1, B}, we claim that

t=0 t=0

= 3(1+¢) <
slatig 1 Djor P < 209 omp i et |

b

Lete = , by means of ab < & + £, we have

(1+c

iz|X”1| +Z|o”1| } <5(lﬂzc’) {2]E|X 2 +IEZ|()| }

T-1
[2E|X’ }
t=0

which indicates

2E[RI + OM{ (8(1+ﬁ)) =2E|X EDOI }
Then
= ? T-1
Bl - B|Y Akl = TlakiP < pEY (I +[611)
t=0 =0

where B; > 0 and it only relies on ¢ and T. Thus, there exists B, > 0 relyingon ¢, 8, and T
such that

T-1 T-1 T-1
S S
=0 =0 t=0
Furthermore, there exists § € (0, 1) relying on ¢, 8, and T such that, for 0 < § <4,

2 Vi1

T-1 , 1. I, . q T
G+l 2 Hil2 . = &i-1
E;IQ | SLLE;IQI +8E§|0t
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By [30, Lemma 4.1], we see that {®/}! is a Cauchy sequence in K2[0, T]. Denote its limit
by ® = (X, Y, Z). Taking the limit in (3.4), we can derive that, when 0 < § < 5,0 =(X,Y,2)

solves (3.3) for u = g + 8. The proof is completed. O

For simplicity, for p = b,0,f,g and a = x,y,z,%, 7, z, u, we use the following abbreviations:

I =X, Y,Z,EX, EY,,EZ,),  If=(X:YEZ,EXE EYS,EZY),
pO) = p(t, Tptt), — p*(8) = p(t, T, uf),
ﬁg(t) = p(tr I;t,uf)’ Ioﬂ(t) = ﬂa(t, I;t’ ﬁt)'

Let (k,m,n,N) be a solution of the following variational equations:

Ak = by(t)k, + by(t)m, + b (t)n, + bz (t)Ek;, + by(t)Em, + bz(¢)En,

+a()by,(t)e(v, — ity)

+{0x(Ok; + &, (O)my + 6, (O)n, + ()5, (E)e(vy — i)} AW,

+ i&,;(t)IEkt + 6;(_t)IEmt + 6;,(t)IEI_nt}AWt, (3.5)
Amy = —fo(t + Dkpr —f (£ + Dy — f(E + Dy

—a(t+1)f,(t + 1)e(v — i)

—filt + DEkpo1 = fi(t + DEmyyr — £t + DEnper + m, AW, + AN,
ko =0, mr = {l(X7, EX7) + Elz(X7, EX7)}kr.

We proceed to introducing the following adjoint equations:

Ay = =Bl (t + 1D)ngar = GJ(E+ 1)Ceur +f1(E+ D1 + &t + 1) + L AW,
+ AV; + B{=B(t + D)ngar = GL(E + DEeur +fL(E+ Dy + Gt + 1)},
A&, = U?Z/(t)gc - E;(t)m —0,(£)¢: + g:(2)
+ I_E(ﬁ(t)a_— b()n; - 56, + Z=(0)} AW, 56)
+ £ (0)€ = B (6)n: — 5)(£)¢: + g(£)
+ E{f (& - by(On - 5506, + &(0),
nr = —hy(X7, EX1) — Ehz (X7, EX7) - L(X7, EXT)67 — E{l: (X7, EXT)E7),
& =0.

Here, W, N, V are square integrable martingale processes and N, V" are strongly orthog-
onal to W. Set

)A(t:Xf_)_(tr i\/t:Yf_Yty Zt:Zf_Ztr Mt:Mf_Mt:
Xt:j(t_kt, i/t:i/t_mt: Zt:Zt_ntr Mt:Mt_Ntr

then we get

AX, = () - b(t) + (0°(t) - 5 (£) AW,
AY, = —f(t+1) + f(t+ 1) + Z,AW, + AM,,

(3.7)
X, =0, Yr=o0.

Page 11 of 24
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For MF-FBSAE (1.1), we give the following estimates.

Lemma 3.3 Assume that (A2)—(A5) hold, we get

T T T-1
12 12 712 2 = 12
E{Y X+ ) IVl + ) 127 < ce®Elvg — itg .
t=0 t=0 t=0

Proof According to (3.7), we have

T-1
0=E(Xr, ¥7) - E(ko, Yo) =E Y A(X,, 1)
t=0
T A ~ A
=EY (X f (@) = £ (@) + (¥, (8) = b (8)) + (2o, 0" (8) - 5°(2)
t=0

+ (X 5 (0) +F ) + (Yo, b5 (8) = B(0)) + (2,65 (8) - 5.(1))}
T-1

=EY (F(t I u) ~ F(t, T i), ©)
t=1

T
Z Xe f() - () + (Yo, ¥ (£) = (1)) + (2, 5° () - 5 (8))}

+ B{(Xr, ~f* (1) + F* (1)) + (Yo, 6 (0) - B (0)) + (Zo, 0* (0) - 5° (0))}.

Combining the above equation with the monotonic conditions, we obtain

T
B {{(Xe -f @) +£(0)) + (Vi b (6) = b(8)) + (24, 5°(8) - 5.(8))}
t=0
T-1
=-EY (F(t. I}, uf) - F(t, I}, 1), O,)
t=1

= B{{Xr, ~f*(T) +F*(1)) + (Yo, °(0) - b (0)) + (Zo, 5 (0) - 5°(0))}

T T T-1
zﬂE{ZIXtIZ+Z|f’t|2+Z|Z|2}~
=0 =0 £=0

On the other hand, there is a constant ¢; > 0 such that

T T

EY (X, —f(t) Z( IXt|2+—lf(t -fe @) )

t=0 t=0

T
Z(—| X+ —ﬁe v — ilg| )

Page 12 of 24
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Similarly, we can deduce

T

EY (X0 5 (0) + £ (0)) + (Yo b (8) - b(0)) + (24,6 (£) - 5.(£))}
t=0
B T T -1 3¢,
< EE{Z DA IEDY |Zt|2} + gezmv@ — itg . (3.9)
t=0 t=0 t=0

Using (3.8)—(3.9), we finally get

T T T-1
E{Z X+ DI+ |Zt|2} < ce’Elvy - it .
£=0 t=0 £=0
The proof is completed. d

Remark 3.1 Under (A2)—(A5), we have the following results.
Ift=1,2,...,T-1,

SO O L0 S ) £
bi(t)  by(®)  b(0) | <Pl bi(t)  by(t)  b:(0) | <Pl
6x(t) _y(t) _z(t) 0_'5c(t) _jl(t) _E(t)
Ift=0,
b,(0) b0 _ by(0) b:(0)\ _
(z‘ry(O) @(0)) =Pl (65(0> 65(0)) =Pl

Ift=T,
ST < =Bl —H(T) <P,
Consequently, the coefficients of (3.5) satisfy the monotonic conditions and there exists a

unique solution (k, m, n, N) to (3.5). Following the proof of Lemma 3.3, it is easy to check

t=

T T T-1
E{Z LA AED Y |nt|2] < ce’Elvy — ity .
0 t=0 =0
Lemma 3.4 Assume that (A2)—(A5) hold, we get
T T T-1
]E{Z X+ Y 1Y+ )y |Zt|2} =o(e?).
=0 t=0 t=0
Proof Observe that

AR(t) - At) = A (0)X; + A,(0) Y, + A, (DZ; + Az(t)EX;

+ A5 (OEY, + A:OEZ, + a(t) Ay(e(ve — ity),
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where
~ 1 - A
Aut) = / Aa(t, Ty + M g + M1 — 1)) d,
0
with a = x,,2,%,¥,%, u, then we have

AX; = by()X, + by()Y, + b.()Z; + k1 (£) + bz (t)EX,

+by(OEY, + b:(t)EZ, + &1 (t)

+{G:(OEX, + 53()EY, + 6:()EZ, + K2 ()} AW,

+{G:(OX, + 5, ()Y, + 6.(6) Z; + 162 (E)} AW, (3.10)
AY, = —ﬁc(t + DXpuq —f_y(t + 1Y —fz(t + D21 — k3t + 1) + Z, AW,

+ AM; —fi(t + DEXyo1 —f(¢ + DEY 41 — £t + DEZ, — R3(£ + 1),
X, =0, Yr =0,

where

K1 (t) = (ba(t) — b ()} X + (by(t) - by (O} + {b.(t) - (D} 2,
+a(6){bu(t) - bu(t))e(ve — k),
@1(8) = {bs(t) - bx(0)\EX, + {b3(¢) - by (t)\EY, + {b3(t) - b:()}EZ,,
K2 (t) = {6:(8) = G(O}X, + {6,(1) - 5y}, + {52(8) - 5.(8)} 2,
+ ({640 - GuO)e (v, — i),
fa(t) = {63(t) — Gx(EX, + {55(8) - G5()IEY, + {53(£) - 52(£)}EZ,,
k3(t) = —{5:(8) — O}, — (&) - {, (O} — {£(0) — L)) 2,
- a(t){};u(t) _]?u(t)}s(Vt — ),
#3(8) = —(fu(t) — H@OYEX, - (5(8) - FOIEY, - (5(8) - L(O))EZ..

From (3.10), it yields that
~ ~ ~ ~ T71 ~ ~
0=E(Xr, Yr) - E(Xo, Yo) =E Y _ A(X,, 7)
t=0
T —_— o~ ~ ~
Z Xoo~frO) 1) + (Yo br(®) 1) + (Z, 61 ()T
L=
—(Xeke3(8) + R3()) + (Yoo k1 (8) + &1(O) + (Zes 2 (£) + Ra(0))
where

r,=(X,Y,Z,EX,EY,,EZ,),

or(8) = (px(2), py(2), p2(8), P2(2), p3(2), (1))
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Noticing Remark 3.1, we derive

T
E Z{(j(t: —i3(£) — k3(t)) + (YnKl(t) +&1(8)) + (Zt7K2(t) + k(1))

t=0
T T T-1
> BEID XL+ Y VP4 1ZI%
t=0 t=0 t=0
On the other hand,

E(X,, —k3(8) - &5(8)) = E(X,, [fu(8) - £(0)] %) + E(Xe [/, - /O] T2)
+ E(Xe, [£(0) - £(0)]Z) + E(X,, [£(6) - £(0) |EZ,)
+E(X, [0 - O ]EX) + E(X., [f(6) - () |EY,)

+ E(X,, a@)[fu®) — fuO]e (e - ir)).
Lete = %, by virtue of ab < g +2eb?, we have

(X, —ie3(2) - €3 (2))

< %EW . %E{ 1) - 2@ [P1R + B0 -E@ 21502 + [0 - £ 122

+ &0 = £ | v — e + |a(e) — /(0|
+ [F® -FO)ELP + |E0) -£@) | IEZ?).

Combining lim,_, |[fp(t) —j_’p(t)|| = 0 with Lemma 3.3, we obtain
% ~ 7B 52 2
]E(Xt; —K3(t) - Kg(t)) < ?EIXA + o(s )
In a similar way, we have

B[ 1(0) +£1(0) = TEITP + ofs?),

{0 a(6) + 2(0) = "L BIZ I 4 o(e?).

Thus,

T T T-1
B zv@e@muzme} < o(e?).
£=0 t=0 t=0

The proof is completed. O
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Remark 3.2 From Lemma 3.4, we see that k; is the first-order variation of X;, and m1; is the

first-order variation of Y;. It is easy to derive

T-1

J(f) — T (@) =By {(@.(e) + Bga(e), ke) + (g,(8) + Bgy(t), me) + (2.(t) + Bga(t), m)

t=0
+ Ol(t)&’(gu(t), Vi — L_tt>} + E(hx(XT, ]E)_(T) + Ehgc()_(T, E)_(T), kT>

+o(e). (3.11)

4 Stochastic maximum principle
In this section, we are devoted to establishing the stochastic maximum principle for fully
coupled MF-FBSAE (1.1). Define the following Hamiltonian function:

H(6%,9,2:% 5,20, 8, 6,u) = (0, b(6,%,9,2,%5,2,uw)) + (£, 0 (6, %,9,2,%, 5,2 1))
- <E;f(ty x;y; z, 5&)5]} 27 u)) - g(t; x;y; z, 5&;5/; 5; M).
Theorem 4.1 (Stochastic maximum principle) Assume that (A2)—(A5) hold. Let u; be the

optimal control and (X,,Y,,Z,) be the corresponding optimal trajectory of Problem A, then
for vy € U; and a(t) € Z(t,v:), one has

Ol(ﬂ(%(t))_(t; Yt’Zt; E)_(t) EYtr EZt; nt: {t; st; ljlt)rvt - Ijlt) S 0: P‘IZ.S. (4~1)
Proof By (3.5)-(3.6), for t € {0,1,..., T — 1}, we obtain

Alkesme) = (Kevr, Ane) + (Ake, 1)
= (kev1, =B, (¢ + s = Go(¢ + DEpr +fL(E + Dy +Ze(t + 1)
(et E[=B5(¢ + Dmest — G40 + Dar +fL(E + DEar + gt +1)])
+(bx(t)ks + by(t)m; + b (t)n, + bi(t)Ek, + by()Em,
+ bs(O)En, + a()eb, (8)(v, — itr), 1e)
+{[0x(O)k; + Gy (O)my + G, (O)ny + a(D)e6, () (ve — 1) | AW, G A W)

+([0x()Ek; + 65()Em, + 6:(0)En, | AW, (, AW,) + &y,
where

@, = (k; + ba(Oke + by(O)m, + b, (O)n, + bi(OEk, + by(t)Em,
+ bs(OEn, + a(D)eb,(t) (v, — ity), { A W)
+([6:(O)k; + &y (O)m, + G,(O)n; + 53(£)Ek, + G3(0)Em,
+ 63(O)En, + a()ed, () (v — i) | AW, ny)
+ (ke + bu(t)ks + by(e)m; + b (£)n, + b(t)Ek, + by(t)Em,

+ b3 (O)En, + a(D)eb, () (v, — ity), AV;)
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+ ([&x(t)kt + 0y (t)m; + 0, (O)n; + 65(E)Ek; + 05(0) Em; + 05(£)Eny

+ a(t)géu(t)(Vt — ljlt)]Ath, Af/t)’

Since W, V are martingale processes and V is strongly orthogonal to W, then E[®;] = 0.

Similarly,

Ay, &) = (my, A&) + (Amy, &)
= ~{fi(t + DEkpr + 5 + DEmgq + £t + DEngir, i)
— (et + Dkger + (& + Dimgyy + £l + D
+a(t+ Dfu(t + e — i), Era)
+ (e AW, £ (08 = D (6)ne = 668, + 2.(2)
+ E[fL(0)& — by(0)n: - 6,005 + g=(0) | AW
+ (mu f (08 - by (On: - 5,(0): + )(¢)
+E[f ()& - by(0n: - 550 + H®)]) + T

where

T, = (m AW, & + £ (00 — b (6)n: = 5, ()5 + & (0)
+E[f (0& - b (&), - 65(6), + g (8)])
+ (e, (£ (0)€ = B(6)ne = 5(6)¢ + .(0)
+ B[ (D& - BL(t)n: - 6L(0)¢ + ()|} AW)
+(& + £, (& = B(t)n, - 5,008, + g (£)
+ E[f ()€ - Dy(e)n: - 55(6)¢c + &(0)], ANG)
+{{f ()& - b, — 5,(0)¢ + (1)
+E[f ()& - bi(O)n, - 5:(0¢, + B ]} AW, AN,).

We further derive

EA{(kene) + (my, &) }
= E{{keo1, B¢ + Vs = E[B(E + Dt ]) + (ba(0)ks + b5 (00Eks, ;)
= (k1,608 + 1)gra + E[G5(E + 1)Era1]) + (G(0)k; + 53(0)Eky, &)
= (& + Dmpy + fi(t + DEmyoy, &) + (e, £ (08 + E[f (0)€])
— (ot + Dy + (6 + DEngor, ) + (1m0 f, (0)€ + B[ (0%])
+ el ObU(Ove = i), ne) + oo (OGO Ve = ), &) + (elt + 1) + Egalt + 1), ko)

+(g.(t) + Egs(£), ng) + (g () + Egy(£), my) — elor(t + Df (¢ + D) (vee1 — i), E41)}-

Page 17 of 24
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Accordingly,

~E{h (X7, EX1) + Bhy (X7, EX7), k7)

T-1
= E{ (kTr TIT) + (mTr ST) - (kOr 770) - (mO’ SO)} =E Z A{ <kt’ nt) + (mt’ gt)}
t=0
T-1
=B {{2:(t) + Ege(0), ki) + (g,(¢) + Egs (), my) + (:(8) + Ega(0), my)}
t=0

T
+B Y ea()b,(6)n: + 6,(6)¢ — (0%, vi — itg) + E{ (B2(0)ko + bz(0)Eko, no)
t=0

+ (Ko, 5,(0)Ego + 5(0)E<o) + (f,(0)mmo + f5(0)Emo, &) + (£(0)ng + f2(0)Eno, &)}

Since ko = 0, & = 0, then the above equation leads to
T-1

B {{@() + Ega(e), ki) + (g (2) + Bgs (), my) + (8:(¢) + Bga(e), m)}

t=0

+ E{hy (X7, EX7) + Ehz (X7, EX7), k1)

= —ea(b,,(0)16 + G,(0)Cs —£,(0)&, vo — ils)-
Combining lim,_, %[](uf) —J(it;)] > 0 with (3.11), we have
«E(B,(0)n9 +5,(0)0 —1,(0)€0 — 8u(6), vo — it9) <O,

then (4.1) holds owing to the arbitrariness of 6.

Remark 4.1 Theorem 4.1 establishes a more general and constructive stochastic maxi-
mum principle under weakened convexity assumption. To be specific, if the set U; is not
convex, then the discrete-time stochastic maximum principles in [15, 21] are invalid. In
this sense, our work generalizes and strengthens the discrete-time stochastic maximum

principle of the existing works.

Corollary 4.1 Assume that (A2)—(A4) hold. Let ii; be the optimal control and (X;, Yy, Z;)
be the corresponding optimal trajectory of Problem A. Moreover, assume that the set U, is

y-convex, t € T, then for v, € Uy, one has

(%(t’ )_(t’ }_/ttztr E)_(t) E}_/tr EZD nt’ {t; Str Ijlt); Vt - ﬁt) S 0; P—d.S‘

Corollary 4.2 Assume that (A2)—(A4) hold. Let it; be the optimal control and (X;, Yy, Z;)
be the corresponding optimal trajectory of Problem A. Moreover, assume that U, = 1i Uy,

t € T, then for v, € Uy, one has

(%{ (t; )_(t: Yt»Ztr E)_(t’ E?t’ EZD nt; gt: Str Ztt)’ Vi — ﬁt) = 01 ]P-d.S.

In what follows, we discuss assumptions, under which the necessary condition (4.1)

turns into a sufficient one.

Page 18 of 24
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Theorem 4.2 (Sufﬁcient conditions for optimality) Under (A2)—(A5), assume that h(.,-)

A if (4.1) holds.

Proof Let u, be an arbitrary admissible control and (X;, EX;, Y3, EY;, Z;, EZ,) be the corre-
sponding trajectory. Set f(t =X, - X, and Yt =Y, - Y,. Since f(o = ?T =&y =0, it is derived
that

~E(nr, Xr) = E{(n7, X7) + (€1, Y1) = (00, X0) — (B0, Vo) }

T—
=E) AKX+ Algu Vo)

T-1
=E > {{&,~f©) +F ) + (00, b(6) - B(®) + (21,0 (£) - 5.(8))
=0
— (X, A0 + BA(E)) - (Yo, A1) + BAG(D) - (22, A1) + EAEW))}.
Denote by (a(xyyvzjc,)',,glu)% )(t), etc., the Clarke generalized gradients of J# evaluated at
X, Yy, Z,,EX,, BY;, EZ,, i1,). Together with the stochastic maximum principle (4.1), it fol-
lows that

0€(8,70)(1), ae.t.

By [31, Lemma 2.3], ((8,5)(2),0) € (aa,u%)(t), a.e. t. Besides, from [31, Lemma 2.2(4)],
we get

H(t) - H(t) < (8,50) (X + (0:.70) ) EX, + (3,.70)(t)V:
+ (3550)(ORY; + (0,50) (O Z; + (0:0)(OEZy.

Therefore, along with the Hamiltonian function, it yields that

T-1
E(nr, Xr) B Y {(E.F€) —£(0) + (0, b(£) - b(e)) + (¢ 0 (8) = 5 (8) + A () - A (1))
t=0

T-1
EY {g(t, it vi) - g(t, Ty ik, 71)).

£=0
On the other hand, using the convexity assumption on A(:, -), we claim that

E{h(Xr,EX7) - h(X7,EX1)} > E{ (%)w@ + (%)(tﬂ%} =E(nr, X7).

Thus,
_ —_ T_l -
E{h(Xr, EX7) - h(X7,EX7)} + E > {g(t, I}y ue,vi) - g(t, Ty ke, 7)) = 0.
t=0

The proof is completed. O
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5 A Stackelberg game of MF-BSAE
As an application, in this section, we consider a Stackelberg game of MF-BSAE:

AY, = —f(f +1, Y01, 20, EYrit, EZpy1, U1, Ver1) + Ze AW + AM,,

YT:K, ut,VtGUthm.

(5.1)

The cost functionals for the follower and the leader are given, respectively, as follows:

T
jl(ut)Vt;K) = E{Zgl(t¢ Yt;Zt: EYL‘) EZD Ut VL‘) + hl(YO) ]EYO) }7

t=1

T
]Z(Mtr Vt;K) = E{ZgZ(t! Yt; ZtlEYt’ EZt; Ut, Vt) + hZ(YOrEYO)}'

t=1

Here, u;, v, denote the control processes of the follower and leader, respectively. The ad-

missible control sets are given by

%1[0’ T] = {utrt € T | Us € £2(gt;Rm)’ut € Ut})
%[0, T] = {Vt,t eT | Vr € ﬁz(st;Rm),Vt S Ut}

In this section, we make the following assumptions. Set I" = (y,z,%,2), i = 1, 2.

(H1) (a) VI, u € 24[0,T), ve 2I[0,T1, f(-, ", u,v), g(-, I, u,v) are §;-adapted

processes.

(b) g(£,0,0,0) € L2(FisR), £(£,0,0,0) € LX(Fis R"), hi(y,5) € L2(Fo; R).

(c) VteT,f(¢t -+ -), &t -, ) are uniformly Lipschitz continuous and
differentiable on I, u, v; h;(:, ) are continuously differentiable on y, ¥ and all
derivatives are uniformly bounded.

(d) The function f is independent of z, zat t = T.

(H2) The functions f(¢,-, -, -), gi(t, -, -, ) are twice continuously differentiable on I', u, v;
h;i(-,-) are twice continuously differentiable on y, ¥, and all derivatives are
uniformly bounded.

(H3) The set U, (t € T) is =y -convex.

Besides, throughout this section, we formally denote f(0, I, u,v) = g,(0, ", u,v) =0, i =

1,2. The optimal control problem to be solved can be stated in the following definition.

Definition 5.1 The pair (i,v) € 241[0, T] x %[0, T] is called an optimal solution to the
Stackelberg game of MF-BSAE if it satisfies the following statements:
(a) Given k € L%(F;R"), there is a mapping I : 240, T] x L2(F;R") — 240, T] such
that

J(lve,€),vik) = min_ Ji(uy,visk), Vv, € %[0, T).
ur€2/1[0,T)

(b) There exists unique v; € 24[0, T] such that

]2 (l(l_/b K)¢ ljt;K) = V,:E%zif(l),ﬂjz (l(l_}b K)r Vi5 K)'

(c) The optimal strategy of the follower is u; = I(v, k).

Page 20 of 24
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5.1 Optimization for the follower

In view of the hierarchy property of the leader-follower game, the follower’s optimization
problem is firstly considered in this subsection. Denote by #, and Yy, Zy), respectively, the
optimal control and optimal trajectory. To begin with, we consider the admissible control

ub =ity + ou()e(uy — ), where u, € Uy, a(t) € Z(t, u). We construct a needle variation

as(ug —ug), t=6,

0, teT\ {0},

a(t)e(u; — i) =

where o € Z(0,uy), (0,u9) € T x Uy, and ¢ € (0,y;°]. Let (Y, Z7) be the state trajectory
corresponding to the control u}. Set I} = (Y, EY;, Z,,EZ;). We introduce the following

variational equation:

Amt = _fy(t + 1: f‘t+17 ﬁt+1: Vt+1)mt+l _f;,(t + 1: f‘t+17 ﬁt+1: Vt+1)nt+1
—sz(t +1, I:t+17 Uyl Ve ) B _fi(t +1, 1;t+1: Ups1, Vi) Bt
—a(t+1)f(+1, 1;t+1»ﬁt+l:vt+l)8(ut+1 — ) + AW, + ANt:

mr = 0)
and the adjoint equation

AXy = f)(t, Ty, v)Xe + 2158, T 1, ve) + B (8, T 1, v)Xe + 2158, T 0, v2))
+{f,(¢, I,y vi) Xy + g, Ty, g, vr)
+ E[f(¢, Iy i, v) X, + gt Ty, g, ve) AW,

Xo = h1y(Yo, EYy) + Ehy3(Yo, EYp).

Define the Hamiltonian function
%(t;% Z:j}y 2) u; le) = _<x;f(tyyy Z;j/; 2! u! V)) _gl(t!_y! Z75/7 2’ M, V)'

Using Theorems 4.1-4.2, we can immediately obtain the following statements.

Theorem 5.1 (Stochastic maximum principle) Let (H1), (H3) hold and k € L*(F;R").
Given the leader’s strategy v, € %0, T, assume that (Y3, Z;) is the optimal trajectory and

U, is the optimal control of the follower, then for any u, € Uy, one has
ot(t)(%u(t, YE,ZZ,]EYDEZZ, L_lt, Vt)Xt)) Ur — Ijlt> < 0, ]P)—ﬂ.s, (52)

Theorem 5.2 (Sufficient conditions for optimality) Let (H1), (H3) kold and « € L*(F;R").

v, Xy) is concave and Lipschitz continuous. Then u, is an optimal control of the follower’s
problem if it satisfies (5.2).
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5.2 Optimization for the leader
Notice that the follower’s optimal response #; can be determined by the leader, the state

equation of the leader turns to be a MF-FBSAE:

AX; = f;(t, Ty, i, vi) X + g1y (8, Ty, v2)
+E{f;(t, Iy, ve) X + gay(t, T ity ve)}
+{f,(¢, f},_ﬁt, Vo)X + g12(t, f},_l:it,vt) (5.3)
+ E[fé’(t, Ty o, v) Xy + gz (8 Ty i, v) | J AW,

AY, = ~f(t +1, Y1, Zest, Yy, EZpr, s, Vi) + ZAW, + AM,

Xo = h1y(Yo, EY,) + Ehy3(Yo, EYp), Yr = k.

In this subsection, for a = y,,z,%, v, %, x, we use the following abbreviations:

Z’(t) :f;(t; I;t’ ﬁt’ 1_/t))_(t +g1y(t’ ft: ﬁt; ‘_/t) + E{f;”,/(t, fvt: ﬁt’ 1_/t))_(lt +g15/(t’ I;t) I;lt; ‘_/t)};
&(t) Zf;(tr I;t; ﬂt! l_/t))_(t +glz(t1 I:t’ tht’ ‘_/t) + E{fg/(t; f‘t; ljtt: ‘_/t))-(t +g12(t’ I;t! Ijlt! l_/t)}r
t%_éa(t) = %a(t; I:tr thtr l_/t;)-(t! ]E)_(t!pt, Ct: Qt),

,ﬁl(t) Zf;l(tr I;t; Ij{t! l-/t), §2a(t) =g2a(t: I:tr ﬁt’ 1_/t)
Likewise, we consider the admissible control

. 1_/9 +Ol€(l/,9—1_/9), tZG,
V' =
"o, teT\{0),
where o € Z(0,vp), (0,vp) € T x Uy, and € € (0, y;']. Let (X7, Y/, Z?) be the state trajectory
corresponding to the admissible control vi. Let (k, 7, p, N) be a solution of the following

variational equations:

Ak, = by(t)k, + By(t)m +b,(t)p, + bx(t)Ek, + iﬂy(t)Ent +b:(O)Ep; + ()b, (8)e(ve — V)
+ [0x(D)ks + 0y (), + 5. (8) pr + ()0, (B)e (v, — V)| AW,
+ [0x(O)Ek; + 05(0)En, + 63(0)Ep, ] AW,

Ang = ~fy(t + Dner —folt + 1)pgar —(t + 1fy (¢ + 1)e(Vey1 — V1)
—f5(t + DEnge1 — £t + DEpyy1 + 0, AW, + AN,

ko = {h1yy (Yo, EYy) + h1y5(Yo, EYo) + Ehyyy(Yo, EY,) + Ehygy(Yo, EYo)ino, nr =0.

We define the Hamiltonian

H5(,,2.5: % w,v,%,%p,§,q) = (0, b(t,3,2,5: 2 u,v,%,%)) + (0,0 (6,,2,9, %, 1, v, %, %))

- <q;f(t,y1 Z;5/; 2: u, V)) _gZ(t)y) 2;5/, %> u, V)'
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Similarly, we proceed to introducing the following adjoint equations associated with MF-
FBSAE (5.3):

Ap; = =, (t) —Etoz(t) + GAW, + AV, pr=0,

Aq, = —5,(t) - EAy(t) — (Ho,(t) + EAaz ()} AW,

o = hay(Yo, EYo) + Ehy (Yo, EY) — {1,y (Yo, EYo)po + Ehyzy (Yo, EYo)po}
— E{h1,5(Yo, EYo)po + Ehzy(Yo, EYo)po).

Here, W, N, V are square integrable martingale processes and N, V are strongly orthog-
onal to W.

The following conclusions are straightforward with the aid of Theorems 4.1-4.2.

Theorem 5.3 (Stochastic maximum principle) Assume that (H1)-(H3) hold. Let v; and
(X,, Y, Z,) be the optimal control, optimal trajectory, respectively. Then, for v, € U, one has

a“)(‘%v(t! ?tr Zt: E}_/tr ]EZD b_tt: ‘_/ty)_(ty E)_(typt; é‘[, q[)y V[ - 1_/[> f O, ]P'&LS, (54-)

Theorem 5.4 (Sufficient conditions for optimality) Under (H1)-(H3), assume that hy(-, )
is convex and F(t, -, U+ P C ) 1S convex, then v, is an optimal control of the
leader’s problem if (5.4) holds.

6 Perspectives and open problems
In this section, we give a brief exposition on the prospects that are open to the researchers.
The following topics shall be explored in our future works.

Firstly, we see that the effectiveness of optimality conditions obtained in this paper sub-
stantially relies on the structure of the set U;. So it is pregnant to discuss more general
and essential convexity assumptions for the discrete-time forward—backward stochastic
system.

Secondly, there are many more partially observable cases which are more constructive
and inevitable for applications and are technologically demanding in their filtering proce-

dure.
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