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1 Introduction
For k € Z, the polyexponential function is defined by

oo

Eiy(x) = Z 1)‘k (see [10]). (1)

=1

By (1), we see that Ei; (x) = ¢* - 1.
The polyexponential function was first introduced by Hardy and is given by

e(x,als) = Z (n+x7a)sn! (Re(a) > 0).
n=0

We note here that e(x, 1|k) = % Eig(x).
In [10], the type 2 poly-Bernoulli polynomials are defined by

oo

(log 1+ t Z 2)

n=0

When x = 0, BX = BX¥(0) are called type 2 poly-Bernoulli numbers.
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From (1) and (2), we note that Bﬁ,l)(x) = B,(x) (n > 0), where B, (x) are ordinary Bernoulli
polynomials given by

t > ¢
e = By(x)— (see[1-18,20-24]).

In particular, B,, = B,(0) (1 > 0) are called Bernoulli numbers.
For A € RR, the degenerate exponential function is defined as

W =1+r)5,  e®=e@=>0+r)+ (see[11-15,17,19]). 3)

In [2, 3], Carlitz considered the degenerate Bernoulli polynomials which are given by

d v —; i = f
e (t) — lex(t) = (120 1(1 +AL)% = ;ﬁm(x)n!, @)

When x =0, B, = B1,,(0) are called degenerate Bernoulli numbers.
Recently, the degenerate polylogarithm function was defined by Kim—Kim as

o n—1
o (x) = Z Mx” (k € Z,|x] < 1) (see [17]), (5)

k
~ (n-1)n

where (x)ox =1, (%), =x(x — 1) - -(x —(n-1A) (n>=1).
Note that lim; _, ¢ x5 (x) = Zn 1 k = Lig(x) is the polylogarithm of index k.
For k € Z, the degenerate poly-Bernoulli numbers are defined by

oo

Lot e =Y B (see17), ©

n=0

In [17], the degenerate Stirling numbers of the second kind are defined by
n
(X2 = Zsz,x(l’l; D) (n=0). 7)

Asan inversion formula of (7), the degenerate Stirling numbers of the first kind are defined
by

=Y S D@ (1= 0) (see [23]). (8)
1=0

From (7) and (8), we note that
(e Zsmn 0 ©)

and

; (log, (1 + )" ZSu(n k = (k> 0) (see [17)), (10)
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where log, (t) = %(tA — 1) is the compositional inverse of e, (t) satisfying log, (e,(?)) =
ex(log, (2)) =t.

Kaneko defined the poly-Bernoulli numbers by making use of the polylogarithm func-
tions and Kim-Kim—-Kim-]Jang studied degenerate poly-Bernoulli numbers and polyno-
mials by using polyexponential function [18]. The polyexponential functions were first
introduced by Hardy and rediscovered recently by Kim-Kim [10], as inverses to the poly-
logarithm functions. In addition, the type 2 poly-Bernoulli numbers and polynomials were
defined by means of the polyexponential functions. In this paper, we study the degener-
ate polyexponential functions and the degenerate type 2 poly-Bernoulli polynomials and
numbers, as degenerate versions of such functions and numbers and polynomials. We de-

rive several explicit expressions and some identities for those numbers and polynomials.

2 Type 2 degenerate poly-Bernoulli numbers and polynomials
The degenerate polyexponential function is defined in [15]. In the light of (1), we now

consider the degenerate modified polyexponential function given by

(l)n,kxn

Eiy ;. (x) = 3 o Dk (k€ Z x| <1). (11)
Note that Eij ; (x) = ey (x) —
From (11), we note that
d . Toen M1
—E i — = _Ei;_ . 12
dx 1. (%) x ; -1 x 11, (%) (12)

For k > 2, by (12), we have

*1 ft1 [t 1 [t1
Eik,A(x)=] —/ —f —/ —Eiy (t)dt--- dt
o tJo tJo tJo t

tlmes

L [

tlmes

In view of (2) and using the degenerate modified polyexponential function, we define the
type 2 degenerate poly-Bernoulli polynomials by

Eig(log, (1 +12) > t”
% ;B% — (ke (14)

When x = 0, B(nk))\ = BS}(O) are called type 2 degenerate poly-Bernoulli numbers.
It is well known that the degenerate Bernoulli polynomials of the second kind are defined
by

10gk(m)( +1) = me(x)— (see [17]). (15)
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When x =0, b,; = b,,(0) (n > 0), are called degenerate Bernoulli numbers of the second
kind.

Note thatlim; .o b,,; = b, (n > 0). Here b,, are the Bernoulli numbers of the second kind,
according to Roman [23], given by

oo n

}E:bnfﬁ (see [6, 22, 23]). (16)

n=0

t .
log(1+¢)

From (12), we note that

d

d o0
o Eig;. (log, (1 + x)) = o ;

(1)n,.(log; (1 +x))”
(n—1)nk

RO i (1)n(log; (1 + x))"

~ log, (1 +x) — (n—1)lpk-1
L+

= ——— Eig_1.,(1 1 . 17
log, (1 + ) 1k 1,,\(0g,\( +x)) 17)

By (17), for k > 2, we have

x -1 t 1 ¢ "
Eiy;. (log, (1 + %)) :‘/(; (L+0)} 1+o* )/0 1 + 1)

tdt--- dt. 18
log, (1+12) Jo log, (1 +¢ log, (1 +1¢) (18)

(k—2)-times

Thus, from (14) and (18), we have

Wy *"
Al T e (x) — 1

Eig . (logx(l + x))
n=0
1 * 1+t T+ [t 1+ !

= tdt--- dt
ex(x) =1 Jy log,(1+¢) Jo log,(1+¢) Jo log,(1+¢)

(k—2)-times

x 00 m
= e)\(x) _1 Z Z (ml,...,mkl>

m=0 my+--+my_1=m

x bml,k()" - 1) bmz,}»()" - 1) . bmk_l,k()‘- - 1) x"

m+1 m+my+1 my+ -+ mp_1 + 1 m!

Y0 r (L")

n=0 m=0 mi+-+mp_1=m

L bgpG=1) bpgp =) by a(- 1) "

X
. ,Bn—m,)u_' (19)
m+1 mp+my+1 my+ -+ mp_ + 1 n!

Therefore, by (19), we obtain the following theorem.
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Theorem 1 For n > 0, we have

© n n m
B, = Z (m) Z (ml,...,mk—l)

m=0 M+ +mp_1=m

bml,)\()\ - 1) bmz,k()‘_ 1) bmk—l:)h()\’ - ]-)
m+1 m+my+1 my+--+mp_1 + 1

Br-m- (20)

From (14), we note that

o0 .

t"  Eig,(log, (1 +1))
> B () = ST ey
— n! e (t)-1

Z Z )m A ﬁ
%) n y
i nz; (;} (7) (x)"_l'*Bg’kA)> al’ (21)

Therefore, by comparing the coefficients on both sides of (21), we obtain the following
theorem.

Theorem 2 For n > 0, we have

d n
B @)= ( l) ()18l -

1=0

Now, we observe that

ex(; — Bl (log; (1+9) = ex(; -1 ,:1 (1)m’(km(logi)(vlm+k‘>)m
T a0
) li(;,);nfisunm)_n
e mht
i ex(t;— 1 ni:(ml Wt ., m))

Thus, by (4) and (22), we get

I+1

1 1 Sipl+1,m)(1),,, \ ¢
WE]/()L IOg)L(l-Ft) Zﬂlk Zl‘l—l(; 1A - A)_

‘ mk-1
n I+1

z(z 3 Sl l)ﬂ)t— 23

k1

Page 5 of 12
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On the other hand,

t"

. (24)
n!

o0
7E1“ log (1+t) = Bk
e(t) -1 * ;

Therefore, by (23) and (24), we obtain the following theorem.

Theorem 3 For n > 0, we have

n I+1

Slk l+ 1 Wl
BY) = Z T Z (LD B

By letting A — 0, we get

n I+1

Sl(l+ll’l’l
ZIHZ =Bt (120).

From (14), we note that

[e¢} n n t”
(k) (k)
(3 ()t )

k Kyt
B (1) =B))—. (25)

1l
—~

On the other hand,

o (1) (log, (1 + )"
(m = 1)!mk

Eix;. (log; (1 + 1)) =

(log,\(l +1)"

n

2

m=1
=ZS)K?ZSM<" i

m=1

Therefore, by (25) and (26), we obtain the following theorem.

Theorem 4 For n € N and k € Z, we have

BY ) - B = 3 DaS1almm)

k-1
m=1 m
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From (11), we note that

o0

Bt =3 Do -1
n=1 :

By (27), we get

m!

Eiy (log, (1 +0) =Y (Lma (log, (1 +1))"

=3 W Y Sl

3
0

n=m

m=1

On the other hand,

Eiy (logk(l + t)) =t

Therefore, by (28) and (29), we obtain the following theorem.

Theorem 5 For n € N, we have

n

Z(l)m,ksl,k(n’ m) = Sn1s

m=1

where 8, is the Kronecker delta.

Note that

1,

fim (B3 (1) = B,) =B =B = §

Thus, by Theorems 4 and 5, we get

B (1) — By = Z(l)m,xsl,x(mm) =

m=1

From (14), we note that

Eiy, (log, (1+17)) iB o t"
E)L(t) -1 0

= Z <Z(1)m,,\51,,\(n, m)

(27)

(28)

(29)

(30)

(31)

Page 7 of 12
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By replacing ¢ by e, (t) — 1, we get

o o 1 m
ZBm,A%(eA(t) -1)
m=0 :

Eig. () a1

t 1
Elk ()

T e -1 -1 ele(t)-1)-

Zﬂzlk

i1=0

Zﬂ,MZSz,\(lle) Zﬁ/k Z(m+1’<m'

i1=0 ip=i1 ']0

ZZﬂlleu(lle) Zﬂ/l Z(m+1"m'

ip=0 i1=0

i3=0 \ip=0i1=0

n 3 17}

le(t) -

11 (1)m+lk t
]ZO'BM Z (m + 1% m!

1)m+1 A "

1)m+1 A "

e o (D "
Z(ZZ (lS)ﬂu 282, (2, 11) Bis—iy ,\) ' % o 11))\

(l)n—i3+ y t"
S(EEE () steinn D)

i3=0 ip=0 i1=0

On the other hand,

O (e -1)" =

<n
n=0 \m=0

o0 tn
k
B;,?)\ Z 52,,\(”, m) ;

00
= 5

m=0 m=0 n=m
00

Z ZB,MSM(”,

) . (33)

Therefore, by (32) and (33), we obtain the following theorem.

Theorem 6

n
k
ZBEn,))LSZ:)L (7[, Wl

m=0 i3=0 ip=0 i1=0

3 Further remark

LG (D p=ig+1,
ZZZ( )( )ﬂl])»s27x(l2)l1)ﬁl3 l”m‘

The higher-order degenerate Bernoulli polynomials are defined by Carlitz and given by

R YR O N
(co-1) 0= 2 a3,

where r is a positive integer.

(see [2, 3]), (34)

When x =0, ,By(lr; = ﬂflrl)\ (0) are called higher-order degenerate Bernoulli numbers.

Page 8 of 12
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We observe that
(logk(l +8) == —(log)\(l +1)

7! t"
=5 ;51,,\(”, T)a

tn+r

n!
ZS” n+r, )( ey 3

=S ,7) "
zzw_‘. (35)
n=0 (r) n:

Replacing ¢ by log, (1 + ¢) in (34), we get

(logx(l + t)) Zﬁmx log/\(l +1)"
o0 . o0 t"
= ; ﬂ,i,,)x n:Zm S1.(n, m) o

=> (Z B, S1(m, m)) c (36)

n=0 \m=0

Therefore, by (35) and (36), we obtain the following theorem.

Theorem 7 For n > 0, we have

Sl,k(” + r,r) = <n ’ r> Zﬁmxsl k(”»m)

Now, we consider the inversion formula of Theorem 7. Replacing ¢ by e, (£) — 1 in (35),

we get

S )
(o) - X G o=y

m=0 r
= Z Sl(l(/}zn:r, 7') ZSZA(H Wl)
m=0 r
00 "S : n
_ 2(; (Z‘o %su(m, m)) % (37)
On the other hand,
<ek(t) ) Z Pl el 9

Therefore, by (37) and (38), we obtain the following theorem.

Page 9 of 12
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Theorem 8 For n > 0, we have

n
Si.(m +r,m)
,By(,ri = Z TSM(V!; m).

)

Replacing ¢ by log, (1 + £) in (9) and making use of (10), we get
tk ZSz s (m, k) — (logk(l +1)"
o0 o0 t”
= Zk Sz (m, k) ; S1,.(n, m) p
=y (Z S2,(m, K)S1,.(n, m)) —. (39)

n=k \m=k

Therefore, by comparing the coefficient on both sides of (39), we get

Y S1alm,m)S5, (k) = 8,5 (0 <k <), (40)
m=k

where 8, is Kronecker’s delta.

The degenerate Bernoulli numbers of the second kind of order r are given by

t T,
vy v 41
(logk(l + t)) ;b”’k n! 41

=0

Note that lim;_, ¢ b% = bfP are the Bernoulli numbers of the second kind of order r.

Replacing ¢ by e, (t) — 1, we get

1 roN 0 1 m
P (e()-1)"= Zobm,,\% (ex(t)-1)
oo o0 t”
= Z bi:l))L Z SZ,A(I’I, Wl)—'
m=0 n=m
oo n t”
= Z( bZ)ASZ'A(H, I’I’l)) —. (42)
’ n!
n=0 \m=0
On the other hand,
1 s ol
(e -1) =2 (e -1 Zs“(n,
oo
-y 2 Gt (43)

n=0 r

Page 10 of 12



Kim et al. Advances in Difference Equations (2020) 2020:168 Page 11 of 12

Thus, by (42) and (43), we get

n+r

r

So,(m+r,r)= < ) bZ?kSz,x(n,m). (44)
m=0

By the same method as in the above, the inversion formula of (44) is given by

=3 Saalmnn) ¢ m) (= 0). (45)

n o (m:r)

4 Conclusion

Recently, Kim—Kim introduced degenerate polyexponential functions and degenerate Bell
polynomials [15] and they studied degenerate poly-Bernoulli numbers and polynomials
from degenerate polylogarithm function. In [10], Kim—Kim also studied polyexponential
functions as an inverse to the polylogarithm functions, constructed type 2 poly-Bernoulli
polynomials by using this and derived various properties of type 2 poly-Bernoulli num-
bers. In addition, they investigated unipoly functions attached to each suitable arithmetic
function as a universal concept which includes the polylogarithm and polyexponential
functions as special cases. As the degenerate version of the type 2 poly-Bernoulli poly-
nomials, we study the degenerate polyexponential functions and the degenerate type 2
poly-Bernoulli numbers and polynomials. Finally, we derive several explicit expressions
and some identities for those numbers and polynomials. Proof techniques and results de-
veloped in this research paper are expected to be of great help to researchers in this field

in the future.
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