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University, Yuncheng, China In this paper, we consider a predator—prey metapopulation model with a

ring-structured configuration of an arbitrary and finite number of patches. The prey
are assumed to disperse between the connected patches with a constant dispersal
delay. We show that the dispersal delay can induce stability switches exhibiting both
stabilizing and destabilizing roles in the stability of the symmetric coexistence
equilibrium. Numerical simulations are presented to further illustrate the effects of
the dispersal delay, the dispersal rate, the fraction of dispersal due to predation
avoidance and the network topology on the number of stability switches.

1 Introduction

The predator—prey relationship is one of the fundamental relationships in ecological sys-
tems and has been extensively studied in the literature [1]. Recently, there has been a
growing interest in integrating the spatial heterogeneity into modeling metapopulation
dynamics. A metacommunity is a set of local communities linked by dispersal of species.
It has been shown that metacommunity dynamics can be greatly influenced by dispersal
between discrete patches [2, 3].

Many factors such as lack of food, competition, sex, age, climate, seasons and overpop-
ulation in a patch contribute to the dispersal of either prey, or predator or both between
patches [4]. For instance, prey may choose to move to other patches on the basis of re-
source availability and predation risk, while predator tend to move to patches with more
prey. Many mathematical models have been proposed to study the impacts of dispersal
over patches on metacommunity dynamics. For example, the dispersal of a single species
is considered in [5-9], while the case with the dispersal of both prey and predator is studied
in [10-15]. It has been shown that the dispersal plays an important role on the persistence
and stability of the resulting ecosystems.

Since it always takes time for species to complete the dispersal from one patch to another,
it is natural to incorporate the travel time into modeling. Along this line, dispersal delay
is considered in [16—19] and it is shown that the dispersal delay may induce very complex
dynamics. For instance, under the framework of a two-patch predator—prey model with
© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-02635-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02635-8&domain=pdf
mailto:maialiy@126.com

Sun and Mai Advances in Difference Equations (2020) 2020:196 Page 2 of 19

delayed dispersal of predator, it is found that if the dispersal rates are in an intermediate
range and the mean time that the predator spent in one patch is much shorter than the
timescale of reproduction of the prey and is larger than the double mean time of capture
of prey, the dispersal delay can induce stability switches such that an otherwise unstable
coexistence equilibrium can be stabilized over a finite number of stability intervals [19].

Most of the aforementioned work considered the case that dispersal occurs only be-
tween two patches. If the environment involves more than two patches, then there could
be many different configurations of network topology. How the impacts of dispersal differ
under different configurations of network topology has not been well addressed in the lit-
erature [20]. Recently, Mai et al. considered a predator—prey metapopulation model over
an arbitrary and finite number of identical patches [18], where the dispersal is assumed
to occur among all patches in the environment with the same rates. Such figuration is
referred to as the fully connected configuration. In this paper, we shall consider the ring-
structured configuration: the patches under consideration form a ring structure, and dis-
persal occurs only between two neighbouring patches. We allow the number of patches
to be arbitrary and finite. In order to have a comparison with the results with the fully
connected configuration, we also assume that all patches are identical and the dispersal
rates of the prey are the same.

The rest of the paper is organized as follows. In Sect. 2 we present the metapopulation
model. The stability analysis of the symmetric coexistence equilibrium is given in Sect. 3.
A specific example is presented in Sect. 4. Some numerical simulations based on our the-
oretical analysis are reported in Sect. 5. We summarize our results in Sect. 6.

2 The model
We use a general predator—prey model given in [21] to describe the interaction between
prey and predator in an isolated patch,
& =xgx) - eyp(x),

(2.1)
Y~ ylpx) - gx)].

Here x represents the density of prey, and y denotes the density of predator. In the absence
of predator, prey have the per capita growth rate g(x). p(x) is the functional response, and ¢
is the conversion ratio of loss of prey due to predation. g(x) denotes the death rate (which
may depend on the prey density) of predator. We assume g(x), p(x) and g(x) satisfy the
following assumptions:

(A1) g(0) >0 and there exists K > 0 such that g(K) = 0 and (x — K)g(x) < 0 for x # K;

(A2) p(0) =0and p'(x) > 0 for x > 0 with py, := lim,_, » p(x) < 00;

(A3) ¢(0) >0, ¢'(x) <0 for x > 0 and lim,_, o (%) = goo > 0 exists satistying goo < Poo-
Typical functions satisfying the above assumptions include

x ax ex+f
= 1-— 5 = ) = th ’
&) r( K ) P 1+ ahx 9) rxX+Ss (with fr> es)
which are widely used in the literature [21, 22].
It then follows from the assumptions (A2) and (A3) that there exists a unique positive
number, which we denote by x*, such that p(x*) = g(x*). If further, x* < K, then (A1) implies
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that y* = x*g(x*)/ep(x*) > 0 and (x*,y*) is the unique coexistence equilibrium of system
(2.1).

For simplicity, we assume that all patches under the ring-structured configuration are
identical and the dynamics in each patch is governed by (2.1). In addition, only prey are
assumed to disperse from its habitat patch to its two neighboring patches with a dispersal
rate d, while the predator does not move between patches. As in [17], we assume that
the dispersal of prey is due to two factors: a random effect and predation avoidance, and
we use « € [0, 1] to denote the fraction of prey dispersal due to predation avoidance. Let t
denote the finite travel time during the process of dispersal. Then we can use the following
metapopulation model to describe the interactions of predator and prey under a ring-
structured configuration:

B0 = xi(0)g(x:(1) — eyi(Op(xie)) — 2d[ay yi(E)psi(t)) + (1 — )axi(t)]
+dlayyin(t - T)p(i (£ = 1)) + (L - )X (£ - 7)]
+dlayyi1(t—1)pria (@ -1)) + 1 - )1 (E - 7)),

L = () [pei(t) - g ()],

(2.2)

fori=1,2,...,n, n> 3, where y is a scaling factor proportional to €. To close the ring, we
define x = %, %41 = X1, Yo = ¥» and Y41 = ¥1.

3 Stability of the symmetric coexistence equilibrium

Clearly, under our assumptions, system (2.2) always admits a symmetric coexistence equi-
librium E} = (x*,5%,...,4%,5") € R provided that x* € (0, K). In this section, we are con-
cerned with the linear stability analysis of the coexistence equilibrium E.

3.1 Instantaneous dispersal: T =0

We first consider the special case where the dispersal of prey is instantaneous, i.e., T = 0.
Linearizing system (2.2) at the equilibrium E}, we obtain the associated characteristic
equation det/, = 0, where the 2n x 21 matrix J, is given by

Lol O ... 0 0 J
LN b ... 00 O
]n:
0 0 0 ... b h D
0 0 .. 0 L /i
with
|:A—A+2d(ayD+1—a) 8,u+2day,u:|
Ji=
-B A
and

], = —dayD+1-a) -dayp
2= 0 0 )

where A = g(x*) +x"¢'(x") —ey"p'(x*), B = y* (p'(x") —¢'(x")), D = y*p'(x*), . = p(x*) = q(x).
It follows from (A2)—(A3) that B> 0, D > 0 and u > 0. Therefore, J, is a block-circulant
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matrix with 2 x 2 blocks. Using the formula in [23], we find that

1 2k
det/, = ndet J1 + 2/, - cos - )

k=0

Thus, the eigenvalues are determined by the equations

2%
det(]1+2]2-cos—”>, k=0,1,...,n—1. (3.1)
n

Note that cos(0) = cos(2mw — 6). Let [-] denote the greatest integer function. Then (3.1)
contains [5] + 1 distinct equations. For example, if # = 7, then there are [%] +1 = 4 distinct

characteristic equations, while if # = 8, then there are [%] + 1 =5 characteristic equations.

Set
n
K= {0,1,2,...,[5“. (3.2)

In the sequel, we always assume that k € IC. When 7 = 0, the characteristic equations re-
duce to

~ 2k 2k
e A(A - Zdb(l _ cos —”)) +euB+ 2d21<1 _ cos —”) -0, (3.3)
n n
where a = ay uB, b= ayD+1-a.

By the Routh—Hurwitz criterion [24], it is easy to obtain the following result.

Lemma 3.1 Counsider system (2.2) with t = 0.
(1) If A <0, the coexistence equilibrium E}, is locally asymptotically stable.
(2) IfA >0, the coexistence equilibrium E;, is unstable.

Proof If A <0, then A — 2db(1 - cos 21(7”) < 0. Therefore, all characteristic roots of (3.3)
have negative real parts and hence E} is locally asymptotically stable. If A > 0, then (3.3)
with k = 0 admits two roots with positive real parts. Thus E} is unstable. d

Remark 3.2 Note that the stability condition of the coexistence equilibrium of the ring-
structured system is the same as that of the coexistence equilibrium of the single-patch
system. This indicates that the instantaneous dispersal of prey does not affect the stability
of the coexistence equilibrium.

3.2 Random dispersal with delay: T >0and ¢ =0
Linearizing system (2.2) at the equilibrium E}, we obtain the characteristic equations of
system (2.2):

i L2k 2%
22 = A(A — 2db) — 20db cos e 4 e B + 2di — 2da cos e = 0, (3.4)
n n

where k € K. When « = 0, the characteristic equations (3.4) become

2k
22— MA - 2d) — 2)d cos ﬂe‘M +euB=0 (3.5)
n



Sun and Mai Advances in Difference Equations (2020) 2020:196 Page 5 of 19

It is well known that the coexistence equilibrium E; of system (2.2) is stable if and only if
all characteristic roots of (3.5) have negative real parts [25]. To explore how the dispersal
delay affects the dynamics of the coexistence equilibrium, next we use the dispersal delay t
as the bifurcation parameter. As 7 increases, the stability of the equilibrium changes only
when some characteristic roots cross the imaginary axis transversely [25-27]. It is clear
that zero is not a characteristic root of (3.5), we thus look for purely imaginary roots. Since
complex roots appear in pairs, we assume that A = iw, with o > 0. Substituting A = iw into
(3.5), and separating the real and imaginary parts, we obtain

o (3.6)

2km
et

2d — A = 2d coswt - cos 2=
—w? + euB = 2wd sinwt - cos

From (3.6), we have

(euB — w?)?

2k \* )
3 = 2dcosT -(2d-A) = C. (3.7)

w

If Ci > 0, then (3.7) admits the following two positive roots:

—/Ci +/Ci +4euB VCi + /Ci +4euB (3.8)
= ) ok = B .
2 2

Wik

Lemma 3.3 Suppose at certain t, the characteristic equations (3.5) have a pair of purely
imaginary roots xiwy (j=1orj=2and k € K). Then

dRe()) dRe(})
<0, > 0.
At |iiwy At |iioy
Proof 1t follows from (3.5) that
dx 222d cos 2L g~

dr ~ 2h- (A —2d) —2d cos ZkT”e‘“ + 21T cos ZkT”de‘“ '

By (3.6), we further have

dRe()\
sign< at )> = sign(—Z(SMB - a)z) - Ck).
dr A=ie
Note that suB — a)fk = w1x+/Cx and euB — a)gk = —wo+/Cy, then
dRe()
sign( el )> = sign(—2wyx+/ Ck — Ci)
dr A=iwyk
and
dRe()) .
gn pr = 51gn((\/ Cr ++/Ci +4euB)/Cy — Ck)
A=iwop

= sign(y/ C} + 46 uBCy).

Then the conclusion follows immediately. O
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To analyze the stability of the system (2.2) at E}}, next we consider two cases: A < 0 and
A > 0, respectively.

Case 1: A <O.

A < 0 implies that Ci < 0 for all k € K. Thus (3.7) does not admit any solutions. That is,
no characteristic roots of (3.4) would cross the imaginary axis. By Lemma 3.1, E}; is stable
with 7 = 0, thus, E} remains stable for 7 > 0.

Case 2: A > 0.

In this case, the coexistence equilibrium E? is unstable when v = 0 by Lemma 3.1. Next
we examine if the unstable coexistence equilibrium E} still remains unstable as t in-
creases, or can it be stabilized for some values of 7. To this end, we consider three cases:
(i) 0<d<4; (i) 4 <d<4; (i) d> 4.

We first consider (i) 0 < d < %'

In this case, it follows from (3.7) that C; < O for all k € K. Therefore, there are no such
purely imaginary roots. Consequently, the coexistence equilibrium E} remains unstable
as T increases.

(ii) /Z‘ <d< %.

In this case, there exists some k € K such that Cy > 0 provided that |cos = * k| |A [
For such k, (3.7) admits two positive solutions: wix and wy, given in (3.8), Therefore,
we distinguish three different conditions: (1) cos == Zk” > Azjd > 0; (2) cos 2]‘7” < 2‘;—;‘ < 0;

21«: A-2d

2d
(3) <cos =T < o

We denote by n(M) the number of elements in the set M. Let

2k A—-2d
Ki= kelC‘cos—n>—>0 ,
n 2d

2kn 2d-A }
<0¢,

Ky = kelC‘cos—<

2d
2d - A 2k A-2d
Ks=1{ke IC’ <cos%< 2 }

Under condition (1), there are #(K;) characteristic equations (3.5). For these character-
istic equations, together with (3.6), we have —1 < coswt < 0. Then

T 3
wt€ | =+2lr,—+2n), [=01,....
2 2

Note that

A/ Ck 1 . v Ci 1

Sinw T = —— - and SinwytT=——r-  ———.
2d  cos 2/‘7” 2d  cos 2]‘7”

Thus, sin w1t > 0 and sin wy T < 0.
We define

k af 2d-A k k
91():COS 1<m and 92()2 9() keK:l.

Then Gfk) €(3,m)and 92(1() € (m, 37”). This shows that purely imaginary roots of the char-
acteristic equations (3.5) under condition (1) are obtained at the following sequences of



Sun and Mai Advances in Difference Equations (2020) 2020:196

positive values of 7:

(k) ka) + 2l (k) 92(1() + 2l
Ty = =

) Tl 2 - )
Wik ’ Wak

where k€ K1,1=0,1, 2

dRe dRe

It follows from

|A i, <0 and |A i, > 0 (Lemma 3.3) that, as 7 increases,
the characteristic roots cross the i 1magmary axis through +iwy at v = 7, 1) from right to
left and the number of characteristic roots with positive real parts is reduced by 2. The
characteristic roots cross the imaginary axis through +iwy; at v = ‘L’l(‘/;) from left to right
and the number of characteristic roots with positive real parts is increased by 2.
Similarly, under condition (2), there are n(Ky) characteristic equations (3.5) satisfying
cos 2"7” < 2= dA < 0. For these characteristic equations, in a similar manner, we can show
that there are purely imaginary roots at the following sequences of (Hopf bifurcation) val-

ues of T:

k) 93(k) +2Im (k) Gik) + 2w
s =

7 14 - b
Wik Wk

with

2d - A 3 2d - A
93(.") = 2n—cos_l<42k> € (—n,2n), Oik) = cos_1<42k) € (0, z),
2d cos = 2 2d cos =" 2

where k€ K,,1=0,1,2,....

By Lemma 3.3, as 7 increases, the characteristic roots cross the imaginary axis through
tiw at T = rl(’];) from right to left and the number of characteristic roots with positive
real parts is decreased by 2, while the crossing through +iwy; occurs at v = ‘L'l(’];) from left
to right, and the number of characteristic roots with positive real parts is increased by 2.

Finally, condition (3) leads to 2d— dA < cos =& k ‘% and C; < 0 for k € K3, then these
n(Ks) characteristic equations have no purely imaginary roots.

(i) d > 4

In this case, we also have three cases to consider: (4) cos 21(7” > 2’;—;’4 > 0; (5) cos 2](7” <
% 0; (6) Azjd < cosZk—” < A

2d
We define

2k 2d - A
Ks= kelC’cos—n> >0¢,
2d

2km A-2d }
<0

Ks= kelC‘cos—<

2d
A-2d 2k 2d-A
’C6: ke ’C‘ COSTT[<7}.

Using a similar procedure to case (ii), for condition (4), we obtain sequences {Tz(,?} and
{rl6 } defined by

’ 16_ ’

(k) 955]0 + 2l (k) 96(k) + 2l
T, == -
b W1k W2k

Page 7 of 19
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with

2d-A
o = cos! (7Zk> e0m/2), 60 =27 —6;€(3n/2,2m),
2dcos =%

where w1, and wy are defined in (3.7) and k € ICy, [ = 0,1, 2,.... Similarly, under condition
(5), we obtain the sequences {fz(,];)} and {fz(,?} defined by

k) Qék) + 2177,' (k) Qék) + 2[7’[

T, = Ty = ——),
b7 Wik L8 W2k

with
2d-A 2d - A

(k) -1 (k) -1

0, =2m —cos | ———— ) € (w,37w/2), 0y = cos (7) e (/2,m),
’ (2dcos 2]‘7”) 8 2010052/‘7”

where w1 and wy are defined in (3.7) and k € K5, [ = 0,1,2,.... Under condition (6), it
is easy to show that characteristic equations (3.5) with k € K¢ have no purely imaginary
roots.

From the above analysis, we see that, for case (ii), #(K3) characteristic equations have
no purely imaginary roots; while for n(C;) + n(C;) characteristic equations, there are se-
quences of critical values of 7 at which the characteristic roots cross the imaginary axis
(either from left to right or from right to left). For case (iii), #(/Cs) characteristic equations
have no purely imaginary roots; while for n(K4) + n(KCs5) characteristic equations, there are
sequences of critical values of t at which the characteristic roots cross the imaginary axis.

To further investigate the possibility of undergoing stability switches, we introduce some
notation. For the above obtained sequences of critical values of 7, we define

={g) o, .0} j=123456758,

where k € Ky ifj= 1,2 k € Ky ifj = 3,4; k € K4 if j = 5,6 and k € K if j = 7, 8.
For each case (case (ii) and case (iii)), we sort the obtained sequences of t as a single

increasing sequence

{7:]}10:01 ={t1, 72, T3,..., Ty 4
with 7; < 7,1, j = 1,2,.... For instance, if n(K1) = 1, n(K3) = 1 and 1:&24) < 7(5,01) < réf)z) < ré,zg) <
.-+, then the new sequence reads

0o _ _ @2 _ 0 _ 0 _ @2
{'(j}j=1 = {rl =T T2=To1,T3= Tp, T4 = To,sv~}~

We associate each element 7; of the sequence with a number o; defined by

+1, if‘[jGFzUF4UF6UF8,

o; =
-1 fgenunnunsun,

j=1,2....

At T = 15, if 0j = +1, then it means a pair of purely imaginary roots cross the imaginary
axis at 7 = 7; from left to right, and the number of characteristic roots with positive real
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parts increases by 2 and we say the delay 7; has a positive jump, otherwise, if o; = -1, then
a pair of purely imaginary roots cross the imaginary axis at t = 7; from right to left, and
the number of characteristic roots with positive real parts is reduced by 2 and we say the
delay 7; has a negative jump.

o0
Define a sequence {s;}%; as

Note that characteristic equations (3.5) with t = 0 reduce to
2k
AZ—A(A—Zd(l—cos—n>>+SMB:0, kek. (3.9)
n

Here, we denote by n(Re(1) > 0) the number of characteristic roots with positive real

parts of characteristic equation (3.9).

First, we consider the three cases of k for case (ii). If k € K1, then cos ZkT” > A;—jd and
A —-2d(1 - cos 2]‘7”) > 0. So n(Re(X) > 0) = 2n(K1); If k € Ky, then cos 2"7” < 2‘;—;‘ and A -

2d(1 - cos 22) < 0. Thus, n(Re(1) > 0) = 0; If k € K3, then 244 < cos 2 < 424 apd A -
2d(1 — cos 21(7”) > 0. Therefore, n(Re(1) > 0) = 2n(C3).
We define the set S as

Sy = {sjls; = —n(K1) - n(Ks),j € {1,2,...}}. (3.10)

Note that, for case (ii), when t = 0, the coexistence equilibrium E; is unstable and there
are 2(n(K1) + n(K3)) characteristic roots with positive real parts. Thus there are 2(n(K;) +
n(K3) + s;) characteristic roots with positive real parts for T € (7}, 7j1), j = 1,2,.... There-
fore, if for some j € {1,2,...}, s; = —n(K;) — n(K3), then the coexistence equilibrium E; is
locally asymptotically stable for 7 in the interval (7j, 7j,1), and if s; > —n(K1) — n(K3) + 1,
then the coexistence equilibrium E}, is unstable for 7 € (j, 7j.1).

Similarly, we define the set S5 as

S3 = {sjls; = —n(K4),j € {1,2,.. }}. (3.11)

Note that, for case (iii), the number of characteristic roots with positive real parts for
characteristic equations (3.9) under the conditions (4)—(6) is n(Re(X) > 0) = 2n(K4) by us-
ing a similar calculating method to case (ii). Thus there are 2(n(XC4) +s;) characteristic roots
with positive real parts for 7 € (1), 7j,1), j = 1,2,.... Consequently, if for some j € {1,2,...},
sj = —n(K4), then the coexistence equilibrium E; is locally asymptotically stable for 7 in the
interval (7}, 7;;1), and if s; > —n(K4) + 1, then the coexistence equilibrium E; is unstable for
T € (7j, Tjy1).

We denote by A/ the number of elements in the set S;, j =2 orj = 3, i.e,,

N=n(S), j=2,3. (3.12)

Then A determines the number of stability intervals.
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3.3 Predator-induced dispersal with delay: T >0and o >0
In this section, we study the stability of the coexistence equilibrium E? of system (2.2) with
a>0and 7 >0.

For any fixed o > 0, we use the same method as for the case with « = 0 to find sequences
of critical values of t at which the characteristic equations (3.4) admit purely imaginary
characteristic roots, and to compute directions of the characteristic roots crossing the
imaginary axis and then to determine if there are stability intervals.

Following the results in Sect. 5 of Cooke and Grossman [26], the characteristic equation

(3.4) admits purely imaginary roots if and only if the following inequalities hold:

- 5 2k
2euB + Cy > 2\/(8/,LB) +4depBa + (2da)? sin —n, (3.13)
n

where k € K, Cy = (Zz +Al;)d A2 —(2db)?sin® 2= 2]‘” ,i=ayuB>0andb=ayD+1-a>0.
Clearlyif 0 < d <Gan then Cr <0, for all k € IC, (3.13) can never hold, thus, all char-

acteristic equations (3 4) have no purely imaginary roots. If d > e Ab) and Cy > 0, then it
is possible for characteristic equations (3.4) with some k € K to admit purely imaginary
roots and thus the interplay of @ and v may affect the stability of coexistence equilibrium.

Substituting A = i@ (with @ > 0) into (3.4) and separating the real and imaginary parts, we

obtain
~ aeuB+2da® +&% [2db*—Ab-a)
COSwT =
2d cos 21(—”(112 24+G2) ’
sindrt = b(epuB-@?)+aA

@ S dcos 2T 2k (5262 442)

Squaring and adding these two equations, and solving the resulting quadratic equation of

@?%, we obtain

iz I

provided that Ay := C? + 4euBCy — 16deuBa — 16(da)*(1 - 0032(2"7”)) > 0. The associated

two sequences of critical values of t are determined by

(k) Hl(k) + 2w (k) 02(1() + 2w
11 == 12—~77 l:011,2;"'
W1k W2k
where
=(k) . GA+b(epB-i2))
é(k) o 17 if cos 2an 0,
1 - -~ ~ 7 ~
(k) . AA+b(epuB— w )
2w — Sl ) if Tﬂk < O,
and
=k . @A+b(epB-0%))
g ._ 1727 =z >0
2 T ~ . ZzA+b(sMB w2k)

o —EM, it T <0,

cos

Page 10 of 19
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E0 _ cos-! <ZzsuB +2da? + cbik[szZ —Ab-a] )
2d cos 22 (235} + 32)

and

EH _ cos-! (agus +2da* + @}, [2db* - Ab - 4] )
> 2d cos W‘T”(b%bgk +a?)

Moreover, we can calculate

dRe(A
sign et) = sign(—+/Ag)
A=idyk
and
dRe(A
n e(%) = sign(y/ Ag).
dr A=idok

Thus, d‘;i(k) |5=idoy, <0 and

dRe(})
de |r=iy > 0.

Similar to the case with « = 0, we define

K = {k € K|Cr > 0 and (3.13) holds, k € K},

~(k) ~(k) ~ (k) ; %
I = {rO,j’Tl,j"“’rk,j""}’ j=12kek,

and then sort the obtained sequences of 7 as a single increasing sequence
{fj}]o:ol = {fly f21 fS: .. }
with 7 < 7j,1,7=1,2,.... The corresponding o; are defined as

- +1, iftjefz,

& = 2 j=1,2,...
A I e

and the 3; are defined by
J
§=Y G
k=1

To determine the number of stability intervals for the case with « > 0, we discuss three
cases: (i) A <0, (i) A >0 and A — 4db < 0 and (iii) A > 0 and A — 4db > 0. Define

- - 2
Ko = {k‘A —Zdb(l —cos ﬂ) >0}.
n

Note that when 7 = 0, for case (i), all characteristic roots have negative real parts, for
case (ii), there are 2n(K,) characteristic roots with positive real parts, and for case (iii),

Page 11 of 19
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there are 2[5] + 2 characteristic roots with positive real parts. Therefore, we can define
the set S as

{silsi=0,j € {1,2,...}}, ifA <O,
S= {sjls; = -n(Ko),j€{1,2,...}}, ifA>0andA-4db<0,
{silsi=-[21-1,j€(1,2,...}}, ifA>0andA-4db>0.

Then we denote by N the number of elements in the set S, which gives the number of
stability intervals.

4 An example
In this section, we give an example to illustrate our theoretical analysis in detail. Take # = 4.
Then the characteristic equations (3.4) of system (2.2) reduce to

~ ~ 2k - 2km
22— 0(A —2db) - 20dbcos ——e " + euB + 2da — 2ddcos ——e T = 0 (4.1)
n n

where k=0,1,2.
When o = 0, the characteristic equations (4.1) are given by

22— 1A -2d) - 20de”? + euB =0, (4.2)
A2 —MA-2d)+euB=0, (4.3)
22— A(A-2d)+20de™* +euB =0, (4.4)

By (3.7) and (3.8), we have Cy = C, = A(4d — A) and C; = —(2d — A)? < 0 and then w; :=
—/Co+/CordenB v/Co+v/Co+lepB
2 ) 2 :

W10 = W12 = Wy =Wy =W =

As analyzed in Sect. 3, if A < 0, then C; < 0, (k = 0,2) and the characteristic equations
(4.2) and (4.4) do not admit any purely imaginary roots. Consequently, the coexistence
equilibrium E} remains locally asymptotically stable for any values of 7 > 0.If A > 0 and 0 <
d <Al4, C, <0, (k =0,2), then the coexistence equilibrium E} remains unstable for 7 > 0.
While if A/4 <d < A/2 and d > A/2, we have Cy = C; > 0, then characteristic equations
(4.2) and (4.4) can have purely imaginary roots, and thus the delay can affect the stability
of the coexistence equilibrium for system (2.2) with n = 4. Next, we discuss two cases:
Ald<d<Al/2andd>A/2.

If A/4 < d < A/2, then the characteristic equation (4.2) admits a pair of purely imaginary

roots at the following two sequences of values of t:

(0) (0)
0, + 2w 0, + 2w
70 = - Ty = 2 , 1=0,1,2,...
’ w10 ’ w0

with

2d - A 3
0\ = cos™! € z,n and 60 =27 -6 ¢ (7, 2.
2d 2 2

For (4.4), we obtain two sequences of positive values of t:

(2) 2)
0,7 + 2l 0,” +2Ir
D=2 T P T 120,12,
’ w12 ’ Wy



Sun and Mai Advances in Difference Equations (2020) 2020:196 Page 13 0of 19

with

A-2d 3 A-2d
03(.2) =27 —cos™} € —n,271 and Qf) =cos {—=)€e|o0, T .
2d 2 2d 2

For {ré,];)}, (k=0,2,j=1,2,3,4), we have the following relation.

Lemma 4.1 For {To;)} (k=0,2,j=1,2,3,4) obtained above, toi) < r(gl) < réz) < '((%)

Proof It follows from the definitions of {‘L’O )} that 102 < ‘L’é 3) , té 4) < t(g and 7:0 4 < ‘L’O 3 Note
that the characteristic equatlon (4.2) has two roots with positive real parts when 7 = 0.
This, together with dRe dRe

for the characterlstlc equatlon to have the ﬁrst pair of purely imaginary roots tiw, there

dRe )|, —i» < 0. This implies = »; and hence réol) < Téoz) O

| =iy < 0 and | a=iwy > 0, implies that t increases. In order

must be

The case d > 2 5 can be handled 51m11arly to the case w1th £<d < £. Thus, we can obtain
four sequences {1,'1,5)}, {‘L’L6 1 {71,7 1 {Tl,s } defined by

09 4 2jx 2 - A
0 _Y J ) 1

== 05" = 0,7/2),
U5 o 5 = Cos < °d )e( 7/2)

09 4 2jx
{020 FIT 90 gn 6O ¢ 3r/2,270),
: .

L@ _ 6 + 2j 02 _ o cos-! 2d - A € (r.37/2)
1,7 o 4 7 2d ) )

@ | .
@ O3 +2m @ 4 f2d-A
Ty = ——, 07 =cos | —— ) € (w/2,7),

L8 w9y 8 ( 2d ( )

where [=0,1,2,....

By the definitions of {réf;)}, we have the following relations.

Lemma 4.2 For {To, } (k 0,2,j=5,6,7, 8) obtained above, we have r(gg) < ‘L'é27), réos) < ‘L'éog,

0 __@ @__0__0__©2
Tos < Toy and Tos < 106 Further, zfto8 < 105, then tyg < Ty5 < Ty < To7-

(2) @ 0 _ _(0) _0) _ _(2)

Proof Slmllar to the proof of Lemma 4.1, it is easy to obtain 753 < 757, To5 < Ty Tos < To7
and To 8 < ré%)
Next we show that if r s < 105, then 7,'006) < ‘L'07 If not, ‘L'éé) > ‘C By the definitions of

(0 ) (0)
P s @2 Gj ) (0 705 [25) m—05
{To,j } (/=5,6,7,8), we have > rr+9é0) > G2 Since 755 < Ty, 9;0) < 32 Therefore, 9(—0) <

5

_p©
ﬂ, which leads to 95( > /2. This is a contradiction. Thus, t&) < téos) < ‘L'éog < ‘L'O 7 pro-
vided that rO ) < téos) O
It follows from the results obtained in Sect. 3 that
Sy ={sjlsi=-2,j€{1,2,...}}

and

S3={sjls;=-1,j€{1,2,...}}.
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Theorem 4.3 Counsider system (2.2) with n =4 and o = 0. If A < 0, the coexistence equilib-
rium E}, is locally asymptotically stable for all t > 0. If A > 0, then the coexistence equilib-
rium E}, is unstable when t = 0, and as t increases, we have the following results.
Case (i) d € (0,A/4): the coexistence equilibrium E], remains unstable for T > 0;
Case (ii) d € (A/4,A/2): the coexistence equilibrium E;, remains unstable for T > 0;
Case (iii) d € (A/2,00): the coexistence equilibrium E;, remains unstable for t > 0
provided that 1(5,28) < 1:0 s ) and there are N' > 1 stability intervals at which the
coexistence equilibrium E}, is locally asymptotically stable provided that

(0) (2)
To5 < To,8-

Proof Based on the above analysis, we only need to consider cases (ii)—(iii). For case (ii), by
Lemma 4.1, the characteristic equations (4.2)—(4.4) admit purely imaginary roots at T = 7;,

where

2 _(0) _(0)

{11 = {r0dr T 9 2 2
7Yi=1 = 1042 To,10 To20 To

)
3 Tidree )
The sequence {7;}, has an associated sequence

{o)% = {+1,-1L,+1,-1,+1,...}.

Then
s1=1, $5=0, s3=1, $4 =0, s5=1,
Note that, for the sequence {r(k)}Oo the spacing between delays is 7X) . — ¢%) = 27 , for
) qu 1j k=0’ pacing betw y 1 T T T o
j=1,2,3,4and i = 1,2. By the expression of wj, we have
2 2w
—_—>—. (4.5)
w1 wy

This indicates in the sequence {o}}, +1’s appear more frequently than —1’s do. Hence s; > 0
forj=1,2,.... Consequently, the coexistence equilibrium E} remains unstable for 7 > 0.
For case (iii), by Lemma 4.2, we know that for the obtained four sequences of critical

values {r(k)},‘?"o,j =5,6,7,8, we either have (iii.a) té < rés or (iii.b) r05 < Tos If Tos < ‘L'é(;),

then we have {7} = {rog,tos,rég,rézg,rlg, J and {o;}%; = {+1,-1,+1,-1,+1,...}. By
virtue of (4.5), we know that the coexistence equilibrium E; remains unstable for 7 > 0.
If ‘L'é%) < ‘L'é,zs), then the newly sorted sequence {7;} begins with 7; = té%) and the associ-
ated sequence {o;}; starts with o7 = —1. Hence s; = -1 and N > 1. It follows from the
relation (4.5) that delays with a positive jump appear more frequently than delays with a
negative jump in the sequence {z;} do. Thus, regardless of the ordering in the rest of the
sequence {7}, there must exist a finite positive number j, such that s; > 0 for j > jo. There-
fore, there are A/ > 1 stability intervals at which the coexistence equilibrium E} is locally

asymptotically stable. a

The results of Theorem 4.3 can be summarized in Table 1.
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Table 1 Local stability result of the coexistence equilibrium of ring-structured system (2.2) with

a=0andn=4
A<O A>0
0<d< 21 Stable Unstable
%\ <d< % Stable Unstable
d>4 Stable Unstable if 108 < ‘L'(g(g,

N > 1 stability intervals exist if fos < r((,ZS)

5 Numerical simulations
In this section, we present some numerical simulations to demonstrate our theoretical

results. We consider the following ring-structured patchy model:

B eary()(1 — 22 — 2405 — 2d($245 + (1 - ))ai(0)
+d(TREE + (L= )it - 1)+ d(T2EE + A= a)wiat-1), (5.1)

dy;(t i (¢
I T

for i = 1,2, 3,4. To close the ring, define xy = x4, x5 = %1, Yo = ¥4 and y5 = y;.

We take parameter values e =1,k =2, u =02, n =4, y = 0.5, d = 0.04, « = 0. This set
of parameter values corresponds to the case @ =0 and d > A/2 = 0.05/2 = 0.025, and the
obtained four sequences of critical values of t are

79 ~3.50+1854, 7,9 ~12.34+1521,

12 ~1277+1854, 1y ~4.73+15.21,

for/=0,1,.... Thus the sorted sequence of critical values of t reads
{rj}jof1 ={3.50,4.73,12.34,12.77,19.94, ... .}.

Therefore,
{51 = (-1,0,1,0,1,...}

and we have an A/ = 1 stability interval. The coexistence equilibrium E? is locally asymp-
totically stable for t € (11, 72) = (3.50,4.73). A bifurcation diagram is presented in Fig. 1.

Next we fix a = 0.5 and vary the value of the dispersal rate d. We find that the number
of stability intervals changes from O to 1 near d = 0.0421, then it changes to 2 when d =
0.0721, and back to 1 at about d = 0.2651. This shows that the dispersal rate can also induce
finite number of stability switches. This is illustrated in Fig. 2 .

Now we fix d = 0.13 and vary the value of «. We find that the number of stability intervals
changes from 1 to 2 and back to 1 near « = 0.023 and « = 0.939, respectively (see Fig. 3).
This indicates that the fraction of prey dispersing due to predation avoidance can also
induce stability switches.

For the case with @ > 0 and A < 0, we take parameter values k = 1.8, u = 0.3, ¢ = 1.1,
n=4,a=0.6,d=0.6,y =0.5. Regarding 7 as the bifurcation parameter, we find that there
are N = 30 stability intervals. We show some of them in Fig. 4.
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Figure 1 Bifurcation diagram of ring-structured patchy model (5.1) with @ =0 and d > A/2. There is N/ = 1
stability interval. Parameter values used arek =2, u =02, =1,n=4,y =05, =0,d=0.04

a

Figure 2 The effect of dispersal rate d. The left panel: the number of stability intervals of system (5.1); the
right panel: the distribution of stability intervals system (5.1). The parameter values are @« = 0.5, € =1, k =2,
n=02y=05n=4

@

Figure 3 The effect of @ when d = 0.13 is fixed. The left panel: the number of stability intervals of system (5.1);
the right panel: the distribution of stability intervals of system (5.1). Other parameter values are the same as in
Fig. 2

Next, using Figs. 5 and 6, we illustrate that the configuration of network topology also has
an impact on the stability switches of the coexistence equilibrium by comparing our ring-
structured patchy model with the fully connected model studied in [18]. The differences

are significant when # is odd, and when « is small and 4 is large.
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Figure 4 Bifurcation diagram of ring-structured patchy model (5.1) under case & > 0 and A < 0. The
parameter valuesare k =18, =03,e=11,n=4,0=06,d=06,y =05

Figure 5 The number of stability intervals A against e, d and n for the ring-structured patchy model (5.1).
The parameter valuesare k =2, 4 =02, =1,y =05

6 Summary

In this paper, we have considered a metapopulation predator—prey model with delayed
dispersal within a ring-structured configuration of network topology. Prey in one patch
are assumed to move between two neighboring patches on the ring. We have shown that
the dispersal delay can induce stability switches for the case with random dispersal only
and also for the case with random dispersal and density-dependent dispersal. We have also
shown that the dispersal rate (4) and the fraction of dispersal due to predation avoidance
(@) can induce stability switches. In addition, by comparing our ring-structured patchy
model with the fully connected model studied in [18], we find that the configuration of
network topology also has an impact on the stability switches of the coexistence equilib-
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Figure 6 The number of stability intervals A against ¢, d and n for the fully connected patch model in [18].
The parameter valuesarexk =2, ©=02,e=1,y =05

rium, especially when the number of patches # is odd, the fraction « of dispersal due to

predation avoidance is small and the dispersal rate d is large.
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