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1 Introduction

It is well known that increased use of synthetic drugs such as crystal methamphetamine,
ketamine, ecstasy and others, which are a new type of mental drugs based on chemical
synthesis is an issue of concern in many parts of the world. Synthetic drugs are becom-
ing increasingly popular in drug markets as they mainly appear in entertainment venues.
Taking China for example, the number of reported synthetic drug abusers increased from
1.459 millon in the end of 2014 to 1.538 million in the end of 2017 by the report of China’s
Drug Situations Report in the past five years (2014—2018) [1]. The number of metham-
phetamine abusers was up to 1.35 millon which accounted for 56.1% among the 2.404
million drug-users by the end of 2018 according to China’s Drug Situations Report (2018)
[2]. What is more serious is that synthetic drugs are more addictive because they can di-
rectly affect the central nervous system and show the stronger psychological dependence
compared with traditional drugs including heroin, morphine and marijuana, etc. In ad-
dition, any drug abuse and dependence constitute one of the most important modes of
transmitting human immunodeficiency virus (HIV) and the Hepatitis C virus (HCV) [3—
5]. Obviously, it is urgent to take effective measures to control the spread of synthetic drugs
in order to eradicate the tremendous damages and panics brought by synthetic drugs abuse
to social and public health system.

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-02607-y
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-02607-y&domain=pdf
mailto:zzzhaida@163.com

Zhang et al. Advances in Difference Equations (2020) 2020:144 Page 2 of 15

Since the heroin addiction was first defined as epidemic in 1981-1983 in Ireland, the
heroin-using can be modeled in a similar way to the epidemic models [6] and mathemati-
cal modeling has been used extensively to address issues of public health importance. For
example, Ma et al. developed different forms of heroin epidemic models [3, 6—-10] to study
the transmission of heroin epidemics. Sharomi et al. formulated different smoking models
[11-17] for giving up smoking. There were also some drinking models [18—21] proposed
by Mushayabasa et al. to analyze the influence of binge drinking to public health. Simi-
larly, mathematical modeling can be also used to describe the spread of synthetic drugs.
In [22, 23], Nyabadza et al. analyzed the methamphetamine transmission in South Africa
by constructing a suitable mathematical model. In [24], Liu et al. formulated a synthetic
drugs transmission model with treatment and studied global stability and backward bi-
furcation of the model. Considering the effect of synthetic drugs transmission caused by
psychology, Ma et al. [25] proposed the following synthetic drugs transmission model with
psychological addicts:

a0 _ A - dS(t) - BN)SE)P(2) + H(8)),
90 BIN)S(E)(P(E) + H(E) - P(E) - (d + 1)P(E),
WO ~ 7 P(t) +T(t) — o H(t) — dH(),

a0~ yP(t) + o H(t) - 0T (¢) - dT (1),

1)

in which the total population (N(¢)) is divided into four classes at time ¢ such as the sus-
ceptible (S(z)), the psychological addicts (P(¢)), the physiological addicts (H(¢)) and the
drug-users in treatment (7'(¢)). A is the recruitment rate of the susceptible; S(N) is the
contact rate; d is the natural death rate of the populations; 7, y, 6 and ¢ are state transi-
tion rates. Ma et al. [25] studied stability of system (1).

As stated in [25], a susceptible one is more likely to initiated drug abuse when he con-
tacts with a physiological addict compared to a psychological addict. On the other hand,
there should be a period for a drug user in treatment before he relapses into the physi-
ological addicts due to the effect of treatment and his self-control. With an eye to such
considerations and motivated by the work of some other dynamical systems with time de-
lay [26—30], we investigate a more realistic synthetic drugs transmission model as follows:

40 _ A —dS(t) - BISOP() - >SOH (@),

O = BiS(E)P(E) + BS(OH(E) — wP(E) - (d + v )P(e),

MO~ 7P(t) +OT(t - 7) - o H(t) — dH(t), @
A0 — yp(t) + o H(t) - 0T (t - 7) - dT(),

where $; and B, are the contact rates of the psychological addicts and the physiological
addicts, respectively. t is the time delay due to the period that a drug user in treatment
uses before he relapses into the physiological addicts.

We organize this paper as follows: in the following section, we analyze the local sta-
bility and appearance of Hopf bifurcation of system (2). Section 3 is concerned with the
formulas determining the direction and stability of the Hopf bifurcation. Some numerical
simulations are executed to illustrate the analytical results in Sect. 4. Finally, conclusions
are presented in Sect. 5.
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2 Local stability and existence of Hopf bifurcation
The stability and existence of unique positive equilibrium of system (2) is related to basic
reproductive number 9y on free drug equilibrium point (FEP) Dy, which is determined

with the help of next generation matrix method [31]. The free drug equilibrium point is

A
Dy = <E,0,0,0).

Consider the following matrices for finding the basic reproductive number Ny:

. (ﬂls(tw(t) + ﬂZS(t)H(t))
0 ,

Vo wP(t) + (d + y)P(t)
\=mP(t)-0T@) +ocH®) +dH@®) |

Now the Jacobians of F and V at D, are

e (/31% ,32%)
0 0

and
b
V= ( o 0 ) .
-7 bl
Here by = m +d +y, b1 = 0 +d. The dominant eigenvalue of FV~! represents R = p(FV 1),

which is

_Alpi(o +d) + or]
Tdlo+d)m+y +d)

JNo

For My > 1, system (2) has a unique synthetic drug addiction equilibrium D, (S, P,
H,,T,), where

_(m+d+y)Ps ~ (Mo —1)+ L,
"7 OBiPa+ foH, T B+ BaLy)id)
o [ v o d® +o +d)
H, =Lp, T*_|:9+d+(9+d)(a+d)]P*/[(9+d)(a+d)]’
and
i ARO[y o dO+o+d)m+d+y)
1_a+d|:6+d+(9+d)(a+d)}/|: ©+d)(o +d) ]

I T 6 y To d® +o +d)
2= a+d+a+d[0+d+ (9+d)(o+d)]/|:(0+d)(a+d):|'

Page 3 of 15



Zhang et al. Advances in Difference Equations (2020) 2020:144

At the unique synthetic drug addiction equilibrium D, (S, P, Hy, T), system (2) can be

linearized as

%(t[) = u11S(t) + u12P(t) + uisH(t),

PO _ 141 S(2) + usn P(2) + uasH(?),

i 3)
% = ugoP(t) + ussH(t) + v3a T(t - 1),

dT(t)

- = uaaP(t) + ugsH(t) + uas T(¢) + vau Tt - 7),

whose characteristic equation is

with

and

A+ UsA? + Und? + Unh + U + (VaA? + Vod? + Vid + Vp)e ™™™ =0, (4)

Uy = uzzttaq(u11ty — uratis)) + Usptaa(Ur3ts) — U11Un3),
Uy = (u1at9) — U1y U2)(Us3 + Uga) — U131 U3y — Uzzaq (U1 + Up2)
+ U3tz (U1 + Uga),
Uy = (w11 + uo2) (33 + Uaa) — U1aUn) — UzUzy + Up1 U + Us3Uad,
Us = —(u11 + uy + U3z + Uga),
Vo = ur123(taoV3a — UzaVaa) + U1 Vaa(U12Ua3 — Uy3lhsn)
+ U1 Vaa(Ur3U3y — U12U33) + U11U22(U33Vaa — U43V34),
V1 = up3(uzavas — arvaq) — vaa(Ur1tion + U113 + Usos3)
+ Urolo1Vag + (U11 + U)U43V34,

Vo = vaa(un1 + tg + U33) — tazVsa, V3 = —vya,

uiy = —(d + 1Py + foH,), Uiy = —p1Ss, u13 = —f2Ss,
U1 = PPy + BoH,, up =p1Si—(w+d+y), u3 = B2,
U3y =TT, uszs =—(0 +4d), Ugy =Y, U3 =0, Uss = —d,

V34=9, V44:—¢9.

When t =0, the characteristic equation becomes

)\,4 + U()g)ug + LIoz}\2 + U()l)\, + U()() =0. (5)

We denote

Ugo = Uy + Vo, Uy =UL + V7, Uy = Uy + Vo, Upz = U3 + V3.

Page 4 of 15
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and suppose that
(C1): Uy >0, U >0, UoyUos > Uoy, Uoy Uoy Us > UooUgs + Ug,.
It follows from the Routh—Hurwitz theorem that if the condition (C;) holds, all roots of
Eq. (5) have negative real parts.

For 7 > 0, assume that A = iw with @ > 0 is the root of Eq. (4), then we obtain

(Viw = Vaw?)sintw + (Vg = Vaw?) cos tw = Usw? — w* — Uy,

5 o 3 (6)
(Viw — Vaw®)costw — (Vo — Vaw?) sintw = Uzw® — Ujw.
This leads to
@ + d30® + dyo* + d1w® +dy = 0, (7)
with
do=U2-VZ,  dy=U?-2Uly - Vi +2Vo Vs,
dy = U? +2Uy - 2UL U3 =V +2Vi Vs, ds = U2 -2U, - Vi
Letting w? = x, we can rewrite Eq. (7) as follows:
4 3 2 _
X +d3)( +d2X +d1)( +d0—0. (8)

Lemma 1 Ifdy <0 Eq. (8) has at least one positive root.

Suppose that dy > 0. Based on a similar discussion of the distribution of the roots of
Eq. (8) in [32], we define

h(x)=x*+dsy® +dyx> + dyyx +do=0. ©)
Then

W(x)=4x>+3dsx> +2dox +di. (10)
Let

43 +3dsx® +2dyx +dy =0, (11)

andz =y + %. Then Eq. (11) becomes

22 +a1z+ B1 =0, (12)

with
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Denote

zzz\g/—%+«/5v+ 3—%—\/51)2, (13)

Lemma 2 If D > 0, then Eq. (8) has positive roots if and only if x1 > 0 and h(x1) < 0; if
D <0, then Eq. (8) has positive roots if and only if there exists at least one x* € {x1, X2, X3}>
such that x* >0 and h(x*) < 0.

Thus, if the condition (Cy) holds: (i) dy < 0 or (ii) dy > 0, D >0, x1 > 0 and h(z;) <0 or
(iii) dg > 0, D < 0, and there exists a x* € {x1, X2, X3}, such that x* >0 and h(x*) <0, then
Eq. (8) has at least one positive root.

Without loss of generality, we assume that Eq. (8) has four positive roots, denoted by x;,
X2, x3 and x4. Then Eq. (7) has a positive root w; = /X;, i = 1,2,3,4. From Eq. (6), we have

Lol +Higwt +lsw? +ly
| £ xarccos{ =
j wj l3wi +12wi +ll“’i +lo

6 4 2
b7} +lew; +ls w7 +lg

}+ 2w, sin(t;w;) > 0,
(14)

x [27 — arccos{ 1 +2jm, sin(rjo;) < 0.

gl=

L3S+l o+l w?+l
withi=1,2,3,4,j=0,1,2,...,and

L=V}  L=VE-2WV,  L=Vi-2WVs L=VZ  l=-U),

Is =Uo Vo + Up Vo — Uy V4, le=U1V3+UsV1 = ULV, =V, l; =V, = U3 Vs.
Define

1 =min{z]|i = 1,2,3,4}, (15)
such that Eq. (4) has a pair of purely imaginary roots wy when 7 = 7.

Next, we examine the transversality condition. Differentiating Eq. (4) with regard to 7,
we obtain the derivative of t as follows:

> e

= — + p—
AAY+ WA + LLA2 + UL+ Uy)  A(V3A3 + Vod2+ ViA+ V) T

[d/\]l O AAT+ 3R + 2l + Uy 3V3A? +2Vod + Vi
dt

Replacing A by iwy, we obtain

-1 ,
[dx] ) H (xo) )

- - )
at |, iy 130§ + bog + hod +

where h(x) = x* +ds x> + dax® + dix +dp and xo = w?.
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Therefore, if the condition (Cs): #'(xo) # 0 holds, then the transversality condition is
satisfied. Based on the discussion above and the fundamental Hopf bifurcation theorem

in [33], we are able to formulate the following theorem.

Theorem 1 For system (2), if the conditions (C1)—(Cs) hold, then the synthetic drug addic-
tion equilibrium D, (Sy, Py, Hy, Ty) is locally asymptotically stable when t.[0, 79); system (2)
undergoes a Hopf bifurcation at the synthetic drug addiction equilibrium D, (S, Py, H,, T\)
when t = 19 and a _family of periodic solutions bifurcate from the synthetic drug addiction
equilibrium D, (S, Py, Hy, Ty).

3 Direction and stability of Hopf bifurcation

In this section, direction and stability of Hopf bifurcation will be studied by using center
manifold theorem and normal form theory introduced by Hassard et al. [33]. Let 7 = 7 +
W b € R, ui(t) = S(tt), us(t) = P(tt), us(t) = H(rt) and us(t) = T(t¢). System (2) can be
written in a functional differential equation in C = C([-1, 0], R?) as follows:

L{(t) = L;/.(ut) + F(Mrut)r (18)
where u(t +0) = u;(0), L, : C— R*and F: R x C — R*,

Ly¢ = (o + 1) (Up(0) + V(-1)), (19)

—B1#1(0)92(0) — B2¢1(0)3(0)
B191(0)p2(0) + B2p1(0)3(0)

F(/'L) ¢) = 0 3 (20)
0
upn up uz 0 00 0 O
L[trlx u21 u22 u23 0 ’ ‘/trlx - 0 O 0 0
0 Usp U3z 0 0 O V34
0 wp ugp Uy 0 0 0 vy

By using the Riesz representation theorem, let n(8, 1) : [-1,0] — R*** be a function of
bounded variation. For ¢ € C[-1,0], let

0
h¢=/fM@MMWX (1)
Moreover, we can choose
'7(9, ,U-) = (TO + /'L)(Utrixa(@) + ‘/trix(s(e + 1)); (22)

where §(0) is the Dirac delta function.
Define

400) ~1<6<0,
Awep=1 &

(23)
[°.dn(0,0)$(0), 6=0,

Page 7 of 15
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and

0, -1<6<0,
R = - 24
9= ke, 0-0, ey

where ¢ € C([-1,0],R*). Then system (18) is equivalent to
u(t) = A()uy + R(w)u;. (25)

For ¢ € C([0,1], (R*)*), define the adjoint operator of A(0) as follows:

e —dﬁis), 0<s<1, -
D=\ 2 a5, 0009, s=0, 26)
and the inner product form
0 2]
(p(s), $(6)) = (0)p(0) - / / (&~ 0)dn(O)p (&) dE, 27)
9=—1J£=0

with n(0) = n(6,0).

Let g(9) = (1,42,83,84) T €™ denote a eigenvector of A(0) and +itywy is the associated
eigenvalue; 3*(0) = G(1,g5,g%,g;)7 ™ denotes a eigenvector of A* and —itowy is the
associated eigenvalue. Then we obtain

_ u3(iwo — un1) + w3z

2= A )
uptg3 + uy3(iwo — o)

(iwo — U)gs — Un

g3 = )
2]
g Ugr8> + Us383
4 = 7 : ’
1wy — Ugg — Va7 tT0%0
g* _ lwo + Uy1
2 = ’
Uz
. e
o= (43 (iwo + Uz2) — Un3Uan] gy + Uralta3 — U13lar
3 — . ’
Ug (iwo + U3z3) — Uzplss
ITowQ 5%
* _ V34€ 7L
81 =

iwg + Ugg + V44€itow°

From Eq. (27), we can obtain

(g.8) = G[1+ @8 + &85 + gag; + T0e ™ ga(vaags + vaaga)]. (28)
Let (g*,g) = 1, then
G= [1 + @8 + 8385 + ads + roe_”o“’ogz;(v%gg‘ + v44g4)]71. (29)

In the following part of this section, we use the similar computation process as that in
[34—38] and then obtain the expressions of gy, g11, g0z and g;:

20 =2G7(g; - 1)(B1g2 + Pogs),

Page 8 of 15
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Figure 1 The bifurcation diagram with respect to T

g1 =Gro(g - 1)[Bilg + &) + Balgs + 23)]
g2 =2G10(Z5 — 1)(B1g2 + Bogs),

o 1 . 1
@1 =261 (g - 1) [,31 (\)V{})(O)g2 + 5WZ(},)(O)g2 + w2 (0) + 5 WZ%)(O))

1 _ 1
o (W 0+ W0 + w0+ s wRO) ]

with
WZO(G) _ lgzog(o) eif()w()9 + lgozg(o) e—itoa)09 +Ele2itow09’ (30)
Towo 31’0(1)0
j 0) . jg112(0) .
Wn(@) _ _lgllg( )eztowoa + lgllg( )e—n:oon +Ey. (31)
Towo Towo

E; and E; can be obtained by the following two equations:

-1

2iwg — U1 ) —U13 0
E 2 —U1 2la)() — Uy —Uj3 0
1= . o
0 —Usy 2wy — U3z —Vgge” HT0®0
0 —U4 —U43 2iwg — Ugg — V44€72ir0w0
-B1g2 — P83
B1g2 + Bags
X »
0

0
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Figure 2 Time plots of S, P, Hand T for different 6 at T = 5.835. The remaining parameters are taken as given
in the text
-1 _ _
Uil U U3 0 -Bi(g2 +82) — Pa(gz + g3)
£, | M v s 0 « Bi(g2 + &) + Ba(gs + &)
2 = .
0 ux us3 V34 0
0 uar Uz Uga + Vs 0
Then we obtain
Ci(0) = i g11g0 - 2lgul* - lgol” 8
2‘1.'06()0 3 2 ’
oy RelGiO)
2= »
Re{A'(7o)} (32)

B2 = 2Re{C1(0)},

Im{C;(0)} + u2Im{A/(to)}
Towo ’

2 ==
From the above formulas, we can conclude as follows.

Theorem 2 For system (2), the following results hold. If 1, > 0 (1o < 0), then the Hopf bifur-
cation is supercritical (subcritical); if B> < 0 (B2 > 0), then the bifurcating periodic solutions
are stable (unstable); if T> > 0 (T, < 0), then the period of the bifurcating periodic solutions
increase (decrease).
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(©)

Figure 3 The phase plots of system (33) for different 8 at T = 5.7850. The remaining parameters are taken as
given in the text

4 Numerical simulations

In this section, we carry out computer simulations using the Matlab software package to
illustrate the obtained theoretical results. Taking A = 2, d = 0.02, 8, = 0.016, 8, = 0.028,
7 =0.03, y =0.095, 0 = 0.5 and ¢ = 0.421, we obtain the following specific case of sys-
tem (2):

450 _ 3 _0,025(1) — 0.0165(8)P(r) — 0.028S(B)H (1),
4P0) _ 0,.016S()P(£) + 0.028S(O)H (£) — 0.145P(D), -
dH0) _ 0,03P(t) + 0.5T (¢t — T) — 0.441H(2),

410 _ 0,095P(t) + 0.421H(¢) — 0.5T (¢ - 7) - 0.027 (2).

Then one can obtain My = 12.3481 > 1 and the unique synthetic drug addiction equi-
librium D,(1.3196,13.6111,45.6355, 39.4338) of system (33). Through some calculations,
Eq. (8) becomes

x*+0.0095%3% +1.0218x2 - 0.2006x —3.21 = 0. (34)

Thus, it is easy to see that Eq. (34) has one positive root xo = 1.1885. Then we obtain
wo = 1.0902 and 1y = 9.7367, 1’ (x0) = 7.7692 > 0. According to Theorem 1, we can con-
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Figure 4 Time plots of S, P, H and T for different o at T =4.738. The remaining parameters are taken as given
in the text

clude that the synthetic drug addiction equilibrium D,(1.3196,13.6111,45.6355, 39.4338)
of system (33) is locally asymptotically stable when 7 € [0,9.7367), and a Hopf bifurcation
appears when the value of T passes through the critical value 9.7367, which can be indi-
cated by bifurcation diagrams in Fig. 1. Furthermore, based on Eq. (32), ;2 = 1.5613 > 0,
P2 =-2.07<0and T, = 0.3611 > O can be obtained. Accordingly, through Theorem 2, it
can be concluded that the Hopf bifurcation at 7y is supercritical; the bifurcating periodic
solutions are stable and increasing.

In addition, Fig. 2 manifests that the numbers of susceptibles and drug-users in treat-
ment decrease, whereas the numbers of the psychological and physiological addicts in-
crease as we increase 6 from 0.5 to 0.6. Also, due to the increase in 6 from 0.5 to 0.6,
system (33) loses its stability and shows limit cycle behavior, which is illustrated in Fig. 3.
It is interesting to note that Fig. 4 reveals the reverse effect of increasing o in a particular
range on the four populations in system (33). Figure 5 shows that system (33) changes its
behavior from limit cycle to stable focus as we increase the value of o.

5 Conclusions

The prevention and control of synthetic drugs have received great attention due to their
increasingly serious consequences on population. Quite a few mathematical models de-
scribing synthetic drugs transmission have been put up by scholars at home and abroad in
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Figure 5 The phase plots of system (33) for different o at T = 4.6805. The remaining parameters are taken as
given in the text

recent years. However, these models neglect the time delay during the process of synthetic
drugs transmission. In the present article, synthetic drugs transmission model with time
delay is established based on the work in [25]. A series of sufficient criteria guarantee-
ing the stability and appearance of Hopf bifurcation for the established model are derived
by analyzing the corresponding characteristic equation. Moreover, the properties of the
Hopf bifurcation are investigated by using the center manifold theorem and normal form
theory.

The study shows that the time delay has an important impact on the stability and Hopf
bifurcation of the model. When the value of the time delay is below the critical value 7o,
synthetic drugs transmission can be predicted and controlled. Contrarily, synthetic drugs
transmission will be out of control once the value of the time delay passes through the
critical value. Also, we observed that the change of the parameters of 6 and ¢ in a particular
range can affect the dynamics of the system based on numerical simulations. Since the
numbers of the psychological and physiological addicts increase with the increase of 6 but
with the decrease of 7, it is strongly suggested that drug-users should have strong will once
they decide to give up drugs. On the other hand, any person who has been contaminated

with drugs should go to the regular detoxification center in time for treatment.
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