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1 Introduction

In this paper, we determine the surface temperature u(x, t) for 0 < x < X from the known
temperature measurements u(X,t) = ¢(f) and heat-flux measurement g—Z(X 1) = Y(e)
when u(x, t) satisfies the following system:

u_ 0%y )G tu),  (18) € (0,X) x R,

ot ~ a2

u(x, )]s +00 = 0, (x,2) €(0,X) x R, (L1)
u(X,t) = ¢(t), teR,

(X, =), teR,

where ¢, ¥ € £2(R) are given functions. The source terms f (1), G(u) are globally Lipschitz
functions satisfying (2.15a) and (2.15b), respectively.

The problem called the inverse nonlinear sideways heat equation (INSHE for short) is a
model of a problem where one wants to determine the temperature on both sides of a thick
wall, but where one side is inaccessible to measurements. In many dynamic heat transfer
situations, one wishes to determine the temperature on the surface of a body, where the
surface itself is inaccessible for measurements. The physical situation at the surface may
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be unsuitable for attaching a sensor, or the accuracy of a surface measurement may be
seriously impaired by the presence of the sensor. Typical practical applications are the
estimation of the heat flux and the temperature at the surface of the body under investiga-
tion, e.g., re-entry vehicles, calorimeter-type instrumentation, and combustion chambers
[1, 2, 5,11, 13, 15, 16, 19, 20]. In such cases, one is restricted to interior measurements,
and from these one wishes to compute the surface temperature.

Cannon (1984) [4] considered the direct problem for the homogeneous heat equation in
the quarter plane (x > 0, £ > 0):

?)_I: = %; X 2 O;t Z 0)
M(x’ 0) = O: X = 0’ (12)

u(0,8) = p(t), t>0.

The functions ¢(-) and u(x, ) are to be in £L2(R) (¢ and u vanish for ¢ < 0). The author
proved that, for each ¢ € £2(R), (1.2) has a unique solution u with u(x, -) € £2(R) for each
x> 0.
Fredrik Berntsson (1999) [3] considered the sideways heat equation

%—’::Kg%, O0<x<1,t>0,

u(x,0) =0, O<x<1,

u(l,t)=gt), >0

u

(L) =h(), t=0.

(1.3)

The author used the spectral method to solve problem (1.3). Error estimates for the regu-
larized solution were derived, and a procedure for selecting an appropriate regularization
parameter was given.

In recent years, linear homogeneous problem (1.1), i.e., f(#)G(x,t; u) = 0, has been re-
searched by many authors, and various numerical methods have been proposed, e.g., the
boundary element Tikhonov regularization method (Lesnic et al. (1996) [9]), the conju-
gate gradient method (Hao (2012) [8]), the difference regularization method (Xiong et al.
(2006a) [17]), the "optimal filtering” method (Seidman & Elden (1990) [14]), the Fourier
method (Xiong et al. 2006b [18]), the quasi-reversibility method (Elden (1987) [6], Liu &
Wei (2013) [10]), the wavelet, wavelet-Galerkin, and the spectral regularization methods
(Elden et al. (2000) [7], Reginska & Elden (1997) [12]), to mention only a few.

The more important but challenging semilinear sideways heat equation with the heat
source depends nonlinearly on the temperature, which occurs in many applications re-
lated to reaction-diffusion. The function f(u#)G(u) is known as a special type of locally
Lipschitz function. For example, if we choose f(u) := u, G(x, t; ) := sin u (individually they
are globally Lipschitz), then

[f(u)G(x, tu)-f(v)Gx, & v)| = |usinu — vsinv|
<|u-v|sinu + v|sinu —sinv|

u+v . |lu-v|
sin
2

=|u—v|sinu + 2vcos

< |u-v|u+viu-v| <max{u;viu-v|. (1.4)
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Although there are some works on the nonlinear case, the literature on the case of locally
Lipschitz sources f(u)G(x, t; u) is quite scarce. Our results extend problem (1.3), and we
propose a new filter method to establish regularized solutions of problem (1.1) in the case
of the locally Lipschitz function f(u)G(x, t; u).

The paper is organized as follows. In Sect. 2, the formulation of problem and regular-
ization methods is given. In Sect. 3, a stability estimate in £7(w, X; L2(R)), w € [0, X)
is proved under a priori condition of the exact solution and the locally Lipschitz source
term. Finally, we present a numerical result to illustrate the proposed regularized method
in Sect. 4.

2 Mathematical problem and mild solution of (INSHE)
For w € £2(R), we have the Fourier transform

w(E) = wt)e ™t dt, £eR,

7l

and the £2 norm of w is
*© 2
Wl = 1P = [ [0 de, 1)
Suppose that the solution of problem (1.1) is represented as a Fourier transform

u(x, t) = Ulx, £)e ! dg (2.2)

=1

with

u(x, &) = u(x, t)e~ %t ds. (2.3)

.
Throughout this paper, we let W(x, ; u) = f (u)G(x, t; u), V(x, t) € (0, X) x R.

From (1.1), we have the following systems of second order ordinary equation:

—Oett(x, €) + iETI(x, £) = W(w)(x, £),
WX, E) = p(&), (2.4)
(X, E) = P (&).

We thus have after some direct calculation

(x,&) = cosh((X —x)\/g)ﬁ(;y,é) _ M\/;\/—)A 5

_ / Mw(u)(z,g) dz, (2.5)

JiE

where

\/Ez\/@(l +0i), o =sign(&),&eR.



Anh Triet et al. Advances in Difference Equations (2020) 2020:149

Remark 2.1 In (2.5), for £ =0, %\/%/E) is defined as y, since

lim smh(yf)
sl—>0 JiE

Moreover, for & = 0, we have
— X —_—
U(x,0) =u(X,0) — (X — x)0,u(X,0) — / (z=2)W(u)(z,0) dz.
From (2.5), the exact form of u is given by

u(x, ) = (cosh((X —2)v/i&)$(8)) "

IR

~ 1 sinh((X — x)A/1E) ~ it
. [ ( - w(s))e s

g L

We say that u is a mild solution of problem (1.1) if « satisfies integral (2.6). We know
that the three functions

u)(z, &) dz) &t de. (2.6)

AVE), Sinh((Pf/l% x)iE ), Sinh((%)ﬁ )

are unbounded as a function of the variable £. Consequently, small errors in high fre-

cosh((X — (2.7)

quency components can blow up and completely destroy the solution for 0 < x <z < X.
A natural idea to stabilize the problem is to replace them by a bounded approximation. In
a natural way, we can replace the terms in (2.7) by

. ©) _ : . ©) _ -
cosh?®) (X - x)/E), sinh” ((:/Yg x)\/E), sinh” ((\/ng)«/f)

(respectively), with § > 0 is a small positive number representing the level of noise and the

parameter y(8) > 0 is small (regularization parameter). We introduce the first regularized
solution Uﬁ(a) obtained by

@)

\/_/ (cosh”® ((X - )\/E)@(E))eistdé

sinh?® (X —x)/iE) ~ )ist
- [ (R e e

\/1_ </ sinh?® ((\/sz)\/_)

Here cosh”® (y/i), sinh”®) (y./i€) are defined forall 0 < y < X’ and & € R in the following:

( ﬁ(m)(z, &) dz) et de. (2.8)

cosh” @ (y,/i€) = cosh(y,/i&) + = (]-"" (X,8) - 1)eV®, (2.9)

Page 4 of 18
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sinh?” @ (y,/i€) = sinh(y\/i&) + %(f;f(s)(X,S) - 1)@/@{ (2.10)
where
Fro(X,8) =(1+ y(S)e‘/WX)_a for a € N*, (2.11)

We introduce some notations and assumptions that are needed for our analysis.

Definition 2.1 (Gevrey space) The Gevrey class of functions of order 6 > 0 defined as

“GEVREY” := {w e L2R): /mexp(,/2|§|9)lfv(€)lzd§ < oo} (2.12)

is equipped with the norm defined by

IwllG,®) = / f exp(v/21€10) |[W(€)[* dg < oc. (2.13)

Definition 2.2 For a Hilbert space X, we denote by .£7(0, X’; X) (respectively, C([0, X']; X))
the Banach spaces of measurable (respectively, continuous functions) functions w :
[0, X] — X such that

1

X 1
Wl er0,x:%) = (f ||W(9C)“1;g dx)p <00, l=<p<oo,
0

Wl 20,203 = esssup||w(x) |, <00, p =00
0<x<X
(respectively, Iwlleqo,xyx) = sup ”W(x)”X < oo).
0<x<X

We assume the following:
(H;) The data ¢,¥ € £%(R) are noisy and are represented by the observation data
¢, ¥ € L2(R) satisfying

H¢B - ¢||,C2(]R) S 51 || wa - w HDCZ(]R) E 81 (214‘)

here § > 0 is a small positive number representing the level of noise.
(H,) The source functions f : R — R and G : [0, X] x R? — R are globally Lipschitz-
continuous, i.e., there exist the constants Ky, Kg > 0 such that

[f W) - f(v)| < K¢lu—vl, (2.15a)
‘G(x, tu) — G, t; V)‘ < Kglu-v| (2.15b)
forall (x,t) € [0,X] xR, u,v e R.
(H3) There exist the constants B, Bg > 0 such that
W@ oo, 2209 = Br- (2.16a)

|G, <Bg (2.16b)

u) ” £0°(0,;L2(R))

for all u € C([0, X]; L2(R)).

Page 5 of 18
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3 Error estimate in £P(w, X; £2(R)),0 <w < X
First, we have the following lemmas which will be useful.

Lemma 3.1 For & € R, o € N*, we have the following inequalities:

(@) |Fip @0 < |y ¥ forallo<y <X, (3.1a)
(b) |(Fe(X,6) 1) | < |y)| ¥ foralio<y <, (3.1b)
(©) |cosh?®(JiEx)| < |y@® * forallo<y <X, (3.1¢)
(d) [sinh”O(JiEx)| < |y * forallo<x <X. (3.1d)

Proof (a) From (2.11) and Euler’s formula, we have

i eViEx leVEX| e~ VIEI2(X-X)
[Fn) (X, §)eV x| = | = S
s 1+ y(@)eVEIR)e ] (1+y(8)eviElRY)e ™ (eVEIRY 4y (8))
e~ VETX-x)

- a(X

T (VTR 4y ()%

(eVERX 4+ y(5))

< L <ho)
(eVEIRXY 1y (8)) %

¥ (3.2)

(b) Similarly, from (2.11) and for a < b, we have a* — b* < (a — b)%, so

|(Fys) (X, 6) = 1)eVEx|

. leVEX|
< )
S v

) e—a\/m)(
E |y(8)’ m a(X-x)

(e~ 1y (8)) % (e-VERY 4+ y(8)) "'
1y (6)]° x

=< Y a(X—y) = ‘V(S)‘ i (3'3)

(e VETRX 4y (5)) 5"

(c) From (2.9) and (3.1a), we obtain

|coshy(8)(\/gx)| < %|}—3(5)(X,€)€‘/EX{ + %|e"/@|

oax
X 4

N =

_ex
<ly®*.
From (2.9), an argument similar to the previous one implies (3.1d). d

Lemma 3.2 For0 <x < X, & e R, we have

e, ) - 2456
i§
= oVEWX ) [ _@) a X oViE(z—x) __
—e (¢($) JE /x N W(u)(z,&) dz. (3.4)
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Proof Differentiating (2.6) with respect to x gives

hulx§) _ . cosh((X = %) /) ~
— 7 -smh(X - %)/i)p(€) - — & e
X sinh((z — %) /iE) ~
_ / T e de (3.5)
and adding (3.5) to (2.6) completes the proof. O

Our result is in the next theorem.

Theorem 3.1 Let y(8) € (0,1) be such that

lim;_o+ ¥(8) = 0,
lims_ o+ 8|y ()™ =0 fora € N*.

(3.6)

Then the nonlinear integral equation (2.8) has a solution Uﬁ(a) € C([0, X]; L2(R)). Assume
that problem (1.1) has a solution u satisfying

1
2]l £2 (0,26 5 (R)) + p l|0x el £o0 0,036 2 (R)) < P(14) (3.7)
0
for some known constant P(u) > 0. Then (for all w € [0, X))

“ U;Z(S) —u ||£P(w,X;£2(R))

ly @I~ —Iy(B)IP")?’ (3.8)

< C(%P» ero’l?)(|y(8)|_a8 +P(M))< log(L)
[yl

where the positive constant C(a, p, X, pO,IN( ) is a positive constant independent of w and §.

Remark 3.1 From (3.6) we infer that the right-hand side of (3.8) tends to zero as
8 — 0*. Let us choose a parameter regularization y(8) = §* (k < i), and then the error

Kpaw
5 . § X _skpe
1L} 5) = tll 20w, x;.£2(m)) is Of the order (7"’%(5%)

w € [0,X).

)Il’, which goes to zero as § — 0* for all

Proof The proof is divided into two parts.
1st part. Integral equation (2.8) has a unique solution Uﬁ(a) € C([0, X]; L2(R)). We put

1 n- { v ©)BrBs J + |BeKr + BKg|
d Oy @107 2 + 197 2) e
0> |V(5)|_w(||‘7’1{S ”.,CZ(R) + “ ‘bjs ||£2(R))’ (3.9)

where |y] is the integer part of the real number y. Let us define

X=X-jd, j=0,1,...,N,
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and

M = [ € (100, L L2(R)) | (23,0 (X,0) = (80, 97 (1),

[9lle = sup ]||ﬁ(x,-)

XE[-X}',-)(}'+1

|£2(R)§vae[‘)(}+1;)(}]}) j=0)1;~~~)N_1~

We also define (forX/—Efxfzf/'k})j:O,l,...,N—1

V(s)(ﬁ)(x, t) m / COSh)/ f _x)\/E)ajﬁ(g)etét dg

sinh” @ ((X; — x)/i€) —~ s
[T e

1 Y sinh” @ ((z — x)/TE) ~ ) it
—m _w</x JE W(l?)(z,é)dz dé.

For ¥ € M; and &) - d<x<z< &, using Lemma 3.1, we obtain

(x
18770 oy < |y @] 7 ||¢ |y + @] ™

& alr—2)
+ [T e 9] e

(x(x X

A P

Multiplying by |y ()| B on both sides, we obtain

YO 18700 gy = O (107 ] oy + 197 oo

+/ ]Iy(8)|%fz Wiz, 59| o, dz- (3.10)

Using (Hs3), the second term in (3.10) becomes
& —az
@ Ve s )] 1

- [ O ] 660 590

< (X -x)|y(8)|“BsBe. (3.11)

From (3.10), (3.11), we have for A; — d<x<z

2=
1877 o < O (167 ] 2w + 19 |2y + (= )BrBa).
From (3.9), we have

1 8)|"*BsB
1. ly( ?Sl 3rBG : . (3.12)
d = O-ly@I*Ue; ez + 1¥] Il 2 w))
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This implies that

=1y @ UIg] 2@ + 147 1|.c2@y) (3.13)
ly (8)=*BrBg ’ '

s0 18/ W)lle < U, e, 8/ (M;) C M;.

Now, for ¥, 9, € M, we invoke Lemma 3.1 to deduce that, for &; — d<x<z< &

jr

|87V o) - 87096

X )
< [T WG 590 - W92 oy (314)

From hypotheses (H,) and (H3), we infer that

”W(x: 5 7-91) - W(x’ 5 792) H £2(R)
= “_f(ﬁl)G(?C, 5 191) _f(02)G(x; 5 192) H £2(]R)

< ” G(x: 3 191) || L2(R) “,f(ﬂl) _f(l?Z) H.,CZ(R)
+ ”f(ﬁZ) || £2(R) || G(xv 5 191) - G(xv ] 192) ||£2(1R)

< (BG[(f + BfKG) “ 7-91(‘9(:’ ) - 192(76; ) || L2(R) (3'15)
We put (3.15) into (3.14) and multiply both sides of the above result by |y(8)|_71' to get
@] |87 @06 ) - BV @) )| o
NPT
< / ly(8)| Y (BKs + BfKo) [91(2,-) = 92(2, )| po, d2
X
< (X = x)(BcKy + BfKg) |91 — 2o,

SO

|87 1) - 87O)], < d(BeK; + BrKo)I|91 - Dl (3.16)

From (3.9), we have

> Bgl(f + Bf](G,

NI

which implies that

. 1
d<—— (3.17)
BgK; + BiKg

Hence we have ||£}?’(5)(191) - 0‘13’17(5)(192)”@ <oll®1 - lle, 0 € (0,1),s0 56’]?/(6) is a contraction
on M;. The Banach fixed point principle guarantees that there exists unique ¢ € M; such
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that
O (9 (x, £) = 0 (x, £).

In fact, for j = 0, we put ¢3(£) = ¢°(£) and ¥3(£) = ¥°(¢). Using the results just obtained,
we can find U}‘f(ﬁ)yo e C([X1, X]; L2(R)) such that JBO(L[‘S 0) = 5 o- Assume that we can
find uﬁ(é),j—l € C([X}, X;1]; L%(R)) such that B;_ 1(1,[ @) 1) y(é -1~ We now prove that
we can extend this solution to the interval [A]},1, A]. Indeed, put ¢5(t) = y(zS (A}, t) and
wﬁ(t) = 0,U°(X), £). We can find LlfS ; € C([X1, X; £%(R)) such that B; u = U, D)
So we can extend the solution L/ J@) on (X1, &;] by putting us 6)(x, t) = (x, t) for
&1 <x < A}. By induction, we can complete the proof of this step.
2nd part. Error estimate || L[}‘f(a) = Ul gr(o,x;02(r))- NOte

156) = ] o 2,020

8
< e = Vo) | o2y + 1V 6) = 8l 2o, 2,020 (3.18)

where V,,5)(x, t) is defined by

o)1) = (cosh”® (X - x)/i&)p(€)) " de

7=

1 %/ sinh” O (X — x)/IE) ~ )ie‘;‘t
‘m/_oo( E o o)

L °°( /" sinh” ) ((z - %) /)

W(Vy(g))(z,é)dz>ei5td$. (3.19)

From (2.6) and Lemma 3.2, we have

inh?” @ (( ~
= ﬁ Y IVE) 56

W(u)(z,€) dz + 1(1 Fo)(X,8)

T, ) = cosh?” @ (X —x)\/i€)p(€) -

/ sinh” @ ((z - x)\/i€) ~

E
V() eViEE
x( (¢(s) ﬁ) / 7 w<u)(z,s)dz)
sinh” @ (X — x) /7€) ~

= cosh”(‘;)((?{ —x)\/E)qAﬁ@) - V(&)

NG

W(w)(z, &) dz

~ /X sinh” @ ((z — x) /7€)
x ViE

(1 Foo) (X, s>)[ (%,£) -

0 ”(x’g)] (3.20)

ViE

Note

|| Vy(é) (x: ) - u(x, ) ||¢262(R)

= Vo) =) ey



Anh Triet et al. Advances in Difference Equations (2020) 2020:149 Page 11 0f 18

2

WV, 6))(2:6) = W) (2,6)|” dz dg

2

sinh”?((z - x) Vi)

52/_:/; JE

00 1 _
2 [ e

|2
sinh”®((z — x)/iE)

fzf_:(fo VE

+4/_ ‘E(F3<s>(/’f,é) 1)V

(o]

VxS _ ﬁx@(x¢g)‘2
eV *u(x,E) —e 7\/@ dg

2 x . ,
dz/ WV )2 §) - W(u)(z,£)| dz) de

2
).

i Dt €)

2
<|e‘/@’u\(ac,“§)|2 + NG

From Lemma 3.1, we get

| Vi) = a6, ) | o

o0 X 20 (x—2) X P .
52/_ UL / WV, ) (2, 8) - W) (2, £)| dz dé

(o] X

o o V2EIX
+ 4[ |y(5)|27 (e“2§|X|ﬁ(x,$)|2 42 . |8xu(x,§)|2) ds
—00 0

Xy 2ald) | W >
52/ O T V@) - W) [ 42
([ )%, gy + — 5o,
4O (36 + oo 1306 G )
Hence, we get
Vo) = 1)
Xy )
52/ %\V(8)| T WGz s Vi) = Wiz 51) |y d2
% (Jup? ~aul?
4y )| 12411 % 0 0,246 ) * Rllaxultcoo(o,x;Gx(R))
Xy 2a(x2) 2 Fp
52/ %\V(8)| WG V) =W s o dz o+ 4y 0)] T PRw).

Moreover, like in (3.15), we obtain

”W(x, S Vi) = Wi, - u) H 2/ S (KrBg + KgBy) ” Vi) (%, ) — ulx, -) ”ﬂ(m

< K[ V(%) - ula, ')||£2(R)’
where K := K;Bg + KBy

Note

[ Voo @) = ) oy

20

x—2)
x || Vi) (2 ) — ulz, -)||12(R) dz.

2ax 2X ~ ¥
<aly ()| ¥ P+ —K/ )|
Lo x
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Thus, we have the following inequality:

|)/(5)|_2u7x 1V (%) — ula, ) ”f@Z(R)

2X ~ ¥ 20z
< 4P (u) + EK/ ly@® ~ | VV(B)(Z")_M(Z")”?N(R) dz.

From Gronwall’s inequality, we conclude that

_2ax 2X(X —x) ~
@ [V () — 6, )| oy < 4P (w0) exp(%K).

Hence, we deduce that

V) = Ul £2(w,x;22(R))

Xzf?)<|y<a>|"“7‘” - |y<a)|m)é

3.21
log (1) (3:21)

X
<2—P(u) exp(
pa

Lo

Next, we estimate [|U? ;) = Vy(5)ll o, x:.22m)- Using the basic inequality (a + b + ¢)* <
3(a® + b* + ¢?) and Hélder’s inequality, we obtain

12225y ) = Vi 0, o
- H y(8) (x’ %)(x’ ')”£2(R)

<3 / |coshy<‘”(<x—x)JE)VI@(&)—a(s)Pds
3 /°°
+3//

X/ |W( y(g)(Z,E) W(V (Z, | dZdE

sinh? @ ((x -
«/?

sinh? @

— ()| de

Similar calculations as in (3.15) yield
W (-, U 5) =W, Vel oy < KU )@, ) = Vi @) 2

From Lemma 3.1 and using the Lipschitzian property of W, we get the following inequal-

ity:
[y = Voo () agey
<3O T 9 -6l + 3O T [ oy
~ X 2a(xz 5 2
+3(X — R / O T U (2 = Vi@ ) 2oy dz

< 6|y ) =% +32(1<f O T U (5 = Vyon(@r ) gy
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This implies that

_20x
YO U0 = Voo (5 oy

2 ~ (Y 2
<6|y ()| 52 4 3XK / ly &) ¥ |t 5 (z-) - vy(,g)(z,~)||fcz(R) dz. (3.22)

Applying Gronwall’s inequality, we have

20 o -
ly (&)~ ||Uﬁ((g)(x,~)—Vy(a)(xf)chzR <6|y ()| > 8% exp{3X (X - x)K}.
(R)

Thus
)
” U, = Vyo) ” LP(w0,X3L2(R))
paw 1
X —a 3 .~ 3| x —|y()F*
<V6=|y )| 5exp{—xz1<}("’( 1%~ 1y6) )”. (3.23)
pa 2 IOg(m)

Combining (3.18), (3.21), and (3.23), we obtain

150 = 1] oo 020

o)
< W) = Vio)| oo w2y + 1Vro) = Ull e, 2,2

pew 1
ly@)x - |V(3)|p°‘)1’
log(5)

< Cleo ¥, R 0] 52

where
~ X X2 X 3~
Clo,p, X, po, K) = max{Z— exp{ —K}; V6 exp{ —XZK} }
pao 00 pao 2

The proof of the theorem is completed. O
4 Numerical test
In this section, we show a numerical simulation for the following inverse sideways heat

equation by the filter method:

du _ 0% +f(u)G(x, t;u), (x,8) €(0,X) xR,

9t~ a2

u(x, )]s +00 = 0, (x,2) € (0, X) x R, 1)
u(X,t) = ¢(t), teR,

(X, t) = (1), teR.

The tests are performed using software MATLAB R2014b (version 64-bit). Problem (4.1)
is considered for (x,t) € (0,1) x (—00, +00) and the functions are

f=u, G=1-2t, (4.2)

¢ = exp(~£*) sin(1), ¥ = exp(~£%) cos(1). (4.3)
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Based on the Fourier transform, for F € £2(R), we have

1 o0 .
S F@e®tdt, £ecR.
A/ 27 [oo ( )e g

F) =
The exact solution of problem (4.1)—(4.3) is given by

_L * _ Yy it
u(x,t)—m _Oo(cosh((/'\’ X)ViE)p(E))e ! d&

1 ® /sinh((X — x)/i€) ~ >’~’?‘d
(e )

1 w(/ sinh((z — x)\/i€) —~
Vor J- ViE

W(w)(z, ) dz) g, (4.4)

The data ¢, ¥ € L%(R) are noisy and are represented by the observation data ¢?,y° €
£L2(R) satisfying

l¢° - ¢||£2(R) =39, Jv®—w ”432(11{{) =4 (4.5)

here § > 0 is a small positive number representing the level of noise (§ — 0%).
We recall the regularized solution LI;E@) obtained by

&)
\/—f coshV X —x)@)@(s))eiffdg
sinh?” @ (X — x)/iE) ~ et
BV / ( N wé(s))e de
Jl_ </ sinh?® ((\/z@x)«/_)w( ﬁ(s))(z,é)dZ>ei€td£. (46)

Here cosh”® (y/i&), sinh”®) (y/i€) are defined forall 0 < y < X’ and & € R in the following:

cosh” @ (y,/i€) = cosh(y/i&) + = (]—""‘ (X,6)-1)eV®, (4.7)

sinh” @ (y,/i€) = sinh(y /i) + (]-"’5)()( £)-1)eV®, (4.8)
where

Feo(X,6) = (1+y(0)e™2¥)™  for o e N*. (4.9)

Next, we consider the problem of computing the Fourier transform as follows:

Let m,n € R, m < n and assume that

F@) ifm<t<n,
F(t)=
0 otherwise.

Page 14 0of 18
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Value of the solutions at = 0.3

-10 -5 0 5 10

t
(a) The exact solution u and regularized solution U,‘j(&)
0.045 T T T .

0.04

0.035

0.03

0.025

0.02

0.015

The errors at z = 0.3

(b) The errors between u and U:S,(J)

Figure 1 The solutions and errors at § = 0.01 with (x,t) € {0.3} x (-10,10)

__ Nt
Put %; = %, t; =i + n, i = 1,N,, respectively. Noting that & = %, k =1,N;, we
obtain
_ 1 (" , 1 .
F (&) = —/ Ft)e bkt dt = —— F(t;)e %ktip,, (4.10)
5 N2 I 2 ; ' !

We set up a uniform Cartesian grid (x,£) € (0,1) x (71, T>), which can be generated as

follows:

— 1
xp =pAx, p=0,P,Ax= 7
X

T,-T

ty=qAt+T), q=0,Q;,At=
Q
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0.35 T T T

0.3

0.25

0.2

0.15

0.1

Value of the solutions at x = 0.3

0.05

0
-10

0.03 T T T

0.025

0.02

0.015

The errors at z = 0.3

0.01

0.005

-10 -5 0 5 10

(b) The errors between u and Uj(é)

Figure 2 The solutions and errors at § = 0.001 with (x,t) € {0.3} x (-10,10)

To illustrate the theoretical results, we consider this example with some conditions given
by

P, =200, Q: = N; = 200, m = -100, n =100,
o= 2, Tl = —10, Tz = ].0,

y(8) =682, 5e{107,107,10}.

The error between the exact and regularized solutions is evaluated by

Q;

Q +1 Z[ui(w("tq) - ”("tq)]z' (4.11)
t 4=0

Figures 1(a), 2(a), 3(a) show the graphs of the exact and regularized solutions at x €
{0.3,0.5,0.8} for 8 € {1072,1073,107%}. The errors between # and uﬁ(a) atx € {0.3,0.5,0.8}
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0.35 T T T

0.3

0.25

0.2

0.15

Value of the solutions at x = 0.3

0.015 T T T

o
o
=

0.005

The errors at z = 0.3

(b) The errors between u and U:z

(%)

Figure 3 The solutions and errors at § = 0.0001 with (x,t) € {0.3} x (=10, 10)

Table 1 The error between the exact and regularized solutions at § € {0.01,0.001,0.0001} and
x € {03,0.5,0.8}

Err(x) §=107 §=10" §=10"

Err(0.3) 0.002012711736159 0.001389166469924 0.000721673458996
Err(0.5) 0.003399412278741 0.002346838740302 0.001219296599176
Err(0.8) 0.005590567951672 0.003862720100876 0.002007822431434

for various amounts of noise § € {1072,1073,10~*} are shown in Table 1. For convenience
of comparison, we give the contour graphs between the exact and regularized solutions
(see Figs. 1(b), 2(b), 3(b)).

From them, we observe that the errors at § = 0.001 are greater than those at § = 0.0001
and smaller than those at § = 0.01. Furthermore, with the smaller errors of input data, the

results obtained are more accurate, which verifies the theoretical results.
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