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Abstract

This paper deals with the existence of positive w-periodic solutions for nth-order
ordinary differential equation with delays in Banach space E of the form

Lu@®) = FLUE=T1), .. Ut - Tp)), tER,

where Lu(t) = u(t) + Z, 0 Gi u?(t) is the nth-order linear differential operator, a; € R
(i= 0,1,..., - 1) are constants, f : R x E™ — Eis a continuous function which is
w-periodic with respect to t,and 7; >0 (i=1,2,...,m) are constants which denote the
time delays. We first prove the existence of w-periodic solutions of the corresponding
linear problem. Then the strong positivity estimation is established. Finally, two
existence theorems of positive w-periodic solutions are proved. Our discussion is
based on the theory of fixed point index in cones.
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1 Introduction

In recent years, the existence of periodic solutions for differential equations has been stud-
ied by many authors. But in some practice models, only positive periodic solutions are
more important. For second-order differential equations without delay, the existence of
positive periodic solutions has been discussed extensively, see [1, 5, 10—12] and the refer-
ences therein. In [2], Chu and Zhou considered the periodic solutions for the third-order

differential equation
u" () + pPul(t) :f(t, u(t)), te[0,27],

where p € (0, f) is a constant and f € C([0,2n] x (0,00), [0, +00)). By using the Kras-

noselskii fixed point theorem in cones, they proved the existence of positive 27 -periodic
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solutions. In [4], Feng studied the third-order differential equation
u”(t) + 8u” (t) + oud (£) :f(t, u(t)), te[0,27],

where § and o are positive constants. By utilizing the Guo—Krasnoselskii fixed point the-
orem in cones, he established some existence and multiplicity results of positive 27 -
periodic solutions. For the more general case, in [7], Li proved some existence theorems
of positive 21 -periodic solutions for the high-order differential equation

Lou(t) =f (6, u(t)), teR,

where L,u(t) = u™(¢) + Z:’:OI au"(t) is the nth-order linear differential operator, a; € R
(i=0,1,...,n — 1) are constants. However, in these works, the authors did not consider
the effect of the delay in the equation. Recently, Li [8] discussed the existence of positive
w-periodic solutions of the second-order differential equation with delays of the form

—u"(t) + a@®)ut) =f(t,ult —11),...,ult — 7)), teR,

where a € C(R, (0, 00)) is an w-periodic function, f : R x [0, 00)" — [0, 00) is a continuous
function that is w-periodic with respect to ¢, and 13, 13, . .., T,,, are positive constants. The
results obtained in [8] can deal with the case of second-order differential equations, but
for high-order differential equations, for example,

1 1 1
L,u(t) = Euz(t -T1) + Zuz(t - Ty) + guz(t -13), teR,

the results of [8] are not valid.

Motivated by the papers mentioned above, we consider the existence of positive w-
periodic solutions for the nth-order nonlinear ordinary differential equations in Banach
space E

L,u(t) :f(t,u(t—rl),...,u(t—tm)), teR, (1.1)

where f: R x E™ — E is a continuous function that is w-periodic with respect to ¢, and
71, T2, ..., Ty @re positive constants which denote the time delays.

The main features and crucial technique of the present paper are summarized as fol-
lows:

(i) In this paper, we discuss the effect of multiple delays in the high-order ordinary
differential equation in abstract Banach spaces, which has seldom been studied
before.

(ii) Since the integral operator Q is not compact in abstract Banach spaces, the fixed
theorems of completely continuous mapping are not valid for this problem. In
order to overcome this difficulty, we provide a measure of non-compactness
condition (R1) on nonlinear term f, which is much weaker than some existing
results. And we prove that the operator Q is a condensing mapping, see Lemma 2.7.

(iii) By utilizing the perturbation method, we obtain the existence of positive
w-periodic solution of the linear differential equation corresponding to Eq. (1.1).
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Then the strong positivity estimation of the operator T is established by using the
positivity of G,(t,s) and T}, see Lemma 2.3.

(iv) In our main results Theorem 3.1 and Theorem 3.2, we provide some order
conditions on nonlinearity f to guarantee the existence of positive w-periodic
solutions of Eq. (1.1), which are much easier to verify in application.

The rest of this paper is organized as follows. In Sect. 2, we introduce some preliminaries
and prove the existence of positive solutions of the corresponding linear problem. The
main results of this paper are presented in Sect. 3. Some remarks are given to show the
superiority of this work.

2 Preliminaries

Let I = [0,w], C(I,R) be the Banach space of all continuous functions furnished with the
norm ||u||¢c = max.; |u(t)|. For Vi € C(I,R), we first consider the linear boundary value
problem (LBVP)

Lau()=0, tel,
uD0) =u(w), i=0,1,...,n-2, (2.1)
" D(0) — "D (w) = 1.

Denote by P, (1) the characteristic polynomial of L,:

Pn()‘) =AM+ dn_l)un_l +---+4dp.

Let N(P,(1) = {» € C: P,(A) = 0}, where C denotes the complex plane. By Lemma 3 of
[7], we get the following lemma.

Lemma 2.1 Let P,()), the characteristic polynomial of L,, satisfy

(P) N(P,(M) C{zeC:|Imz| < Z}.
Then, if ap > 0, LBVP(2.1) has a unique solution r,(t) > 0 for any t € I.

Let E be a Banach space whose positive cone K is normal. Denote by C,(R, E) the Ba-
nach space of all E-valued w-periodic continuous functions on R endowed with the norm

ll#]lc = maxse; ||u(t)]]. Let K¢ = C,(R, K) be the normal cone of C, (R, E).

Definition 2.1 A function u € C(RR, E) is called a positive w-periodic solution of Eq. (1.1)
if u(¢) > 0 for any ¢ € R and u(¢) satisfies Eq. (1.1).

Lemma 2.2 Let assumption (P) hold and ao > 0. Then, for Vi € C,(R, E), the linear equa-
tion

Lu(t)=h(t), teR (2.2)

has a unique w-periodic solution given by

u(t) = /t Gu(t,$)h(s)ds = (T,h)(t), teR, (2.3)
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where

r.(t —s), 0<s<t<ow,
Gt =" =
rmlw+t-s), 0<t<s<ow,

where r,(t) € C*(I,R) is the unique solution of LBVP(2.1), and T, : C,(R,E) - C,(R,E)

is a positive and bounded linear operator, whose norm satisfies | T, | = +.
a0

Proof From Lemma 2.1, if assumption (P) holds and g > 0, LBVP(2.1) has a unique so-
lution r,(¢) > 0 for any ¢ € I. By Lemma 1 of [7], the linear periodic boundary value prob-
lem(LPBVP)

L,u(t)=h(t), tel,

) =), te (2.4)
u(l)(O) - u(‘)(a))

has a unique solution u € C"*(I, E), which is given by the expression

u(t) = ]w G, (t,s)h(s) ds.
0

Since the w-extension of the solution of LPBVP(2.4) is the w-periodic solution of linear
equation (2.2). Inversely, the w-periodic solution of linear equation (2.2) restricted to [0, ]
is the solution of LPBVP(2.4). Hence, for Vi € C,(RR, E), linear equation (2.2) has a unique
w-periodic solution, which is given by (2.3).

Clearly, T, : C,,(R,E) = C}(R,E) — C,(R,E) is a positive operator. It remains to prove
that 7, is bounded and || T}, || = % On the one hand, for Vi € C, (R, E), the inequality

17,0 = ” [ Guttomeds

1
< —lhllc
ap

implies || 7| < L. This means that T}, is bounded.
0

a

On the other hand, let /y(¢) = 1 for all £ € R. Then k¢ € C,(R, E) and |/g]|c = 1. So,

| Tuho(d)] = H [ Gtesmras

/w G,(t,s)ds

0

lollc

1
—llhollc.
ao

Therefore, || T, = % g

In order to prove the existence of positive w-periodic solutions of Eq. (1.1), for Vi €
Cu(R, E), we consider the linear differential equation with delay of the form

Lou(t) + pu(t—t)=h(t), tekR, (2.5)

where p > 0 is a constant.
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If r,(¢t) > 0 for t € I, let m,, = min;¢; r,(¢) and M,, = maxyc; r,(¢). Then 0 < m,, < r,(¢) <
M,,. By Lemmas 2.1 and 2.2, we obtain the following lemma.

Lemma 2.3 Assume that (P) holds and 0 < p < yag, where y = ;”TZ Then, for Yh €

C,(R,E), linear delayed differential equation (2.5) has a unique w-periodic solution u :=
Th e Cy(R,E),and T : C,,(R,E) — C,(R, E) is a linear bounded operator satisfying ||T| <
L Ifhe C,(R,K), then T : C,(R,K) — C,(R,K) is a positive linear bounded operator

ao—p
satisfying the strong positivity estimate

(Th)(t) > y(Th)(s), Vt,seR.

Proof By Lemma 2.2, the w-periodic solution of Eq. (2.5) is expressed by

u(t) = / G,(t,s) [h(s) - pu(s — 7:)] ds, telR. (2.6)
Define an operator B by
Bu(t) = pu(t—t), teR. (2.7)

Then B: C,(R,E) — C,(RR,E) is a linear bounded operator with || B|| < p. Hence, by (2.6)
and (2.7), we have

(I + T,B)u(t) = T,h(t), teR. (2.8)

Since | T,.B|| < || T, ||IIB] < % < 1, by the perturbation theorem, (I + T,,B)~! exists and

U+ T,B)" =) (-D(TuB) = ) (T,B*(I - T,B). (2.9)
i=0 i=0

By direct calculation, we get

ag

|+ T.B)"| < . (2.10)
ap—p
Hence, by (2.8), we have
u(t) = + T,B) ' T,h(t) := Th(t), teR, (2.11)

which is an w-periodic solution of (2.5). By (2.10) and (2.11), we have

|Th(t)| = | + T,B) ' T,h(s)|

IA

|+ T,B) 1Tl - N1l

IA

1
—|Allc.
aop—p
Therefore,

1T <

do-ﬁ'
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Furthermore, for Vi € C,(R, K), we prove that T : C,(R,K) — C,(R,K) is a positive
operator and (Th)(¢) > y (Th)(s) for any t,s € R. By (2.9) and (2.11), we have

Th(t) =Y (T,B)*(I-T,B)T,h(t), teR.

'M8

)
<)

Since
t [
Tnh(t):/ G,,(t,s)h(s)dsZm,,/ h(s)ds
t—-w 0
and
Tnh(t)an/ h(s)ds
0

and

we get

(I = T,B)T,ph(t) = T,h( t) —(T,B)T, h(t)

ao Jo
M,
- (m _P ) / h(s) ds.
ao 0
Since & € C,(R,K), h(t) # 0 for all £ € R. There exist [¢,d] C I and & > 0 such that
h(t)>e, telcd],

from which we get [, h(s) ds > fcd h(s)ds > e(d - ¢) > 0. Due to p < yay, we get

(I = T,B)T,h(t) > (m - pM") / " hs) ds
ag 0

- agm, — pM,

“e(d - c)

ag
> 0.

Therefore, T : C,(R,K) — C,(R, K) is a positive operator. Moreover, for any & € C, (R, K),
by (2.11), we have

(I + T,B)(Th)(t) = T,h(t) = / t Gu(t,s)h(s)ds, teR.

So, we have

(I + T, B)Th)(t) = m, /-w h(s)ds (2.12)
0
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and

/Ow h(s)ds > 1\%(1 + T,,B)(Th)(2). (2.13)
Consequently, for any ¢,s € R, we have

(I + T,B)(Th)(¢) > y( + T,,B)(Th)(s). (2.14)

Hence, (Th)(t) > y(Th)(s) for any ¢,s € R. O

Let E be a separable Banach space. Denote by Bg(-) and B¢(-) the Hausdorff measure
of non-compactness(MNC) of the bounded set in E and C,(R, E), respectively. Let D C
C,(R,E) be bounded, set D(t) = {u(t) : u € D} C E for t € R. Then Be(D(t)) < Bc(D). The
following lemmas for the MNC are cited from [3, 6, 13].

Lemma 2.4 Let D C C(I,E) be a bounded and equicontinuous subset. Then Bg(D(t)) is
continuous on I and

Bc(D) = max Be(D(t)) = Be (D)),
where D(I) := {u(t) :u € D,t € I}.

Lemma 2.5 Let D C E be bounded. Then there exists a countable subset Dy C D such that

Be(D) < 2Be(Dy).

Lemma 2.6 Let D = {u,} C C(I,E) be a bounded and countable subset. Then Bg(D(t)) is
Lebesgue integrable on I and

ﬂs({/lun(t)dtb < 2/1,85(1)(:)) dt.

Now, we consider the existence of positive w-periodic solutions for the high-order dif-
ferential equation with delays of the form (1.1). By Lemma 2.3, we define an operator
Q:C,(R,E) »> C,(R,E) by

(Qu)(t) = (I + T,B)™!

x/t G,,(t,s)[f(s,u(s—rl),...,u(s—rm))+,ou(s—t1)]ds, teR. (2.15)

—w

By the continuity of f, the operator Q : C,(R, E) — C,(R, E) is continuous. The positive
w-periodic solution of the high-order differential equation (1.1) is equivalent to the posi-
tive fixed point of Q. It is noted that the integral operator Q is not compact in an abstract
Banach space. In order to employ the topological degree theory of condensing mapping,
it demands that the nonlinear term f satisfies some MNC conditions. Thus, we make the
following assumption.
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(R1) ForVr>0,f e C(R x K!",E) is bounded and
,Bg(f(t,Dl,Dz, .. .,Dm) + ,0D1) < ZMiﬂE(Di)$ telR,
i=1

where K, ={u € K : ||u|| <r}, D; CK, (i=1,2,...,m) are arbitrarily countable sub-

sets, M; (i =1,2,...,m) are positive constants satisfying

m
3 Mi< “04_'0. (2.16)

Lemma 2.7 Suppose that condition (R1) holds. Then Q : C,(R,K,) — C,(R,K) is a con-
densing mapping.

Proof For any r > 0, let K¢ = {u € C,(R,K) : u(t) € K,,t € R}. Since f(R x K/",E) is

bounded, there exists a constant M > 0 such that
If (& 21, ..comm)| <M (2.17)

foranyt e Randx; € K;,i=1,2,...,m. Hence, for any u € K, ¢, by (2.15), we have

[ (Qu)@)|

H (I+T,B)” / G,(t, s)[f(s u(s —11),...,u(s — ‘Cm)) + pu(s — rl)]

ag

IA

p /t_w G,(t,s) Hf(s,u(s— T1),..., u(s — rm)) + pu(s— 7,'1)” ds

aog —

ag

ap—p

IA

/w G(t,8)[M + pr]ds
0

M+ pr

ap-p

Then Q(K, ) is bounded. Clearly, Q(K, ) is equicontinuous. Hence, by Lemmas 2.4
and 2.5, there exists a countable subset D, = {1,}7°, C K, ¢ such that

Be(QUK:)) =2Bc(QDy) = 2max B (QD)(@)- (2.18)
By assumption (R1) and Lemma 2.6, we have

Be(QD)(2))
= /SE({(I +T,B)! / Gut,)[f (s te(s = 1), the(s = T)) + puse(s — 7)) ds})

-
2610
Tap—p

3w [ Gt s

610—

/ Gn(t,s)ﬁg({f(s, ue(s—11),...,ue(s — tm)) + pue(s — 1:1)}) ds

Page 8 of 17
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2 “ @
< S M [ Gt dspelD)
P 0

_ﬂo—

23 M,
< Zl—-lﬁc(lo,c).
ap—p

Consequently, we have

4" M

Bc(Q(Krc)) < 2max Bp(Q(D,)(2)) < —= TG (K ). (2.19)
te] ag— p
Hence, Q: C,(R,K,) — C,(R,K) is a condensing mapping due to (2.16). O

Remark 1 In Lemma 2.7, if the nonlinearity f satisfies linear growth condition, for exam-
ple, f satisfies the following condition:
(R2) There exist constants C; >0 (i = 1,2,...,m) and b > 0 such that

flt %1, %) < Z?m +b
i-1

foranyt e Randx; € K,i=1,2,...,m, then (2.17) holds for x; € K;, i = 1,2,...,m,
with M = Y7, Cir + b.

Define a cone Z in C, (R, K) by
E = {u € C,(R,K) : u(t) > yu(s),Vt,s € R}, (2.20)
where y = ]’g[—’:’ Then we can obtain the following lemma.
Lemma 2.8 Q(C,(R,K)) C &.

Proof Foranyt,s € Rand u € C,(R, K), by (2.15), we have

t

(I + T,B)(Qu)(¢) = /t_w Gu(t,O)[f (0,ud — 11),..., u(0 — T,n)) + pul6 — 71)] dO
> m, /wa(e,u(e = 11),. 0, (0 = Tr)) + pu(0 — 1) dO
and
(I + T,,B)(Qu)(s) = /_w Gus,[f(0,u6 - 11),..., u(0 — 1)) + pu(6 — 71)] dO
<M, /wa(é,u(é =115, u(0 = Tp)) + pu(6 — 1) d6.
It follows from the above two inequalities that

(I + T,B)(Qu)(t) > y + T,B)(Qu)(s), Vt,seR.

Hence Q(C,(R,K)) C &. |
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Let E be a Banach space and D C E be a closed convex cone in E. Assume that §2 is a
bounded open subset of E with boundary 352 and DN 2 #%,and Q: DN 2 — Dis a
condensing mapping. If Qu # u for any u € D N 942, the fixed point index i(Q,D N £2,D)
is well defined. If i(Q, D N £2, D) #0, then Q has a fixed point in D N £2. In the proof of the
main results, the following two lemmas are useful.

Lemma 2.9 ([9]) Let 2 be a bounded open subset of E with 6 € 2 and Q: DN 2 — D be
a condensing mapping. If

AQuFu, YueDNIR,0<r<1,
then i(Q,DN §2,D)=1.

Lemma 2.10 ([9]) Let $2 be a bounded open subset of E and Q : DN §2 — D be a condensing
mapping. If there exists e € D \ {0} such that

u—Qu#ue, YueDNI2,u>0,
then i(Q,DN 2,D) = 0.

3 Existence of positive w-periodic solutions
Let E be a separable Banach space and K C E be a positive cone of E. For any positive
constants R and r, let

2r={ueCoRK): ulc<R},  £2.={ueC,(RK):|ullc<r} (3.1)

Then 082 = {u € C,(R,K) : |lu|]lc = R} and 082, = {u € C,(R,K) : ||u|]|c = r}. Define an
operator Q : C,(R,K) — C,(R,K) by (2.15). Then, by Lemmas 2.7 and 2.8, Q: C,(R,K) —
C,(R,K) is a condensing mapping when assumption (R1) holds. We will prove that the
operator Q has at least one fixed point in £2,z := £z \ £2,, which is the positive w-periodic
solution of Eq. (1.1).

Theorem 3.1 Suppose that (P) holds and 0 < p < yay. Let f € C(R x K™, K) satisfy as-
sumption (R1). Then Eq. (1.1) has at least one positive w-periodic solution if the following
conditions hold:

(H1) There exist positive constants ci, ..., cy, satisfying y .-, ¢; < y2ao and § > 0 such that

m
f(t’xly .. wxm) = Zcixi
i=1

forany t € R and x; € K with ||x;|| <3,i=1,2,...,m.
(H2) There exist positive constants dy,...,d, satisfying ¥ -, d; > ag and hy € C,(R,K)
such that

X1, %) > Zdixi = ho(2)

i=1

foranyteRandx; € E,i=1,2,...,m.



Liang and Li Advances in Difference Equations (2020) 2020:157 Page 11 of 17

Proof Let E be the closed convex cone of C,(R, K) defined by (2.20). Define an operator
Q:C,(R,K) = C,(R,K) by (2.15). We show that Q has a fixed point in & N §2,z forr >0
small enough and R > 0 sufficiently large.
Let r € (0,8), where § is the positive constant in assumption (H1). We prove that Q
satisfies the conditions of Lemma 2.9 in & N £2,, namely,
AQuFu, YueZNiR2,0<A<1.
In fact, if there exist 19 € Z N 3£2, and 0 < Ay < 1 such that
XoQuo = uo,
then by the definition of Q and Lemma 2.3, 4, satisfies the delayed differential equation
Lauo(t) + puo(t — 71) = Aof (L uo(t — 71), ..., tio(t — Tn)) + Aopuo(t — 71), tER,
ie.,
L,uo(t) §f(t, uo(t —11),...,uo(t — rm)), teR. (3.2)
Since uy € 952,, by the definition of £2,, we have

0< ||u0(t—r,-)|| <llugllc=r<d8, i=12,....miteR.

It follows from (H1) that
St uo(t = 1), uo(t = T)) < Z citho(t—7;), teR.
i=1
Hence, by (3.2), we have

m
Lyuo(t) < Z cuolt—7), tekR.
i=1

Integrating both sides of this inequality from 0 to w and using the periodicity of u, we
have

a()/ uo(v) dv 52@/ uo(v—r,»)dv=Zci/ uo(0)do.
0 =1 Y0 =1 Y0

By the definition of cone =, we have
/ uo(v)dv > / yuo(s)dv > youy(s), Vv,seR (3.3)
0 0

and

@ 1
/ uog(v)dv < —wup(t), Vv,teR. (3.4)
0 14
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By the arbitrariness of £, s € R in (3.3) and (3.4), choosing ¢ = s, we get

m

19} m w 1
agy witg(s) < 610/ uo(v)dv < Zci/ uo(v)dv < —wue(s) Y _c.
0 - Jo 14

i=1

Consequently,

1 m
(aoya) - —a)Zci) uo(s) < 0.
Y

i=1

Since Y 1", ¢; < apy?, it follows that ug(s) < 0 for s € R, which is a contradiction to ug €
9£2,. Hence, for any u € & N 962, and 0 < A < 1, we have

AQu # u.
By Lemma 2.9, we have
(QENSK,E)=1 (3.5)

Let e € C(R,K) with e(t) = 1 for any £ € R. Then e € E \ {0}. We show that Q satisfies
the conditions of Lemma 2.10 in & N 382, that is,

u-Qu#ue, Yue ENa2xu=>0 (3.6)
for R > 0 sufficiently large. In fact, if there exist u; € & N 382 and p; > 0 such that
uy — pie = Quy.
Then, by the definition of Q and Lemma 2.3, u; satisfies the delayed differential equation
L,uq(t) — prao =f(t, ui(t—1),...,u1(t - rm)), teR.

Since u; € E N 982z, by condition (H2), we have

Ly (8) =y " dany (¢ = 73) = ho(0).

i=1

Integrating both sides of this inequality from 0 to w and using the periodicity of u;, we

have

aO/Owul(v)du > ;difowul(v—ri)dv—/owho(v)dv
= ;d,'/()wul(v)dv—/owho(v)dv.
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This implies

(; d; - 610) /Ow u(v)dv < /:)ho(\))dv < o|lhollc. (3.7)

Since u; € E N 382y, by the definition of &, we have
ur(v) > yui(s), Vv,seR

Hence, by (3.7) and }_" | d; > ao, we have
(Z d; - ao)wyul(s) <olhllc.
i=1

So,

lhollc A
m(s) < ——r——— =R"
' V(Zl'=1 d; — ao)

Let R > max{R*,3}. Then (3.6) is satisfied. By Lemma 2.10, we have
i(Q,8 N 2z, &) =0. (3.8)
Combining (3.5) with (3.8), we have
(QENRpE)=i(QENRE)-iQENR,E)=-1+0.

Hence, Q has at least one fixed point in & N £2, , which is the positive w-periodic solution
of Eq. (1.1). O

Remark 2 If we choose

m

f(t, u(t—t1),...,u(t— rm)) = Z %Lﬂ(t— 1), YuelkKc,

i=1

we can prove that (H1) and (H2) hold. Hence, conditions (H1) and (H2) allow

f(t,x1,...,%,) to be superlinear growth on x1, ..., x,,.

Theorem 3.2 Suppose that assumption (P) holds and 0 < p < yay. Let f € C(R x K™, K)
satisfy (R1). Then Eq. (1.1) has at least one positive w-periodic solution if the following
conditions hold:
(H3) There exist positive constants dy,dy,...,d,, satisfying Zl’zl d; > ay and § > 0 such
that

m
f(tixli"')xm) Z Zdixi

i=1

forany t € R and x; € K with ||x;|| <8,i=1,2,...,m.
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(H4) There exist positive CONStants c1,¢s, ..., Cy Satisfying Y iy ¢; < ag and hy € C,(R,K)
such that

f(trxli---’xm) S Zcixi + hl(t)

i=1
foranyteRandx; € E,i=1,2,...,m.
Proof Forany 0 <r <R < +00, choose &, §2,, 2, and £2, as in the proof of Theorem 3.1.
Define an operator Q by (2.15), then by (R1), Q: C,(R,K) — C,(R,K) is a condensing
mapping. We will show that the operator Q has at least one fixed point in & N §2,z.
Let 7 € (0,8). On the one hand, we prove that Q satisfies the conditions of Lemma 2.10 in

E N3£2,. Choosee(t)=1forany t € R, thenee & \ {#}. Forany u € £ N 92, and u > 0,
we will show that

u—pe#Qu.
In fact, if there exist ug € & N 9£2, and o > 0 such that
ug — poe = Quyo,
then uy satisfies the delayed differential equation
Lyuo(t) + puo(t — 71) — podo = f (& to(t — T1), ..., tho(t — T)) + puo(t —T1), tER,
namely,
L,uo(t) — poao =f(t, uog(t —11),...,uo(t — rm)), teR.
Since uy € £ N 952, we have
0 < |uo(t— )| < lluollc=r<3s.

So, by condition (H3), we have
f(lf, uo(t — 1'1),. LUt - ‘L'm)) > Zdiuo(t - 'L'l')
i=1
for any ¢ € R. Hence

m
Lyuo(t) — podo = Zdiuo(t - T).
i=1
Integrating both sides of this inequality from 0 to w, we have

w m w m w
aO/ uo(v) dv — poaow > Zdi/ uo(v —1;)dv = Zd,»/ uo(v)dv.
0 0 i=1 0

i=1
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So, we have

m ®
(Z di - 610) f up(v) dv < —pLodow.
i=1 0

Furthermore, we get

(Z d; - ﬂo) ywuy(s) < —Lodow.

i=1

In view of Z,m=1 d; > ap, y >0, and w > 0, we obtain that u(s) < —poaow < 0 for any s € R,
which contradicts ug € 952,. Hence, all the conditions of Lemma 2.10 hold. By Lemma 2.10,
we have

(Q,ENHR,, E)=1. (3.9)

On the other hand, we show that the conditions of Lemma 2.9 are satisfied when R is large
enough. That is, for any u € & N 382z and 0 < A < 1 such that

u # AQu.
In fact, if there exist u; € & N 982 and 0 < A; < 1 satisfying

uy = 21 Quy,
then by the definition of Q, we have

Loy (t) + pur(t — 1) = Mf (Lun(E — 71), o un (8 — T)) + Aipun(E—71), tER.
Hence, we get

Lo () <f(tur(t - 11),...,m(t = T)), teR.

By virtue of u; € & N 082 and (H4), we have

fEumt -1, ua(t = 1)) < Zciul(t— ) +hi(f), teR
i=1
Thus,
Lan(8) <) can(t-1)+ (@), teR.

i=1

Integrating both sides of this inequality from 0 to w, we have

aO/ ul(v)dv§Zci/ ul(v)dv+/ hi(v)dv,
0 - Jo 0

Page 150f 17
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namely,

<ao—Zci>/ w)dv = [ v <ol
i=1 0 0

Since u; € &, it follows that
u1(v) > yui(s), Vv,seR.

Hence, from the above inequality, we have

(ao - Zc,) you(s) < ollllc.
i=1

Consequently, we have

Illc

luillc < ——=m—— =R
(@0 -2 ey
Let R > max{R, r}. Then all the conditions of Lemma 2.9 are satisfied. By Lemma 2.9, we
have
i(QENag E)=1. (3.10)

Combining (3.9) with (3.10) and by utilizing the additivity of fixed point index, we have
l(Q’E ﬁSzr,]?r&?) :l(Q;E ﬂQRrE)_l(Qrg mKzrﬂg) =1 7{0

Hence, Q has at least one fixed point in & N §2, ¢, which is the positive w-periodic solution
of Eq. (1.1). O

Remark 3 If we choose

m

f(t, u(t—t1),...,u(t - rm)) = Z %u%(t— 1), YueKkKc,

i=1

we can prove that (H3) and (H4) hold. Hence, conditions (H3) and (H4) allow

f(t,x1,...,%,) to be sublinear growth on x,...,x,,.

3.1 Conclusion

In the present work, we establish some sufficient conditions on nonlinear term f to guaran-
tee the existence of positive w-periodic solutions of Eq. (1.1) in abstract Banach spaces. By
using perturbation methods, we first prove the existence of positive w-periodic solutions
of the linear problem corresponding to Eq. (1.1). Then the strong positivity estimation of
the operator T is established. The existence of positive w-periodic solutions of Eq. (1.1) is

proved by utilizing fixed point index in cones.
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