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1 Introduction
Integro-differential equations have gained a lot of interest in multitude of uses, specifically
in sciences related to nature and engineering. Special usages of the integro-differential
equations are visible in the mathematical modeling on spatio-temporal development of
epidemics [44]. Generally, it is impossible to get an analytical answer for such equations.
Because of that, various numerical methods have been devoted to finding the approximate
solutions to such equations. The numerical solution of this type of integro-differential
equations is discussed by a large number of authors. A few of these solutions are as fol-
lows: approximate solution that is obtained by using spline functions [1], Jacobi-spectral
method for integro-delay differential equations with weakly singular kernels [25], polyno-
mial spline functions that have free boundary condition for solving the first-order integro-
differential equations whose order of derivative is one [34], quartic trigonometric B-spline
algorithm for numerical solution of the regularized long wave equation [15], an effective
application of differential quadrature method based on modified cubic B-splines to nu-
merical solutions of the KdV equation [3], and the exponential cubic b-spline collocation
method for the Kuramoto-Sivashinsky equation in [18].

Recently, many authors have investigated the numerical methods for integral equations.
These methods include a cubic spline approximation in C? to the solution of the Volterra
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integral equation of the second kind [33], quintic B-spline method [30], Bernstein op-
erational matrix of derivative [4], hybrid of block pulse functions and normalized Bern-
stein polynomials [5], iterative method [49], sinc-collocation method [48], bivariate splines
on nonuniform partitions [36], Jacobi operational matrices for solving delay or advanced
integro-differential equations [40], the tau approximation for the Volterra—Hammerstein
integral equations [21], b-spline collocation and cubature formulas [12] and [37], wavelet
method [6], Walsh function method [35], Chebyshev finite difference method [13], dif-
ferential transform method [7], Legendre polynomial method [39], an approximating so-
lution, based on Lagrange interpolation and spline functions, to treat functional integral
equations of Fredholm type and Volterra type [20], CAS wavelets method [22], an effi-
cient matrix method based on Bell polynomials for solving nonlinear Fredholm-Volterra
integral equations [32], collocation methods [10], Taylor polynomial methods [46], and
Bernoulli matrix method [9]. Xuhao Li and Patricia J.Y. Wong in [26—29] have successfully
applied non-polynomial spline to fractional diffusion problems. Besides, non-polynomial
splines have also been applied to solve a system of second-order boundary value problems
in the mid-knots of the mesh [14]. In addition, Sezer ’s method is discussed by Sezer et al.
for approximating different types of integral and differential equations, especially Fred-
holm integro-differential equation [2]. Some papers have also developed numerical meth-
ods based on B-spline collocation method, for example, the extended B-spline collocation
method for numerical solutions of Fisher equation in [17], numerical solutions of the
Gardner equation by extended form of the cubic b-splines in [24], and in [23] generation
of the trigonometric cubic b-spline collocation solutions for the Kuramoto—Sivashinsky
(KS) equation.

For second-order impulsive integro-differential equations, periodic boundary value
problems are discussed in [47]. Moreover, for second-order impulsive integro-differential
equations, a class of three-point boundary value problems in Banach space have been de-
veloped in [19]. Yiizbasi et al. in [50-56] used the non-polynomial functions to solve dif-
ferential equations that have been based on non-polynomial functions set {1,e7, e, ).

In this paper, based on the non-polynomial spline basis and quasilinearization method
to solve the nonlinear Volterra integral equation [31], we want to use the non-polynomial
spline functions to develop a numerical method for the solution of the Fredholm integro-
differential equation

u”(x) + p(e)u' (x) + g(x)u(x) = f(x) + fab k(t, x)u(t) dt,

(1)
u(a) = a, u(b) = B, tel:=[0,1],

where p(x), q(x), k(t,x) are known functions and are considered sufficiently smooth, and
also u(x) is an unknown function to be determined. In [45] the existence of solutions has
been discussed. In this paper, the basic ideas are developed to establish an algorithm that
can be easily implemented and applied to second-order linear Volterra integro-differential
equations. The aim of present work is to explore exponential spline interpolation with
multiple parameters and devise a method to determine these parameters and also produce
the minimum error. The main advantage of our algorithm is that it can be used directly
without using assumption or transformation formulae.

The next sections of this paper are organized as follows. In Sect. 2, non-polynomial
spline method to solve second-order boundary value problems of Fredholm integro-
differential equation is described. In Sect. 3, the convergence of the method is explained.
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The efficiency of the method by solving some examples and comparison of the numerical
solutions with some other existing methods in [11] is shown in Sect. 4. Finally, a short

conclusion is given.

2 Exponential spline

Proof of the existence and uniqueness of the non-polynomial interpolation function is
presented in [42] and [43] (Sect. 2.3); in addition, the error analysis in non-polynomial
interpolation function is proved in [41]. In [41] interpolation function has been presented
as the form

Qi) =) cyilx), 2)
0

where {y0(x), y1(x),...,y,(x)} are continuous functions which are real-valued and linearly
independent on [a, b]; moreover ¢, c;,...,c, are coeflicients which are determined by the
interpolation conditions. The following form can be considered as a special item of (2):

Qulx) € span{eo’\", e e L, e"'\"}.

Let £2 be a partition of the interval [a b], defined by the knots x;, such that £2 : a = x <

x1 < -+ < x, = b, with step size 1 = Z=2. We denote the exponential spline function that
interpolates the values ug, u1,...,u, of the function of u(x) by S;(x, 1) as follows:
So(x,A) = a;e %) 4 e %i) 4 ¢, PHEH) 4 g o4 lei) (3)

The coefficients introduced in equations (3) are real and X is an arbitrary parameter. To
derive expression for the coefficients in equations of (3) in terms of u;, u;,1, M; and M, 1,
we first denote

(@) :S.Q (i, 1) = uy, So @i, M) = Ui,
S5 (xi, ) = M;, SO i1, A) = My,

(b) { S A) = u;, Se (i1, M) = i1,
So i A) = my, So i1, A) = M.

By using algebraic manipulation of (3) and (4)(a), we obtain the following relations:

=e (=¥ (-5 +7¢")M; + (7 - 5¢" ) M1
+427 (¥ (-20 + 7€ )u; + (=7 + 206 ) ui11)),
bi=e (e (-8 +7¢" + 7€ \M; + (-7 - 7€ + 8¢ )M,
—22(e* (-128 + 7¢” + 7e*)u; + (=7 - 7¢" + 128¢” )uz,1)),
G=e((e” +e¥ -4 \M;— (<4 + ¢ + )My
+427 (¥ (—4 - 4€” + &) u; + (-1 + 4€” + 4¢*)us1)),
di= e (€% (-3 +5¢")M; + (=3 + 56" ) M1

—27(e¥ (=27 + 5€¢°)u; + (=5 + 27€¢° ) ui11)),
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® =3(-1+¢")(7 - 18¢" + 7e*)2%,

To develop the consistency relations between the values of spline and its derivatives at

knots, consider the following relation:

1
aM;_y +2BM; + oM, = ﬁ(um —2u; + Ui1), (5)
where
1 M 1 5 1 1 coth(Ah)
o = - , = - ,
(722 \ sinhGu) )2 A
and 6 = KA.

Pay attention that exponential spline functions relation (5) will be identical with ordinary
spline functions as & — 0, which («, 8) — (¢, 3). Moreover, assuming « = 75, f = 33, we
get the following relation:

12
Mi—l +10ML'+M,'+1 = ﬁ(ui+1—2ui+ui_1), i= 1,2,...,14—1. (6)
By expanding (5) in Taylor series about x;, we obtain the following local truncation error:

;o1 @, 1 ©
T; = (20 + 28 — \i*u] + E(120¢ - Di*uy? + %(SOa — 1)hCu;

(560 — 1)h8u®

T L @)

Similarly, by using (3) and (4)(b), we get

o+ p

am_1 +2Bm; +amg, = T(um —ui), i=1,2,...,n-1, (8)

and also by expanding (8) in Taylor series about x;, we obtain the following local truncation

error:

Ti= (—2“ —F )h3u§3> + (—4"‘ P )hSuES) + <76“ P >h7u§7> +O().
3(c + ) 60(a + B) 2520(a + B)

In the matrix notation, equations (5) and (8) have the following forms:
WM =RU,  Zm=SU,

where W, R, Z, and S are coefficient matrices in (5) and (8). We approximate mg =

—3ug+4ul—un _ 3Bupy_p—duy_1-un
2h

and m, = =#=2=2=1=2  and also M; for i = 0, n, by using second-order approx-

imation. From (3) and (4) we have

Sl(x) = (ek(x—xi) (5626Mi - 7639Ml' - 5M,’+1 + 76_9Mi+1 - SOezgkzui + 28639)\21/11'

+ 8027141 — 28¢ 7 A% 1z41))
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/(3(-1+¢€%)(7 - 18¢” + 7e*)1?)
+ (e (=3M; + 56" M; — 5e™ Mi + 3€ My + 2707 u; — 567 X2u;
#5622 2u;,1 — 273 2Uz11 ) )

1(3(~1+¢")(7 - 18¢" +76¥)12)

+ (2070 (—8¢” M + 7€ M; + 7€ M + 8My1 — 7€ My — 7™ My
+1282%"u; — 7¢* 3 7u;))

/(8(-1+¢")(7 - 18¢" + 7¢*)2%)

e (_722e30 1y — 12802051 + 7€ 02001 + 7€ A2u541)
3(=1+e?)(7 — 18¢? + 7e20)22

+

+ (BBA(X_M) (Ml + eQMi - 4629Mi — M,‘+1 + 4-6_20M,'+1 - e_gMM
- 163 %u; — 16¢”2%u;) )
/(-1 +¢€°)(7 - 18¢” + 7¢*)1?)

e3M2) (14732201, + 1602111 + 4e 2N 2ui1 + 16792 20;5,1)

4
* 1+ &) (7 - 18 +76%)32 ). O

To discretize the integro-differential equation of (1) by using equation (4), we obtain
a /
u ;+pi;+qil;

=fi+ fb/<(t,x)u(t) dt
nloegy

=fi+> / k(t,%;)u(t) dt
j=0 VY

~f+ Z / k(t,%:)S;(¢) d

e ((5-7€¢")M; + A\*(-80 + 28¢”)u;) [+
=fi+ Z

k(t, x;)e" ) dt
3(—1+e?)(7 — 18¢ + 7e26)A2 p (&)

”i (=5 +7e )M, 1 + A2(80 — 28¢ )y,

L1
(¢, x;)e" ) dt
3(—1+€?)(7 — 18¢? + 7€20)A2 /t (&)
U

j=0

n-1 9 0 20 2 0 20 t
e’ (-8 +7e" +7e)M; + A°(128 — 7¢° — 7e”" )u; j+1
» ( M+ 21 ) k(t,%;)e* %) dt

p 3(—1+e?)(7 — 18 + 7e20))\2 i

. N (8-7e =7 )My + 22(=128 + 7 + 7e P )uy,, / ke 1)eP 6 4
= 3(~1+¢")(7 — 18¢ + 7¢*)1 , l
n-1

. (1 +¢” —4e¥)M; + 22(=16 — 16¢” + 4e¥)u; (41 k(t, x)e¥ ) di
. (-1 +€?)(7 — 18¢? + 7e20))2 5 T

(-1-e? +4e )My + 22(+16 + 1667 — 467" )u;4
(-1 +e)(7 — 18¢? + 7e20)22
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i1
x / k(t, x;)e* 8 dt
5

”2‘1: (=3 +5¢")M; + 2227 - 5¢")u; (41

k(t,x;)e* % dt
B(-1+¢")(7-18¢ + 7e)22 ), (& x)e

j=0
. ”2‘1: e ((3—5¢) M,y + A2(=27 + 5¢)u;,1)
P 3(=1+e?)(7 — 18¢? + 7e20)A2

fjs1
f k(t, x;)e* ¢4 dt.
5

We let

alipj) = [ kt,x)e D de,  b(ij+1) = [7 k()0 dr,
c(iof) = [ k@) 0 dt, dGij+ 1) = [ k()0 dt,

e(i,j) = f;f“ k(t,x)e ) dt,  r(i,j+1) = /t/‘_f*l k(t,x;)e* ) d,

g(i,j) = j;jf*l k(t,x;)e*™ %) dt, h(ij+1) = [57 k(8,205 dt,

4
and introduce the following relations:

a(i,n) =0, b(i,0) =0, c(i,n) =0, d(i,0) =0,
e(i,n) =0, r(i,0) =0, gli,n) =0, h(i,0) = 0.

We can write the defined notations in the form of the matrix as follows: A = (a;;), B =
(bij), C = (cij), D = (dy), E = (e;), R = (riy), G = (giy), H = (hyj), Q = (qs)), P = (ps) also
if suppose M~ M = (MO’MI:HﬂMn—l;Mn)T’ U= i[ = (il\O:ﬁl;n-)ﬁn—lrﬁn)Tr m= m =

(g, 1, ..., M1, m,) T, and F = (fo, fi, ..., fu-1,f) . After substitution, we get

M + P+ QU
e (5-7¢%) . €% 2.2(—-80 + 28¢°)
=F+ M+
3(=1 +e?)(7 — 18¢e? + 7e20))\2 3(=1+e?)(7 — 18 + 7e20)A2
(-5 +7e79) B 2%(80 —28e7%)
+ +
3(—1+e?)(7 — 18¢? + 7e20)A2 3(—1 +e?)(7 — 18 + 7e20))2
e’ (-8 + 7¢" + 7¢¥) . e22(128 — 7€’ —7¢*)
+ +
3(=1+e?)(7 — 18 + 7e20) A2 3(=1 +e?)(7 — 18¢? + 7e20)A2
e (-8 + 7¢ +7¢%) . e?2%(128 — 7€ — 7¢%)
+ +
3(=1+¢e?)(7 — 18¢? + 7e20)A2 3(=1 +e?)(7 — 18 + 7e20)22
8-7e? —7¢7% . AH(=128 + 77 + 7e7%)
+ EM +
3(=1 +e?)(7 — 18e? + 7e20)22 3(=1 +e?)(7 — 18¢? + 7e20))2
—1-ef+4e% N A2(16 + 1670 — 4e7%)
+ +
(-1 +€?)(7 — 18¢e? + 7e20))2 (-1 +e?)(7 — 18¢? + 7e20))2
-3 +5¢’ . 2227 - 5¢%) .
+ GM +
3(=1 +¢e?)(7 — 18e? + 7e20)22 3(-1 +e?)(7 — 18e? + 7e20)\2
e ?(3-5e?) R
+
3(=1 +e?)(7 — 18¢? + 7e29) )2
e O22(=27 + 5e7%) .

(10)

+ HU.
3(=1+€e%)(7 — 18e? + 7e20)\2

Page 6 of 15



Tahernezhad and Jalilian Advances in Difference Equations (2020) 2020:141 Page 7 of 15

By solving the above system, an approximation solution of equation (1) will be gotten.
Now, the u; function can be approximated by using the exponential spline S;, where

Si(x) = (7 (5% M; — 7¢¥ M — 5Myy1 + 77 My — 80e¥ 2.20; + 28¢% 121
+80A%Tiy1 — 28¢ ™ A7T141))
1(3(-1+¢")(7 - 18¢” + 7¢°)2?)
+ (e‘“("’xi) (—31’\7L~ + 5" M; — 562 M1 + 3¢ M,y + 27071
- 5¢" A%; + 56 My — 277 M)
/(3(-1+¢€%)(7 - 18¢” + 7e*)1?)
+ (20 (—8e M + 7€ M + 7¢¥ M + 8M;s1 — 7€ % My — 7€ " My
+ 128177, — 7¢ \71;) )
/(3(-1+¢")(7 - 18¢" + 7¢*)2.?)

M) (7326307 1280205, 1 + 7€ P 0211 + 7€ 025, 1)
3(=1+e?)(7 — 18 + 7e20)A2

+

+ (eSA(x—xi) ([/\;[l + 69;\;15 - 4629;\;1[ - ;\;IHI + 46_20;\2”1 - 6_0;\;[[_,.1
- 160%1; — 16¢”A%1;) )
/((-1+ 39)(7 — 18¢” +7¢*)2?)

3% (1422207, + 160201 + 4e 2020, + 166792 2T,,1)
(-1 +€%)(7 — 18¢? + 7e2) A2

+

+0(h*). (11
In consequence, for all i = 0(1)n — 1 and x € (x;,x;,1), we get

[Si(x) = 8i(@0)| = o, (12)
and similarly we get

1S (x) - 5] (%)| = K1l (13)
See [38].
3 Convergence of the method

In this section the convergence of the method is proved. To do this, we consider equation
(10) in a matrix form as follows:

M + P+ QU
= F+ne* (5-7¢")AM + ne* 22 (~80 + 28¢°) AU
+1(=5+7¢”")BM + n2*(80 - 28¢™)BUI
+ e’ (=8 +7¢" +7¢*)CM + ne® 3* (128 - 7¢" — 7¢¥) CU

+ne’ (-8 + 7¢” + 7¢*) DM + ne’ 12 (128 - 7¢" — 7¢*) DU
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+1(8-7¢ =7 )EM + nr*(-128 + 7™ + 7 ¥)EU
+ n(—l —e ¥+ 46_26)RM + nk2(16 +16e7? - 4e‘20)RI:[
+ (=3 +5¢")GM + na*(27 - 5¢") GU

+me (3 - 5¢ ) HM + ne*3*(-27 + 5e™*)HU, (19
where

1
©3(=1+€")(7 - 18¢% + 7e2)A2"

n

Using (14), we get the following expression:
M + P+ QU
=F+n(e?(5-7¢")A+ (-5+7¢")B+e’ (-8 +7¢" +7¢*)C
+ne’ (-8 + 7¢” + 7¢*)D)M
+n((8-7e" -7e*)E+(-1-e’ +4e )R+ (-3 +5¢")G
+e?(3-5¢")H)M
+nA*(e* (—80 +28¢”)A + (80 — 28¢™%)B + €’ (128 - 7¢” - 7¢*) C
+¢’ (128 - 7¢” —7¢*)D)U
+ 02 ((-128 + 7™ + 7e*)E + (16 + 16 — 4e )R + (27 - 5¢") G
+e?(=27 +5¢ ) H)U

= WIRU+PZ'SU+QU=F+H,W'RU + H,U, (15)

where

Hy =ne® (5-7€¢")A + n(-5+7¢")B + ne’ (-8 + 7¢’ + 7¢*°)C
+ne’ (-8 +7¢” +7¢*)D +n(8 -7e" - 7¢*)E
+n(-1-e? + nde )R + (-3 +5¢’)G + ne™? (3 - 5¢)H,

Hy =n2?(e (80 +28¢”)A + (80— 28¢7)B
+ne’ (128 — 7¢’ — 7¢**)C + ne’ (128 — 7¢° — 7¢**)D)

+ 02> ((-128 + 7™ + 7e)E + n(16 + 16e™ — 4™ )R

+1(27 - 5¢")G + ne™ (-27 + 5¢ ™) H).
So the exact solution can be written as follows:
Q- (-Q'W'R-Q'PZ'S+Q'HiW 'R+ Q'H,)|U=F+T, (16)

where U = [u(xg), u(x1), ..., u(x,)]T is the (n+1)-dimensional column vector of the exact

solution, the vector of local truncation error is displayed as T = [, £2, ..., LT, According

Page 8 of 15
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to (15) and (16), we have
QI-(-Q'WIR-Q'PZ'S+QTHiW 'R+ Q' HL)|E=T, (17)

where E = (¢;) indicates the column vector of e;, i = 0,1,2,...,n, which is (n + 1)-
dimensional. Since A,«, is a diagonally-dominant matrix, then |A,x,| # 0. We need the
following lemma for analysis of convergence.

Lemma 1 Let N be an n x n matrix with |N |« < 1. So, the matrix (I — N) is invertible.
Moreover, ||(I = N) s < m

Lemma 2 The matrices W and Z are invertible.

Proof Foroa = %, B = % and o = ﬁ, B = 1—52, the matrices W and Z are diagonally-dominant
matrices, then are invertible. By using the inversion of general tridiagonal matrices [16]
and [8], it is easy to prove that [W ™| <1fora =5, 8= and [ Z7||o < 1fora =1,
B = 1. We need to show that the inverse of Q[/ - (-Q'W'R-Q'PZ7'S+ Q' Hi W™ 'R +
Q 'H,)] exists. Now, if Q is a diagonal matrix with the inverse Q7!, we can derive the

following lemma. We obtain [|Q7}||o < m+m =¢. N

Lemma 3 The matrix [[ - (—Q W R - Q'PZ7'S + Q'HW~'R + Q"' H>)] is nonsingu-
lar, provided

£ (mah® + mnsh® + nansl|klloo (b — @)h* + [kl oo (b — a)76) < 1.
Proof Obviously, for i =0,1,...,n, it can be verified as follows:

[Allco = 1Blloo = IIklloo(b—ﬂ)(eH,%l),

2_;

[[Clloo = IDlloo < llklloo(b — a)(5557),
30_

IElloo = IRllos < lIklloc(b — a@)(5552),
40

1Gllos = Hlloo < llklloo(b — a)(5552),

[1Plloo = Max |p(x:)| < 13, (18)
Qoo = Max |g(x:)| < na,

ISlloo < Mk IR0 < mah?,

IH lloo < Ilklloo (B — a)h*ns,

I1H2ll00 < [1klloo (b = a)ns,

where
1 e?(5-7e) (e —=1)| |(7e? =5)(e’ - 1)
= +
15 =138 —1)(C18¢% + 762 + 7)0° 6 6
e (7¢? +7e¥ —8)(e* —1)| |e(7e” +7e* - 8)(e* — 1)
+ +
20 20
(=7e? =772 + 8)(e* - 1) (—e? +4e72 —1)(e* - 1)
+ +
30 30
(5¢? —=3)(e® —=1)| |e?(3-5e7)(e* -1)
+ + ,
40 46
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~ 1 e??(28¢? — 80)(e — 1) N (80 —28e7%)(e? — 1)
76 = |3(ef —1)(<18¢" + 7¢2% + 7)

0 0
el (=7 —7e*° +128)(e*® —1)| |e’(-7¢’ — 7e*® +128)(e*® — 1)
+ +
20 20
(7e? +7¢72 —128)(e* - 1)| |(16e? —4e ¥ +16)(e* — 1)
+ +
360 30
(27 -5 (e® —1)| |e?(5e? —27)(e¥ — 1)
+ + .
40 40

By using Lemma 1, we get

[ (W= IR+ I2H| Z IS+ IH | W IR + 1Ha 1) < 1,
E(mh® + mnsh® + mans | klloe (b — @)i* + ||klloo (b — @)ng) < 1. 0

Theorem 1 Assume f(x) € C*(I), k(t,x) € C*(I x I) in a way that

£ (mah® + mnsh® + nansl|klloo (b — @)h* + ||kl oo (b — a)n6) < 1.

~

Therefore consider a unique approximating solution and the obtained error E := U — S

satisfies
IE| = 0(?),
where 2 := [a, b]; moreover, a, n; for [ = 1,2,3,4,5,6 are constants.

Proof By using equation (17) and Lemma 1, we get

QT

IEI < - — - — . (19)
L= QM IANWHHIRI + IPIIZHIIST + N W HIRI + 1 H 1)
By substituting || T'|| < %(m and (18) in (19), we get
IE| = O(K?).
Therefore, we have
U =Sl < C2h*. (20)

Therefore, applying (12) and (20) leads to
1L =Slloo < IU = Slloo + IS = Slloe < &l* + Loh* = O(I).

Then it may follow ||E|| — 0 if # — 0. So, for (« = ﬁ,ﬁ = %) and (o = %,,3 = %), we estab-
lished the convergence of second-order method because we approximated m, m,, Mo,
and M,, by second-order methods. Therefore, « and B do not affect the second order of

convergence. g
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4 Numerical results

Here, we apply our method for o = ﬁ, B = % on some examples of the second-order
boundary value problems of Fredholm integro-differential equation. First, the absolute
error is calculated and then compared with the well-known methods in [11]. Note that
numerical results are derived by MAPLE 14.

Example 1 As the first example, consider the following boundary value problem:
1
u(x) + xu' (x) + w2u(x) = fx) + / k(t,x)u(t)dx, xe€[0,1],
0
subject to boundary conditions
u(0) = u(1) =0,
where k(¢,x) = x + ¢, f(x) = mxcos(wx) — %, and u(x) = sin(;rx) is exact solution. The

absolute errors are presented in Tables 1 and 2. The convergence ratio (C.R.) is gotten as
follows:

E(h
CR.=log, %, (21)
2

where the maximum absolute error is shown by E(/).

Example 2 Consider the following boundary value problem [11]:

1
u”(x) = f(x) + / k(t,x)u(t)dx, x€]0,1],
0
with boundary conditions
u(0) = u(1) =0,

Table 1 E(h) of Example 1

n Our method CR. Method in [11] CR
16 1.2194e-3 1.6002e-2
32 3.7902e-4 1.6858 4.0613e-3 1.98
64 1.0683e-4 1.8271 1.0192e-3 1.99
128 2.8367e-5 19131 2.5504e-4 1.99

Table 2 Comparison of solutions obtained by the presented method with the exact solution of
Example 1 while n =128

X Exact solution Approximating solution Obtained errors
0.125 0.382683 0.382694 1.17e-5
0.250 0.707107 0.707027 2.07e-5
0375 0.923879 0.923906 2.67e-5
0.500 1.000000 1.000028 2.83e-5
0.625 0.923880 0.923904 2.54e-5
0.750 0.707107 0.707125 1.88e-5

0.875 0.382683 0.382693 0.98e-5
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where k(t,x) = &, f(x) =2 + %, and u(x) = x(x — 1) is the exact solution. The abso-

(2020) 2020:141

lute errors are presented in Tables 3 and 4.

Example 3 Consider the following boundary value problem:

1
u’(x) — ' (x) = f(x) +/0 k(t,x)u(t)dx, xe€]0,1],

subject to boundary conditions

u(0) = u(1) =0,

where k(t,x) = xt, f(x) =

2 2
In(x®>-x+1) - @ is the exact solution. The absolute errors are presented in Tables 5

and 6.

1+41x3+31x° —46x% + 8x—25x2 —13x0+ 247

Table 3 E(h) of Example 2

(¥2—x+1)2

121 1
+ 50X — Ex/gnx, and u(x) =

n Our method CR. Bestin [11] CR
16 6.1104e-4 6.5606e-4
32 1.5751e-4 1.9558 1.6398e-4 2.0003
64 4.0018e-5 1.9767 4.0991e-5 2.0001
128 1.0087e-5 1.9882 1.0248e-5 2.0000

Table 4 Comparison of solutions obtained by the presented method with the exact solution of

Example 2 while n =128

X

Exact solution

Approximating solution

Obtained errors

0.125 -1.09367e-1 —-1.09375e-1 8.00000e-6
0.250 —-1.87492e-1 -1.87500e-1 8.00000e-6
0375 —-2.34367e-1 —-2.34375e-1 8.00000e-6
0.500 —2.49993e-1 -2.50000e-1 7.00000e-6
0.625 —-2.34368e-1 —-2.34375e-1 7.00000e-6
0.750 —-1.87492e-1 -1.87500e-1 8.00000e-6
0.875 —1.09366e-1 -1.09375e-1 9.00000e-6
Table 5 £(h) of Example 3
n Our method CR.
16 2.0224e-3
32 5.3502e-4 19184
64 1.3644e-4 19713
128 34381e-5 1.9886

Table 6 Comparison of solutions obtained by the presented method with the exact solution of

Example 3 while n =128

X

Exact solution

Approximating solution

Obtained errors

0.125
0.250
0.375
0.500
0.625
0.750
0.875

-1.2184e-1
-2.2524e-1
-2.9456e-1
-3.1895e-1
-2.9455e-1
-2.2523e-1
-1.2182e-1

3.000e-5
2.000e-5
3.000e-5
2.000e-5
1.000e-5
1.000e-5
1.000e-5

Page 12 of 15
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5 Conclusion

In our knowledge, so far the exponential spline functions have not been yet applied for
approximating the second-order integro-differential equations. In this study, according to
the exponential method in [31], a suitable method is presented to approximate second-
order integro-differential equations. The proposed algorithm is novel for second-order
integro-differential equations. The second-order convergence of the proposed method
has been derived and the computational outcomes have been found to be conformable
with theoretical expectations. Our method shows better accuracy compared to the exist-
ing method in [11].
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