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1 Introduction
The Hermite—Hadamard inequality introduced by Hermite and Hadamard, see [4], and
[17, p. 137], is one of the best-established inequalities in the theory of convex analysis
with a nice geometrical interpretation and several applications. These inequalities state
the following.

If f : 1 — Ris a convex function on the interval I of real numbers and a,b € I with a < b,
then

arh f@ )
f(2>_bﬂff ' w1

Both inequalities hold in reverse order if the function f is concave. It is worth mentioning

that the Hermite—Hadamard inequality may be regarded as a refinement of the concept of
convexity and it follows easily from Jensen’s inequality. For more results which generalize,
unify and extend the inequalities (1.1), see [5—11, 20—24]) and the references therein.

Iscan [8] gave the following definition of harmonically convex functions.
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Definition 1 ([8]) A function f:7 € R\{0} — R is said to be a harmonically convex func-
tion if the following inequality holds:

ab
f<E:7ffBZ>5€ﬂb”*1—fVWL 12

for all 4, b in I and ¢ in [0, 1]. If the inequality (1.2) holds in the reversed direction then f
is called harmonically concave function.

Iscan [8] established the following identity and integral inequalities of Hermite—
Hadamard type for harmonically convex functions.

Theorem 1 ([8]) Letf:1 C R\{0} — R be harmonically convex function and a,b € I with
a<b. Iff € L([a, b)), then the following double inequality holds:

2ab ab [ f(x) fla) +f(b)
f<a+b)5b—a/ﬂ x—zdxsf' (1.3)

Lemma 1 ([8]) Letf:I S R\{0} — R bedifferentiable on I° (interior of I) and a,b € I with
a<b. Iff € L([a, b)), then the following identity holds:

f@+f®)  ab_ (")

2 b-alJ, x*

ab(b—-a) (! 1-92t / ab
T2 /0 (tb+(1—t)a)2f (tb+(1—t)a>dt' (1.4)

Theorem 2 ([8]) Let f:1 C (0,00) — R be differentiable on I°, a,b € I with a < b, and
f' € L([a,b]). If |f'|? is harmonically convex function on [a,b] for q > 1, then the following
inequality holds:

Q=

b 1
M0 0@ [1D 0l < 2O @l s o), )

2 b-al, x

where

. 1 2 | (a + b)?
b T b-ap n( 4ab )
-1 3a+b1 (a+b)?
“bb-a)  (b-ap “( 4ab )

A3 = A1 — A

A2

Theorem 3 ([8]) Let f:1 C (0,00) — R be differentiable on I°, a,b € I with a < b, and
f' € L([a,b]). If |[f'|? is harmonically convex function on [a, b] for q > 1, }7 + i =1, then the
following inequality holds:

‘f(a) +f0)  ab ["f@)
2

“b-al, # dx’

bb-a)/ 1 \?, o
Sa 2 - <p?> (Mllf(a)|q+ﬂ2lf(b)|q)q, (1.6)
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where
@224 B((b - a)(1 - 29) - al]
My = 2(b-a)*>(1-9)(1-29) ’
4y PP a1 -2) +
)=

2(b-a)*(1-¢)(1-2q)

Now we recall some special functions and an inequality that will be needed in the sequel
to establish our main results in this paper.
(a) The Beta function is defined as follows:

Bx,y) = F(x)]"(y) /t" —ty7tdt, xy>0.

x+y

(b) The hypergeometric function is given as

1 1
Fi(a,b;c;z) = ———— | 2721 -0 1 —2t) ™ dt, b>0, 1.
2F1(a, b; c; 2) ,B(b,c—b)/o ( ) (1-2z¢) c>b>0,|z| <

Lemma 2 For0<a <1 andO0 <a<b, we have the following inequality:
|b°‘ - a"‘| <((b-a)*.

Iscan [10] also established the following identity and inequalities of Hermite—Hadamard
type for harmonically convex functions via Riemann-Liouville fractional integrals.

Theorem 4 ([10]) Let f :1 < (0,00) — R be function such that f € L([a, b)), where a,b € I
with a < b. If f is harmonically convex function on [a, b], the following double inequality
holds for the fractional integrals:

2ab F+1)( ab \*[, 1 a 1
(2) <22 Y genll) vl

S +f(b)’
-2

(1.7)
l.

where g(x) =

Lemma 3 ([10]) Let f: 1 C (0,00) — R be a differentiable function on I° such that [’ €
L([a, b)), where a, b € I with a < b. Then the following identity holds for the fractional inte-

grals:
ab(b a) (' [t*-(1-1)"] ab
hgoab)= / th—(1-t)a )f<tb+(1—t)a>dt’ (18)
where
) fl@)+f(b) Cla+1)( ab \*[ , 1 1
I(ga,a,b) = 5 B— (b—a) {I;_(fog)(z)+1l17+(fog)<;>},

and g is as given in Theorem 4.



Zhao et al. Advances in Difference Equations (2020) 2020:137 Page 4 of 14

Theorem 5 ([10]) Let f :1 C (0,00) — R be a differentiable function on I° such that f' €
L([a, b)), where a, b € I with a < b. If |f'|? is harmonically convex function on [a, b] for some

fixed g > 1, then we have the following inequality for the fractional integrals:

ab(b-a) 1-1 ) 1
(g, a,b)| < %Cl “(o3a,b)(Cala;a,b) | (B)|" + Cs(as 4, b)|f'(@)|") 7, (1.9)
where

2T a a
Ci(a;a,b) = SFil2,La+2,1—= ) +9F| 2,0+ L;a+2;1—= )|,

a+1] b b
Cola;a,b) = | F(22a+31-2)+h(20+2a+31-2
o\ a, _C{+2_C(+121 y 2,00 + 05 _b + oI O+ ;0 + 05 _b )

b2 T a 1 a
Cs(a;a,b) = SoFi(2,La+3;1—— )+ JFil2,a+La+3;1—=].
a+1]| b a+l b

Theorem 6 ([10]) Let f:1 C (0,00) — R be a differentiable function on I° such that f' €
L([a, b)), where a, b € I with a < b. If |f'|1 is harmonically convex function on [a, b) for some

fixed g > 1, then we have the following inequality for the fractional integrals:

|I1(g; o, a,b)|
Lablb-a) 1 . N , LY
=—5—G (a,a,b)(Cz(a,a,b)[f(b)| +C3(a,a,b)V(a)|) , (1.10)
where

b—2
I 2e+rba+21-2) o (2 5a+21-2
a+1 b b

1 a
+2F; <2, La+2; 5(1 - Z))}

b2 1
Cy(asa,b) = oF; 2,a+2;a+3;1—z — 5 F1 2,2;ot+3;1—g
o+2 b a+1 b

DTS ekl G S B AL

b2 1 a a
Cs(a;a,b) = oFi[2,a0+ ;00 +3;1—— ) —2Fi(2,;a+3;1-—
a+l|la+1 b b

F(2La+3-(1-2
+26 1)0[+)2 _b ’

Ci(a;a,b) =

andO0<a <1.

Theorem 7 ([10]) Let f :1 C (0,00) — R be a differentiable function on I° such that f' €

L([a, b)), where a, b € I with a < b. If |f'|1 is harmonically convex function on [a, b] for some
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fixed q > 1, then we have the following inequality for the fractional integrals:

|I1(g; o, a,b)|
<a(b—a)< 1 )%([f/(b)wﬂf/(a)w)%
- 2 ap+1 2
><|: 1(2}9,1 ap+2;1— b)+2F1(2p,ocp+1ap+2 l—z)i| (1.11)

where £ + 1 =1.
rq

Theorem 8 ([10]) Let f : 1 C (0,00) — R be a differentiable function on I° such that f’ €
L([a, b)), where a, b € I with a < b. If |f'|? is harmonically convex function on [a, b] for some

fixed q > 1, then we have the following inequality for the fractional integrals:

(g0, b)| < Lflé;i(a, h)( 1 )q <[f/(b)|q + [f/(a)lq)q’ )
2(ab) "

ag+1 2

Pl g%

@-1)(b- ﬂ)) 2” ) is the 2p — 2-Logarithmic mean.

1,1
where sta= 1and Ly, 5(a,b) = (

Theorem 9 ([10]) Let f :1 C (0,00) — R be a differentiable function on I° such that f' €
L([a, b)), where a, b € I with a < b. If |f'| is a harmonically convex function on [a, b] for
some fixed q > 1, then we have the following inequality for the fractional integrals:

1
alb - a) 1 Z
|If(gaa,b)| 2b (ap+1)

X(2F1(2q,2;3;1—%)lf/(b)lq+21’1(2q,1;3;1—%)lf/(ﬂ)lq)‘lf’ w3

2

where X + 1 =1,
rq
For some similar studies with this work of harmonically convex functions, see ([2, 3, 13—
15, 18]).
Now we recall the definition of left- and right-sided generalized fractional integrals given

by Sarikaya and Ertugral in [19] as follows:

awa(x):/ - t)f(t t, x>a,

b 1) = / XD ar, x<n,

respectively, where the function ¢ : [0, 00) — [0, 00) satisfies fo 20 gt < 0o. For details of
the generalized fractional integrals see [19].
Some of the special cases of these generalized fractional operators are given as follows.

Remark 1 If we choose ¢(t) = t, ¢(t) = 1 t"‘ o(t) = tF k>0, o) = tx—t)*!
and ¢(f) = L exp(- la"‘ t), a € (0,1), then we obtain the classmal Riemann integral, the

Page 5 of 14
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Riemann-Liouville fractional integral, the k-Riemann-Liouville fractional [16], con-
formable fractional integrals [12] and fractional integral operators with exponential kernel
[1], respectively.

The main aim of this paper is to establish inequalities of Hermite—Hadamard type for
harmonically convex functions using generalized fractional integrals. Some applications
of the results presented in this paper are also obtained.

2 Main results

For brevity, throughout in this paper the following notations are used:

b 1 1
where
(b-a
glx) = 9_1c' A(x) _/0 ydzk +00. (2.2)

We start with the following result.

Theorem 10 Let f : I C (0,+00) — R be a function such that f € L([a,b]). If f is har-
monically convex function on [a, b], then the following inequalities hold for the generalized
fractional integrals:

(28) <l o0 o ()]0 s

Proof Since f is harmonically convex function on [a, b], we have the following inequality:

f(;fyy) Sf(x) ;f(y)‘

(2.4)

By changing the variables x = "~ ( —and y = the inequality (2.4) becomes

ta+1 t)b’

2ab 1 ab ab
f(wb) = E[f(m> ”(m)} (2.5)

(b-a)
Multiplying (2.5) with @ on both sides and integrating the resulting inequality with

respect to ¢ over [0, 1], we have

v [ 2ab 1 L2y ab
f0f<a+b>dt§ 240 [/ : f(tb+(1—t)a>dt
‘/’( f) ab
+,/(; t f(m+(1—t)b)dt]
1 I 1
2A(1) |:—— ‘ﬂ(f g)( >+%+ (P(fog)(;>i|’

which is first inequality of our desired result (2.3).

Page 6 of 14
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To prove the second inequality of (2.3), note that f is harmonically convex function and
hence the following inequalities hold for ¢ € [0, 1]:

ab
f(m) <tf(a)+ (1 -t)f (b), (2.6)
f(L) <tf(b) + (1 -t)f(a) (2.7)
ta+(1-0)b) — ) .

By adding (2.6) and (2.7), we have

ab ab
/ (M) +f (m) =f(@)+f() (2:8)

(b-0)
S )

On multiplying the both sides of (2.8) by £
to t on [0, 1], we obtain

oA ab o2y ab
/0 t f(tb+(1—t)a>dt+,/o t f(ta+(1—t)b)dt

< AQ)[f(@) +f )], (2.9)

and integrating the result with respect

by changing the variables x = —"—- ( and y = the inequality (2.9) becomes

1 t)a ta+(1 t)b’

[;Jw(fog)(%> + ;_Igo(fog)(&—ll)} < AQ)[f(a) +f(b)].

Hence we have the proof of Theorem 10. O

Remark 2 Under the assumptions of Theorem 10, if we take ¢(£) = ¢, then inequalities
(2.3) reduce to inequalities (1.3).

Remark 3 Under the assumptions of Theorem 10, if we define ¢(¢) = %, then inequalities
(2.3) reduce to inequalities (1.7).

Corollary 1 Under the assumptions of Theorem 10, if we take ¢(t) = #km, then we have

2ab\ _ Tla+k) [ ab \* [ ok 1\ ok 1
1(53) =50 () (v ea(p) iG]

_f@+fb)
- 2

(2.10)

Corollary 2 Under the assumptions of Theorem 10, if we take ¢(t) = t(b — t)*71, then we
obtain the following inequalities:

f(;jbb) = 2A1(1)|:_ “’(f"g)( )“ blfog (a):| SR e

where

Page 7 of 14
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Corollary 3 Under the assumptions of Theorem 10, taking ¢(t) = 5 exp(—21), o € (0, 1),

o

we obtain
2ab 1 1 1\ _ f(@) +£(b)
f(a N b) = m[ﬂw(ﬁ@(;) + %Jw(fog)(;)] == (2.12)
where
_ (@=1)(b—a)
A¥(1) = M
l-«

The next lemma is very crucial in the proof of our next results.

Lemma4 Letf :1 C (0,+00) — R be a differentiable function on I° such that f’ € L([a, b)),
where a,b € I with a < b. Then the following identity holds for the generalized fractional

integrals:
' 1 LAQ =t - A@®)] , ab

Tragab) = 2A(1)/0 (tb+(1-t)a)2f(tb+(1-t)a>dt‘ (2.13)
Proof Denote

Ta@ab) =570 [T (@ a,b) - T\ (g 2, b)), (2.14)
where

1
. _ Al-t) ab
Tragab) = 0 (tb+(1—t)a)2f (th+(1—t)a)dt (2.15)

and

1
AW ab ) dt. (2.16)

@ (. - !
Ty (g a,b) = o (th+(1- t)a)zf (tb +(1-t)a

Integrating (2.15) by parts, we have
1

) (5. =— - a—b
Tf,A(g’a’b)_ Al t)f(tb+(1—t)ﬂ)

0
(b—a)

Lo(Z2(1-1) ab
_/0 1-t¢ f(tb+(1—t)a>dt

= AQ)f(b) - },J‘p(fog)(é). (2.17)

Similarly, using (2.16), we get

Tﬁ/)x(g;a, b)=-AQ)f(a) + ;I(p(fog)(%). (2.18)

Substituting (2.17) and (2.18) in (2.14), we obtain (2.13) which completes the proof of
Lemma 4. O
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Remark 4 Under the assumptions of Lemma 4, if we take ¢(¢) = ¢, the identity (2.13) re-
duces to (1.4).

Remark 5 Under the assumptions of Lemma 4, taking ¢(t) = the identity (2.13) re-
duces to identity (1.8).

Theorem 11 Let f : I € (0,+00) — R be a differentiable function on I° such that [’ €
L([a, b)), where a,b € I with a < b. If |f'|1 is harmonically convex on |a, b] for some q > 1,

then the following inequality holds for the generalized fractional integrals:

|T).4(gi 0 b)| < By # (@,5) (Ba.a(@B)|f (@) + Bs,ala, B)|f (B)])7, (2.19)

where

CMAQ -9 - AQ@)]
e = [ G

A -1 - A@®)
BZ,A(ﬂ,b)—/(; mt&it,

'AQ-t) - A®)]
BS,A(ﬂ»b)=A m(l—t)dt.

Proof From Lemma 4 and the well-known power mean inequality, we have

LAQ-1¢) - t)]l
’TfA(g“b‘— th+(1-1t)a P(tb+ (1-t)a )‘dt

YA -0 -A01 )\
5(0 @+ (1= Day dt)

YA -1 - A®)]|
X<0 th+(1-0)a)? <tb+(1—t)a)
LAQ -8 - A@)] )\
5(/0 (@t + (1= Dap dt)
LA =8) = A)]
x</0 W[:V(Mﬁ(l t)[f(b)|]dt>
LA -0 -A@®] \79
- (/0 @+ (1= D)y ””)

YA -1 - a
X(o @+ (1- t) )2 Sy

1

w

1

A -1) - A@)]

Y
-l ar)

&\»—‘

_BIA ((l,b)(BzA(d,b)lf((l |+B;3A(6l,b)lf |)

which is our required inequality (2.19). g

Page 9 of 14
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Remark 6 Under the assumptions of Theorem 11, if we define ¢(¢) = ¢, and ¢(£) = %,
then inequality (2.19) reduces to the inequalities (1.5), (1.9), respectively.

P

Remark 7 Under the assumptions of Theorem 11, taking ¢(¢) = )

and using Lemma 2,
the inequality (2.19) reduces to the inequality (1.10).

o

Corollary 4 Under the assumptions of Theorem 11, taking ¢(t) = ¢ ;f(a) , the inequality

|T)4(gi 0 b)| < By ¢ (@,b) (Bas(@b)|f (@) + Bs,ala, b)|f' ()| ") 7 (2220)

is obtained, where

( (b-a)t ) %

ab

AD= T i

Corollary 5 Under the assumptions of Theorem 11, if we take ¢(t) = t(b — t)*71, then we
have

1-1

|Tf,4+(gs @, b)| < B 4u(a,b)(Bo,a+(a,b)|f'(a)|" + B3, a+(a, b)|f'(b)]") 7, (2.21)

where

b — (b (b—ﬂ)t)a

A*(t) — - ab

l-a

Corollary 6 Under the assumptions of Theorem 11, if we choose ¢(t) = 5 exp(—=*f), o €

(0,1), then we have

_1 1
| Ty av (g3 @, b)| < Bi Aos(@, ) (Bo,ax (@, D)|f'(@)|" + B3, av(a, b) | (B)]") 7, (2.22)
where

1—ex (a=1)(b—a)t
A (t) _ p( aab ) .
l-«
Theorem 12 Let f : I € (0,+00) — R be a differentiable function on I° such that f' €
L([a, b)), where a,b € I° with a < b. If |f'|1 is harmonically convex on [a, b] for some fixed
q > 1, then the following inequality for generalized fractional integrals holds:

M) g (2.23)

1 1
1Ty algsa,b)] < (B o(@,b) + B \(a, b))( :

where
LA -y
o b+ (1 -t)a)?>

ey
e~ || G e

34,/1 (a,b) =

’

and L +1=1.
r 4
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Proof It follows from Lemma 4 and the Holder inequality that

|TfA(g“’b)|—/ . tb+_(i) t)a)znp(tmu t)a)‘
/ (tb+<1i2a)zp/(tb+gb—t)a>‘dt
’ /01 (b +?1(i)t)a)2 V(tb v (alb— t)a) ‘ *
<< l(tb(f((l—i)a ) (”f(tm -t ) dt)q
+</0 (tb+(<A1(t—));a>2p ) (/ L/(rm(l—t)a) )
< ( 01 %mﬁ([gl(qf«anh(1_t)[ff(b>|’1) dt)%

1 (A(t))p }7 ! / q / q q
X(/o m‘”> <fo (tf @)+ @ -v)|f )| )dt)

£+ 17
2 )

= (B} z(a,b) + B ,(a, b))(

This completes the proof of Theorem 12. d

Remark 8 Under the assumptions of Theorem 12, taking ¢(¢) = t and ¢(¢) = %, the in-
equality (2.23) reduces to the inequalities (1.6) and (1.11), respectively.

1o

Remark 9 Under the assumptions of Theorem 12, if we take ¢(¢) = @ and use the

Lemma 2, then the inequality (2.23) reduces to the inequalities (1.12) and (1.13).

Corollary 7 Under the assumptions of Theorem 12, ¢(t) = #kw) gives

£ + W) g (224)

1 1
|Ty4(g5a,b)| S(BiA(a,b)+B5p,A(a,b))( 5
where A(t) is defined in Corollary 4.

Corollary 8 Under the assumptions of Theorem 12, if we take ¢(t) = t(b — t)*71, then we

obtain

M) ‘ (2.25)

T @) < (B @)+ 8 .0 ) (1

where A*(t) is defined as in Corollary 5.
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Corollary9 Under the assumptions of Theorem 12, if we set ¢(t) = é exp(— ITT"‘ t),a € (0,1),
then we have the following inequality:

M) . (2.26)

1 1
| Ty, 4+ (g5 @, b)| < (Bf gwrla,b) + B ,.u(a, b))( 5

where A™(t) is defined in Corollary 6.

3 Applications to special means
Let us consider some means for positive real numbers £; and £,, where £; < £5, as follows:
(1) The arithmetic mean:

b1 +0
A(ly,£5) = = ; =5

(2) The geometric mean:

G(£1,£2) = /14y,

(3) The generalized log-mean:

=

Ep+1_€p+1
s : ]; peR\{-1,0}.

bttt =[5

Proposition 1 Under the assumptions of Theorem 11, take ¢(t) = t to obtain

1- 1-1
A2, 87%) = GX(0r, L)L, €)] <277 (p+ 2)GA(E, £a)(Ea — 1)y

x \‘7A(A2£§@+l),xge§@*l>), (3.1)
where L1, o and A3 are given in Theorem 2.

Proof Taking f(x) = x°*2, where x > 0 and p € (-1, +00)\{0} in Theorem 11, (3.1) is ob-
tained. O

Proposition 2 Under the assumptions of Theorem 12, ¢(t) =t gives

[A(67%,65%) = G2 (€1, ) L3(04, £)|

1q (s+2)
q

IYp+1

where |1, and (15 are the same as in Theorem 3.

<2

G (1, €)(E2 — £2) YA (€85, 1205, (3.2)

Proof Taking f(x) = x**2, where x > 0 and s € (=1, +00)\{0} in Theorem 12, (3.2) is ob-
tained. O

Remark 10 Under the assumptions of Theorems 11 and 12, for appropriate choices of the
functions such as

—i.t—k. _ A=l £ _1_0‘
(p(t)_F(a)’ka(a)’t(b t) andaexp< — t)
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and for harmonically convex function f(x) = ¥**2, wherex > 0 and p € (-1, +00)\{0}; #* Inx,
where x > 0, we obtain some new interesting inequalities using the special means. The
details are left to the reader.

4 Conclusion

In this paper, we established inequalities of Hermite—Hadamard type for harmonically
convex functions using generalized fractional integrals. Some special cases are provided
as well. Finally, some application to special means are given. The results of the present
paper can be applied in convex analysis, optimization and also different areas of pure and
applied sciences.
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