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1 Introduction and preliminaries
In recent times, Shannon entropy and Zipf—-Mandelbrot law have been the topics of great
interest, see for example [1, 9, 11, 12]. The concept of Shannon entropy, the central source
of information theory, is sometimes referred to as measure of uncertainty. Shannon en-
tropy allows to estimate the average minimum number of bits needed to encode a string
of symbols based on the alphabet size and the frequency of the symbols.

The following definition of Shannon entropy is given in [8].

Definition 1 The Shannon entropy of positive probability distribution r = (r1,7,...,74)
is defined by

n

S(r) = - Z rilog(r;).

i=1

A fundamental inequality related to the notion of Shannon entropy is the following in-

equality given in [16]:

" 1 & 1
rilog— < r;log —, (1)
21: g 21: g7

which is valid for all r;, f; > 0 with

n n
Z}’i = Zﬁ =1.
i=1 i=1
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Equality holds in (1) if and only if r; = f; for all i. This result sometimes called the funda-
mental lemma of information theory has extensive applications (see [14]). In [13], Mati¢
et al. gave the refinement of Shannon’s inequality in its discrete and integral forms by
presenting upper estimates of the difference between its two sides. In [10], Sadia et al.
studied some interesting results related to the bounds of the Shannon entropy by using
nonincreasing (nondecreasing) sequences of real numbers.

One of the main approaches to unifying continuous and discrete mathematics is time
scale calculus which was founded by German mathematician Stefan Hilger in 1988. A time
scale is an arbitrary nonempty closed subset of the real numbers. For an introduction to
the theory of dynamic equations on time scales, see [6]. In [7], Guseinov studied the pro-
cess of Riemann and Lebesgue integration on time scales. Bohner and Guseinov [4, 5]
defined the multiple Riemann and multiple Lebesgue integration on time scales and com-
pared the Lebesgue A-integral with the Riemann A-integral. Various authors examined
certain integral inequalities on time scales. In [2], Agarwal et al. proved the time scales
version of Jensen’s inequality. In [18], Wong et al. proved the extended version of Jensen’s
inequality on time scales. In [3], Anwar et al. derived a series of known inequalities, their
extensions, and some new inequalities in the theory of dynamic equations on time scales
by applying the theory of isotonic linear functionals. In [15], Rozarija Miki¢ and Josip
Pecari¢ obtained lower and upper bounds for the difference in Jensen’s inequality and in
the Edmundson-Lah—Ribaric inequality in time scales calculus which holds for the class
of n-convex functions.

In the following considerations, T denotes a time scale.

Definition 2 ([6]) A function f: T — R is called rd-continuous provided it is continuous
at right-dense points of T and its left-sided limits exist (finite) at left-dense points of T.
The set of rd-continuous functions f : T — R is denoted here by C,,.

Definition 3 ([6]) A function F: T — Ris called antiderivative of f : T — R if FA(¢£) = f(¢)
for all £ € T* and the delta integral

/tf(r)At =F(t) - F(ty) forallttyeT. 2)

The following theorems are useful in the proof of the main results.

Theorem 1 ([6], Existence of antiderivatives) Every rd-continuous function has an an-
tiderivative.

Theorem 2 ([18]) Let I C R and assume that r € C,4([a, b]T, R) with

b
/ |r(s)|As>0,

where a,b € T. If g € C(I,R) is convex and & € Cyy([a, D], 1), then

3)

(f;’ |r(s)|s<s>As> _ L Ir9)lgE©)as
Lirenas ST flirlas

The inequality in (3) is strict if g is strictly convex.
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2 Main results
Throughout the paper ‘log’ refers to logarithms to base b for some fixed b > 1. We initiate
with the following result.

Theorem 3 Let r € Cyy([a, b]T,R*") and assume that
b
/ r(s)As >0,
a

where a,b € T. If’;‘,% e Cyy(la, blr,RY) such that fub r(s)&(s)As < 00 and fab %As < 00,

then we have

| g[ff r(S)S(S)AS} [ r(5)logé(s)As

0 4
= fﬂb r(s)As f: r(s)As @
b b )
([ r(s)As)?
B i[f: ool il 1] ©)
~Inb (fab r(s) As)2 '

Proof Use inequality (3) for the convex function g(x) = —logx, x > 0 to get inequality (4).
Replace & by é in inequality (4), which implies

Jiro)logg@as [y r@logggds (ff %AS) o
Prspas)  (Pr9rs) T \[Prs)as)

N by addi f: r(s)&(s)As .
ow, by adding log(W) on both sides of (7), we get

(s

b
r

b b
log(f” I;(S)-‘;—'(S)AS) ~ s (SZ log £(s)As - log<f” rb(s)é(s)As) o <
[ r(s)As ([ r(s)As) [ r(s)As

b r(s)
!/ % As )
f: r(s)As

which is inequality (5). Inequality (6) is a straightforward outcome of the following in-
equality given in [13]:

logx < ﬁ(x -1) (x>0), (8)
with
_ 1 ’ " 1)
x = (f: AP (‘/a r(s)E(s)As ) As). O

2.1 Shannon entropy
Consider X to be a continuous random variable with a nonnegative density function r(s)

on T such that f: r(s)As = 1, whenever the integral exists, we have the following definition.
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Definition 4 The nominal differential entropy of X on time scale is defined by

b

1 -

h(X) = / r(s)log—As (b>1). 9)
a r(s)

The following result is the time scale extension of integral Shannon inequality [13, Theo-

rem 18]. Moreover, one can get results related to Shannon entropy by choosing time scale

to be the set of integers with positive probability distributions in the following result.

Theorem 4 Leta,b € T, a < b and assume that r,f € C,4([a, b]T, R) are positive functions
with f S)As >0and A := f f(s)As < 00. Suppose that for b > 1 at least one of the following
A-integrals is finite:

b 1 b 1
Q,::/LZ r(s)log@As and szzfa r(s)logmAs

Iff f(s 9 As < o0, then

A 1
0<1 ~Q
= Og(f: r(s)As) ' (f: r(s)As)(Qf @)

< log[i ’ EAS}
=8| e Je 7O

< L[# ' Z(S)A 1} (10)
T InbL(f"rs)as? Ja f(5) ‘
Proof Apply Theorem 3 with &(s) = % (s€T)and A = f f(s) f: r(s)&(s)As < oo to
get
1 b S
log—A
0=lo ( r(s)As) (f: r(s)As) /a ris)log r(s) ’
b 2(S) j|
TEA
=l |: r(s)As)2 f(s) ’
< ; ’ @As - 1:|
B nl_a (fa r(s)As)? Ja S (9) .
Since
logx<x (x>0), (11)

therefore replacing x by ) and multiplying both sides by r(s) in (11), we get

r(s)

16 . ()f(S)

r(s) log 6) )

thus

b b
]::/a r(s)log%As<m as/ﬂf(s)As<oo.
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Whenever Q, is finite, then Q. —J = Qy is also finite, further if Qy is finite, then Qs +J = Q,
is finite as well. Therefore we may write / = Q, — Qy, and consequently the desired result
is proved. O

Corollary1 Leta,beT,a<b,andr,f € Cy([a, b1, R*) with X := fubf(s)As < 00. Suppose
that for b > 1 at least one of the following A-integrals is finite:

b 1 b 1
Qr::/a r(s)lOg@As and Qy ::L r(s)logJ@As.

Iffab %As < 00, then

0 <logh+(Qr-Qy)

b rz(s) ]
< log| A ——As
g[ . 1O
1 |: by2(g) ]
<—|r| —as-1|.
InblL Ja f(9)
Proof Use f: r(s)As = 1 in Theorem 4 to get the required result. d

Remark 1 Choose T =R in Theorem 4 with f: r(s)As =1 to get [13, Theorem 18].

In the proof of our next result, we need the following weighted Griiss type inequality on
time scales established by Sarikaya et al. in [17].

Theorem 5 Let &,g € Cy and &,g : [a,b]t — R be two A-integrable functions on [a, bt
and r € C,4 be a positive function with fab r(s)As > 0. Then, for

a<E&(s) <A, B <g(s)<B Vsela,blr,

we have

[P r9E@s)g)As [P r(s)E)As [ r(s)g(s)As

Pross (s |0

(A-a)(B-B). (12)

Lemma 1 Suppose that the assumptions of Theorem 3 are satisfied. If

0<m<E&E(s)<M Vsela,br, (13)
then
b b
0< 10g|:f“ IZS)S(S)AS:| ~ s r(sz log £(s)As (14)
[ r(s)As ([, r(s)As)
1 1)*
Elog[a(\/@+ ﬁ) ] (15)

i)
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where m,M € R, and o := % Further, if

0 < ®(e):=2b" —1+2,/b(b* - 1) (17)

for e >0, then

(18)

0< log[fab l;(S)é(S)Asi| ~ f: r(sz log & (s)As ..
fa r(s)As (fa r(s)As)

Proof Inequality (14) is the same as (4). From (13) one gets

1 1
=

RS VETE)

1
— foralls € [a,b]T.
m

Setg = é in inequality (12) to get

I3 r5)E () As [ r(s) g5 As 1 <1 1)
(/) () As)?

or

f: r(s)&(s)As fab r(s)%As B r
(/3 rls) As)? ~al

S

N

N

Since log is strictly increasing, we have

SO As [ () As 1 ( 1 )2
I log| = —1 | 19
Og[ (f? r(s) As)? ]5 Og[‘l “/§+J§ ] 19

Using inequality (19) together with (5) gives (15). However, (16) can be easily derived from
the elementary inequality (8). Further, set

ol )=

or
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therefore
0> —20(26° -1) +1 <0,
which holds if and only if

2b° —1-2,/bf (b —1) < 0 < 2b° — 1+ 2,/b¢ (b* - 1).

Since

[26° —1+2\/b5 (ks -1)] " = !

2b¢ — 1+ 2/ b (b5 - 1)

_(2b° - 1) - 2VbE (b - 1)
C(2bF = 1)2 — 4k (b* - 1))

(@b -1)-2v/be (b - 1)

4D +1—4b° — 4b% +4b*

=2b° —1-2,/b(b* - 1),

inequality (18) follows from (14) and it holds whenever o satisfies (17). O

Remark 2 Let T = R with fab r(s)As =1 in Lemma 1 to get [13, Lemma 2].

Theorem 6 Assume the conditions of Theorem 4, and let

O<m<@§M Vs € [a, b]T. (20)

~f(s)
Then
b b

o< (fa (s)log]%As) ) (fﬂ r(s) log %As) o (
h fﬂb r(s)As f: r(s)As & /

§ )
b r(s)As
(M + m)?
og———

a
4Mm
N2
- 1_(M m).
4lnb Mm

<l

Also, lf% < ®(g):=2b° -1+ 2/ b5 (bf - 1) for some ¢ > 0, then

0<(fabr(s)logf%s)As)_(fﬂbr(s)log$A5>+lo ( A ><8
- ff r(s)As fab r(s)As £ fab rs)as) —

Proof Apply Lemma 1 with &(s) = 19 (s € [a,b]T) and

r(s

0<]iv1§“§(s)§ Vs € [a, b]T

N

to obtain the desired results. O

Page 7 of 14
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Corollary 2 Consider the assumptions of Theorem 6 with fab r(s)As = 1, then we obtain

b 1 b 1
05/; r(s)log%As—L. r(s)log@AsHog)\

(M + m)?
og
AMm
N2
L L M-m
4lnb Mm

<1

Remark 3 Let T = R with fab r(s)As =1 in Theorem 6 to get [13, Theorem 19].

2.2 Entropy of continuous random variable
In the sequel, we denote mean and variance of a continuous random variable X by w,, =

fab sr(s)As and v? = fab(s — m)?r(s) As respectively.

Theorem 7 Counsider a continuous random variable X and density function r(s) (s € T).

(@) If X has a finite mean i, and variance v* with
b 1
[ r2(s) exp[—(s - /Lm)z] As < 00,
p 212
then hy(X) is finite and

0 <log(v~/2me) — hy(X) + log(R)

b 1
SIOg{kV«/E/ VZ(S)GXP[ﬁ(S—Mm)Z}AS}
22

b
< ﬁ{kvﬂ/ﬂ rz(s)exp[i(s—um)Z]As—l},

where A = fub(l/vx/2n) exp[—(s — pm)?/2v2] As > 0.
(b) Suppose that X has finite mean and r(s) = 0 for all s < 0. If

/ *(s) exp(s/ ) As < 00,
0

then hy(X) is finite and

0 = log(tme) - 5(X) + log(2
§log|:)»um/ r2(s)exp(s/um)As]
0
1
<

<L [wm / P (5) exp(s/ ) As — 1],
Inb 0

where ) = [y (1/ ) exp(=s/ ) As > 0.

Page 8 of 14
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Proof

(a) As the variance v of X is finite, which implies that j,, = f: sr(s)As and

V2= fab(s — w)?r(s)As > 0 are well defined real numbers, we can define

f(s) = (1/vv/2m) exp[—(s — i,)2/2v*] > 0 (s € T) to get A = f:f(s)As >0and

b 1 [t 1
/ r(s)logmAs—lnB/a r(s)ln</E>As

b
= %/ r(s) IH[(V«/%) exp[(s_ Mm)2/2v2]]As
n a
1 b
= E / r(s)[ln(v\/%) + ln(exp[(s _ Mm)2/2V2])]As

_ L / r(s)[m(m/_ )+ — ton)® ]As

Inb
1 b
- — ln(v«/— ) / rs)As+ r(s)(s_ﬂm) A }
In
17T 22
=il n(v\/ﬂ)+ 2 v ]
= L_ 1H(V\/E) + li|
In 2
= %[ln (vv27) +1n Ve]
= —_ln(vv2n'e)
Inb
= log(vv/2me).

Now apply Corollary 1 to get the stated result.
(b) Under the given conditions, we have mean p,, = fooo sr(s)As > 0, and we may define
f(s) = (1/ ) exp(—s/ ) (s € [0,00)T) such that A = fooof(s)As >0 and

o 1t 1
for(s logmAs lnb/ ()lnmAs

b

1
m r(s) ln[um exp(s/pom)] As
1 b
E r(s) [ln Wom + ln(exp(s/um))]As
()
= — n m + — S
Inb 0 a m

1 * 1 *
= —|Inu,, r(s)As + — sr(s)As
Inb 0 Hm Jo

1 [l 1 }
Ny + — Um
lnb H M H

=——(In +Ine
lnb( Mm )
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1
:—_1 m
g n(ii,,e)

= log(pme).
Again apply Corollary 1 to obtain the required result. O
Corollary 3 Assume T =R in Theorem 7 to get [13, Theorem 21 a, b].

Remark 4 Theorem 7 shows that /;(X) = log(Av+/2me) whenever the distribution of X is
nearly equal to the Gaussian distribution with variance v2. If the distribution of X is close
to the exponential distribution with mean p,,, then we have /;(X) ~ log(A ,,e).

Theorem 8
(a) Under the assumptions of Theorem 7(a), if

1
0<8<r(s) exp[ﬁ(s— Mm)2:| <0 VseT,
%

then

0 <log(v~/2me) — hy(X) + log(A)
O +6)?
456
82
5 1 (0-9)
4Inb 60

<log

’

where 8,0 e R, and ) = fab(l/v\/27r) exp[—(s — pm)?/2v2] As > 0.
(b) Counsider the assumptions of Theorem 7(b), if

0<8 <r(s)exp(s/mm) <60 Vse[0,00)T,
then

0 < log(ume) — hp(X) +log(2)
0 + 8)?
456
_ 2
s 1 (0-9)
4Inb 86

—

=log

’

where ) = [y (1/ ) exp(=s/fm) As > 0.

Proof
(a) In Corollary 2 replace m and M by v+/278 and v+/276 respectively and f(s) as in
the proof of Theorem 7(a).
(b) In Corollary 2 replace m and M with u,,8 and u,,0 respectively and f(s) as in the
proof of Theorem 7(b). O

Corollary 4 Consider T =R in Theorem 8 to get [13, Theorem 22 a, D).
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The following generalization of Jensen’s inequality on time scales established by Anwar
[3] et al. is needed in the proof of our next result.

Theorem 9 Let ] C R be an interval and assume that ¥ € C(J,R) is convex. Consider
f to be A-integrable on D such that f(D) C J, where D C ([ay,b;) N Ty X -+ X [a,,b,) N
T,) and T1,Ts,..., T, are time scales. Moreover, let p : D — R be A-integrable such that
Jp |p(s)|As > 0. Then

W(fD |p(s)v<s)As> _ JplP&)I¥(F(s)As on
Iplp(s)|As Iplp@)as

The following result is a generalization of Theorem 3.

Proposition 1 Let Ty, Ts,...,T, be time scales. For a;,b; € T; with a; <b;, 1 <i < n, let
D C ([a1,b1)NTy x - -+ x [ay, by) NT,) be Lebesgue A-measurable, and let  : D — (0, 00)
be a positive A-integrable function such that fD [y (w)|Aw > 0. If&, é :D — (0,00) are two
positive A-integrable functions such that

Aw < 00,

/D|l/f(W)§(W)}AW<oo and ,/DW

then we get

Jo ¥l )AW Jp ¥ (w)logé(w)Aw
O—Ig[ fD ] U VW)

[th/f(w)S(w)Awa %)Aw}
<log -

(fp ¥ (w)As)?
- L[wa(w)é(w)Awa ?((::)) Aw
Inb (Jp v (w)Aw)?

Proof Use inequality (21) and follow similar steps as in the proof of Theorem 3 to get the
stated result. O

- 1}. (22)

Corollary 5 Assume the conditions of Proposition 1 with [, ¥ (w)Aw = 1, then we have

[ / Ww Aw]— f ¥ (w) log & (w) Aw
o |
U VIEmAW | ]

w
< E[/;W(W)E(W)AW/[)WAW—l}

Remark 5 Choose T = R with fD ¥ (w)Aw =1 in Proposition 1 to get [13, Proposition 1].

| A

Suppose that X and Z are random variables whose distributions have density functions
r(s) and r(z) respectively, and let r(s, z) be the joint density function for (X, Z). Denote

Dy := {s eX:r(s)> O}, Dy := {z eZ:r(z)> 0} (23)

Page 11 of 14
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and
D:={(s,2) € X x Z:r(s,2) > 0}. (24)
Definition 5 The differential b-entropy of X on time scales is defined by

1
hp(X) = /;X r(s)log @As. (25)

By analogy, we may state the following definition.

Definition 6 The differential conditional b-entropy of X given Z on time scales is defined

by
hi(X|Z) _//r(s,z)log

Theorem 10 Suppose that X and Z are random variables whose distributions have density

AsAz. (26)

functions r(s) and r(z) respectively, and let r(s, z) be the joint density function for (X,Z). Let

=//Dr(z)AsAz<oo and //Dr(z)rz(s|z)AsAz<oo.

Then h;(X|Z) exists and

0 <logR - h;(X|Z)

<10g|:R’// s|z)AsAz]
< E[R'//Dr(z)rz(ﬂz)AsAz—1].

Proof Apply Corollary 5 with # = 2 and

v(w) =r(s,z), Ew) = r(sl|z) = rZiZi) forw=(s,z) € D,

to get

0<log //r(sz)

As A} //r(s,z)log
= logR - h;(X|Z)

<log _R///r(s,z)r(slz)AsAz:|
L D
= log _R/f/ r(z)rz(s|z)AsAz]
< m|:R’// r(s|z) AsAz — 1] O

AsAz
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With the help of (23) and (24), we can define the differential mutual information between
X and Z on time scales by

i5(X, Z) := h(X) — hp(X|Z),

where /1;(X) and /(X |Z) are given by (25) and (26), respectively. It is straightforward to
see that

. ~ r(s,z)
zb(X,Z)—//Dr(s,z)log "o AsAz

Theorem 11 Suppose that X and Z are random variables whose distributions have density
functions r(s) and r(z) respectively, and let r(s,z) be the joint density function for (X, Z).
Define

S'://Dr(s)r(z)AsAz.

iIf

r(s, z)
AsSAz < 00,
/ ./D r(s)r(z)
then ig(X, Z) exists and

0 <log$+i(X,2)

<toe]s | [ o™ o]
lnb|: ././Dr(zs(s Z) 1]‘

Proof Use Corollary 5 with # = 2 and

r(s)r(z)

y(w)=r(s,z),  §(w)= 5.2)

for w=(s,z) € D,

to get

051°g//( (s,z> ] // ris.z)log (S)r))
= log // r(s,z s)r(z) :| //F(S,Z)log ))

= logS+ i5(X,2)
2

<log /fr(
lnb[ [ [rgasa=1] .

= log / /Drr(s(s Z) ]
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3 Conclusion

In the paper, Shannon type inequalities on time scales have been established by using the
time scales version of Jensen’s inequality. Bounds are obtained for some Shannon type
inequalities which have direct association to information theory. Differential entropy on
time scales has been introduced and its bounds for some particular distributions have been
obtained. The given results are the generalization of corresponding results established
by Mati¢, Pearce, and Pecari¢ in [13], and the idea may stimulate further research in the
theory of Shannon entropy, delta integrals, and generalized convex functions.
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