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1 Introduction

Mathematical modeling is an undeniably powerful tool for systems since a mathematical
description of processes allows us to figure out quantitative and qualitative behavior of it
in analysis. Moreover, mathematical models involving a fractional order derivative lead to
an excellent description for the properties of the behavior of nonlinear systems in various
branches of Science and Engineering [1-7]. From this point of view, fractional order mod-
els provide better predictions than integer order models. Therefore, in recent decades,
fractional order models have been used in a wide range of fields such as physics, chem-
istry, biology,engineering, optimal control theory, and finance [8—26]. Fractional order
mathematical models have been recently employed for complex systems with memory and
hereditary properties to provide deep understanding of the phenomena since fractional
derivatives are non-local operators. It is worth while mentioning that selecting the type
of fractional derivative is based on the experimental data to adjust the model to find the
evolution of the phenomena with nonlinear behavior and memory. Since the mathemati-
cal models involving a Caputo fractional order derivative have classical initial conditions,
the Caputo fractional derivative and its extensions are widely used to model systems in
diverse areas of sciences. Moreover, the Caputo fractional derivative of a constant is zero
unlike the other fractional derivatives. As a result, fractional order models in the Caputo
sense are developed to be able to study the complex behavior of real evolution processes
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with memory and hereditary properties much better. Besides modeling, developing reli-
able analytical methods to solve fractional differential equations is an emerging area since
finding exact solutions of many fractional differential equations is hard. Hence, consider-
able attention has been given to utilizing new powerful and efficient methods and software
programs to obtain analytical and accurate numerical solutions.

The fractional Schrodinger equation (SE) plays an important role in fractional quantum
mechanics [27-30]. Since the beginning the solution of a space-time SE is a significant
topic of physical, mathematical and engineering research, in this article the solution of
it is constructed based on the method so-called RPSM which is a well-known analytic
technique, with a new transformation [31]. Since the behavior of real world systems is
affected by their historical states, modeling them via fractional PDEs is recommended to
understand and analyze real world systems. Therefore fractional PDEs have drawn the
attention of many scientists in various research areas [32—35]. In many cases obtaining
the solution of a space-time SE analytically is not always possible, and that is why solving
them by numerical methods is very common [35-37].

The main purpose of the present study is to establish the space-time SE by using RPSM
and some new transformations. The main advantage of these new transformations is in
reducing the space-time SE to either time SE or space SE for which applying RPSM is
easier.

In the present article, a new transformation is constructed to implement RPSM to obtain

approximately the solution for the following space-time fractional SE general dimension-

less form:
iDfu + 8Df+1u +y ‘u(x, t)‘zu(x, t) + px)u(x, t) =0, (1)
u(x,to) = p(x), 2)
u(xo,t) = 1 (2), (3)
ux(xO: t) = l’LZ(t)r (4)

where x,8,y€R, t > ty,0<a, B <1,i2=-1,and | - | is the modulus. Here, u(x, t), ¢(x) and
@(x) represent the macroscopic wave function, the external trapping potential analytic
function and an analytic function, respectively. This mathematical and physical model
has various applications in science such as nonlinear optics, plasma physics, supercon-

ductivity, and quantum mechanics [27-30, 38—43].

2 Preliminaries

In this section properties of fractional calculus theory which allow us to construct the so-
lution of space-time fractional SE are presented [8]. We first give the main definitions and
various features of the fractional calculus theory in this section. The Riemann-Liouville

fractional integral operator of order « (o > 0) is defined as

1
I'(@)

Jof (%) = f (x). (6)

Jof(x) = /:(x -0)*f()dt, a>0,x>0, (5)
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The Caputo fractional derivative of order « is defined as

DW@#WWWW=FJ——A@—W%VWMM

(m-a)

@)

m-1l<oa<m, x>0,

where D™ is the classical differential operator of order m.
Let n be the smallest integer greater than «, the time fractional derivative operator of
order « of u(x, t) is defined as [8]

t a1 "u(r,
0°u,t) | o oo R dr, n-1<as<n,

ot Bngt(:,t), o =neN.

Dfu(x,t) = (8)

Ifn-1<a=<n uxt)e CZ, neN and p > -1 then DY u(x, t) = u(x, t) and J D u(x, t) =

u(x, t) — Z;':_Ol 31”;’;” (t;f)], where ¢ > s > 0. The power series expansions about ¢ = # and

X = X0,

=
—

fa@)(E—t0) !, 0<nm-l<a<mty<t<ty+R, 9)

2

T
(=]
~
Il

(=]

and

m-1

) x—x0) P, 0<m-1<p<mxg<x<xo+R, (10)

M2

=
Il

(=}

~

are called multiple fractional power series, where fi;(x) and gi(¢) are called the coefficients
of the series.

3 Solution for space-time fractional SE based on RPSM

In order to solve space-time fractional SE (1)—(4) by RPSM, the problem is first reduced

to either a space fractional SE or time fractional SE, which leads to the following cases.
Case 1: Simplification of the space-time fractional SE via the transformation u = 5y
To get rid of the space fractional derivative in Eq. (1) the transformation u = Iy s

taken into account. As a result the following problem is obtained:

DY (I8719) + 8va + v [0 I Yy + g1 v = 0, (11)
v(x,t0) = I; Pp(x), (12)
V(xo,£) = 0, (13)
Ve(x0,t) = 0. (14)

Now, the RPSM is implemented to construct multiple fractional power series solution
subject to initial condition. To establish the approximate solution the real and imaginary
parts of the function v(x, £) and the initial condition I;_’g ¢(x) can be rewritten as follows:

vix, £) = wix, t) + iz(x, t), v(x, ty) = I;’ﬂwo(x, t) + i];”szo(x, 1), (15)
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— [DE(IP12) = Swae — v (I271w) + (IP22) ) B w — (0 IP W] = 0, (16)
while the initial condition of Eq. (12) can be separated in the following form:
vix, to) = I;"S wolx, £) + ili_ﬂzo(x, t) = fo(x) + igo(x). 17)

According to the results of Egs. (15), (16) and (17) the space-time fractional SE can be

converted into an equivalent system of PDEs as follows:

DE(IP W) + 82y + v (I w)” + (I 2)) P 2+ p(0)IP 'z = 0,
(18)
DE(IP712) = Swre — v ((IF7'w) + (18722)*) 1P w = p ()P ' w = 0,

X X
based on the initial conditions

w(x, to) = fo(x),

z(x, to) = go(x).

(19)

Let wi(x, t) and zi(x, £) be defined as follows:

k ;
B oy (E—to)”
wi(x, t) = ,»E:o 1‘,(96)7”1 )’

(20)
k

(t to)™
Z F(l +ja)’

j=0

which are called the kth truncated series of w(x, t) and z(x, £). It is clear that the conditions
wix, to) = fo(x) and z(x, o) = go(x) hold. To determine the coefficients f(x) and gj(x), j =
1,2,3,...,k, in Egs. (20), the residual functions are defined as follows:

Res' (x,£) = DY (IF7'w) + 824 + )/((If’lw)2 + (If’lz)z)lf’lz + o)z,

(21)
Res?(x,t) = D} (If‘lz) — Wy — ¥ ((If‘lw)2 + (If_lz)z)lf'lw - (j)(x)lf‘1
Hence the kth truncated residual functions are obtained in the following form:
Res; (v, £) = DY (If‘lwk) +8(z)xx + ¥ ((If_lwk)2 + (If_lzk)z)lf_lzk + )Pz, a2)
22

Res? (x, £) = DY (1P 2¢) = 8(wi)ex — v (I8 wit) + (167 22) ) 1B~ wy — ()P~ wy.

Equating the equation including DD of Res}(x, t) and Resjz(x, t),j=123,...,k in
Egs. (22) to zero the following algebraic system is obtained:

DY"Res|(v10) =0, j=1.2,3,...k,
(23)

Dy_l)aReS,'l(x, t)=0, j=123,... .k

Page 4 of 21
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In order to determine the coefficients of f(x) and g;(x) in Eq. (20), the truncated series
wi(x, t) and z; (x, £) are plugged into the first truncated residual functions to obtain

Res] (x,£) = DY (I 1) + 8(21)ax + )/((I,’f’lwl)2 + (If’lzl)z)lf’lzl + o)z,

(24)
Res}(x,) = DY (187" 21) — 8(w1)xx — )/((If‘lwl)2 + (If‘lzl)z)lf_lwl — )P wy,
But since wy (x,£) = fo(x) + fi(x )(‘ f‘ia and z (x, £) = go(x) + g1(x )If(fga), Eq. (24) leads to the
following results:
1 el (£—t)"
Res;(x,2) = IF fi(x) + 8| go (%) + g/ (%) )
i (- 0"\’
£-1
Y <<lx <fo(x) +f1(%) T+ a)>>
@ AN 2
(If’ l(go(x) e . ’f"zx)» )
x I (go(x) +a@ - a ?L))
oI (o) + ) )
1) (25)
Res)(x,£) = [P gy (x) - 5( JORVAGR= (1 fa))
— o 2
—y <(1;§—1 (go(x> ) . %))
751 )\’
( (o0 +f1(x)r(1 3))
B-1 tO)a
P (fo(x AL
Substituting of ¢ = £, in Eq. (25) leads to the following:
17ix) = =dgor =y (1276)" + (127" 20) )1 00 — $ @)1 ' o, 06

Il g () = 8y + v (1271 0) + (If‘lgo)z)lf‘lfo + pIPS,.

In a similar way, the unknown coefficients f5(x) and g»(x) are computed by substltuting
W, 1) = folx) +£1.6) 125 4 () 0 and 2 (v, 1) = go () + 1 (6) 25 + g () (00 imto

the second truncated residual functions Res} (x, £) and Res2 (x,£) of Eq. (22) so we have

ReS%(x, t) = If_l <ﬁ (x) +fé(x) I(f(I jf)ll)>

_ o _ 2a

_£)20 2
(17 (o il e %))
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o _ 2u 2
+ (If'l(go(x) +g1(x);(1 o o oW ;t(l i0)2a)>) )

_ o _ 2a
<117 o) ) s + ) )

_ (t—to)* (¢~ t0)™
-1 o
+ p(x) 1" (g(>(x)+g1(x)F(1 Ta) +g2(’“)r(1+2a))’

(27)

ResZ(x, t) = Iﬂ 1<g1(x)+g2(x);(1 tO)a))

—t)" (t —to)™
3( @)+ F(l ) ()F(1+2a)>
(

0) -t \\
p-
<(1 1(<gfo(x)+g1(x)r(1 )+gz(x)F(1+2a)>)

20 2
(If’ 1<fo(x)+f1(x) o fz()(t o) ))>)

o _ 2a
« I 1<fo(x)+f1 t°) +fo() tlf’)z )>

i . to) (t — to)™
d(x)IL 1(fo(x)+ﬁ(x)1~(1 fZ()F(l 2a))

Now, applying the operator D¢ and substituting of ¢ = £, solving the resultant system for
fa(x) and g»(x) one gets

I o (w) = =8g) = 2y TP 10 go I fy — v (12 1fO) M2 g
-3y ((I8220)") I g1 - p ) g,
gy (x) = 8 + 201 gl ol gy + v (171 g0) )24

+3y ((I70) )17 i + I A

(28)

As before, the same procedure for j = 3 is applied to construct the following )i 13 Jid g3:

B0 = -5¢) ~ 4@ g
—y 2 K1 g0 + v ((IF7 o)) g, + 3y (I go)’ )Flg,]
—y [0l o+ (7)) g0+ 3(( 1)) 0]
I'(1+2x)
X =
I'(1+a)?
Plgs(x) = fy + p@IP 1
T2l g+ (g0 )2+ 3 (7)) ]

eyl o (17 0) ) o +3((10) ) )
I'(1+2a)

X =
I'(l+a)?

(29)
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The recurrence relation among the coefficients of the multiple fractional power series so-
lution for space-time fractional SE is constructed by repeating this procedure:

(t to) t to)Zot
_ i i
ulx, £) = p(x) + ( h a5 ra+ f2 I'(1+2a)
(¢ to) (19-1q, 1~
! plg — 7
fé (1 Sa) + ) +l<1x & F(l +Ol)
o (t—t)*™ L, (- t)™
-1, \L—h)™ gy \—L)™
+L g (1+2a) + 1 g31"(1 +3a) ' )’ .

which is equivalent to the jth truncated series of u(x, £); that is,

k

(t—to)”
ur(x,t) = ) ¢jx) m———— (31)
;;’ r(1+ja)

Case 2: Simplification of the space-time fractional SE via the transformation u = I*'v
To get rid of the time fractional derivative in Eq. (1) the transformation u = I*"!v is taken

into account. As a result the following problem is obtained:

ive + SDE(I271) + y |17 1y + ()1 My = 0, (32)
v(x, tg) = 0, (33)
vixo 1) =1, (8), (34)
ve(xo, 1) = 1} ua (). (35)

Now, the RPSM is implemented to construct a multiple fractional power series solution
subject to boundary conditions. To establish the approximate solution the real and imag-
inary parts of the function v(x,¢) and the initial condition I}=¢(x) can be rewritten as

follows:
vix, t) = wix, t) + iz(x, ), vo(x, t) = v(xo, £) + (x — x0) Vi (X0, £) = wo(x, ) + izo(x, 1), (36)

i[w + sDF (If"lz) +y ((If"lw)2 + (If"lz)z)lf"lz + qﬁ(x)[f"lz]

— [z = 8DE (12 w) — y (127 w)? + (1971 2) ) 14w — g ()12 w] = 0, (37)
while the initial condition of Eq. (36) can be separated in the following form:

volx, t) = Ii’ﬁwo(x, )+ ili’ﬁzo(x, ) = fo(t) + (x — x0)f1(£) + i(go(t) + (x— xo)gl(t)). (38)

According to the results of Egs. (36), (37) and (38) the space-time fractional SE can be
converted into an equivalent system of PDEs as follows:

we +8DEN (177 2) + ((If_lw)2 + (If‘_lz)z)lf‘_lz + oI 'z=0,
(39)

2 - SDEN (I w) -y ((1;"‘1w)2 + (If“lz)z)lf“lw — ¢ w =0,
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based on boundary conditions:

wo(x,2) = fo(t) + (x — x0)f1(¢)
Zo(x, £) = go(t) + (x — x0)g1(2).

(40)

To determine the coefficients f;(t) and g;(¢), j = 1,2,3,..., k, in Egs. (39), the residual func-
tions are defined as follows:

Res' (x,£) = w; + 8DE (15 Nz + y (I7'w) + (1°712) ) [ 2 + p ()12 7z,

(41)
Res?(x,t) =z, — zSfo+1 (If“l)w -y ((If‘_lw)2 + (If‘_lz)z)lf‘_lw - ¢(x)lf‘_1w,
and the kth truncated residual functions are
Res} = (i) + 8DE (19 Nz + y (17 wi) + (197 22) )1 2 + p )2 2, w)
42

Res? = (a0 — 3D (12 Y - (15 wa)? + (12 120) ) s — S

In order to determine the coefficients of f(x) and g1(x) in Eq. (20), the truncated series
wi(x, t) and z; (x, £) are plugged into the first truncated residual functions to obtain

Res] = (w1); + 8DI* (177 1)zy + )/((If"lwl)2 + (If"lzl)z)lf"lzl + oIz, )
43
Resf =(z1): — (Sfo"l(If‘_l)wl - y(([f"lwl)z + (If_lzl)z)lf_lwl - q&(x)]f"lwl

But since wy(x,£) = fo(£) + fi(£)(x — x0) + fo( t) —xgﬁ; and z1(x, £) = go(t) + g1 (£)(x — x0) +

(w—a0)P*1

gg(t) To.p B4 (43) leads to the following results:

(x — x)P*1
r2+p)

(e e )
0 1 0 2 1_,(2 [3)

o—1 (x_xO)ﬂ+l ’
+ (57 (@0 + @106 —x0) + 00 5

(x — x)P*1
r2+p) )

Res}(x, £) = fo (&) + f{ (&) (x — x0) + £ (£) + Slf‘_lgg(t)

e (go(t> + () - x0) + 220

_ B+1
pEr (go(t) +&1(H)(x — x0) +g2(t)%>
44
i / / N 2 LR (44)
Resi(x, 1) = g5(¢) + g1 (£)(x — x0) + g5 () 81 (0)

r2+p)

— 2B\ 2
(7 (50 0060 10 55 ) )

)BT\ 2
+ (If_l <go(t) +g1(t)(x — x0) +g2(t)%)> >

x x0)5+1)

x I}~ 1(fo(t) +f1(t)(x — xo) + fo(2) T2+ p)

Page 8 of 21
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_ B+1
_ ¢>(x)1§‘—1 <ﬁ)(t) +_f1 (t)(x _ x()) +_f2(t) (x x()) >‘

r2+p)

Substituting of x = x; in Eq. (44) leads to the following:

1) = [fo — v ((17Y0) + (127 g0)*) 12 g0 — S (01 0] 16,

(45)
() = [gor — v (170) + (197 20) )14 — p I fo]/6.

In a similar way, the unknown coefficients f3(f) and gg(t) are computed by substituting
ws(x, £) fo(t + (8 (x = x0) + fo(£) “"‘;f;* +£5(2) x-’;w o and z3(x, 2) = go(£) + g1 (£)(x — o) +
o) fo2°+ 5t &) 7R i x" )2 into the second truncated residual functions, Res)(x,£) and
Resz(x, t), of Eq. (45) to have

(x — x)P*1 (x — x) P2

re+p TG
+ 817 (&2 (8) + g3(8) (x — x0))

p+1 B+2 2
((1“(1% B+ (00 —30) 4 fo() Eo L i E ) ))

Res%(x, £) = fo (&) + f{ (&) (x — x0) + £ (2)

re+p) re+p)
a-1 (% — x)P*1 (o — x0)P*2 ?
(1 <g0(t)+g1(t)(x o) + &(t) r2+p) &) r@+p) )) )

1“1( 0 + 2105+ B0 — 1 gyl — )
e ST SR e G h) TS T B

_ B+1 _ B+2
PO (00 100530+ l0) T 0 )
( )ﬂ+1 ( )ﬂ+2 (46)
Res2(x, 1) = gy(£) + g, () (x — x0) + g (2) (20 o B0 ’“Fzng 5

=8I (f(8) + f3(6) (x — x0))

+ + 2
”((’?‘ ‘1<o<t) O30 ) EI Ty B0 ))

+/3(t)

r+p) IE+p)
+ (12” B <g0(t) + & (O —x0) +5(t) (916“;;3);)1 rol (xFZ?)xi)Z)Z )>2>
. o1 (ﬁ)(t) RO - %0) + fo(0) (’CF;;()):)I (0 (xrgi);)z >
— )" <f0(t) +fi(O)(x —x0) + fo(t (9;(;0 ,:)1 +f0) : 3’60):)2)

Now, applying the operator D, and substituting of x = x; as follows:
[7g0) = [ -y B 20) T & + 20 ol A o + (50) 1]
— oW @]/s,

E7Ya(0) = [~g; - v [ o) I + 20 ol e go + (1 g0) I ]
- dWI g ]/s.

(47)

Page 9 of 21
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The recurrence relation among the coefficients of the multiple fractional power series so-
lution for space-time fractional SE is constructed by repeating this procedure,

~ a1, (= x0)"*! ot (o — xo)"’+2
u(x, t) = pL1(t) + pa(t)(x — x0) + (It fzm B G+ ,3) )
A ow . (x=xg)fTt L (x—x0)fT?
e g e ) 4o

which is equivalent to the jth truncated series of u(x, £); that is,

k .
(6 — x0)P 2
ur(w, t) = p1(t) + pa(t)x —x0) + ) i) =——. (49)
1 2 0 FZS j F(] 1+ ,3)

4 Numerical examples
This section is devoted to the following illustrative examples.

Example 1 Let us consider the problem including a space-time fractional SE

iD¥u—DF*'y =0, (50)
u(x,0) = 3, (51)
u(0,t) = €°%, (52)
1,(0,2) = 3ie’", (53)

Case 1: Egs. (50)—(53) transform as follows:

iDY(IP'v) = v = 0, (54)
v(x,0) = I} P, (55)
v(0,) = 0, (56)
v,(0,£) = 0. (57)

To establish the approximate solution, Egs. (54)—(55) are converted into an equivalent
system of the space-time fractional SE via u(x, t) = w(x, t) + iz(x, t) as follows:

DY (IF'w) — 24 = 0,

(58)
DY(I07'2) = Wi = 0,
with the initial conditions
w(x,0) = Ii’ﬂ cos(3x) = 31 cos <3x + %(,B - 1)),
(59)

z(x,0) = I;_ﬁ sin(3x) = 371 sin <3x + %(ﬁ - 1)).

Here,§ =1,y =1, ¢(x) =0, fo(x) = ; ﬂcos(Sx) go(x) = x sm(3x). The unknown coef-
ficients I,’f f, If ! g j= 0, 1,2,3, are computed via the initial approximations wy(x, ) =
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I,%_ﬁ cos(3x), zo(x, t) = I;_ﬁ sin(3x) and RPSM. We have

If’lfo(x) = cos(3x),
. 9i _ . )
L7 Ai0) = DY sin(3x) = S [Erap(3i) - Erp-p(=3i)],

60)
-81 (
1571, (x) = —D*P*2 cos(3x) = - &> *P[Eq13-0p(3ix) + Ey3-25(-3ix) ],

177 f3(x) = ~D¥*3 sin(3x) = [E1a-38(3ix) — E1a3p(-3ix)],

~729i
! 336
2
1P gy (x) = sin(3x),
9

I g1(x) = =DI* cos(3x) = S P[Erp-p(3i) + Erp-p(-3i0)],

. . 81i (61)
1571, (x) = —D**25in(3x) = sz_zﬂ [E13-25(3ix) — E13-24(~3ix)],

-729 ) )
If’lgg(x) = Diﬂ*S cos(3x) = Tx3’3’3 [E1,4,3,3(31x) + E1,4,3,3(—31x)].

The third order RPS solutions can be constructed as follows:

[ 20
1) = cos(3x) + DP 1 sin(3%) ———— — D22 cos(3x) —————
ws(x,t) = cos(3x) + D sin( x)l"(1+a) P cos( x)F(1+2oz)
3843 t3a
- D¥*35in(3x)
xS TE 0
(62)
i B+1 (3x) 2 D224 (3x) >
,t) =sin(3x) — DL cos —_ - sin _
23(%2) = sin(3x) - D, T+ YT 20
3843 3
D2t 3%) ———.
+DP* cos( x)F(1+3a)

By making some algebraic properties of complex numbers, the general pattern coinciding

with the exact solution can be established as follows:

u(x, t) = 3% + iDP3 4 2DAP2eix —tza
¥ I'l+o) ¥ 1 +2a)
. tSa
+PD¥BS .. (63)
(1 +3a)
Case 2: Egs. (50)—(53) transform as follows:

iv, = DP 1y = 0, (64)
v(x,0) = 0, (65)
v(0,2) = 17, (66)

v,(0,2) = 3il}7* &, (67)

Page 11 of 21
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To construct the approximate solution, from Eq. (36), Egs. (64)—(67) can be converted into

an equivalent system of PDEs as follows:

w; - DPF 1z = 0,

(68)
z - DPF Ty = 0,
subject to the boundary conditions
wolx, £) = 1}’“ cos(9t) — 3x1t1_“ sin(9¢),
(69)

zo(x, t) = Itl_‘" sin(9t) + 3xlt1_°‘ cos(9t).

Here,§ =1,y = 1, ¢(x) = 0, fo(x) = Il cos(9¢t), fi (x) = =3I} sin(9¢) and go(x) = 1}~* sin(9¢),
g1(x) = 3117 cos(9¢). Anyhow, using RPS method, starting with the initial guesses approx-
imations wo(x, ) = 1}7% cos(9t) — 3xI}~* sin(9¢) and zo(x,£) = I}7* sin(9¢) + 3xI}~* cos(9¢)
with the kth truncated residual functions of Eq. (58) is used when j = 3 throughout the
computations; the following forms for the unknown coefficients I7f, I*~'g;, /= 0,1,2,3,

are obtained:

I f5(2) = cos(9¢),

I /(2) = =3 sin(9¢),

-9 70
I°7(¢) = =D sin(9¢) = Etl-a [Er2-2(9it) + E15-a(-9it)], (70)
a-1 3 =27i 1-a . .
I (2) = —3D% cos(9¢) = Tt [E12-0(9it) — E1 5o (-9it)],
I go(t) = sin(9¢),
I g1 (t) = 3cos(9%),
9i (71
177" g5(2) = D cos(9t) = Eltl‘“ [E12-4(9it) — Ey5-a(=9it)], )
a-1 o -27 1-a . .
I g3(t) = =3D% sin(9¢) = Tt [Er2-2(9it) + E1p-a(-9it)].
The third order RPS solutions can be constructed as follows:
xﬂ+1
ws(x,t) = cos(9¢) — 3xsin(9¢) — DY sin(9t)m
B+2
-3D¢ ) ———,
LSO G p)
(72)
xﬂﬂ
z3(x, t) = sin(9¢) + 3x cos(9¢t) + Dy cos(9t)m

B+2

. X
- 3D‘tx Sln(gt) 1_'(3—-|—/3) .
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Figure 2 The approximate solution of Example 1 for Case 1 and o = 8 =0.75

By making some algebraic properties of complex numbers, the general pattern form coin-

ciding with the exact solution can be established as follows:

) ) ) xﬁ+1 ) xﬂ+2
u(x, t) = e + 3xe”" + iD¥e®" ——— + 3*D¥e ——— 4 ... (73)
r2+p) r'(3+p)

It is clear from Figs. 1-6, the approximate solutions of Example 1 for case 1 and case 2 for

different orders of fractional derivatives give better results for small values x and ¢.

Example 2 Let us consider the problem including space-time fractional SE

iD% + D'y — 2|ul?u =0, (74)
t X

u(x,0) = e, (75)

u(0, ) = e73%, (76)

(0, 8) = ie 3%, (77)
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=B=05

Figure 3 The approximate solution of Example 1 for Case 1 and &

=B=1

Figure 4 The approximate solution of Example 1 for Case 2 and &

=0.75

-

Figure 5 The approximate solution of Example 1 for Case 2 and «

Case 1: Egs. (74)—(77) transform as follows:

(78)

:0’

2If’lv

(If’lv) + Vox — 2|If’1v|

o
t
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0.5 -

u(z, t)

-0.5

0.1 e
0.08 =" 01
006 T~ < 0.08
004 < 0.06
> - 0.04
. 0.02 e 0.02
v 0 o x

Figure 6 The approximate solution of Example 1 for Case 2and o = 8 =0.5

v(x,0) = I} P e, (79)
v(0,£) = 0, (80)
v,(0,£) = 0. (81)

To establish the approximate solution, Eqs. (78)—(79) are converted into an equivalent

system of space-time fractional SE via u(x, £) = w(x, £) + iz(x, t) as follows:

DY (IF7'w) + 2y — 2[(If’lw)2 + (If’lz)z]lf’lz =0,
(82)
DY (IF2) — Wy + 2[(15‘114/)2 + (If‘lz)z]lf_lw =0,
with the initial conditions
- T
w(x,0) =1, B cos(x) = cos (x + E(ﬂ - 1)),
(83)

2(%,0) = I} P sin(x) = sin(x + %(,3 - 1)>.

Hered =1,y =2, ¢(x) =0, fo(x) = I;_’B cos(x), go(x) = 1;_’3 sin(x). The unknown coefficients
If 71]?, If 71g,», j=0,1,2, are computed via the initial approximations wy(x, £) = I;fﬂ cos(x)
and zo(x, t) = Ii_ﬂ sin(x) and RPSM. We have

57y (x) = cos(w),

IP7 £ (x) = —DP*! sin(x) + 2 sin(x),

171 f (%) = —(D2P*2 cos(x) — 2Df* cos(x)) (84)
+4sin(x) cos(x) (~DF*! sin(x) + 2 sin(x))

+ (2cos?(x) + 6sin’(x)) (D! cos(x) — 2 cos(x)),
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o () = sin(a),

12711, (x) = DP*! cos(x) — 2 cos(x), )
85

1771 f(x) = =D *% sin(x) + 2D sin(x) — 4sin(x) cos(x) (Df*! cos(x) — 2 cos(x))

— (6cos?(x) +2sin*(x)) (~DL*! sin(x) + 2sin(x)).

By making some algebraic properties of complex numbers, the general pattern coinciding

with the exact solution can be established as follows:

. . . t“
u(x, t) = e* + i(DPHe™ — 2e™) ———
() ( * )F(1+oz)
2 2B+2 i B+1 i tza
+1 [(Dx * e’ —2Dx+ elx)]m

+ [4sin(x) cos(x) (-D*! sin(x) + 2 sin(x))
— 4isin(x) cos(x) (DE*! cos(x) — 2 cos(x))

+ (2cos?(x) + 6sin*(x)) (D! cos(x) — 2 cos(x))

20
—i(6cos?(x) + 2sin*(x))) (D5 sin(x) + 2sin(x))] i o (86)
+ 2
Case 2: Egs. (74)—(77) transform as follows:
ive + DUy — 2|11y = o, (87)
v(x,0) =0, (88)
v(0,2) = I} 3", (89)
Vel0,2) =i, e it
(0 ) Itl o —3it (90)

To construct the approximate solution, then from Eq. (36), Egs. (64)—(67) can be converted

into an equivalent system of PDEs as follows:

w; + DPH 7 2[(1?"1w)2 + (If"lz)Z]If"lz =0,

(1)
z - DPF Iy 4 2[(If‘_lw)2 + (If‘_lz)z]lf‘_lw =0,
with the boundary conditions
wolx, £) = Itl"" cos(3t) + xItl"" sin(3t),
(92)

Zo(x, £) = —Itl"" sin(3¢) + xltl"" cos(3t).

Here§ =1,y =1, ¢(x) = 0, fo(x) = I} cos(3¢), fi (x) = I} sin(3¢) and go(x) = —1}*sin(3¢),
&1(x) = I} cos(3t). Anyhow, using the RPS method, starting with the initial guessed ap-
proximations wo(x, £) = I}~ cos(3t) +xI}~* sin(3t) and zo(x, £) = —1}~* sin(3¢) + xI}~* cos(3t)
with the kth truncated residual functions of Eq. (82) used when j = 3 throughout the com-

putations, the following forms for the unknown coefficients If"lﬁ, If"l g,j=0,1,2,3, are
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obtained:
If"lfo(t) = cos(3t),
If"l 1(£) = sin(3¢),

17 £ () = —D¥ sin(3t) + 2 cos(3¢)

= _73&-0’ [E12-(3it) + E1p-a(-3it)] + 2 cos(30), G3)
I f5(8) = DY cos(3¢) + 2(sin’(3¢) + sin(3¢) cos®(3¢))
_ %tl""‘ [E12-a(3it) - Exp o(=3i6)] + 2(sin®(31) + sin(3¢) cos*(31)),
If"lgo(t) = —sin(3¢),
I (#) = cos(3e),
If‘_lgg(t) = —Df cos(3t) — 2sin(3t),
3 (94)

= Etl_"‘ [E12-a(3it) — Eyp—a(-3it)] - 2sin(3),
1771 g5(¢) = =D sin(3t) — 2(cos®(3t) — cos(3¢t) sin*(3¢)),

-3
= Etl_"‘ [El,g_a(Sit) + El,z_a(—Sit)] - 2(c053(3t) —cos(3t) sin2(3t)).
By using some algebraic properties of complex numbers, the general pattern coinciding
with the exact solution can be established as follows:

B+1 B+2

X 3 3it ¥
7F(2+,8)+9le —1"(3+,B)+m' (95)

ulx, t) = e 3 + je 3y 4 3273

It is clear from Figs. 7-9, the approximate solutions of Example 2 for case 1 for different
orders of fractional derivatives give better results for small values x and t. However, from

Figs. 10—12 the approximate solutions of Example 2 for case 2 give a better result for 0 < x,
t<1.

Figure 7 The approximate solution of Example 2 for Case 1and ¢ = 8 =1
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u(z,t)

Figure 8 The approximate solution of Example 2 for Case 1 and o = 8 =0.75

0.1

Figure 9 The approximate solution of Example 2 for Case Tand & = 8 =05

Figure 10 The approximate solution of Example 2 for Case 2and e = =1
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> 0.2

Figure 12 The approximate solution of Example 2 for Case 2 and @ = 8 =0.5
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