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1 Introduction

The concept of the almost automorphic function is proposed by Bochner in the paper
[1], which is an important generalization of the classical almost periodic function and is
related to some aspects of differential geometry. Also, the almost automorphic solutions
for differential systems have been extensively investigated in [2-9]. Moreover, the square-
mean almost automorphic function is defined as almost automorphic function in stochas-
tic process, which has more extensive applications (see [10—15]). On the other hand, the
theory of impulsive evolution equations has become an active area of investigation, since
it fully considers the impact of instantaneous changes on the whole process, and has the
characteristics of differential equations and difference equations. There are several inter-
esting results concerning the existence and stability of solutions, especially for piecewise
almost periodic type solutions and piecewise almost automorphic type solutions for im-
pulsive evolution equations (see [16—25]). In [21], the authors introduced a PC-almost
automorphic function and investigated the existence of PC-almost automorphic solution
to impulsive fractional functional differential equations by a-resolvent family of bounded
linear operators, Sadovskii’s fixed point theorem and Schauder’s fixed point theorem. In
[25], by introducing the concept of equipotentially almost automorphic sequence, the def-
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inition of weighted piecewise pseudo almost automorphic function on time scale is pro-
posed, and the existence and stability of the weighted piecewise pseudo almost automor-
phic mild solutions to abstract impulsive dynamic equation on time scale is investigated.

However, besides impulsive effects, stochastic effects likewise exist in real systems.
Therefore, we must import the stochastic effects into the investigation of impulsive evolu-
tion systems. Recently, many authors studied the square-mean piecewise almost periodic
solutions for impulsive stochastic evolution equations (see [26—30]). In [28], the authors
introduced the concept of square-mean piecewise almost periodic functions for impul-
sive stochastic processes, and studied the existence and stability of square-mean piecewise
almost periodic solutions for linear and nonlinear impulsive stochastic differential equa-
tions. Furthermore, Yan et al. [31-34] discussed the square-mean piecewise pseudo almost
periodic solutions and the square-mean piecewise weighted pseudo almost periodic solu-
tions for impulsive stochastic evolution equations. However, there are few studies on the
square-mean piecewise almost automorphic solutions of impulsive stochastic evolution
equations.

Based on this, in this paper, we will construct a square-mean piecewise almost automor-
phic function and study its composite properties. Further we use these properties to prove
the existence of the square-mean piecewise almost automorphic mild solutions for two
types of impulsive stochastic evolution equations. Also, the stability of the square-mean
piecewise almost automorphic mild solutions for impulsive stochastic evolution equations
is studied by the generalized Gronwall-Bellman inequality. In the end, we give an example
to illustrate our results.

2 Preliminaries

Throughout this paper, let (H, || - ||) be a real and separable Hilbert space. Let (£2, F, P) be
a complete probability space. Let L2(P, H) be a space of the H-valued random variables
x such that E||x|* = [, lx]|*dP < oo, and (L*(P,H), || - ||2) is a Hilbert space when it is
equipped with the norm ||x|; = ([, lx[|* dP)"2.

Definition 2.1 A stochastic process x : R — L%(P, H) is said to be stochastically bounded
if there exists M > 0 such that E|jx(£)||> < M for all t € R.

Definition 2.2 A stochastic process x : R — L%(P, H) is said to be stochastically continu-

ous, if
limE”x(t) —x(s) ”2 =0
for all s € R.

Let T = {{ti}icz | v = inficz(tis1 — ;) > 0}. For {t;}icz € T, let PC(R,L?(P,H)) be the
space consisting of all stochastically bounded piecewise continuous functions f : R —
L*(P,H) such that f is stochastically continuous in ¢ # ;, i € Z, and f(¢), f(¢7) exist,
f@) =f(&). Let PC(R x L*(P,H),L*(P,H)) be the space formed by all stochastically uni-
formly bounded piecewise continuous functions f : R x L2(P,H) — L*(P,H) such that
f(,x) € PC(R,L*(P,H)) and f (¢, -) is continuous.

Definition 2.3 A function ¢ € PC(R,L?*(P, H)) is said to be square-mean piecewise almost
automorphic if the following conditions are fulfilled:
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(i) {t{ :i € Z}jez are equipotentially almost automorphic, that is, for any sequence
{s.} € Z, there exists a subsequence {t,} such that

lim lf]:” =Nk
n—00

and

lim 77];{” =tk

n—00

for each k € Z.
(ii) For any sequence {s,} C R, there exist a subsequence {s,} < {s; } and
¢ € PC(R,L*(P,H)) such that

lim E[¢(t +5,) - 00" =0

and
Tlim E[l (¢ - 5,) - (@) =0

forallt € Rand ¢t # ¢;.
Denote by AA7(R, L2(P, H)) the set of all square-mean piecewise almost automorphic
functions.

Definition 2.4 A function f € PC(R x L*(P, H),L*(P, H)) is said to be square-mean piece-
wise almost automorphic in ¢ € R uniformly in x € L?>(P, H), if for any ¢t € R and ¢ # ¢t;,
x € L*(P,H) such that f(-,x) € AA7(R,L*(P,H)). Denote by AA7(R x L2(P,H),L*(P,H))

the set of all such functions.

Theorem 2.1 Let ¢ € AAr(R,L*(P, H)), then R(¢) is a relatively compact set of L*(P, H).
Proof Let {¢(x,,)} € L*(P,H). Since ¢ € AAr(R,L*(P, H)), by Definition 2.3, there exists a
subsequence {x/,} C {x,} such that lim,_, « E||¢(x,,) — ¢(0)||* = 0, that is, {¢(x],)} is the con-
vergent subsequence of {¢(x,)} in L*(P, H). Therefore, R(¢) = {¢(x) : x € R} is a relatively
compact set of L%(P, H). O

Theorem 2.2 Assume f € AAr(R x L*(R,H),L*(P,H)), and that f satisfies the following
Lipschitz continuous condition: there exists a number L > O such that, for any x,y € L*(P, H),

E|f(t%)~f(t.9)|* <LElx-yI?, teRtt.
Ifg e AAT(R,L*(P,H)), then f(-,g(-)) € AAr(R, L*(P, H)).

Proof Since g € AAr(R,L*(P,H)) and f € AAT(R x L*(R,H),L*(P,H)), for any sequence

{sx} C Z, there exists a subsequence {s,} < {s,} such that

,,IEEOE’V(t + 8, %) —f(t, x) ”2 =0, (1)
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nan;oE|V(t —s;,x) —f(t,x)“2 =0, 2)
lim E|g(t+s,) -F0)[ =0, 3)
lim E||g(t -s,) —g(®) ||2 =0. (4)

n—00

Let F(t) =f(¢ g(2)), G(¢) =7(t,§(t)), therefore, we only need to prove

lim E|E(¢+s,) - G@®)|* =0

n— o0
and

lim E|G(¢-s,) - F@®)|* = 0.

n—00

Since E||f(t,x) — f(¢,)]|*> < LE||x — y||?, we have

E|E(t+5,) - GO
=E|f(t+s,8(t+s,)) -F(6.20)
=E|f(t+5,,g(t +5,)) —f (¢ +5,80) +f(t +5,50) ~F(LZ0) |
<2E[f (¢ +5,,8(¢+5,)) ~f (¢ +5,80) | + 2E[f (¢ +5,,30) -F(£.20) |

I

<2LE|g(t+5,) - + 2E[ (¢ +5,70) - F (63 0) " (5)
Combining (1), (3) and (5), we have
lim E[[F(¢+5,) - GO = 0.
Similarly,
lim E[G(¢-s,) - F@)[* = o.
Therefore, f(-,g(-)) € AAT(R, L*(P, H)). O

Lemma 2.1 If¢ € AAr(R,L*(P,H)), then {¢(t;) : i € Z} is a square-mean almost automor-
phic sequence.

The proof of Lemma 2.1 is similar to the proof of Lemma 3.12 in [25], one may refer to
[25] for more details.

Theorem 2.3 Assume ¢ € AAr(R,L*(P,H)), {Ii(-) : i € Z} is a square-mean almost auto-
morphic function sequence, that is, for any x € L*(P,H), {I;(x) : i € Z} is a square-mean
almost automorphic sequence, if I; satisfies the following Lipschitz continuous condition:
there exists a number L > 0, for any x,y € L*(P,H), i € Z,

E||L(x) - L) | < LE|x - yI1%,

then {I;(¢(t))) : i € Z} is a square-mean almost automorphic sequence.
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Proof Since ¢ € AAT(R,L*(P,H)), by Lemma 2.1, {¢(t;) : i € Z} is a square-mean almost
automorphic sequence. Let

I(t, ) = L(x) + ¢ = )[Iin(¥) — Li(x)], i<t<i+li€eZ

and
D(t) = p(t) + (t - D)[p(ti1) - 9(t)], i<t<i+lieZ

Since {[;(x) : i € Z} is a square-mean almost automorphic sequence, by Lemma 2.1, [ €
AAR x L*(P,H),L*(P,H)), ® € AA(R,L*(P,H)).
For any ¢ € R, there exists i € Z such that |t — i| <1, then

E||1(t,%) - 1(t,y)|”
= E| L) + (¢ = )[Lin ®) - L®)] = L) = (¢ = )[Lin ) - L)) |
< E| ) = 1) + [t = il[Tea @) ~ L )] + 12 = i1[1i0) = LO)] |
<BE|L(x) — L) |* + 31t = iPE| L1 (%) = L )|
+ 31t — iPE| %) - L)
<3LE|x - yl* + 3|t — il’LE|lx - y||* + 3|¢ — i|*LE||x - y|*

<9LE||lx-y|*.

By the composite property of the square-mean almost automorphic function, we have
I(-,®(-)) e AA(R,L*(P, H)).

Thus, {I(i,®(i)) : i € Z} is a square-mean almost automorphic sequence, that is,
{I:(¢(;)) : i € Z} is a square-mean almost automorphic sequence. a

We list the following result for a square-mean piecewise almost automorphic function,
one may refer to [21] for more details.

Lemma 2.2 Assumef,g € AAr(R, L*>(P,H)), the sequence {x;}icz is a square-mean almost
automorphic, then, forany e > 0and {s,} C R, {1, } C Z, there exist subsequences {s,,} C {s,,},
{t,} C {1} and {,§ € PC(R,L*(P, H)), {y;}icz such that
() ENf(t+50) —fO)? <& and E|[f(t —s) —f@)|> < & forall t €R, |t — ;] > &, {s,} TR,
ieZ.
(i) Elg(t+s,) —Z)|* <& and E||g(t —s,) - g(t)|* <& forall t e R, [t - t;| > &, {s,} C R,
ieZ
(ii)) Ellxisr, —yill* < & and E||yi_q, —xil|* < € forall {t,} C Z,i € Z.
(iv) Elltise, —ti —snll> <& forall {t,} S Z, {s,}) SR, i€ Z.

3 Square-mean piecewise almost automorphic mild solutions for impulsive
stochastic evolution equations

In this part, we study the existence and stability of the square-mean piecewise almost

automorphic mild solution for impulsive stochastic evolution equations.
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3.1 Linear impulsive stochastic evolution equations
Consider the following linear impulsive stochastic evolution equations:

dx(t) = [Ax(t) + f()]dt + gt) dw(t), teRt#t,icZ,
Ax(t;) = x(t]) —x(t7) = B, ieZz

(6)

where A is an infinitesimal generator of Cy-semigroup {7'(¢) : £ > 0} such that, forall £ > 0,
I T(t)|| < Me% with M, 8 > 0, and w(t) is a two-sided standard one-dimensional Brownian
motion, which is defined on the filtered probability space (§2, F, P, F,) with F; = o {w(u) —
w(v) 1 u,v <t}

Definition 3.1 A functionx € PC(R,L*(P, H)) is called a mild solution of linear impulsive
stochastic evolution equations (6), if

t t

x(t)=T(t-o0)x(o) + / T(t-s)f(s)ds + f T(t —s)g(s) dw(s) + Z T(t-t)B;

o o o<ti<t

where t >0, 0 #t;,i € Z. If x € AAr(R,L*(P, H)), then  is called the square-mean piece-
wise almost automorphic mild solution of Eq. (6).

Theorem 3.1 Assume f,g € AAr(R,L*(P,H)), {B; : i € Z} is a square-mean almost au-
tomorphic sequence, then Eq. (6) has a square-mean piecewise almost automorphic mild
solution.

Proof From semigroup theory, we know

x(t)=T(t-o0)x(c) + /t T(t-s)f(s)ds+ ‘/.t T(t-s)g(s)dw(s), t>o

(e e

is a mild solution to
dx(t) = [Ax(t) +f(t)] dt + g(t) dw(z).

Forany ¢ € (o,t],

t1 5]

x(tl’) =T(t, —o)x(o) + / T(ty —s)f(s)ds + / T (t; — s)g(s) dw(s),

by using Ax(z;) = x(¢]) — x(t;) = B;, we get

t t1

x(tf) =T(t; —o)x(o) + / T(ty —s)f (s)ds + / T(t, - s)g(s) dw(s) + B;.

o o

Ifte (tl, tz], then

t t

T(t-s)f(s)ds + / T(t - s)g(s) dw(s)

t

x(t) = T(¢—t1)x(e]) +/

3]

=T(t- t1)|:T(t1 —o)x(o) + /tl T(ty —s)f(s)ds
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- " Tt s)gls) dwls) + ﬁl]
o : T(e - 5)f(5)ds + / (e - 9g(5)dwls)

= T(t- 0)alo) + / " T s)fs)ds + / " T g0 dwis)
+Te-wpi+ [ : T(t - 5)f(5)ds + / (e - 9g(5) i)

=T({t—-o)x(c) + /t T(t-s)f(s)ds+ ‘/.t T(t — s)g(s) dw(s)

[ed e

+ T(t — tl)ﬂl.
Since

x(tz_) =T(t, —o)x(o) + / ’ T(t, —s)f(s)ds + / i T (ty —s)g(s) dw(s) + T(t, — t1)B1,

[

by Ax(t;) = x(t]) — x(t]) = Bi, we get

x(ty) = x(t;) + B2
=T(ty —o)x(o) + / ’ T(t, —s)f(s)ds + / ’ T(ty — s)g(s) dw(s)

+T(t—t1)p1 + P

If t € (t,, £3], then

x(t) = T(t - t)(8)) + /t : T(t - s)f(s) ds + /t ; T(¢ - )g(s) dw(s)
=T(t- t2)|:T(t2 —o)x(o) + /'52 T(t, —s)f (s)ds
+ / " Tl - 9g(0) dwls) + Tl — 1)y + ﬂz}
. / : T(¢ - )f(s)ds + / Tt - s)gls) dwls)
- T(t - o)(o) + / " T - sy ds + / " 7t - s)gls) dwls)
FT(e-0)f + TE- e [ T -9 ds s / (e g dwls)

ty t2

=T({t—-o0)x(c) + /t T(t-s)f(s)ds + /t T(t —s)g(s) dw(s)

o [

+ Tt -t1)pr+ T(t—ta)Po.
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Therefore, reiterating this procedure, we get

t t

x(t) =Tt -o0)x(o) + f T(t-s)f(s)ds + / T(t - s)g(s) dw(s)

o o

+ Z T(t-t)p:. @)

o<ti<t

By Definition 3.1, (7) is a mild solution of Eq. (6), therefore, we only need to prove the
above (7) is a square-mean piecewise almost automorphic process.

Let 0 — —oo, then | T(¢t — )| < Me™ ) = Me %€’ — 0, by Definition 2.1, (o) is
stochastically bounded, so (7) can be defined as

x(t) = /t T(t-s)f(s)ds+ /t T(t —s)g(s) dw(s) + Z T(t-t;)B;

0 - ti<t

2 %1 () + x(0) + x3(0).

Next we show that x € AA7(R, L*(P, H)). The following verification procedure is divided
into three steps.

Step 1. x, € AA7r(R, L*(P,H))

Since f € AA7(R, L*(P,H)), by Definition 2.3, for any sequence {s,} C R, there exist a
subsequence {s,} C {s,} and]7 € PC(R,L*(P, H)) such that

lim E[[f(¢+5,) -7@)]" =0
and
lim E[[f(t—s) £ =0

foreveryt e Rand t #¢;.
Let & (¢) = [*_ T(t - 5)f (s) ds, then

El|xi(t+s.)-& @)

2

_E / T s sy — ) (s)ds / " T s ds

(o¢] —00

2

-F ft T(t-sy(s”n)ds-f T(t - s)f(s) ds

ft (t- s)[f(s +5,) —f(s)] ds
2
[ =9l -7l ds)

(/.
B[ e lss) Tl as)
(

<E / M2e8(t=s dS/ e 0E) “f(S +5) _]?(S)szs)

2

I
™

IA

E

IA

Page 8 of 19
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t t ~
_ / M2e-39) dS/ e—B(t—s)EHf(s +5,) —f(S)||2 ds

00
M2
5

IA

/’t e_a(t—s)EHf(s +8,) —£(5) H2 as.

Similarly,

2 t ~
Effite-s)-m@| <5 [ e IE[fis-s)-70) s

So, by Lebesgue’s dominated convergence theorem, we get

2 t
lim E|a(t +5,) - 210 < 2 f e Tim E||f (s +5,) - f(s)]|* ds
n—00 k) —so n—00

and

2 pt N
lim E||5cvl(t —5,) —x1(2) ||2 < ﬁf e lim E|[f(s —su) —f(s) ||2ds.
n—00 S n— 00

Since lim,,_, o0 E||f (£ + 5,) = F(£)[|* = 0 and lim,_, o0 E|[f(t — s,) = f(O)||*> = 0, %1 € AAT(R,
L*(P,H)).

Step 2. x, € AAr(R, L2(P, H))

Since g € AA7(R,L*(P, H)), by Lemma 2.2, for the above sequence {s,,} C R, there exist a
subsequence {s,} C {s,} and g € PC(R, L*(P, H)) such that

lim E||g(¢ +s,) -Z@®)]* =0
n— 00

and
lim E[[3(t-s.) - g0 =0

foreveryt e Rand t #¢;.
Let x5(t) = ffoo T(t — s)g(s) dw(s), by the Ito integral, then

E||xa(t +5,) - 5(0)|°

2

“E / T T+ 5, - 9)gls) dwls) - / " T () dwls)

oo —00

t 2

=E /t T(t—s)g(s +s,)dw(s +s,) — / T(t - s)g(s) dw(s)

(o.¢] —00

2

=E / T(t -s)[g(s +s.) —Z(s)] dw(s)

o0

< f E| T(t-9)[gls +5) ]| ds

o0

t
< / M>e PEIE|g(s +5,) —3(s) | ds.

o

Page 9 of 19
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Similarly,
t
Effs(e-s)-m| < [ M IE|gs-s) -] ds.
So, by Lebesgue’s dominated convergence theorem, we get
t
lim E||x2(t +55) —x~2(t)||2 < / M?e™2E9) lim E||g(s +58,) —E(s)”2 ds
n—00 oo n— 00
and
t
lim E||%5(¢ - s,) — x2(2) ||2 < / M?e 29 Jim E|g(s - s1) — g(s) ||2 ds.
n—00 oo n—00

Since lim,,_, o E||g(t + 5,) — g(£)||? = 0 and lim,,_, o0 E||(t = 5,,) — g(¢)||> = 0, x» € AAT(R,
L2(P, H)).

Step 3. x3 € AA7(R,L*(P,H))

Since B; is a square-mean almost automorphic sequence, by Lemma 2.2, for any se-
quence {1,} C Z, there exists a subsequence {7,} C {r,} and E, is a stochastically bounded
piecewise continuous function sequence such that

lim E| Bise, — Bill2 =0
n—0o0

and
lim E| B, - Bil*=0
n—0o0

for everyie Z.

Fort; <t <ty |t—t|>¢&, |t —ti1] >¢, i€ Z, by Lemma 2.2, we have
L+S, >t +&+8, >t
and
Livege1 > L1 + Sy —E> L+ Sy
Therefore,
ti+‘fy[+1 >t+58,> ti+Tn'

Let x3(t) = ch-q T(t-t)B:, by Lemma 2.2, then

2

Elast+s,) - &0 =E| Y T(t+s,—t)pi— Y T(t~t)F;

ti<t+sy ti<t

Z T(t—(ti—sn)Bi— Z T(t-t)Bi

ti—Su<t ti<t

2
=E

Page 10 of 19
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2
=E| Y T(@=t)Bue, — Tt —1)B;

tj<t ti<t

2
=E Z T(t - ti)ﬂmn - Z T(t- ti)lgl

ti<t ti<t

2
=E| > T(t - t)(Bire, - B

ti<t
- 2
< E(ZH T(t— )| | Bivey — ﬂin)
ti<t
- 2
< E(Z Me™||Bisr, — B ||)
ti<t
< E(ZM%“W 2 e i, - EAF)
ti<t ti<t
< e_w Z e By, — Bill”

ti<t

So, by Lebesgue’s dominated convergence theorem, we get

Jim Ellxa(e +5,) - 50" < = _ayZe ) tim | ivs, - Bill

ti<t

and

: ~ 2 M? —8(t-t;) 1; 2 2
Jim E[£5( —s5,) =250 < T > e lim EllBioe, - il

ti<t

Since limy—c0 Ell Bz, — BilI? = 0 and lim,, .o E|| B, — Bill* = 0, x3 € AA7(R, L*(P, H)).
Thus, x € AA7(R, L*(P, H)). O

3.2 Nonlinear impulsive stochastic evolution equations

Consider the following nonlinear impulsive stochastic evolution equation:

dx(t) = [Ax(t) + f (¢, x(t))] dt + g(t,x(t)) dw(t), teRt#t,icZ,

®)
Ax(t;) = x(t]) — x(t7) = Li(x(t:)), ieZ,

where f,g: R x L*(P,H) — L*>(P,H), I; : L*(P,H) — L*(P,H), i € Z, and w(¢) is a two-sided
standard one-dimensional Brownian motion defined on the filtered probability space
(£2,F,P,F,) with F; = o {w(u) —w(v) : u,v < t}.

Definition 3.2 A function x € PC(R, L*(P, H)) is called a mild solution of Eq. (8), if x sat-
isfies

x(t)=T(t—-o0)x(c) + /t T(t - s)f(s,x(s)) ds + /t T(t - s)g(s,x(s)) dw(s)

[ed [ea

+ Z (t - )L (x(t)),

o<ti<t
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wheret > 0,0 #t;,i € Z. If x € AAr(R,L*(P, H)), then x is called a square-mean piecewise

almost automorphic mild solution of Eq. (8).

Theorem 3.2 Suppose Eq. (8) satisfies the following conditions:

(i) The operator A : D(A) C L*(P,H) — L*(P, H) is the infinitesimal generator of a
Co-semigroup {T(t) : t > 0}, that is, there exist M, 8 > O such that | T(t)|| < Me™,
t>0.

(i) The functions f,g € AAr(R x L*(P,H),L*(P,H)), {I,(-) : i € Z} is a square-mean
almost automorphic function sequence, and there exist positive numbers Ly, Ly, L
such that

E|f(t.%) -f&.9)| < LiEllx - yI1%,

E|g(t,%) - g(t,9)|" < LEllx - y))?
and
E|| L) - L»)| < LEIIx -y

f3 L+2 L2 + WL < 1, then Eq. (8) has a square-mean piecewise almost auto-

morphic mild solutwn
Proof Let

t

To(t) = / T(t - 9)f (s, 9(s)) ds + / T(t - 9)g(s, ¢(s)) dw(s)
+ Y Tt - ) (p(t).

ti<t

For any ¢ € AA7r(R,L*(P,H)), by (ii) and Theorem 2.2, we have f(-,¢(-)),g(- ¢(-) €
AA7(R,L*(P,H)), by Theorem 2.3, {I;(¢(;)) : i € Z} is a square-mean almost automorphic
sequence. Similar to the proof of Theorem 3.1, we have I'p(t) € AAT(R, L*(P, H)).

For any ¢, ¥ € AAT(R,L*(P,H)), by (a + b + ¢)? < 3(a® + b? + ¢?) and Cauchy—Schwarz

inequality, we have
E|ro@ - Ty |
—E”/ t-9)[f(s,0() —f (s, ¥ (s))] ds

+ / T(t-9)[g(s,0(s) —g(s,v¥(s))] dwls)

2

+ Z T(t-t)[Li(e(t) - Li(v (%))]

ti<t

< 3}5”/ t-9)[f(s,0(5) - f(s,9(s))] ds

2

2

+ SE”/ T(t-s)[g(s,0(s) —g(s, ¥ (s))] dwls)

Page 12 of 19
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2
+3E

Z T(t - ) [Li(e(t)) - Li(v ()]

ti<t

<t [ - 9lltsw) (s veo)] |

43 / E|T(c-9)[g(s 0) - g(s v ()]| ds

2
; sﬂ[zn T~ )| | (0(69) ~ 1y (29) ||]

ti<t

P 2
< 3E|: / Me £ (5,0(5)) —f (5, ¥(5) | ds]
+3 /t Mze—zs(r—s)E”g(s, (p(S)) _g(s, lp(s)) ”2 ds

2
N SE[ZMQ—S(t—t,') ||I,-(<ﬂ(ti)) —I,-(t//(ti)) ||]

ti<t

<3 [ L A9 g [ t e IE|f (s, 0(9)) ~f (5, w(5)) | ds

o0

. B/t M2 EIE||g(s,0(5)) - g(s, ¥ (s)) ||2ds

+3 (Z Mze-5<f-fi>> <Z e CNE| L((8)) - L(¥ (2)) Hz)
< 371\42 t e_‘s(t_s)LlEHq)(s) —Y(s) ||2ds

t
+3M2 / e 2ILLE| (s) - v (s)|| ds

o0

2
¢ S L E o) -y )]

1-ed
ti<t

sM? [t :
< I:T/ e—S(t—S)Ll ds + 3M2/ e—25(t—s)L2 ds

oo —00

3M? S(tt;
— e “L]Enw -yl

+
1-e?d
ti<t

3M? 3M? 3Mm? )
S|l ol (1—e*5y)2L Ellg = lI”

2 2 2
Since %Ll + %Lz + %L <1, I' is a contraction. Therefore, Eq. (8) has a square-

mean piecewise almost automorphic mild solution. d

Lemma 3.1 (Generalized Gronwall-Bellman inequality) Assume u € PC(R,R) satisfies
the following inequality:

O<u(t)<C+ /t v(n)u(t)dt + Z Biu(t), t>t,

4 t'<t;<t

Page 13 0of 19
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where C > 0, B; > 0, v(t) > 0, then the following estimate holds for the function u(t):

u(t) < C l_[ (1+ ,Bi)eftt’ v(z)dt

t'<ti<t

Theorem 3.3 Suppose the conditions of Theorem 3.2 hold, if further that

1 4M? apM>? )
—In(1+ 3 L)+ Ly +4M*L, -6 <0,
y 1-e°r 8

then Eq. (8) has an exponentially stable square-mean piecewise almost automorphic mild

solution.

Proof By Theorem 3.2, ¢(t) is a solution of Eq. (8), then

e)=T({t-0)p(o) + / T(t-s)f (s, p(s)) ds + / T(t - s)g(s, ¢(s)) dw(s)

+ Z (p(t

o<ti<t

Let v/ (¢) be a solution of Eq. (8), then

v(t) = T(t—a)w(a)+/ T(t-s)f (s, ¥ (s)) ds+/ T(t - s)g(s, ¥ (s)) dw(s)
+ Y TE—t)L(y ().

o<ti<t

Thus, by Cauchy—Schwarz inequality and the Ito integral, we have

E|o6) - v (@)’

_ E” 1= 0)olo) - wie)] + [ Tl-9[f(s.009) (5. ¥19)] s

g

' / T(t - 5)[g (s 0(s)) - (s, W ()] dw(®)
2T @) -1y

o<ti<t

<4E|T(t-0)[plo) - ¥ (0)]|

’ 2

2

+4E / T -9)|f(s,0() —f (s ¥(s))] ds

2

+4E / T(t-3)[g(s,9(s) —g(s,v(s)) ] dw(t)

2

+4E| > Tt - t)[L(e(t) - L(v ()]

o<ti<t

<aM2ePE| p(o) - Y (o) |
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. 2
a] [ M 1 (s06) - 009)]

+4/ E|T(t-9)[g(s () - (s w(s)]| ds

_ 2
£ Y M1 pte) -1y )

=0 <t;j<t

< 4M*e P E|p(o) - ¥ (o) “2
+ag| f C A9 g / £, 0(6) (5 06| ds}

e [ M IEg(s009) (o w9) Pl

a

+ 415[( Z Mze“s(‘_t")) Z e | (o) - L(w (1)) HZ]

o<ti<t o<ti<t

<aM*e“OE|p(0) - v (o)
4M?

A eSEIE|f (s, 0(5) —f (5,9 (s)) | > ds

+ a2 / 2509 E|g(s 9(s)) —g(s,w(s)) | ds

4M2
s 3 OB (() - (v @)

o<ti<t

<aM*e?IE|p(o) - (o)

2 t
+ [41:[ L+ 4M2L21|‘/ e IE| p(s) - ¥ (s) ||2ds

4M2
ol 2 Epw v @)

o<ti<t

So,
E(e) - v (@)
2 t
<4M*E|p(o) - w(o)|” + [WTLl + 4M2L21| / PE|p(s) - v (s)| ds

aM?
Ry N Z E|p(t:) - 1ﬁ(ti)Hz.

o<ti<t

Let Y'(¢) = e E|lo(t) — ¥ (£)||%, then

T(t) <4M>T (o) + [WTZLI +4M2L2]/ Y (s) ds+ — L Z

o<ti<t
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By Lemma 3.1, we get

LZT

o<ti<t

T(t) <4M>T (o) + [—Ll +4M2L2]/ (s) ds+

<4M2 T (o) 1_[ (1+ _5yL)ef 4M Ly +4M2Ly)ds

o<ti<t

=4aM*T(0) ] <1+ SVL A L))
_e_

o<ti<t

2

= 4M>T (o) (1 1 e L) Te(WTL““MZLW“’)
-— e_

2 2
[ In(+ 2L 1)+ 2M2 1) aM2L5])(t-0)
=AM Y (o)e” 1= TS ,

that is,

2
T(t) < 4M2T(O')€[ In(1 L)+ L1+4M Lo](t— a)

Therefore

E| o) - v (0|

<4M2€5UE“(/7( '(ﬂ((T H [ In(1 +%L)+%L1+4M2L2](t—u)

that is,

Ello@0) - v @]

2[ln+

2 2
fi‘fay D+ 11 +aM2 Ly -8)(t-0)

<4M’E|¢(o) -y (0)| e

Since

1 4M? 4M? )
—In(1+ 5 L)+ Ly +4M“L, -6 <0,
y 1-er 8

Equation (8) has an exponentially stable square-mean piecewise almost automorphic mild

solution. O

4 Applications
Consider the following impulsive stochastic evolution equation:

_ 82u(t,x) 1. 1 .
du(t,x) = [ a2+ 5 SN G sin u(t,x)) dt
1. 1 . -
3 SN e s 73 Il u(t,x) dw(t), teRt#t,ieZ,xe(0,m], ©)
Au(t;, x) = B; sinu(t;, x), ieZxel0,m],

u(t,0) = u(t,m) =0, teR,
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where w(t) is a two-sided standard one-dimensional Brownian motion defined on the
filtered probability space (§2,F,P,F;), B; = %sin — L h=i+ %lsin

1
. el . .
2+C08 i+Cos ﬁz t 2+C0S i+Cos ﬁz |

((ﬂ(l) = 2+cosi+lcos«/§i)'
Let X = L2(0,7), define the operators A : D(A) € X — X by Au = u”. It is well known

that A is the infinitesimal generator of a semigroup {7(¢) : ¢ > 0} on X and | T(¢)|| <e™*
for t > 0 with M = § = 1, then condition (i) of Theorem 3.2 is satisfied. By Definition 2.3,
{t.:i € Z}je7 are equipotentially almost automorphic sequence and

t = ti — &

1].
=1+ —|si

3

1
n
2 +cos(i+1)+cosv/2(i + 1) ‘
1
2+cosi+cos«/§i
1 . 1
—sin
2+cos(i+1) +cosv/2(i + 1) 2+ cosi + cosv/2i
2] @i+ —9@) @(i+1)+¢()
—|sin cos
3 2 2

sin

3

1].
>1-—|sin

3

>1-

1
>1——=-.
3 3
Hence, y = infjcz (£, — t;) > % >0.
Let f(t,u) = %sin m sinu, g(t,u) = %Sin m sinu and [;(u) = B;sinu,
then f,g € AAr(R x L*(P,H),L*(P,H)) and {I;(-) : i € Z} is a square-mean almost auto-
morphic function sequence.

For any u, v, we have

Elft,w) -fe v’

EHIQ 1 1 1 )P
=E|=sin sin# — = sin sinv
6 2+cost+cosa/2t 6 2+cost+cosa/2t

E”l . 1 s . )2
=E|=sin sinu —sinv

6 2+cost+cos/2¢

1. 1 S o
< | —sin E| sinu —sinv||

6 2+cost+cos/2¢

1 2
< - Ellu—vI".
36

Similarly, Ellg(t, u) - g(t,)||* < gEllu—vI|*, Ellli(u) - L(W)II* < sgEllu—v|* then L; = 5,

L, = %, L= %. Therefore, condition (ii) of Theorem 3.2 is satisfied.
2 2 2
Since %L1+%L2+%L=3x %+% X é+ﬁ X % <1, by Theorem 3.2,

Eq. (9) has a square-mean piecewise almost automorphic mild solution.
Also since

1 4M? 4M? )
—In(1+ 3 L)+ Ly +4M“Ly, -6
y 1-eor 8

Page 17 of 19
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by Theorem 3.3, Eq. (9) has an exponentially stable square-mean piecewise almost auto-
morphic mild solution.

5 Conclusion

In this paper, we mainly construct the square-mean piecewise almost automorphic func-
tion, and the existence and exponential stability of square-mean piecewise almost auto-
morphic mild solutions for impulsive stochastic evolution equations is proved by the the-
ory of semigroups of operators, the contraction mapping principle and the generalized
Gronwall-Bellman inequality. Finally, an interesting example is given to illustrate our re-
sults.
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