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1 Introduction and main results
Let f(z) be a non-constant meromorphic function in the complex plane C. We use p(f)
and u(f) to denote the order and the lower order of f(z), and use A( ]%) and A( ]%) to denote
the exponent of convergence of poles and that of the distinct poles of f(z), respectively. In
addition, we say a meromorphic function «(z) (£ 0, 00) is a small function of f(z) provided
that T'(r,a) = S(r,f), where S(r,f) denotes any quantity that satisfies the condition S(r,f) =
o(T(r,f)) as r — 00, possibly outside a set of r with finite logarithmic measure. Nevanlinna
theory is an important tool in this paper, its standard symbols and fundamental results
come mainly from [12, 21].

As we all know, it is an interesting problem to consider the Malmquist theorem [16] for
differential equations. Laine [15] gave the following result.

Theorem A ([15]) Let
(W ()" = R(z,w), (1)
where the right-hand side

k i
R(z,w) = 72%0 a,-(z)w'
Z,‘:o bj (2w

is rational in both arguments. If equation (1) has a transcendental meromorphic solution,
then | =0 and k < 2n.
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With the establishment of the difference analog of Nevanlinna theory, many studies [1,
8, 13, 20] about the Malmquist-type theorem of complex difference equations or systems
have appeared. Gundersen et al. [11] considered the growth of meromorphic solutions to
a certain type of complex g-difference equation and proved the following result.

Theorem B ([11]) Let w(z) be a transcendental meromorphic solution of the equation
w(qz) = R(z, w),

where q € C, |q| > 1, R(z,w) is irreducible in w, which is defined as in Theorem A, and the

coefficients a;(z) and bj(z) are small functions of w and a;(z)bi(z) # 0. If m := max{k, [} > 1,

logm
log|ql”

then p(w) =

After these results, many scholars studied a series of complex g-difference differential
equations and systems about the Malmquist-type theorem [5, 6, 19]. Xu et al. [19] inves-
tigated the following system:

W (12)]" = Ry(z, w1 (2)),

@)
[(Wy(g22)]" = Ri(z, w1(2)),
where q1,g92 € C\ {0}, 1,1 € Z,, and
YN ai(2)w (2) Y2, cil2)wa(z)
Ri(z, == Ry(a S i alAtitat 3
IQM@)Eﬁwﬂmﬂy 2(e2(2) & dy(@wa(2) ®

are irreducible rational functions, and 4;(z), b;(z) are small functions with respect to w,
and ¢;(2), d;(z) are small functions with respect to w,. They obtained the estimates on the
growth order for meromorphic solutions of system (2).

We consider the question of what happens if system (2) is more general, for example,

21z, W (q12)) = Ry(z, w2 (2)),

(h2) (4)
25(z,wy 7 (q22)) = Ri(z, w1(2)),

where q1,g2 € C\ {0}, h1,hy € Z,, and Ry (z, w1(2)), Ra(z, wa(2)) are defined as in (3), and

h) m
.Ql(Z, W(lhl)(%Z)) = 1:”11:0 M:”I(Z)[W(l “(g2)] 1,
Yoo vh, @ (@r2))m

P27 M2 (Z)[W(hZ)( Z)]mz
.Qz(Z,W(QhZ)(qu))= my=0 %y 2 \q2

o0 V2, @1w5” (g2

(5)

are irreducible rational functions in w(lhl)(qlz), w(th)(qu), respectively, and the meromor-
phic coefficients i}, (z) (m; = 0,...,p;), v, (2) (n; =0, ...,s,) are of growth S(r,w;), t = 1,2,
and u;,t ()i, (2) £0,t=1,2.

For the question above, we study the growth of solutions to the system of g-difference
differential equations (4). Further, set

1, =max{p;,s;} and o, =max{k,l}, t=1,2.
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Clearly, t; > 1 and o; > 1. Also set

T =TTy, O = 0109, q=4q192
and

k1=1(h + 1), ko =1(hy + 1), k=t +1)(hy +1).
Now, we state the first result in this paper.

Theorem 1.1 Let (w1, ws) be a pair of transcendental solutions of system (4). Then one of
the following cases holds.

logo—logk
log|q|

t =1,2; if w, is meromorphic and o > k¢, t = 1 or t = 2, and the other is entire, then

w(we) >

t=1,2.

(i) Forlqil <1, |qz2] <1, if w1, wy are meromorphic and o < «, then p(w;) <

(i) Forlqil>1,|qa| > 1, if w1, wy are meromorphic and o > «, then w(wy) >

’

logo—logkt
log|q]

logo—logt

,t=1,2; if w1, wy are entire and o > T, then u(w;) > ozlq]

’

logo—logk
log|ql
t =1,2; if w, is meromorphic and o <k, t =1 or t = 2, and the other is entire, then

p(we) <

t=1,2.
(ili) For|q1| =gzl =1, if w1, wo are meromorphic, then o < «, furthermore, if k; < 0 <k,

t=1,2, then X(Wit) =) = p(wy), t = 1,2; if w, is meromorphic, t =1 or t =2, and

Wi

)

logo—log kg
log |q|

logo-logt
logq]

’

,t=1,2; if wy, wy are entire and o < t, then p(w;) <

the other is entire, then o < Ky, t =1 or t = 2, furthermore, if t <o <, t=1or

t=2,then X(Wiz) = )»(Wiz) =p(wy), t=1ort=2;ifwi, wy are entire, then o <.

In the past few decades, meromorphic solutions of complex functional equations were
studied by Bergweiler et al. [3, 4], Heittokangas et al. [14], and Rieppo [17]. Silvennoinen
[18] investigated the existence and growth of solutions to an equation of the form w(g(z)) =
R(z,w) and proved the following result.

Theorem C ([18]) Let

w(g(2) = R(z,w), (6)
where the right-hand side R(z,w) is defined as in Theorem A, a;(z), bj(z) are of growth
S(r,w), and g(z) is entire. If equation (6) has a non-constant meromorphic solution w, then

g(2) is a polynomial.

Gao [7] considered the system of functional equations

wi1(g(2) = Ry(z, wa(2)),

(7)
w(g(2) = Ri(z, w1 (2)),

where g(z) is an entire function, R (z, w1 (2)), Ra(z, wo(z)) are defined as in (3), and obtained
the following result.
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Theorem D ([7]) Ifsystem (7) has a pair of non-constant meromorphic solutions (wy, w),

then g(z) is a polynomial.

There are some results about the existence and growth of meromorphic solutions of sev-
eral systems of complex functional equations [8, 19, 20]. Xu et al. [19] studied the problem
when R;(z,w1(2)), Ra(z, wo(2)) in (2) are replaced by R;(z, w1(g1(2))), Ra(z, wo(g2(2))), re-
spectively, and (2) is turned into the following system:

(W1 (q12)]" = Ry (2, wa(g2(2))),
[W)(q22)]™ = Ri(z, w1(g1(2))),

(8)

where g (z), g2(2) are polynomials, and obtained the estimates of the growth order of mero-
morphic solutions of system (8).

A similar question to ask is what happens if system (8) is more general, for example,

21(z, w(lh”(qlz)) = Ry(z, wa(£2(2))),

(h2) )
2:(z,wy 7 (q22)) = Ri(z, w1(g1(2))),

where R;(z, w1(2)), Ra(z, wa(2)), $21(z, w(lhl)(qlz)), and £2,(z, w(2h2)(qu)) are defined as in (3),
(5), respectively. Further, set

-1
&1 (Z) = ozylzyl + Olyl_]Zyl +---+ Q0
and

2(2) =B,z + P12+ + Bo

be two polynomials, where oy, 0y, _1,...,00, Byys Byr-1,- ., Po are complex constants, and
y: > 2 (¢t = 1,2) are two positive integers.
The second result in this paper concerns the growth of solutions to the system of func-

tional equations (9).

Theorem 1.2 Let (w1, w) be a pair of transcendental solutions of system (9). Then one of
the following cases holds.

(i) If w1, wy are meromorphic and o < k, then

T(r, wt(z)) = O((logr)"‘l), t=1,2,

logk—logo
log(yir2)
(i) If wy is meromorphic and o <, t =1 or t = 2, and the other is entire, then

where o =

T(r,we(2)) = O((logr)™), t=1lort=2,

whereoQ:%,tzlortzl
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(ili) Ifwy, wy are entire and o < T, then

T(r,w(2)) = O((logr)*®), t=1,2,

_ logt-logo
where a3 = Togir)

2 Examples
In this section, we give examples to illustrate that the cases can occur in Theorem 1.1.
The following Examples 2.1-2.4 are about case (i) of Theorem 1.1.

Example 2.1 Let q =2, g, = 3. Then (wy,w,) = (<, j—;) satisfies the system

z

[w’1(2z)]2+w’1(2z)+1 _ 22%(22-1)%wo (2)* +42% (22-1)wo ()% +8

W] 22)3+w] (22)+2 ~ 28(22-1)3wy(2)0+422(2z-1)wy(2)2 +16°

Wy B2 12 +wh(32)+2  (32-2)%w) (2)0+9(32-2)w1 (2)3 +162
w/2(32)+1 - 9(3z-2)w1 (2)3+81 ’

where iy =hy=1,11=3, 15 =2,and 01 =0, = 6. Here 0 =36 >k =24 and u(w;) =1 >
log36-log24 _ log36-log24 t=1.2
log6 ~ log36-log6’ © T T2

Example 2.2 Let q; =2, g2 = 3. Then (w1, wy) = (€7, %) satisfies the system

Z[W/I/(2Z)]3+2W/1/(22)+Z2 6425w (2)0+8zwo (2) 242

2[W] (22)2+w](22)+z 1625wy ()t +4zwy(2)2+1”

924[W/2(3Z)]2+3Z2W/2(3Z) _ 322(3z-1)%w (2)°+322(3z-1)w (2)3
wh(32)+2 (3z-1)w1 (2)3+622 ’

where i1 =2, hy =1, 11 = 3, 79 = 2, and 07 = 03 = 6. Then we have 0 = 36 > k3 = 12 and

_ log36-log12 _ log3 , _
M(Wt) =1= log6 ~ log6’ t=12

Example 2.3 Let q; =3, g = 2. Then (wy, w;) = (g, €°) satisfies the system

W (32)P+2[w| 32)]® _ (32-2)wa(2)0+92%(32-2)wa ()3
[w’1(32)]2+w’1(32) - 923 (32-2)wo (z)3+8120 ’
(z+)wy(22)+1 424 (z+ D) w1 (2)2+1

Wy (22)12+w)(22)+z ~ 1628w1(2)*+4zw(2)?+2”

where i1 =1, hy=2,11 =3, 73 =2, 01 =4, and 05 = 6. It is known that 0 = 24 > «; =12 and

_ log24-log12 _ log2 , _
rlwy) = 1> 2B = 82, £=1,2.

Example 2.4 Let q1 =2, q> = 3. Then (w1, wy) = (€%, z€%) satisfies the system

W] (22)+z _ 4724wy (2)%+27

[w’l/(2z)] 3422 w’l/(2z)+ 1 7 64wy (2)0+420wo (2)2+20°

[w} (32)] 2 +z2wy(32)+1 _ 81(3z+2)%w1 (2)%+92(3z+ 2w (2)3+1
W (32)+z - 9(3z+2)w1(2)3+2 ’

where iy =hy =2, 11 =3,15=2,and 0y =05 =6. Thus, 0 =36 >t =6 and u(w;) =1 >

log36-log6 _ _
PRI 1, 1=1,2.

The following Examples 2.5-2.8 are about case (ii) of Theorem 1.1.
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Example 2.5 Let q; = %, q> Then (w1, ws) = (£, <) satisfies the system

zzl

[W/l(%z)]2+l _ 24(2—1)(2—2)2W2(Z)+zs
W, (321441 7 (-)2(z-2)twa(2)2+287
[Wé(%z)]3+1 _ 2(2—6)3(2—3)6w1(z)+(z—3)12
[W'Z(%z)]6+1 T T 2-6)%w1 (22 +(z-3)12 ’

where iy =hy =1, 11 =4, 1, =6,and 01 =03 = 2. Clearly, 0 =4 <k =96 and p(w,) =1 <
log4-log96 _ _ log 24 t=1,2.

log % log6 ’

Example 2.6 Let q; = % q> % Then (wq,ws) = (€7, ze_—zl) satisfies the system

WI321°4+1 12wy (2)24729
[w’l(%z)]3+1 T 27(z-1)2wn(2)2+729’
[W/z(%z)]4+1 (z—4)*w1 (2)% +(z-2)8
Wh(3212+41 ~ (=92 (-2 tw1(2)+(-2)8’

where iy =hy =1,71 =6, 7o =4,and 01 = 03 = 2. Thenwe have o =4 <k, =48 and p(w;) =
log4—log48 log12 _
s Wi = 2 =12,

Example 2.7 Let q; = %, q> Then (w1, ws) = (Ze1 ,z€e") satisfies the system

[ //(g)]z _ (3-422-42+32) wr(2)
: = & T2 —REvos) Wo k)

w1 162(z—2)0 ’
_1)2(z+4)8 2
[wh(§))° = R,

where i1 =2, hy =1, 71 =2, 7 = 8,01 =2,and 0y = 1. It is known that o = 2 < k7 =48 and
P(Wt) -1< log2— 10;,48 log 24 -1.2

10g 1 log8 "’

Example 2.8 Let q; = % g = i. Then (w1, wy) = (z€%, €*°) satisfies the system

4096w/ (3)]* = (z + 4)*wa(2),

4z[wy ()] = wi(2),

where i1 =2,y =1, 11 =4, 1 =2,ando; =0y =1.Hereo =1 <t =8 and p(w;) =1 <

log1-log8 log8
gl - 1,t=1,2.

The following Examples 2.9-2.12 are about case (iii) of Theorem 1.1.

Example 2.9 Let q; = q5 = 1. Then (wy, wy) = (== <) satisfies the system

e?— l’ez 1

2w (2)]* = wa(2)?,

wh(2) = —zw1(2)* + (1 + 2)w1(2),

where iy =hy=1,11=2, 1o =1,and 01 =02 = 2. Clearly,0 =4 <« =8.

Page 6 of 15
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Example 2.10 Let q; =1, g, = —1. Then (w1, ws) = (ﬁ, ﬁ) satisfies the system

W (2) = —2w»(2)? + 3wz (2)* — wa(2),

W/z(—Z) = —Wl(Z)2 - w1(2),

where 1 =2, b, =1, 11 =170 =1, 01 = 2, and 0, = 3. Then we have x; <o =6 <k =6,
t=1,2,and X(w%) =A(Wit) =pw)=1,¢=1,2.

1

-1

Example 2.11 Let q1 = q2 = 1. Then (wy, w,) = (€7, ) satisfies the system

/()2 = @1
wi@” ==
L (AE — @

W@ = G-

where ;1 =2,h, =1, 11=2,19=4,01 =8,and 0, = 2. Itisknown that 1 =8 <0 =16 < k3 =
16 and X(Wiz) = A(W%) =p(wy) =1.

Example 2.12 Let q; = go = 1. Then (wy, wy) = (6%, ze*) satisfies the system

[W/f(z)]ZJrl _ zwo(2)+22
W@ +1 ~ wo(e)+22’
W@+ (2z41)2wi(2)*+1
wh(z)+1 (2z+1)w1(2)2+1 7

where i1 =2,y =1,71=4,1=2,01 =4,and o, = 1. Thenwe have o =4 < 7 = 8.

3 Lemmas
To prove Theorems 1.1 and 1.2, we need the following lemmas. Yang and Yi [21] showed

the value distribution of a meromorphic function and its derivative.

Lemma 3.1 ([21])

N(r,f®) = N(r.f) + kN(r.f), T(r.f®) < T(r.f) + kN(r,f) + S(r.f).
The following lemma is to compare the Nevanlinna functions of f(z) and f(cz).

Lemma 3.2 ([3])

]T](r,f(cz)) :ﬁ(|c|r,f(z)) +0(1), T(r,f(cz)) = T(|c|r,f(z)) +0(1).
In 1972, Bank [2] established the following lemma.

Lemma 3.3 ([2]) Let g(r) and h(r) be monotone non-decreasing functions on (0, +00) such
that g(r) < h(r), possibly outside a set of r with finite logarithmic measure. Then, for any
real number a > 1, there exists ro > 0 such that g(r) < h(ar) for all r > ry.

Gundersen et al. [11] showed a method to obtain an upper bound for the growth order
of a meromorphic function.
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Lemma 3.4 ([11]) Let f(z) be a non-constant meromorphic function, and let ¥ : (1,00) —
(0, 00) be a monotone non-decreasing function. If for some real number a € (0, 1), there exist

real numbers K1 > 0 and Ky > 1 such that

T(r.f) <Ky¥(ar) + KyT (ar,f) + S(ar,f),

then

p(f) <

m sup
r—o0o  logr

logK, . log W (r)
+1i .
0

The following lemma gives us a method to have a lower bound for the lower order of a

meromorphic function.

Lemma 3.5 ([17]) Let V¥ : (rg, 00) — (1, 00) be a monotone non-decreasing function, where

ro > 1. If for some real number a > 1, there exists a real number b > 1 such that ¥ (ar) >

bW (r), then
log¥ 1
limint 122¥ () logb
r—oo  logr loga

The following result about estimate of the Nevanlinna characteristic function of a mero-

morphic function composed with polynomials is given by Goldstein.

Lemma 3.6 ([9]) Let f(z) be a transcendental meromorphic function and g(z) = a,z" +

12"V + - + ag be a polynomial with degree m (> 1). For given § € (0, |a,,|), let A =

|@m| + 68, = |a,| -5, then
(1- s)T(,urm,f) <T(r,fog) <(L+&)T(A".f)
for any given ¢ > 0 and sufficiently large r.
Goldstein [10] showed the following lemma.
Lemma 3.7 ([10]) Let ¢(r) be a positive function defined on [ry, 00) and bounded in every
finite interval. Assume that ¢(urk) < agp(r) + b (r > ro), where i (> 0), k (> 1), a (> 1), and

b are constants. Then ¢(r) = O((logr)®) with o = %, unlessa=1and b >0; and ifa=1
and b > 0, then for any ¢ > 0, ¢(r) = O((logr)?).

4 Proofs of the results

Proof of Theorem 1.1 Suppose first that (w;,ws) is a pair of transcendental solutions of

system (4). In the following, we consider three cases.
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Case (i): |q1] > 1 and |g3| > 1. Suppose that both w; and w, are meromorphic. It follows
from Valiron—Mohon’ko theorem [15, Theorem 2.2.5], Lemma 3.1, and Lemma 3.2 that

T (r, Ry(z, w2)) = 0T (r, w) + S(r, ws)
= T(r, 21(z " (:2)))
=uT(rnw!(q:2) + S(r, W (q12))
<0 [T(r w1 (@12)) + N (w1 (@12)) + S(r w1 (@12))]
+8(r, W (q12))

<t + DT (Iq1lr, w1) + S(lqlr, wr),

that is,

02 T(r,wa) + S(r,wa) < ti(hy + DT (Iq1lr, w) + S(Iqalr, wi). (10)
Similarly, we have

o1 T(r,w1) + S(r,wr) < to(hy + 1)T(|q2|r, W2) + S(|q2|r, wz). (11)
Thus, from (10) and (11), we obtain

o T(r,we) + S(r,we) <k T(Iqlr,we) + S(Iglr, we),  t=1,2. (12)
Now ¢ >k, and for any given ¢ > 0,

o(L-e)T(r,w)) <k(1+&)T(Iqlr,we), t=1,2, (13)

for sufficiently large r, possibly outside a set of r with finite logarithmic measure. By
Lemma 3.3, with @ > 1 and (13) we have

o(L—e)T(r,w;) <k +&)T(alglr,w,), t=1,2, (14)

for all » > ry. It follows from Lemma 3.5 and (14) that

loglo (1 —¢)] —log[k(1 + €)]

, t=1,2.
log(alql)

w(we) >

Ase — 0*and a — 1%, we get

Suppose that only one between w; and w, is meromorphic, without loss of generality,
we assume that wy is meromorphic and w; is entire. Then, similar to (11), we have

o1T(r,w1) + S(r,w1) < T (1g2lr, wa) + S(Igalr, wa). (15)
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Thus, it follows from (10) and (15) that
o T(r,w) +S(r,w;) < k1 T(|q|r, wt) + S(|q|r, wt), t=1,2. (16)

Similar to the above argument, since o > «; and for any small ¢ > 0, we know that there

exists a > 1 such that
o(L-e)T(r,w)) <k1(1 +&)T(alglr,w,), t=1,2, (17)

for all r > ro. Applying Lemma 3.5 to (17) yields that

log[o (1 —¢)] —log[k1(1 + )]

, t=1,2.
log(alql)

w(wy) >

By letting ¢ — 0" and ¢ — 1%, we obtain

logo —logk;
> == - t=1,2.
HO = g

Suppose that both w; and w; are entire. Then, similar to (10), we have
02 T(r,w2) + S(rywa) < T T(Iqulr wi) + S(lqulr, wy). (18)
Thus, it follows from (15) and (18) that
oT(r,ws) +S(r,w;) < tT(|q|r, wt) + S(|q|r, wt), t=1,2.
Now, o > t, we know that for € > 0 there exists a > 1 such that
o(L—e)T(r,w;) <t(1+&)T(alglr,w,), t=1,2, (19)

for all » > ry. Recalling Lemma 3.5 and letting ¢ — 0" and ¢ — 1%, we conclude that

logo —logt

, t=1,2.
log |q]

w(wy) >
Case (ii): |q1] < 1 and |g2| < 1. Suppose that both w; and w, are meromorphic. Then,
similar to the previous argument, we have that for ¢ > 0 there exists a > 1 such thata|g| < 1,
(12) and (14) hold for all r > ry. Since o < «, then Zgj)) > 1. Hence, applying Lemma 3.4
to (14) yields that

log[k (1 + €)] —log[o (1 - ¢€)]

p(ws) < , =12,
t ~ log(alq)
which implies
logo —logk
plw) < ———=—, t=12

log|q|

as¢ — 0*anda — 1%.
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Suppose that only one between w; and w; is meromorphic. Without loss of generality,
we assume that w; is meromorphic and w; is entire. Then we similarly obtain that, for
€ > 0, there exists a > 1 such that a|q| < 1, (16) and (17) hold for all r > r,. Since o < 7,
then % > 1. Thus, we conclude by Lemma 3.4 and (17) that
log[k1(1 + &)] —log[o (1 —¢)]

, t=1,2,
—log(alql)

p(w) <

and let ¢ — 0" and & — 1%, it yields

logo —logk;

. t=1,2.
log |4]

p(we) <

Suppose that both w; and w; are entire. Similarly, for ¢ > 0, there exists a > 1 such that

alg| < 1, (15), (18), and (19) hold for all r > ry. Since o < 7, then ;E}ii)) > 1. Therefore,

recalling Lemma 3.4, we have

log[t(1 +&)] —loglo (1 —¢€)]

IO(W ) S b t= 1) 2,
‘ ~log(alql)
which deduces
logo —logt
p(wt)f ) t:1)2;

log |4

ase > 0*anda — 1*.
Case (iii): |q1| = |g2| = 1. Suppose that both w; and w, are meromorphic. Then, from

Valiron—Mohon’ko theorem [15, Theorem 2.2.5] and Lemma 3.1, we conclude that

02T (r,w2) + S(r,wa) < 71 T(r,w1) + Iy N(r,w1) + S(r,w1)] + S(r, w(lhl))

< 7,'1(]/11 + I)T(i", W1) + S(V, Wl), (20)

and

o1 T(r,w1) +S(r,wy) < TZ[T(V, W) + HoN(r, wo) + S(r, W2)] + S(r, w(ZhZ))

<19y + )T (r,wr) + S(r, ws). (21)

From (20) and (21), we have o < k. Furthermore, if x; <0 < «, t = 1,2, then

"h' 22 T, wy) + S(r,w1) < N(rywy) + S(rwi) < T(r, w) + S(ryw1)
1K2
and

0O — K1 —

p T(r,wq) + S(r,wy) < N(r,wq) +S(r,wy) < T(r,ws) + S(r, wa),
1K1

which imply that X(Wiz) = )»(Wi[) =p(wy), t=1,2.
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Suppose that only one between w; and w; is meromorphic. Without loss of generality,
we assume that wy is meromorphic and w; is entire. Then we get (20) and

o1 T(r,wq) + S(r,w1) < 0 T(r,wsy) + S(r, ws). (22)

Hence, it follows from (20) and (22) that o < k3. Furthermore, if t < 0 < &, it yields

o-T

T(r,w1) + S(r,w1) < N(r,w1) + S(r,w1) < T(r,w1) + S(r,w1),
TTm

which implies X(Wil) = )\(WLI) = p(wy). Similarly, if w is meromorphic and w; is entire, we
obtain that X(W%) = A(W%) = p(wp) when 7 <o < K.
Suppose that both w; and w, are entire. Then, similar to the above argument, we can

get (22) and
0y T(r, wa) + S(r,wo) < i T(r, w1) + S(r, w1). (23)

Thus, it follows from (22) and (23) that o < 7.
From Cases (i)—(iii), the proof of Theorem 1.1 is completed. |

Proof of Theorem 1.2 Suppose first that (w;,w,) is a pair of transcendental solutions of
system (9). In what follows, we consider three cases.

Case (i): Suppose that both wy and w, are meromorphic. Then, by Valiron—-Mohon’ko
theorem [15, Theorem 2.2.5], Lemma 3.1, and Lemma 3.2, we get

01T (r,wi(g1(2))) + S(r,w1(g1(2)) < T2z + DT (Iq2lr, wa) + S(1g21r, w2) (24)
and
0 T (r, w2(22(2))) + S(r, wa(g2(2))) < Ty + VT (Iqalr, wr) + S(1qalr, wi). (25)

By Lemma 3.6, for given 0 < §; < |y, |, 0 < 82 < |By, |, and w1 = oy, | — 81, o = 1By, | — 82,
we know that for any small ¢ > 0 there exists two sets Ej, E; of finite logarithmic measure

such that

o1(1-&)T (1", w1) < 1oy + 1)1 + )T (Iqalr,wa), ré Ey, (26)
and

02(1 - &)T (uar”, wa) < ti(hy + (1 + &)T(Iq1lr,w1), ¢ Es. (27)

Thus, for sufficiently large r and r ¢ E; U E;, we can deduce from (26) and (27) that

n
0(1—8)2T(%r””’2,w1> <k(1+8)>T(lq1lr,w1) (28)
2
and
e
o(l—s)zT(m—P}Zr”m,wz) <k +&)°T(Iqalr, wa). (29)
1



Tu and Yuan Advances in Difference Equations (2020) 2020:112 Page 13 0of 15

By Lemma 3.3, with > 1 and (28), we have

s
0(1—5)2T<|q—|}ir”m,w1) §K(1+8)2T(a|q1|r,w1) (30)
2

for all » > rg. Set R = a|q; |r. Then (30) can be rewritten as

o — M ) < <O L 31)
|g21"t lag:|v172 ’ To(l-gp2 T
71
If 0 <k, then (’igii); > 1. Since W >0, ¥ > 2 (¢t =1,2), applying Lemma 3.7 to
(31) yields that

T(r,w;) = O((log ),

where

loglk (1 + £)?] —log[o (1 - £)?]
o1 =

’

log(y172)
which deduces
_logk —logo
log(y1y2)

as ¢ — 0*. Similarly, from (29), we conclude that
T(r,wy) = O((logr)™'),

where

_logk —logo
log(y172)

Case (ii): Suppose that only one between w; and w, is meromorphic. Without loss of
generality, we assume that w, is meromorphic and w; is entire. By Valiron—Mohon’ko
theorem [15, Theorem 2.2.5], Lemma 3.1, and Lemma 3.2, we get (24) and

02 T (r, w2(22(2))) + S(r, w2(82(2))) < i T (Iqalr, wi) + S(Iq1 |7, w1). (32)

Thus, by an argument similar to the proof of Case (i) of Theorem 1.2, we can deduce

7 1+e¢)?
T(&R"m,m) < uT(R,Wl)-

|q2 |71 |agy | Y172 T o(l-¢)?
If o < iy, then 20222 > 1 g; sy 0, > 2 (t = 1,2), it follows f
o_;cz,tenm_.mceW>,yt_ (t = 1,2), it follows from

Lemma 3.7 that

T(r,w) = O((log r)*2),
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where

_logk, —logo
log(y12)

Similarly, we have
T(r,wy) = O((logr)™?),

where

_logky —logo
log(y1y2)

Case (iii): Suppose that both w; and w;, are entire. Then, similar to the above argument,

we can get (32) and

o1T(r,w1(€1(2)) + S(r,w1(€1(2))) < 2T (Ig21r, w2) + S(Ig2lr, wa).

Hence, by an argument similar to the proof of Case (ii) of Theorem 1.2, if o < 7, then we

can obtain

T(r,w;) = O((log r)"‘3), t=1,2,

where
_logt —logo
log(y1y2)
From Cases (i)—(iii), the proof of Theorem 1.2 is completed. |
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