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1 Motivation
One of the best-known classes of functional equations, the Fréchet functional equations,

consists of functional equations equivalent to the equation

AJ’I Ayz T Ayrulf(o) =0, (1)
studied by Fréchet [1] in 1909. In this paper, we focus on the equation

A (%) =0, (2)
for which the stability result relies on its equivalence with the equation

AJ’I Ayz T Aynuf(x) =0. (3)

The stability problem of functional equations originated from a problem posed by S.

Ulam regarding “almost additive” functions that satisfy

lfx+9) —fe0) -fO)] <€
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for a fixed €. This inequality was studied (under stricter assumptions than those for the
posed problem) by Hyers [2] in 1941. The result was that such a function can be approxi-
mated by an additive function. Hence the problems in this sense, where the assigned bound
is a constant, became known as Hyers—Ulam-type stability. Years later, Aoki [3] and Ras-
sias [4] presented stability results where the bound is a power function of x and y. Thus
the stability in this sense became known as the Aoki—Rassias-type stability. Later Gavruta
[5] generalized this so that the bound (which can also be called the control function) is a
function with specific properties.

The solutions of (1), (2), and (3) are called generalized polynomials of degree at most
n. It is well known that a generalized polynomial p is constructed from diagonalization
of multiadditive functions [6]. The Hyers—Ulam stability of (2) and (3) has been studied
in [6-9]. The Gavruta-type stability of (1) has been studied by Daianu [10]. Daianu used
an equivalence theorem, which is more general than that presented by Kuczma [11], to
obtain a stability result for (2) under the assumption that M is (n + 1)!-divisible. In this
paper, we present a result in which divisibility of M is not required. Instead, we require

(n + 1)!-divisibility of B, which is readily true since B is a Banach space.

2 The forward difference operator
Let M be a commutative monoid, let be B be a Banach space, and let N be the set of positive
integers. For a function f : M — B and y € M, define A,f : M — B by

Ayf(x) =f(x +y) - f(x)
for x € M. Also, define its iterations
Ay Ay, Ay f = Dy (Ayy Ay - Ay, f)  and A;lf =DyAy - Ay f
[ ——
n terms

for y,y1,92,...,y» € M. Observe that A, A,.f = A, A, f, so the ordering of y; is inter-
changable, and

ATfx) = Y (1) (”)f(x +ky)
k=0 k
and
1 n
Ay Ay, Ay f(x) = Z (_1)n+61+€2+~u+€nf<x + Zfiyi)'
€1,€2,..,€n=0 i=1

We will establish some algebraic manipulation of the forward difference operator A. We
begin with a modified version of Kuczma’s theorem.

Lemma 2.1 Letn € Nandf: M — B. Then

1
Ay Doy, Asyy -+ Ay, f (%) = Z (_1)61+ez+.~+enAZq’€2 ,,,,, wf(xﬂzﬂ,62 ,,,,, ) (4)
€1,625,€1=0
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forall x,y1,¥2,...,9, € X, where

i=1

n n
Gereren = D i€y and be ey = Y _(1-€)yi.
i=1
Proof Recall that

AZGI,EZ,“”Eyff(x + del’Q"“’E")

= i(_l)n—k (Z>f<x + i i€y +k i(l - el-)y,»).
i=1 i=1

k=0

We will show that each of these terms cancels out in the sum on the right-hand side of
(4), except for k = 0. For k # 0, we observe that ¢ is absent in the term where i = k. So
changing € does not change the argument of this term.

Consider another term in the sum on the right-hand side of (4), where only ¢, differs
from this term. Then the kth term in its expansion cancels the term we mentioned before.

Hence every term where k # 0 has its negative in the sum in (4). Then

1

Z (=1)crrextren qu,ez ''''' wf(x + dej 6o, fn)

€1,€2,.,€n=0

1

> (—1>"+ﬂ+62+“'*"f<x+Zeim)

€1,62,..,€p=0 i=1
= Ay Dgyy Agyy -+ Ay, f (). O
Lemma 2.2 Let n,m e Nandf: M — B. Then
m-1
ALf (x +my) = ATf (x) + Z A;‘*lf(x + ky)

k=0

forallx,y € X.
Proof Since A;’*lf(x) = AYf(x+y) - Alf(x) forall x,y € M,

Alf(x + my) = A;’f(x +(m—1)y) + A;’*lf(x +(m—1)y)

= ALf(x + Om = 2)y) + AYf (x+ (m = 2)y) + Ay f (x + (m = 1)y)

m-1

= AJf(x) + ZA;’+1f(x+ky). (5)

k=0

In the following theorems, for convenience, we let Z;lo a; = 0 for any sequence (a;).
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Lemma 2.3 Letn e Nandf: M — B. Then
n ly+li3+-+—-1
n‘AJ(x) = A2y 3y,...,(n+1 yf(x) Z Z Z Z A;”f(x + Sy)

11=0 lp=0

forallx,y € X.

Proof By Lemma 2.2 it is sufficient to show that

Agyzy 1)y ZZ ZA;’f(x+ (h+h+--+1,)y). (6)

11=0 lr=0 1y,=0
For the case 7 = 1, we have
Agyf (x) = f(x + 2y) — f(x)
=fx+2y)—flx+y) +f(x+y) —f(x) = Af(x+9) + Af ().

Suppose that (6) is true for # = k. Since the order of A, is interchangable,

Aoy sy ka2l () = Aoy 3y ke 1)y (A rr2)yf) (%)

1 2 k
= Z Z - Z A;(A(/(+2)xf)(x + (11 + 12 PR lk)y)
1k=0

11=0 lr=0

1 2 k
=YD > A (A e+ (4 D+ + L))

11=0 lp=0 1k=0

1 2 k+1
=ZZZZ Aﬁf x+ (i +h+ -+ 1)y + ).
11=0 lr=0 1k=0 lg,1=0 O

The following theorem follows from Lemmas 2.3 and 2.1.

Theorem 2.4 Let n € N and f : M — B. Then there exist m € N and nonnegative integers
ai, bi, ¢i, di, e; fori € {1,2,...,m} such that

m
Ay ALS () Z ~D SN of 6+ diyy + €iys)
i=1

for x,y1,y2 € M. To be precise,

1
}’Z'A Ay2f Z (_1)€1+62+---+6n+1 AZ+1 f(x +ley e €n+1)

€160 €41
€1,€2,.€141=0

n l+l++ip-1

Y- 2 2 A

11=0 lp=0 Iy=

n l+la++lp-1

3y 2L A e,

11=0 lr=0 Iy=

Page 4 of 11



Sukhonwimolmal Advances in Difference Equations (2020) 2020:108 Page 5of 11

where
n+l n+l
Aey ey = €1V1 + E i€yy and be e, =(1—€)y1+ E (1-e€)ya.
i=2 i=2

3 The stability of AJ*'f(x) =0
We recall a theorem from the author’s dissertation [12].

Theorem 3.1 Letn e Nandf: M — B. Then

n i-1
2ANf(x) = Apf(x) =) (’:) D A f(x+ ky)

i=1 k=0

forx,y e M.

Next, we introduce the class of preferred control functions. Consider the following prop-
erties of a function ¢ : M — [0, 00).
Pl o(x+y) < @)+ @y forallx,y € M.

P2 For each x € M, either there exists N € N such that ¢(2¥x) = 0 for every k > N, or

(p(2k+1x)
o) < 2.
We take the notation of limit in P2 more loosely than normal. We allow it to not actually

limk—> )

converge, as long as every of its limit points are in [0, 2).

k
Also note that P2 implies that Y -, ‘p(jk") converges. The next proposition states that
the set of these functions forms a convex cone under pointwise addition and scalar mul-
tiplication.

Proposition 3.2 Let ¢1,¢, : M — [0,00) satisfy P1 and P2. Then, for all c1,c; € [0,00),
c1¢1 + c2y also satisfies P1 and P2.

Proof The case ci¢; = 0 is straightforward, so we omit it. Firstly, it is clear that c;¢; + c2¢2
satisfies P1. Let x € M. We will consider the cases depending on whether N; and N, exist
such that ¢; (28x) = 0 for k > N} and ¢,(2/x) = 0 for [ > N,.
« If both such N; and N; exist, then ¢;¢1(2%%) + c2¢2(2¥x) = 0 whenever
k > max{Ni, N,}.
« If only one exists, then without loss of generality we assume that N exists but N, does
not. Then

a@1(21%) + 002 x) (25 %)

k=00 C1¢1 (2"x) + 62(,02(2](96) - k—00 c2g02(2"x)

+ If there are no such N7 and Ny, then there exist N{,N;, € N and r € (0, 2) such that
@128 1x) < rg (28%) for k > Nj and @,(2M*1x) < rg,(2/x) for [ > Nj. Thus

1o (2k+1x) + oy (2k+1x) <re1gr (ka) +7Co Py (ka)

10125 x) +ep g 2K+ )
c191(2Kx)+co02 (2K )
and we conclude that ¢y ¢; + cy¢, satisfies P2. O

for k > max{Nj, N;}. This implies that limy_, o <r<2,
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Let C = {¢ : M — [0,00)|¢p satisfy P1 and P2}. For all ¢ : M — [0,00) and # € N, we de-
fine A, : M — [0, 00) by

_ i (2%

k=0

The next theorem shows that 1,,(C) C C
Theorem 3.3 Let ¢ € Cand n € N. Then \,¢ € C.

Proof It is clear that A,¢ satisfies P1. We will consider P2 for A,¢. Let x € M.

If there exists N € N such that ¢(2Xx) = 0 for all k > N, then it is straightforward to show
that A,,0(2%x) = 0 for every k > N.

If no such N exists, then ¢(2¥x) > 0 for all k € N. This implies that 1,¢(2*x) > 0 for all
k € N. Since ¢ satisfies P2, there exist N € N and r € (0,2) such that ¢(2¢*'x) < re(2Xx)
whenever k > N. So,

)»n(p(Zk*lx) i g0(2k+i+1x) i Fitl i r\! My
= , < — =7 — ) = .
@(2kx) e 2ingp(2kx) L= 20 2n 21—y

i=0

Also note that A,,¢(28x) = p(2¥x) + 3 L 1,025 1x). Thus

Mp(2%) (2% 1 2"—r 1 1

= +—> + .
A28 1x) A, (2Ktlx) 2n T 2y 2n

Anp(2FH1x)
Ln(p(ka)

Hence we have <r <2 whenever k > N. This completes the proof. O
Now we establish our main theorems.

Theorem 3.4 LetneN, f: M — B, 0 € [0,00), and ¢1,¢, € C. If
|A @) <6 +1(x) + 9a2(9)

forall x,y € M, then there exists g3 € C such that

n2" n2" g1 (y1)
|Ay1A;2f(x)|§2n_19+ om_ 1 +2n_1

©1(x) + @3(y2)

for all x,y1,y, € M, where s is defined by

n(n-1)
4

@3 := An@1 + HAL Q.

Proof According to Theorem 2.4, there exist m € N and nonnegative integers a;, b;, ¢;, d;,
e; forie{1,2,...,m} such that

m

Z )al AZerlﬁc,yzf(x + dlyl + ezy2)

|25 A%7 @) =

1 m
- Z (0 + @1 (x + diyr + e92) + @a(biy1 + ciya)).- (7)
i=1

E
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Denote the right-hand side of (7) by «o(x, y1,¥2). Since ¢1, ¢, € C,

91, 2K
lim ao(%,y1,2%y2)

k—00 Qkn =0.

For each nonnegative integer k, let
(293 (x) ylr 2}’2)

2}’!

n

g1 (X, 91, y2) =

i-1
( ) Z (26 + 201 (%) + @1(1) + 2ke1(y2) + 2¢2(32)).
k=0

i=1

We can see that if || A, A;J(x)ll < ok, 1,72), then by Theorem 3.1

[an A%
1 ; 1 G (n v
?AmAw (%) — o ZAnA fx + kyy)
i=

1,2 1 ¢
< W o Z || AR (e + y1 4+ kya) = AU f (o + ky) |

(26 + @1(x + y1 + ky2) + @1(x + ky2) + 2¢2(32))

ak(xvyl) 2}’2) + 1

- = (20 + 201(x) + 1 (01) + 2kep1 (32) + 205(32))

ar(xy1,2y2) 1 - (7
52—"+?Z i

= pr1 (%1, 92).

Hence || A, A;‘2f (®)]l < ax(x,y1,y2) for any nonnegative integer k. Observe that, for m > 1,

ao(%,51,2™y5)

(%Y1, ¥2) = S
mzl - ( ) i(w +2¢1(x) + 91(1) 2/«/’1(2’)’2) + 2§02(2’)’2)>
j=0 i=1 k=0 2 2
_ 0% y1,2"y>)
o
i (74) o 1<29 + 2g01(x) +¢101) 2/«/’1(2%) + 2§02(2j)’2)>
i1 k=0 j=0 2 .
It follows that

lim A (a’ylryZ)
m—00

n -1 oo
1 n 20 + 291 (%) + o1 (1) 2k<p1(2’yz) +202(2y,)
0o 3 (1) (e

2}}1
i=1 k=0 j=0
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-2 (’:) (Zfi (20420169 + 910) + 2600102 + 2M<P2(J’2)>
k=0

i-1
n2"1 n(n—1)

= 23_ 1 (26 + 201 (x) + 1 01)) + ) An@1(y2) + 1A @2 (y2)-

Hence

”AhAn (x)” < lim a,(x,y1,52)
Y m—>00

= 2}22_”1 (9 +@1(x) + </718/1)> + n(n4— 1)An<p1(y2) + nhy a2 (ya). 0

Let Aurp = ([1ig 2/%_:))“1)‘2 < Mg fork <mand Ay, = Xy - - - Ay@. Using Theorem 3.4

inductively, we get the following theorem.

Theorem 3.5 Letn €N, 6 € [0,00), 1,93 € C,and f : M — B. If|A;”f(x)| <6 +@i(x)+
©2(y) for all x,y € M, then there exists 3 € C such that

n

2 - @1(3:)
” Ay Dyy -+ Dy, f (%) ” =n 1_[ ok_1 6+ ¢1(x) + Z 5 + @3(Vns1)
i=1

k=1

forall x,y1,y, € M, where @s is defined by
i-1
93 = WA 4 1) — = Anigh.

i=1

Proof Let y; € M. By Theorem 3.4 there exists ¢} € C such that

n2" p101)\ nn-1)
|8y, AL < 1 (9 +o1(x) + ;y = n@1 + HAR Q2.

2n-1

Let f,, = Ay f, 0, = 2’;2:11 ® + ‘“T(yl)), Yy = 2" @1, and ¥y = @Anwl + nh,@,. Since the
order of A, can be interchanged without affecting the value on the left-hand side, we

have

[ 855 @ = 4%, 20,/ @)

’ (9 o) + “’M> D) 0 00) + ()

<
21 2 4
=0, +Y1(%) + Y2 (92).

Since y; is currently fixed and 1, ¥, € C, the theorem is true by induction on #. O

Now we apply this to the result of Theorem 4.4 in [10]. For all ¢ : M"*! — [0, 00) and
n € N, define r,¢, R, : M" — R* by

ra@(X1,%2, ..., Xp)

= @(2961, 2962, ey 2xn—1)xn;xn) + zw(ler 2962, ey 2xn—2’xn1xn—lrxn—l) +oe

Page 8of 11
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-2 -1
+ 2n (p(leyxmxn—lr«~';x3;x2;x2) + 2n (p(xmxn—lwuyxbxlyxl);
oo
Fa(25%1, 2K %0, .. ., 2K %)

k=0

Also, let

00
D; _ (¢,§0/)|§0 :MVH-I — R*, Zz—n(k+1)(p(2kz) <00,z EMrHl,
k=0

¢ : M" — [0,00),¢'(¥) > R,0(y), and klirn 27/ (2%y) =0,y e M" .
— 00

We restate the theorem as follows.

Theorem 3.6 Let n € N, and let ¢1,¢2,...,0u1 : M' — [0,00) for i € {1,2,...,n + 1} be
such that (@i, ¢;) € D} for 1 <i <n.Iff : M — B satisfies

“ AJ’I AJ’Z e AYn+1f(0) H < On1 (V1 Y25+ Yns1)

for all y1,y3,...,Yus1 € M, then there exists a generalized polynomial p : M — B of degree

at most n such that
If (x) = p)]| < ¢1(x)
for all x € M and p(0) = f(0).

If we let

n+l

Q1 %2,y Xy X011) = 0+ Y i)

i=1
with @1, ¢2,..., 0441 € C, then

1,22, %) < (27 =1)0 + (27 = 2) @1 (1) + 2" 0u(x1) + 2" @i (1))

+ (27 = 2)@a(w) + 2" 1 (2) + 2720 (%) + 27201 (32)

n
+ P (0) + Y 2" i(x,).

i=1

So

n

1 1
Rn(p()’l;yz;n-:yn) <2"0 + ( )\nq)l(xl) + ikn(pn(xl) + Ekn(/)nﬂ(xl))

2712 1 1 1
+ 2—nkn¢z(xz) + §An¢>n_1(xz) + ;Lknwn(xz) + Z)Wl@nﬂ(xZ)
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1 "1

+ ;Anﬂonﬂ(xn) + _i)\ngoi(xn) (8)
i=1

Let ¥ (y1,¥2,...,yx) be the right-hand side of (8). Then (¢, ¥) € D} and ¥ can be used

to produce the next pair, resulting in a stability chain. We have the following result.
Theorem 3.7 LetneN, 0 € [0,00), ¢1,¢2 € C,and f : M — B. If
| A @) ]| <6+ @1(x) + 92 (9)

for all x,y € M, then there exist a generalized polynomial p : M — B of degree at most n
and @3 € C such that

Hf(x) —px) H < (2%) (n! 2n2_ 1)9 + @3(x)
i=1

forall x € M.
A direct corollary of this theorem is the Aoki—Rassias stability:
” A’”lf(x) ” <0+¢ |x”| + oyl

for 0 < p < 1 when M is either N U {0} or the set of all integers. In this case, ¢;(x) = |x|” and

] k 5] k o) n—
|25 x| 25 1 2
)\'”(pl(x) = Z Qkn = Z Qkn = |x| Z 2k(n—p) = on-p _ 1 |x| :
k=0 k=0 k=0

Theorem 3.8 LetneN, 0,¢1,¢ €[0,00), p €(0,1), and f : NU {0} — B. If
| A7 @) <6+ crlal” + ealyl?

for all x,y € N U {0}, then there exist M, € [0,00) and a polynomial p : N U {0} — B of
degree at most n such that

L L2n—1
i=1

|V(x) —p(x)|| < (2%) (n! el )(9 + M, |xlP
forall x e NU {0}.
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