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Abstract
On this paper, for an arbitrary order operator-differential equation with the weight
e
–αt
2 ,α ∈ (–∞, +∞), in the spaceWn+m

2 (R+;H), we attain sufficient conditions for the
well-posedness of a regular solvable of the boundary value problem. These
conditions are provided only by the operator coefficients of the investigated equation
where the leading part of the equation has multiple characteristics. We prove the
connection between the lower bound of the spectrum of the higher-order
differential operator in the main part and the exponential weight and also obtain
estimations of the norms of operator intermediate derivatives. We apply the results of
this paper to a mixed problem for higher-order partial differential equations (HOPDs).

MSC: 34A12; 34G10; 34k10; 35J40; 47D03

Keywords: Initial-boundary value problems (IBVPs); The spectral resolution;
A positive-definite operator; Bounded operator; Hilbert space; Integral operator;
Regular solvability

1 Introduction
The theory of initial-boundary value problems of operator-differential equations in a Ba-
nach or Hilbert space is of great value and secures the possibility of looking at ordinary
and partial differential operators [27]. It is worth mentioning that the principal parts of
the investigated equations have multiple characteristics and thus appear in applications,
for instance, by modeling the stability of the plates from the plastic and in particular, in the
dynamics problems of arches and rings [25, 26]. The solvability of initial boundary value
problems for higher-order operator-differential equations has been researched by many
authors, for example, A. A. Gasymov, S. S. Mirzoev, V. I. Gorbachuk, M. L. Gorbachuk, S.
Yakubov, V. N. Pilipchuk, and their followers [7, 11, 22–25, 27].

In a separable Hilbert space H, we study the following initial-boundary value problem:

m∏

k=1

(
–

d
dt

+ rkA
) n∏

k=1

(
d
dt

+ rkA
)

u(t) +
n+m∑

j=1

Aj
dn+m–j

dtn+m–j u(t) = f (t),

t ∈ R+ = [0,∞), (1)
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dsu(0)
dts = 0, s = 0, n + m – 2, (2)

where A is a self-adjoint positively defined operator, (A = A∗ ≥ γ0E,γ0 > 0), γ0 is the lower
bound of spectrum (γ0 ∈ σ (A)), rk �= 0, rm = rn = 1 for all rm, rn, and Aj, j = 1, n + m, are
linear unbounded operators. All derivatives here are perceived in the sense of distributions
theory.

Let f (t) ∈ L2,α(R+; H), u(t) ∈ W n+m
2,α (R+; H), and α ∈ R, where

L2,α(R+; H) =
{

f (t) :
∥∥f (t)

∥∥
L2,α (R+;H) =

(∫ +∞

0

∥∥f (t)
∥∥2

He–αt dt
) 1

2
< +∞

}

and

W n+m
2,α (R+; H) =

{
u(t) :

dn+mu(t)
dtn+m ∈ L2,α(R+; H), An+mu(t) ∈ L2,α(R+; H)

}

with the norm [14, 15]

‖u‖W n+m
2,α (R+;H) =

(∥∥An+m(u)
∥∥2

L2,α (R+;H) +
∥∥∥∥

dn+m(u)
dtn+m

∥∥∥∥
2

L2,α (R+;H)

) 1
2

.

At α = 0, for simplification, we denote the space L2,0(R+; H) by L2(R+; H) and the space
W n+m

2,0 (R+; H) by W n+m
2 (R+; H) [4–9].

Definition 1 If for any f (t) ∈ L2,α(R+; H), there exists a vector function u(t) ∈ W n+m
2,α (R+; H)

that satisfies (1) almost everywhere in R+, then it is called a regular solution of (1).

Definition 2 If for any function f (t) ∈ L2,α(R+; H), there exists a regular solution of (1)
satisfying the boundary conditions (2) in the sense that [24]

lim
t→0

∥∥∥∥A(n+m)–i– 1
2

diu(t)
dti

∥∥∥∥
H

= 0, i = 0, n + m – 2,

then

‖u‖W n+m
2,α (R+;H) ≤ const‖f ‖L2,α (R+;H).

The studies of the last 60 years have enhanced the theory of operator-differential equations
with considerable results. The theory of initial-value problems of operator-differential
equations in a Banach or Hilbert space is useful because it facilitates studying equations
of parabolic and elliptic differential operators with initial-boundary conditions, possibly,
looking at ordinary and partial differential operators. Nowadays many papers concern-
ing the study of initial value problems of the operator-differential equations in Banach
spaces have been published. In both semiaxis and finite interval, second-order operator-
differential equations with zero weight exponential are studied [3, 5, 6, 23, 24].

Gasymov [8–10] analyzed both the solvability of operator-differential equations and the
multiple completeness of some eigen- and associated vectors of corresponding operator
pencils. His works are the most valuable as they motivated many papers, including the
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present one and others to be mentioned further. Moreover, the solvability of operator-
differential equations in Hilbert spaces with exponential weight has been extensively stud-
ied. Second-, third-, and fourth-order operator-differential equations with multiple char-
acteristics with exponential weight have been studied on the semiaxis and the whole axis
[2, 22]. Moreover, general higher-order operator-differential equations with multiple char-
acteristic in a Sobolev-type space with exponential weight have not been studied yet. In the
present paper, we formulate sufficient conditions for the initial-boundary value problem
to be regularly solvable.

2 Main results
From the theorem on intermediate derivatives [7, 19] we have that if u(t) ∈ W n+m

2,α (R+; H),
then

Aj dn+m–ju(t)
dtn+m–j : W n+m

2,α (R+; H) → L2,α(R+; H) → L2,α(R+; H), j = 1, n + m,

and the following inequalities are valid:

∥∥∥∥Aj dn+m–ju(t)
dtn+m–j

∥∥∥∥
L2,α (R+;H)

≤ cj‖u‖W n+m
2,α (R+;H), j = 1, n + m. (3)

In the present paper, for any natural number n, r1 = r2 = r3 = · · · = rn = 1, and m = 1, we
obtain

(
–

d
dt

+ A
) n∏

k=1

(
d
dt

+ rkA
)

u(t) +
n+1∑

j=1

Aj
dn+1–j

dtn+1–j u(t) = f (t), (4)

dsu(0)
dts = 0, s = 0, n – 1. (5)

Equation (4) can be formulated in the form

Pu(t) ≡ P0u(t) + P1u(t) = f (t),

where

P0u =
(

–
d
dt

+ A
)(

d
dt

+ A
)n

u,

P1u =
n+1∑

j=1

Aj
dn+1–j

dtn+1–j u,

and f (t) ∈ L2,α(R+; H), u(t) ∈ W n+1
2,α (R+; H).

Theorem 3 Let A = A∗ ≥ γ0E (γ0 > 0, E is the unit operator) and |α| < 2γ0. Then the oper-
ator P0 is an isomorphism between the spaces W n+1

2,α (R+; H) and L2,α(R+; H).

Proof Let u(t) = v(t)e α
2 t , then we get the problem P0,αv(t) = g(t), where v(t) ∈ W n+1

2 (R+; H),
g(t) = f (t)e α

2 t ∈ L2(R+; H) with

P0,αv(t) =
(

–
(

d
dt

+
α

2

)
+ A

)(
d
dt

+
α

2
+ A

)n

v(t) = g(t). (6)
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Since the mapping v(t) → u(t)e– α
2 t is an isomorphism between the spaces W n+1

2 (R+; H)
and W n+1

2,α (R+; H), it is sufficient to prove that P0,α : W n+1
2 (R+; H) → L2(R+; H) is an isomor-

phism [12, 13], so we must find the solution of (6) in the form

v(t) = v1(t) + v0(t) =
∫ +∞

0
G(t – s)g(s) ds + v0(t)

as follows.
Using the Fourier transforms for the equation P0,αv(t) = g(t), we obtain

(
–iξE –

α

2
E + A

)(
iξE +

α

2
E + A

)n

ṽ(ξ ) = g̃(ξ ), ξ ∈ R+,

where ṽ(ξ ), g̃(ξ ) are the Fourier transforms of the functions v(t), g(t), respectively, and
moreover

ṽ(ξ ) =
(

–iξE –
α

2
E + A

)–1(
iξE +

α

2
E + A

)–n

g̃(ξ ).

Hence

v1(t) =
1√
2π

∫ +∞

0

(
–iξE –

α

2
E + A

)–1(
iξE +

α

2
E + A

)–n

g̃(ξ )eiξ t dξ

=
1

2π

∫ +∞

0

(
–iξE –

α

2
E + A

)–1(
iξE +

α

2
E + A

)–n(∫ +∞

0
g(s)e–iξ s ds

)
eiξ t dξ

=
∫ +∞

0

(
1

2π

∫ +∞

0

(
–iξE –

α

2
E + A

)–1(
iξE +

α

2
E + A

)–n

eiξ (t–s) dξ

)
g(s) ds

=
∫ +∞

0
G(t – s)g(s) ds.

Then the integral operator is

G(t – s) =
1

2π

∫ +∞

0

(
–iξE –

α

2
E + A

)–1(
iξE +

α

2
E + A

)–n

eiξ (t–s) dξ .

Taking iξ = ω, we have

G(t – s) =
1

2π i

∫ +i∞

–i∞

(
–ωE –

α

2
E + A

)–1(
ωE +

α

2
E + A

)–n

eω(t–s) dω.

If μ ∈ σ (A), then

G(t – s) =
1

2π i

∫ +i∞

–i∞
eω(t–s)

(–ω – α
2 + μ)(ω + α

2 + μ)n dω,

and for t > s, we get

G(t – s) = Re sω=– α
2 –μ

eω(t–s)

(–ω – α
2 + μ)(ω + α

2 + μ)n
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=
(

1
(n – 1)!

)
lim

ω→– α
2 –μ

dn–1

dωn–1

[
eω(t–s)

(–ω – α
2 + μ)

]

=
(

1
(n – 1)!

) n–1∑

k=0

2(–n)(n – 1)![μ(t – s)]k

2(–k)k!
e–(μ+ α

2 )(t–s)μ–n

=
n–1∑

k=0

2(–n)[μ(t – s)]k

2(–k)k!
e–(μ+ α

2 )(t–s)μ–n.

Similarly, for t < s, we have

G(t – s) =
1

2π i

∫ +i∞

–i∞
eω(t–s)

(–ω – α
2 + μ)(ω + α

2 + μ)n dω

= Re sω=μ– α
2

eω(t–s)

(–ω – α
2 + μ)(ω + α

2 + μ)n

= lim
ω→μ– α

2

[
eω(t–s)

(ω + α
2 + μ)n

]

= (2)–ne(μ– α
2 )(t–s)–μ–n.

Using the spectral expansion of operator A [μ ∈ σ (A)], we get

G(t – s) =

⎧
⎨

⎩

∑n–1
k=0 Rn[A(t – s)]ke–(A+ α

2 E)(t–s)A–n if t > S,

Tne(A– α
2 E)(t–s)A–n if t < S,

(7)

where

Rn = 2(–n)
[

2(k)

(k)!

]
and Tn = 2(–n).

For v0(t), from equation (6) we have

v0(t) =
n–1∑

k=0

(At)ke–(A+ α
2 )tφk ,

where the vectors φk ∈ D(An+ 1
2 –k), k = 0, n – 1:

φ0 = –v1(0) = –Tn

∫ +∞

0
e–(A– α

2 E)sA–ng(s) ds,

φ1 = φ0 – A–1v′
1(0) = –2Tn

∫ +∞

0
e–(A– α

2 E)sA–ng(s) ds,

φ2 = φ1 –
1
2
φ0 –

1
2

A–2v′′
1(0) = –2Tn

∫ +∞

0
e–(A– α

2 E)sA–ng(s) ds,

φ3 =
1
6
φ0 –

1
6

A–3v′′′
1 (0) –

1
2
φ1 + φ2 = –

8
6

Tn

∫ +∞

0
e–(A– α

2 E)sA–ng(s) ds,

and so on,

φk = qn

∫ +∞

0
e–(A– α

2 E)sA–ng(s) ds.
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Then

v0(t) =
n–1∑

k=0

qn(At)k
[

e–(A+ α
2 E)t ×

∫ +∞

0
e–(A– α

2 E)s(A–ng(s)
)

ds
]

, (8)

qn = –2(–n)
[

2(k)

(k)!

]
. �

Examples
(i) If m = 1, n = 2, then

G(t – s) =
1
4

⎧
⎨

⎩
[E + 2(t – s)A]e–(A+ α

2 E)(t–s)A–2 if t – s > 0,

e(A– α
2 E)(t–s)A–2 if t – s < 0,

v0(t) = –
1
4

(E + 2At)
[

e–(A+ α
2 E)t

∫ +∞

0
e–(A– α

2 E)s(A–2g(s)
)

ds
]

.

(ii) If m = 1, n = 3, then

G(t – s) =
1
8

⎧
⎨

⎩
[E + 2A(t – s) + 2A2(t – s)2]e–(A+ α

2 E)(t–s)A–3 if t – s > 0,

e(A– α
2 E)(t–s)A–3 if t – s < 0,

and

v0(t) = –
1
8
(
E + 2At + 2A2t2)

[
e–(A+ α

2 E)t
∫ +∞

0
e–(A– α

2 E)s(A–3g(s)
)

ds
]

.

(iii) If m = 1, n = 4, then

G(t – s) =
1

16

⎧
⎪⎪⎨

⎪⎪⎩

[E + 2A(t – s) + 2A2(t – s)2 + 8
6 A3(t – s)3]e–(A+ α

2 E)(t–s)A–4

if t – s > 0,

e(A– α
2 E)(t–s)A–4 if t – s < 0,

and

v0(t) = –
1

16

(
E + 2At + 2A2t2 +

8
6

A3t3
)[

e–(A+ α
2 E)t

∫ +∞

0
e–(A– α

2 E)s(A–4g(s)
)

ds
]

.

This case has not been researched so far.

Before we formulate exact conditions on regular solvability of problem (4)–(5), ex-
pressed only by its operator coefficients, we must estimate the norms of intermediate
derivative operators participating in the second part of equation (4). It follows from The-
orem 3 that the norm ‖P0u‖L2(R+;H) is equivalent to the norm ‖u‖W n+1

2 (R+;H) in the space
W n+1

2 (R+; H). Therefore by the norm ‖P0u‖L2(R+;H) the theorem on intermediate deriva-
tives is valid as well.

Theorem 4 ([20]) Let the operators AjA–j, j = 1, n + 1, be bounded on H . Then in the case
Aj �= 0 the operator P1 is bounded from the space W n+1

2,α (R+; H) to L2,α(R+; H).
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Proof Since u(t) ∈ wn+1
2,α (R+; H), from the theorem on intermediate derivatives [16, 19] we

have

‖p1u‖L2,α (R+;H) ≤
n+1∑

j=1

∥∥AjA–j∥∥
H→H

∥∥∥∥Aj dn–j+1u
dtn–j+1

∥∥∥∥L2,α(R+; H)

≤ const‖u‖wn+1
2,α (R+;H).

The theorem is proved.
From Theorems 3 and 4 we get the following lemma. �

Lemma 5 Let AjA–j, j = 1, n + 1, be bounded operators on H . Then in the case Aj �= 0 the
operator P from the space W n+1

2 (R+; H) to L2(R+; H) is bounded [17].

Theorem 6 For functions u(x) ∈ W n+1
2 (R; H), we have the following inequalities:

∥∥∥∥An+1–j dju(x)
dxj

∥∥∥∥
L2(R;H)

≤ aj‖P0u‖L2(R;H), j = 1, n,

where

aj =
(

1
(n + 1) n+1

2

)(
jj/2)((n – j + 1)( n–j+1

2 )) (see [1, 4]).

Let

bs =
(

1
(n + 1)n+1

)(
ss)((n – s + 1)(n–s+1)), s = 1, n.

Consider the following polynomial operator pencils depending on the real parameter β :

Pj(λ;β ; A) =
(
(iλ)2E + A2)n+1 – β(iλ)2jA(2(n+1)–2j), j = 1, n. (9)

Let us clarify the study of naturally arising pencils (9). Obviously, for u(x) ∈ W n+1
2 (R+; H),

we have that for estimating nj, j = 1, n, it is necessary to study some properties of pencils.

Theorem 7 Let β ∈ [0, b–1
s ). Then the polynomial operator pencils are invertible on the

imaginary axis and have the following representations:

Pj(λ;β ; A) = Fj(λ;β ; A)Fj(–λ;β ; A), j = 1, n,

where

Fj(λ;β ; A) =
n+1∏

s=1

(
λE – ωj,s(β)A

) ≡
n+1∑

m=0

αm,j(β)λ(n–m)Am,

Reωj,s(β) < 0, s = 1, n + 1, and the numbers αm,j(β) > 0, m = 0, n + 1;
αν,j(β) > 0,ν = 0, n + 1, satisfy the following systems of equations:

Pj(λ;β ; A) =
(
(iλ)2E + A2)n+1 – β(iλ)2jA(2(n+1)–2j)
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=
n+1∑

m=0

[ n+1∑

ν=0

αm,j(β)αν,j(β)λ(n–m+1)(–λ)(n–ν+1)Am+ν

]
.

Examples
(i) if m = 1 and n = 2, then the following systems of equations are satisfied:

(1) for j = 1,

⎧
⎨

⎩
–2α2,1(β) + α2

1,1(β) – 3 = 0,

2α1,1(β) – α2
2,1(β) + 3 = β ;

(2) for j = 2,

⎧
⎨

⎩
–2α2,2(β) + α2

1,2(β) – 3 = –β ,

2α1,2(β) – α2
2,2(β) + 3 = 0.

(ii) if m = 1 and n = 3, then the following systems of equations are satisfied:
(1) for j = 1,

⎧
⎪⎪⎨

⎪⎪⎩

2α2,1(β) – α2
1,1(β) + 4 = 0,

α2
2,1(β) – 2α1,1(β)α3,1(β) – 4 = 0,

2α2,1(β) – α2
3,1(β) + 4 = β ;

(2) for j = 2,

⎧
⎪⎪⎨

⎪⎪⎩

2α2,2(β) – α2
1,2(β) + 4 = 0,

α2
2,2(β) – 2α1,2(β)α3,2(β) – 4 = –β ,

2α2,2(β) – α2
3,2(β) + 4 = 0;

(3) for j = 3,

⎧
⎪⎪⎨

⎪⎪⎩

2α2,3(β) – α2
1,3(β) + 4 = β ,

α2
2,3(β) – 2α1,3(β)α3,3(β) – 4 = 0,

2α2,3(β) – α2
3,3(β) + 4 = 0;

(iii) if m = 1 and n = 4, then:
(1) for j = 1,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–2α2,1(β) + α2
1,1(β) – 5 = 0,

2α1,1(β)α3,1(β) – 2α4,1(β) – α2
2,1(β) + 10 = 0,

2α1,1(β) – 2α2,1(β)α4,1(β) + α2
3,1(β) – 10 = 0,

2α3,1(β) – α2
4,1(β) + 5 = β ;
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(2) for j = 2,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–2α2,2(β) + α2
1,2(β) – 5 = 0,

2α1,2(β)α3,2(β) – 2α4,2(β) – α2
2,2(β) + 10 = 0,

2α1,2(β) – 2α2,2(β)α4,2(β) + α2
3,2(β) – 10 = –β ,

2α3,2(β) – α2
4,2(β) + 5 = 0;

(3) for j = 3,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

–2α2,3(β) + α2
1,3(β) – 5 = 0,

2α1,3(β)α3,3(β) – 2α4,3(β) – α2
2,3(β) + 10 = β ,

2α1,3(β) – 2α2,3(β)α4,3(β) + α2
3,3(β) – 10 = 0,

2α3,3(β) – α2
4,3(β) + 5 = 0;

(4) for j = 4,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2α2,4(β) + α2
1,4(β) – 5 = –β ,

2α1,4(β)α3,4(β) – 2α4,4(β) – α2
2,4(β) + 10 = 0,

2α1,4(β) – 2α2,4(β)α4,4(β) + α2
3,4(β) – 10 = 0,

2α3,4(β) – α2
4,4(β) + 5 = 0.

This case has not been researched yet.

Theorem 8 Let β ∈ [0, b–1
s ). Then for any u(t) ∈ W n+1

2 (R+; H), the following relation holds:

∥∥∥∥Fj

(
d
dt

;β ; A
)

u
∥∥∥∥

2

L2(R+;H)
= ‖P0u‖2

L2(R+;H) – β

∥∥∥∥An–j+1 dj

dtj u
∥∥∥∥

2

L2(R+;H)
, j = 1, n,

on the values of the numbers nj, j = 1, n.

Theorem 3 implies that the norms W n+1
2 (R+; H) and ‖P0u‖L2(R+;H) are equivalent on

W n+1
2 (R+; H). Then it follows from the theorem of intermediate derivatives that the fol-

lowing numbers are finite:

nj = sup
0 �=u∈W n+1

2 (R+;H)

‖An–j+1 dj

dtj u‖L2(R+;H)

‖P0u‖L2(R+;H)
, j = 1, n.

Now let us calculate nj.

Lemma 9 ([18]) nj = aj, j = 1, n.

Corollary 10 Let γ ∈ σ (A),γ ≥ γ0 (γ0 > 0), and |α| < 2γ0, ξ ∈ R Then

∥∥∥∥An+1P–1
0

(
iξ +

α

2
, A

)∥∥∥∥ ≤ cj(α,γ0), j = n + 1,
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where

cj(α,γ0) =
(γ0)n+1

(γ 2
0 – α2

4 )(γ0 + α
2 )n–1

.

Proof Since A is a self-adjoint positive operator, from the spectral theory we have

∥∥∥∥An+1p–1
0

(
iξ +

α

2
, A

)∥∥∥∥

= sup
γ∈σ (A)

∣∣∣∣γ
n+1

[
–
(

iξ +
α

2

)
+ γ

]–1[
iξ +

α

2
+ γ

]–n∣∣∣∣

= sup
γ∈σ (A)

∣∣∣∣γ
n+1

[
–
(

iξ +
α

2

)2

+ γ 2
]–1[

iξ +
α

2
+ γ

]–n+1∣∣∣∣

≤ sup
γ∈σ (A)

(γ )n+1

(ξ 2 + γ 2 – α2
4 )[(γ + α

2 )2 + ξ 2] n–1
2

≤ sup
γ∈σ (A)

(γ )n+1

(γ 2 – α2
4 )(γ + α

2 )n–1

≤ (γ0)n+1

(γ 2
0 – α2

4 )(γ0 + α
2 )n–1

= cj(α,γ0), j = n + 1. �

Theorem 11 ([4]) Let –2γ0 < α < 2γ0. Then for any u(t) ∈ W n+1
2,α (R+; H), we have the in-

equalities

∥∥∥∥Aj dn–j+1u(t)
dtn–j+1

∥∥∥∥
L2(R+;H)

≤ b(α,γ0)cj(α,γ0)
∥∥P0u(t)

∥∥
L2,α (R+;H), j = 1, n + 1,

where

cj(α,γ0) =
(

2γ0

2γ0 + α

)j–1[
1 +

4γ0|γ0 + α|
(2γ0 + α)2

] n–j
2

, j = 1, n.

From Corollary 10 we obtain

cj(α,γ0) =
(γ0)n+1

(γ 2
0 – α2

4 )(γ0 + α
2 )n–1

, j = n + 1

and

b(α,γ0) =

⎧
⎪⎨

⎪⎩

γ0√
2(2γ 2

0 –α2)
if 0 ≤ α2

4γ 2
0

< 1
3 ,

2γ0|α|
4γ 2

0 –α2 if 1
3 ≤ α2

4γ 2
0

< 1.

Now we introduce the following specific cases at certain values of n.
Case (i) m = 1, n = 1. Then we have an initial-boundary value problem of a second-order

operator-differential equation with multiple characteristics with

c1(α,γ0) = 1,
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C2(α,γ0) =
(γ0)2

(γ 2
0 – α2

4 )
,

and

b(α,γ0) =

⎧
⎪⎨

⎪⎩

γ0√
2(2γ 2

0 –α2)
if 0 ≤ α2

4γ 2
0

< 1
3 ,

2γ0|α|
4γ 2

0 –α2 if 1
3 ≤ α2

4γ 2
0

< 1.

Case (ii) m = 1, n = 2. Then we have an initial-boundary value problem of a third-order
operator-differential equation with multiple characteristics with

c1(α,γ0) =
[

1 +
4γ0|γ0 + α|
(2γ0 + α)2

] 1
2

, c2(α,γ0) =
2γ0

2γ0 + α
,

c3(α,γ0) =
(γ0)3

(γ 2
0 – α2

4 )(γ0 + α
2 )

,

and

b(α,γ0) =

⎧
⎪⎨

⎪⎩

γ0√
2(2γ 2

0 –α2)
if 0 ≤ α2

4γ 2
0

< 1
3 ,

2γ0|α|
4γ 2

0 –α2 if 1
3 ≤ α2

4γ 2
0

< 1.

Case (iii) m = 1, n = 3. Then we have an initial-boundary value problem of a fourth-order
operator-differential equation with multiple characteristics with

c1(α,γ0) =
[

1 +
4γ0|γ0 + α|
(2γ0 + α)2

]
,

c2(α,γ0) =
(

2γ0

2γ0 + α

)[
1 +

4γ0|γ0 + α|
(2γ0 + α)2

] 1
2

,

c3(α,γ0) =
(

2γ0

2γ0 + α

)
,

c4(α,γ0) =
(γ0)4

(γ 2
0 – α2

4 )(γ0 + α
2 )2

,

and

b(α,γ0) =

⎧
⎪⎨

⎪⎩

γ0√
2(2γ 2

0 –α2)
if 0 ≤ α2

4γ 2
0

< 1
3 ,

2γ0|α|
4γ 2

0 –α2 if 1
3 ≤ α2

4γ 2
0

< 1.

Theorem 12 Let A = A∗, A∗ ≥ γ0E(–2γ0 < α < 2γ0,γ0 > 0), and let the operators AjA–j(j =
1, n + 1) be bounded in H and satisfy the inequality

n+1∑

j=1

cj(α,γ0)b(α,γ0)
∥∥AjA–j∥∥

H→H < 1,

where the numbers b(α,γ0) and cj(α,γ0), j = 1, n + 1, are calculated in Theorem 11. Then
the initial-boundary value problem (4)–(5) is regularly solvable [1].



Faried et al. Advances in Difference Equations        (2020) 2020:104 Page 12 of 14

Proof Let f (t) ∈ L2,α(R+; H) and u(t) ∈ W n+1
2,α (R+; H). By Theorem 3 there exists a bounded

inverse operator for P0 that acts from L2,α(R+; H) to W n+1
2,α (R+; H). Then after substituting

P0u(t) = w(t) into equation (4), the latter can be written as (E + (P – P0)P–1
0 w(t) = f (t). Now

to show the existence of a solution, let us check that

∥∥P1P–1
0

∥∥
L2,α (R+;H)→L2,α (R+;H) < 1.

By Theorem 4 we have:

∥∥P1P–1
0 w(t)

∥∥
L2,α (R+;H)

=
∥∥P1u(t)

∥∥
L2(R+;H) ≤

n+1∑

j=1

∥∥∥∥Aj
dn–j+1u(t)

dtn–j+1

∥∥∥∥
L2,α (R+;H)

≤
n+1∑

j=1

∥∥AjA–j∥∥
H→H

∥∥∥∥Aj dn–j+1u(t)
dtn–j+1

∥∥∥∥
L2,α (R+;H)

≤
n+1∑

j=1

∥∥AjA–j∥∥
H→H b(α,γ0)cj(α,γ0)

∥∥P0u(t)
∥∥

L2,α (R+;H)

=
n+1∑

j=1

b(α,γ0)cj(α,γ0)
∥∥AjA–j∥∥

H→H

∥∥w(t)
∥∥

L2,α (R+;H).

Consequently,

∥∥P1P–1
0

∥∥
L2,α (R+;H)→L2,α (R+;H) ≤

n+1∑

j=1

b(α,γ0)cj(α,γ0)
∥∥AjA–j∥∥

H→H < 1.

Thus the operator (E + (P – P0)P–1
0 ) is invertible in L2,α(R+; H), and therefore u(t) can be

determined as u(t) = P–1
0 (E + (P – P0)P–1

0 )–1f (t).
Moreover,

∥∥u(t)
∥∥

W n+1
2,α (R+;H)

≤ ∥∥P–1
0

∥∥
L2,α(R+;H)→W n+1

2,α (R+;H)

× ∥∥((
E + (P – P0)P–1

0
))–1∥∥

L2,α(R+;H)→L2,α(R+;H)

∥∥f (t)
∥∥

L2,α(R+;H)

≤ const
∥∥f (t)

∥∥
L2,α(R+;H). �

3 Example
Using the results on the solvability of initial-boundary value problem (4)–(5), we introduce
the following problem as an application example on the half-strip R+ × [0;π ] [21]:

(
–

∂

∂t
–

∂2

∂x2

)(
∂

∂t
–

∂2

∂x2

)n

u(t, x) +
n+1∑

j=1

rj(x)
∂n+j+1u(t, x)
∂tn–j+1∂x2j = f (t, x), (10)

∂ su(x, 0)
∂ts = 0, s = 0, n – 1, (11)
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∂2ku(t, 0)
∂x2k =

∂2ku(t,π )
∂x2k = 0, k = 0, n, (12)

where rj(x), j = 1, n + 1, are bounded functions on [0,π ], f (t, x) ∈ L2(R+; L2[0,π ]). Note
that problem (10)–(12) is a particular case of boundary value problem (4)–(5), where
Aj = rj(x) ∂2j

∂x2j , j = 1, n + 1, is the operator is defined on H = L2,α[0,π ] by Au = – d2u
dx2 and the

conditions u|x=0 = u|x–π = 0. Then problem (10)–(12) has a unique solution in the space
W n+1,2(n+1)

t,x,2 (R+; L2[0;π ]).
In the case γ0 = 1, applying Theorem 12, in the space W n+1,2(n+1)

t,x,2,α (R+; L2[0;π ]) with –2 <
α < 2, we get the inequality

[ n+1∑

j=1

cj(α, 1)b(α, 1) sup
x∈[0,π ]

∣∣rj(x)
∣∣
]

< 1.

Hence the mixed partial differential equation has a unique solution.

4 Conclusion
In a Sobolev-type space with exponential weight, we found a solution of the initial-
boundary value problem of (n + 1)th-order operator-differential equation in the case that
the second part equals zero. We obtained definite conditions for problem (4)–(5) to be
regularly solvable; these conditions rely on the operator coefficients, the lower bound of
the spectrum, and the weight exponent. The estimates of the norms of the intermediate
derivatives of the differential operators in the substantial part of the given equation are
provided and, in a similar way, for the second part of the above-mentioned equation.

We used the results of this paper to establish an application example of the initial-
boundary value problem (10)–(12) for mixed partial differential equations. The well-
posedness of problem (4)–(5) is also proved using the polynomial operator pencils.
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