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Abstract

On this paper, for an arbitrary order operator-differential equation with the weight
e%”,oz € (—00,+00), in the space WJ*™(R.; H), we attain sufficient conditions for the
well-posedness of a regular solvable of the boundary value problem. These
conditions are provided only by the operator coefficients of the investigated equation
where the leading part of the equation has multiple characteristics. We prove the
connection between the lower bound of the spectrum of the higher-order
differential operator in the main part and the exponential weight and also obtain
estimations of the norms of operator intermediate derivatives. We apply the results of
this paper to a mixed problem for higher-order partial differential equations (HOPDs).
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1 Introduction

The theory of initial-boundary value problems of operator-differential equations in a Ba-
nach or Hilbert space is of great value and secures the possibility of looking at ordinary
and partial differential operators [27]. It is worth mentioning that the principal parts of
the investigated equations have multiple characteristics and thus appear in applications,
for instance, by modeling the stability of the plates from the plastic and in particular, in the
dynamics problems of arches and rings [25, 26]. The solvability of initial boundary value
problems for higher-order operator-differential equations has been researched by many
authors, for example, A. A. Gasymov, S. S. Mirzoev, V. I. Gorbachuk, M. L. Gorbachuk, S.
Yakubov, V. N. Pilipchuk, and their followers [7, 11, 22-25, 27].

In a separable Hilbert space H, we study the following initial-boundary value problem:

m d n d n+m dn+mfj
H(—% + rkA> H(E + rkA)u(t) + ;A;‘WUU) =f @),

k=1 k=1

teR, =[0,00), (1)
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du(0)

I 0, s=0,n+m-2, (2)

where A is a self-adjoint positively defined operator, (A = A* > %E, yp > 0), o is the lower
bound of spectrum (yy € o(4)), rx # 0,7, =1, = 1 for all r,,,,7,,, and A;,j = 1,1+ m, are
linear unbounded operators. All derivatives here are perceived in the sense of distributions
theory.

Let f(¢) € Lyo(Ry; H), u(t) € W32 (R,; H), and « € R, where

Lao R ) = O Ol g = ([ O at) < v00)

and

dmmu(t)

Wi Rt = futo)s <

€ L2,ot (R+;H);An+mu(t) € LZ,a (R+,H) }
with the norm [14, 15]

arm (u)
dtVH-m

2 3
_ n+m 2
||u||W;;m<R+;H)—(||A (”)||L2,O,(R+;H)+H ) .
L2,a(R+;H)

At a = 0, for simplification, we denote the space L;o(R,;H) by Ly(R,; H) and the space
W3 (Ry; H) by W3 (R,; H) [4-9].

Definition 1 Ifforanyf(¢) € Ly4(R,; H), there exists a vector function u(¢) € W3 ;" (R,; H)
that satisfies (1) almost everywhere in R,, then it is called a regular solution of (1).

Definition 2 If for any function f(£) € Ly, (R,; H), there exists a regular solution of (1)
satisfying the boundary conditions (2) in the sense that [24]

diu(t)

1
A(n+m)—t—§
dtt

:0, i:my
H

lim
t—0

then

el wyom sty < constllf I, st

The studies of the last 60 years have enhanced the theory of operator-differential equations
with considerable results. The theory of initial-value problems of operator-differential
equations in a Banach or Hilbert space is useful because it facilitates studying equations
of parabolic and elliptic differential operators with initial-boundary conditions, possibly,
looking at ordinary and partial differential operators. Nowadays many papers concern-
ing the study of initial value problems of the operator-differential equations in Banach
spaces have been published. In both semiaxis and finite interval, second-order operator-
differential equations with zero weight exponential are studied [3, 5, 6, 23, 24].

Gasymov [8—10] analyzed both the solvability of operator-differential equations and the
multiple completeness of some eigen- and associated vectors of corresponding operator
pencils. His works are the most valuable as they motivated many papers, including the
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present one and others to be mentioned further. Moreover, the solvability of operator-
differential equations in Hilbert spaces with exponential weight has been extensively stud-
ied. Second-, third-, and fourth-order operator-differential equations with multiple char-
acteristics with exponential weight have been studied on the semiaxis and the whole axis
[2,22]. Moreover, general higher-order operator-differential equations with multiple char-
acteristic in a Sobolev-type space with exponential weight have not been studied yet. In the
present paper, we formulate sufficient conditions for the initial-boundary value problem
to be regularly solvable.

2 Main results
From the theorem on intermediate derivatives [7, 19] we have that if u(¢) € W52 (R,; H),
then

j d”+m_ju(t)

S Waa"ReiH) = LyaRisH) = LogRe H), j=Ln+m,

and the following inequalities are valid:

»d"*’”‘ju(t) o
‘A]W =< Cj”””Wz”;m(RJr;H), j=Ln+m. (3)
t LZ,&(R+;H) ’
In the present paper, for any natural number n,r; =ry =rs=---=r,=1,and m=1, we
obtain
d n d n+1 n+l-j
(-% +A) (% + rkA> we) + YAy u(t) = f (@), (4)
k=1 j=1
d*u(0
;t(s)zo, s=0,n—1. )

Equation (4) can be formulated in the form
Pu(t) = Pou(t) + Pru(t) =f(¢),
where

Pou = iA iAn
ou = _dt+ dt+ u,

n+l dn+1-
Pu= ) Ayt
j=1

and f(t) € Lo (Ry; H), u(t) € WiEH(R,; H).

Theorem 3 Let A = A* > yE (yo > 0, E is the unit operator) and || < 2yy. Then the oper-

+

ator Py is an isomorphism between the spaces Wz’fal(R+;H )and Ly o(R,; H).

Proof Let u(t) = v(t)e?", then we get the problem Py, v(£) = g(£), where v(t) € WJ*(R,; H),
g(t) =f()e?" € Ly(R,; H) with

d d n
Poov(t) = <‘<% + %) +A) (% + % +A) Wt) = g(t). 6)
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Since the mapping v(¢) — u(t)e 2! is an isomorphism between the spaces W3*(R,; H)
and W;;I(R+;H), it is sufficient to prove that Py, : W3*1(R,; H) — Ly(R,; H) is an isomor-
phism [12, 13], so we must find the solution of (6) in the form

v(t) = vi(t) + vo(t) = / G(t —s)g(s)ds + vo(2)
0

as follows.
Using the Fourier transforms for the equation Py, v(£) = g(£), we obtain

(-isE- %E +A) (igE + %E +A)nf/(5) -3(8), £eR,

where ¥(£),g(€) are the Fourier transforms of the functions v(t),g(¢), respectively, and

moreover
N o - o o
v(E) = (—iEE - EE +A) (i“;‘E + EE +A> 2(&).

Hence

-n

_1 (. s e o oo ikt
vi(t) = x/T_ﬂ /0 <—LEE— EE +A) (zSE + §E+A> g&)esde
+00 -1 -n +00

_ % 0 (_igE— %‘E+A) (igE + %E +A> ( /0 g(s)e ™ ds)eif‘dg

+00 +00 -1 -n
= /0 (% /(; (—igE - %E +A) <i$E + %E +A) s dé})g(s) ds
= /+<>0 G(t —s)g(s) ds.

0

Then the integral operator is

1 +00 o -1 a -n
G(t-s)= — f (-igE - —E+ A) (igE +—E+ A) 59 g,
27 J 2 2

Taking i§ = w, we have
1 +ico o -1 a —n w(ts)
G(t-s)=— —wE—-—E+A wE+—E+A) ¢ dow.
211 J_ino 2 2

If u € o (A), then

1 +ioco ea)(t—s)
G(t-s)=— dw,
975, oS5 +py

and for ¢ > s, we get

ew(t—s)
G(t—s)=Res,__a_
(t=9) T o-S W+ § )
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= M_”
(n-1) P k‘

2 [(t DI
Py -k 1

Similarly, for ¢ < s, we have

+ico w(t—s)
Gle-9= 5 |
20 ) i (~0 - —+u)(w+—+u)”

ew(t—s)

=Res,_, ¢«
S Co— g+ @ § )

oolt)
= lim | ——
w—>u-% [(w + g + ,LL)”:|
= (2) el D=y,
Using the spectral expansion of operator A [u € o (A)], we get

O R[A(E - 5) ke ArERE9A 1 if s S,

G(t-s)=
TneA—ff t=s) g1 ift<S,

2(®)
anz(-m[—} and T,=20".

For vy(¢), from equation (6) we have

n-1
k _—(A
At( +2)t¢k
k=0

where the vectors ¢y € D(A”*%‘k),k =0,n-1:
go=-11(0) =T, / e UEATg(s)ds,
0
+00 «
b1 = o — AW, (0) = 2T, / e A2 A0 (s) dis,
0
1 1 2.7 e —(A-%E)s g—n
¢ =1 — §¢o - EA v1(0) = =27, e T2 AT g(s)ds,
0
1 1 1 8 oo @
¢3=—do— —AV/(0) = S+ ¢2=——T, / e U5 A g (s) ds,
6 6 ! 2 6 "J
and so on,

+00 «
o = q,,/ e_(A_TE)SA_”g(s) ds.
0

Page 5 of 14
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Then
n-1 +00
vo(t) = anmr)k[e—“*%f” x / e 4B (A7g(s)) ds], 8)
k=0 0
_[2®
=2 G} 2
Examples

(i) If m=1,n=2, then

[E +2(t — s)A]le@+3E=94-2 ift g0,

1
G(t-s)=—
4 | fa-5E)E-9) 42 ift—s<0,

1 o +oo o
volt) = =3 (E+ 241) [e_(A*fE)t / e A2Es (A72g(s)) ds].
0
(ii) If m =1,n = 3, then

[E +2A(t —s) + 2A%(¢ — 5)?]e A+ 3E=5) 43 iff 550,

1
G(t—-s)=—
8 | p(A-5E)t-5) 43 ift—s<0,

and
]. o +oo o
vo(t) = 3 (E +2At + 2A°¢%) [e‘(A*fE)t / e U3 (A3g(s)) dS:|.
0

(iii) If m = 1,n = 4, then

[E+2A(t - s) + 24%(¢ - 5)2 + £A3(¢ - 5)3|e U2 E)E-9) g4
1
Git-s)=—{ ift-
()] 16 ift-s>0,

A5 4-4  ift_s<0,
and

1 8 P
volt) = -1¢ (E +2At +2A% + gA~”t~’>> [e-(*“i’f)t / e BB (Ag(9)) ds].
0

This case has not been researched so far.

Before we formulate exact conditions on regular solvability of problem (4)—(5), ex-
pressed only by its operator coefficients, we must estimate the norms of intermediate
derivative operators participating in the second part of equation (4). It follows from The-
orem 3 that the norm || Pou||1,(r,;x) is equivalent to the norm | u|| W (R, H) in the space
W{’*I(R+;H). Therefore by the norm ||Poul|,r,;n) the theorem on intermediate deriva-

tives is valid as well.

Theorem 4 ([20]) Let the operators A,«A’j,j =1,n+ 1, be bounded on H. Then in the case
A; #0 the operator Py is bounded from the space VVZ’{;I(R+ sH) to Ly (Ry; H).
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Proof Since u(t) € wg;} (R,; H), from the theorem on intermediate derivatives [16, 19] we
have
n+l ) dr Ty
vl Ly ety < D JAA7 || A ot | L2e (R H)
j=1
< const||u||WgL1(R+;H).
The theorem is proved.
From Theorems 3 and 4 we get the following lemma. g

Lemma 5 Let A;A7,j =1,n+ 1, be bounded operators on H. Then in the case A; # 0 the
operator P from the space Wy (R,; H) to Ly(R,; H) is bounded [17].

Theorem 6 For functions u(x) € Wi (R; H), we have the following inequalities:

where

An+1—’dju(x

< a||Poutll Loy, =11,
o < ajl|Poullr, iy, J

Ly(R;H)

@ = (%) (7)1 =+ D) Gsee 11, 4],

n+1)

Let

1
b~ (gt ) @=s+ D), =T

Consider the following polynomial operator pencils depending on the real parameter 8:

Pi(3; i A) = ((A)PE + A% = By AR D2, =Ty, ©)

Let us clarify the study of naturally arising pencils (9). Obviously, for u(x) € W3*1(R,; H),
we have that for estimating 7;,j = 1, 7, it is necessary to study some properties of pencils.

Theorem 7 Let B € [0,b;'). Then the polynomial operator pencils are invertible on the
imaginary axis and have the following representations:

Pi(%; B;A) = Fi(; B; A)Fi(=4; 85 A),  j=1,m,

where
n+l n+l
P}‘(}\;,B;A) = l_[()LE - a)j,s(ﬁ)A) = Zam,j(ﬂ))x(n_m)Am,
s=1 m=0

Rew;s(B) <0,s = 1,n + 1, and the numbers a,,j(B) >0,m=0,n+1;
a,;(B) >0,v =0,n+ 1, satisfy the following systems of equations:

Pi(3; B; A) = ((i)2E + A2)"™" = B(in) T AR(D-2)
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n+l [ n+l
= Z |:Z am’/(ﬁ)av,j(ﬂ))\(n_m+l)(—k)("_v+1)AM+v:| '

m=0L v=0

Examples
(i) if m =1 and n = 2, then the following systems of equations are satisfied:
(1) forj=1,

—20[2,1(/3) + Olil(,B) -3=0,
201,1(B) - 05%,1(}3) +3=8;

(2) forj=2,

—2a35(B) + a1,(B) -3 =P,
2012(B) — a3,(B) +3=0.

(ii) if m =1 and n = 3, then the following systems of equations are satisfied:
(1) forj=1,

2021(B) —af () +4=0,
a3 (B) = 2011 (B)az1(B) 4 =0,
2051(B) — a3,(B) + 4= B;

(2) forj=2,

2095(B) — i, (B) +4 =0,
a35(B) = 2a12(B)az2(B) —4 = -B,
2022(B) — a3,(B) +4=0;

(3) forj=3,

2023(B) — af5(B) + 4= B,
a3 3(B) — 201,3(B)az3(B) —4 =0,
2053(B) — a35(B) +4=0;

(iii) if m = 1 and n = 4, then:
(1) forj=1,

—2012,1(B) + af1(B) -5=0,

2a1,1(B)asz1(B) — 204,1(B) - 05%,1(,3) +10=0,
2011 (B) — 2001 (B)eta,1 (B) + a3, (B) =10 =0,
2a31(8) — i, (B) +5 = B;

Page 8 of 14
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(2) forj=2,

—2012(B) + ai,(B) -5=0,

2012(B)as2(B) — 2042(B) — 23, (B) + 10 =0,
2012(B) — 2002(B)ata2(B) + a3,(B) — 10 = -,
2035(B) — iy (B) +5 = 0;

(3) forj=3,

—2053(B) +ai5(B) -5 =0,

2011,3(B)az 3(B) — 20a3(B) — a3 5(B) + 10 = B,
2013(B) — 200,3(B)a3(B) + 3 5(B) =10 =0,
233(B) — ag5(B) +5=0;

(4) forj=4,

2004(B) + a3 4(B) -5 =B,

2001,4(B)3.4(B) — 204,4(B) — a3 4(B) +10 = 0,
201,4(B) — 202,4(B)aa(B) + 3,4(B) =10 =0,
2034(B) — a3 4(B) +5=0.

This case has not been researched yet.

Theorem 8 Let B € [0,b;). Then for any u(t) € Wyt (R,; H), the following relation holds:

5(4)
a4 )"

on the values of the numbers nj,j = 1,n.

2

.d
= ||Poue||?. p 2n — B A" T —u
I1Poutllz, , .m0) ﬂH a0

2

’ jzl;n;

Lo(Ry;H) Ly(Ry;H)

Theorem 3 implies that the norms Wy *'(R,;H) and ||Poullr,,;m) are equivalent on
Wi*1(R,; H). Then it follows from the theorem of intermediate derivatives that the fol-

lowing numbers are finite:

_irld
A" L ull Ly s

n=  sup
04U WL (R, H) 1Pottl Ly (R, ;)

, j=1n
Now let us calculate #;.

Lemma 9 ([18]) n;=aj,j=1,n.

Corollary 10 Let y € 6(A),y = yo (yo > 0), and || < 20, & € R Then

A™lpgt (i%‘ + %,A) H <c¢lo,y), j=n+1,
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where

(yo)™!

(¢ - D)ypo + &)t

cila, vo) =

Proof Since A is a self-adjoint positive operator, from the spectral theory we have
(e 24

n+l . o o . o -
o) ] oot

= sup
yea(A)
o 2 -1 a —n+l
= sup |y"*! |:—<i$ + —) + yz] I:ié +—+ yi|
yeo(A) 2 2
n+l
=< sup 5 5 az(y) a2 =)
veo(d) (E2+y2—D)(y + )2 +£2] 2
n+l
< sup (2)/)
yeold) (2 — )y + )t
n+l
< (r0) =c¢j(o,v0), j=n+1.

T o8- P+ g -

Theorem 11 ([4]) Let —2yy < a < 2yy. Then for any u(t) € Wz’le(RJr;H), we have the in-

equalities
}d”‘j*lu(t) o
‘AIW Lo (RysH) < bl yo)gilen ) |Po®)| o,y T= T+ T,
where
i nj
¢je, yo) = 20\ 1 el = s o
ANEs 290 + & (290 + @)? e
From Corollary 10 we obtain
(yo)"*! .
cila, yo) = 5 , j=n+1
(g - P+ 5t
and
N o<l
bla,yo) = § V27 V=g <
’ 2yolal 1 o o
4]/0270(2 lfv354y02<1.

Now we introduce the following specific cases at certain values of n.
Case (i) m = 1,n = 1. Then we have an initial-boundary value problem of a second-order
operator-differential equation with multiple characteristics with

Cl(av VO) =1,

Page 10 of 14
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(Vo)2
Gl v0) = ———
)
and
0 if0 < a_22 <1
22y2—a? — 4y 3
LCROES DO
4}/02—012 %fg =< W <1

Case (ii) m = 1,n = 2. Then we have an initial-boundary value problem of a third-order
operator-differential equation with multiple characteristics with

1
e1(@ 70) = 1+4V0|V0+Ol| 2 e, o) = 2y0
1\%, Yo (2)/0+(X)2 ) 2\ Yo 2)/0+a,
es(at, o) = (o)’
s, ) =———F—>
Ve -4 +%)
and
)/02 2 l_'f0§f—22<%,
N EA
4}/02—012 #§§m<1

Case (iii) m = 1, n = 3. Then we have an initial-boundary value problem of a fourth-order
operator-differential equation with multiple characteristics with

ety yo) = 1+4V0|V0+Ol|
1\%, Yo (2)/0+(X)2 »
1
ety 7o) = 2y, 1+4)/0|V0+06| 2
2 2y0 + & Cr+a)? |’
2yo
cs(a, v0) = )
290+ o
calen o) = (vo)*
WoGY) = —F——
(03~ Do + 41
and
Y0 UFO<£<1
2_ o2 — 492 "3’
bavyo)= Yoo
wir  T3Zag<]

Theorem 12 Let A = A*, A* > yoE(=2y0 < & < 2y, Yo > 0), and let the operators A;A7 (j =
1,n + 1) be bounded in H and satisfy the inequality

n+l

> gle bl ) | 447, < 1,
j=1

where the numbers b(a, yo) and ci(o, yo),j = 1,n + 1, are calculated in Theorem 11. Then
the initial-boundary value problem (4)—(5) is regularly solvable [1].
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Proof Letf(t) € Lyo(Ry; H) and u(t) € W{f;l(R+;H). By Theorem 3 there exists a bounded
inverse operator for Py that acts from L, ,(R,; H) to WQ;I(R+;H )- Then after substituting
Pou(t) = w(t) into equation (4), the latter can be written as (E + (P — Po) Py w(t) = f(£). Now

to show the existence of a solution, let us check that

”Plp(;l HLz_a(R+;H)—>L2,a(R+;H) <L
By Theorem 4 we have:
| PPy w(t) ”Lz_a (Ry;H)
L g
= leu(t) HL2(R+=H) = ; AjW Lo (Ry;H)
n+l dn ]+1M(t)
< Z”A A7 ||H_>1-1 T Al Lao(ResH)
n+l )
< 2 _1AA7] bl vodeies o) [ Pou®) | .
j=1
n+l .
= Z b(a, Vo)Cj(Ol: Y0) ||A1'A_} ||H—>H ” w(t) ||L2_D,(R+;H)'
j=1
Consequently,
n+l
||P1P‘1 ||L2a (Ry3H)— Ly g (Ry;H Zb(“ yo)ci(a, VO)”A A /”H—>H
j=1

Thus the operator (E + (P — Py)P,?) is invertible in L, (R,; H), and therefore u(t) can be
determined as u(t) = Py (E + (P — Po)Py1) £ (2).
Moreover,

” u(t) H W (RyiH)

= ”P(;1 ||L2,a(R+;H)» Wyt (Ry;H)

x || ((E + (P - PO)P&I))_I HLZ,a(RJ,;H)—>L2,a(R+;H) |Lf(t) HLZ,a(RJ,;H)

= const[f ()] e, 1y
3 Example
Using the results on the solvability of initial-boundary value problem (4)—(5), we introduce

the following problem as an application example on the half-strip R, x [0; 7] [21]:

3 52 5 92 \ " n+1 gnitly (t x
(a3 (5~ 30) D)+ D) Sty S () 1o
s ,0
u(x ):0’ s=07=L (11)

ats

Page 12 of 14
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9%k u(t,0)  8%Ku(t, )
= e =0, k=0 (12)

where rj(x),j = 1,1 + 1, are bounded functions on [0,7], f(¢,%) € Ly(R,;L,[0,7]). Note
that problem (10)—(12) is a particular case of boundary value problem (4)—(5), where

Aj= r,'(x)a‘%,j =1,n + 1, is the operator is defined on H = L, ,[0, 7] by Au = —% and the

conditions #|y-¢ = u|y_ = 0. Then problem (10)—(12) has a unique solution in the space
Wiy " R Lo[0s ).

2,2

In the case yy = 1, applying Theorem 12, in the space W:”'Z("”)(RJ,;LZ [0; 7]) with -2 <

%,2,00

a < 2, we get the inequality

n+l
ch(a, 1)b(a,1) sup |r/(x)| <1.
j=1 x€[0,]

Hence the mixed partial differential equation has a unique solution.

4 Conclusion
In a Sobolev-type space with exponential weight, we found a solution of the initial-
boundary value problem of (n + 1)th-order operator-differential equation in the case that
the second part equals zero. We obtained definite conditions for problem (4)—(5) to be
regularly solvable; these conditions rely on the operator coefficients, the lower bound of
the spectrum, and the weight exponent. The estimates of the norms of the intermediate
derivatives of the differential operators in the substantial part of the given equation are
provided and, in a similar way, for the second part of the above-mentioned equation.

We used the results of this paper to establish an application example of the initial-
boundary value problem (10)—(12) for mixed partial differential equations. The well-
posedness of problem (4)—(5) is also proved using the polynomial operator pencils.
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