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Abstract
We consider the combined effect of concave–convex nonlinearities on the number of
solutions for an indefinite truncated Kirchhoff-type system involving the weight
functions. When α + β < 4, since the concave-convex nonlinearities do not satisfy the
mountain pass geometry, it is difficult to obtain a bounded Palais–Smale sequence by
the usual mountain pass theorem. To overcome the problem, we properly introduce a
method of Nehari manifold and then establish the existence of multiple positive
solutions when the pair of the parameters is under a certain range.
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1 Introduction and main results
In this paper, we consider the existence and multiplicity of positive solutions for the fol-
lowing truncated Kirchhoff-type system involving concave–convex nonlinearities:

⎧
⎪⎨

⎪⎩

–Mk
1(

∫

Ω
|∇u|2)�u = λf (x)|u|q–2u + α

α+β
|u|α–2u|v|β in Ω ,

–Mk
2(

∫

Ω
|∇v|2)�v = μg(x)|v|q–2v + β

α+β
|u|α|v|β–2v in Ω ,

u, v ∈ H1
0 (Ω),

(Eλ,μ,Mk )

where Ω ⊂ R
N (N > 4) is a bounded domain with smooth boundary, α > 1 and β > 1

satisfy α + β < 2∗ < 4 where 2∗ := 2N/(N – 2) is the critical Sobolev exponent, 1 < q < 2,
Mi = ai + bit, ai, bi > 0 (i = 1, 2), (λ,μ) ∈ (0, +∞) × (0, +∞), k < min{ a1(α+β–2)

2b1
, a2(α+β–2)

2b2
},

Mk
i (s) =

{
Mi(s) if s ≤ k,
Mi(k) if s > k,

i = 1, 2,

and the weight functions f , g satisfy the following conditions:
(F) f ∈ C(Ω̄), f > 0;
(G) g ∈ C(Ω̄), g > 0.
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Problem (Eλ,μ,Mk ) is called nonlocal because of the presence of b1
∫

Ω
|∇u|2 and b2

∫

Ω
|∇v|2,

and b(
∫

Ω
|∇u|2)�u appears in the Kirchhoff equation

{
–(a + b

∫

Ω
|∇u|2)�u = f (x, u) in Ω ,

u = 0 on ∂Ω ,
(E1)

related to the stationary analogue of the equation

utt –
(

a + b
∫

Ω

|∇u|2
)

�u = f (x, u),

where u is the displacement, f (x, t) is the external force, a is the initial tension, and b is re-
lated to the intrinsic properties of the string. The equation was first proposed by Kirchhoff
[1] as an extension of the classical D’Alembert’s wave equation to describe free vibrations
of elastic strings. Several existence results for equation (E1) have been obtained in recent
years; see [2–7] and references therein. Moreover, other similar arguments are also ob-
tained; see [8–12].

When ai = 0 and bi = 1 (i = 1, 2), problem (Eλ,μ,Mk ) becomes

⎧
⎪⎨

⎪⎩

–�u = λf (x)|u|q–2u + α
α+β

|u|α–2u|v|β in Ω ,
–�v = μg(x)|v|q–2v + β

α+β
|u|α|v|β–2v in Ω ,

u = v = 0 on ∂Ω .
(E2)

Nowadays scientists and researchers paid more attentions to problem (E2) with sigh-
changing weight function. For instance, the case α + β = 2∗ is considered in [13], whereas
in [14, 15] the case α + β < 2∗ was studied, and the existence and multiplicity of positive
solutions when (λ,μ) belongs to a certain subset of R2 were obtained.

Meanwhile, the problem about Kirchhoff system has been studied. In [16, 17] the Kirch-
hoff system with boundary value shows several physical and biological systems with u
and v describing a process depending on the average of itself, such as population densi-
ties. Lv and Peng [18] established the existence of positive vector solutions and positive
vector ground state solutions by using variational methods and also studied the asymp-
totic behavior of these solutions. In [19] the authors studied the nonlocal boundary value
problem of Kirchhoff-type system, where Ω is a bounded domain in R

N , N = 1, 2, 3, β ∈R,
ai, bi,λi > 0 for i = 1, 2, and p and q are two positive numbers satisfying certain conditions.
They obtained the existence of positive solutions by the Nehari manifold and mountain
pass lemma and the multiplicity by using cohomological index of Fadell and Rabinowitz.
Also, they considered the critical case and proved the existence of positive least energy
solutions when β is sufficiently large.

Inspired by the works mentioned, in this paper, we mainly study the truncated Kirchhoff-
type system with concave–convex nonlinearities involving α + β < 4, since the case α +
β ≥ 4 is trivial, which is easy to be proved by using the method in [20]. To the best of
our knowledge, the usual mountain pass theorem cannot be directly applied because the
concave–convex nonlinearities do not satisfy the mountain pass geometry, so it is difficult
to obtain a bounded Palais–Smale sequence (see Theorem 1.15 in [21]). Hence, in this
work, by using the method of Nehari manifold, we overcome this difficulty and obtain the
existence of multiple positive solutions.
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Let us state our knowledge framework and main result. For u ∈ H1
0 (Ω), its usual norm

is denoted by

‖u‖2 =
∫

Ω

|∇u|2.

Consider system (Eλ,μ,Mk ) in the framework of the Sobolev space H = H1
0 (Ω)×H1

0 (Ω) with
the standard norm

∥
∥(u, v)

∥
∥2

H =
∫

Ω

(|∇u|2 + |∇v|2).

The energy functional associated with the equation (Eλ,μ,Mk ) is defined by

Iλ,μ,Mk (u, v) =
1
2

M̂k
1
(‖u‖2) +

1
2

M̂k
2
(‖v‖2) –

1
q

∫

Ω

(
λf |u|q + μg|v|q)

–
1

α + β

∫

Ω

|u|α|v|β ,

where M̂k
i (t) =

∫ t
0 Mk

i (s) ds. It is well known that the functional Iλ,μ,Mk is of class C1. Further,
we denote

Λ =
((

λ‖f ‖∞
)2/(2–q) +

(
μ‖g‖∞

)2/(2–q))(2–q)/2.

Theorem 1.1 Assume that conditions (F), (G) hold. If α + β < 2∗, then there exists
Λ0 > 0 such that for 0 < Λ < Λ0, equation (Eλ,μ,Mk ) has at least two positive solutions
(u+

λ,μ,Mk , v+
λ,μ,Mk ) and (u–

λ,μ,Mk , v–
λ,μ,Mk ).

2 Preliminaries
Let us introduce the Nehari manifold

Nλ,μ,Mk =
{

(u, v) ∈ H \ (0, 0) | 〈I ′
λ,μ,Mk (u, v), (u, v)

〉
= 0

}
,

and denote Ψλ,μ,Mk (u, v) = 〈I ′
λ,μ,Mk (u, v), (u, v)〉 and Φλ,μ,Mk (u, v) = 〈Ψ ′

λ,μ,Mk (u, v), (u, v)〉. If
(u, v) ∈ Nλ,μ,Mk , then

Φλ,μ,Mk (u, v) = 2
(
Mk

1
)′(‖u‖2)‖u‖4 + 2

(
Mk

2
)′(‖v‖2)‖v‖4 + 2Mk

1
(‖u‖2)‖u‖2

+ 2Mk
2
(‖v‖2)‖v‖2 – q

∫

Ω

(
λf |u|q + μg|v|q) – (α + β)

∫

Ω

|u|α|v|β

= (2 – q)Mk
1
(‖u‖2)‖u‖2 + 2

(
Mk

1
)′(‖u‖2)‖u‖4 + (2 – q)Mk

2
(‖v‖2)‖v‖2

+ 2
(
Mk

2
)′(‖v‖2)‖v‖4 – (α + β – q)

∫

Ω

|u|α|v|β (2.1)

= (2 – α – β)Mk
1
(‖u‖2)‖u‖2 + 2

(
Mk

1
)′(‖u‖2)‖u‖4

+ (2 – α – β)Mk
2
(‖v‖2)‖v‖2 + 2

(
Mk

2
)′(‖v‖2)‖v‖4

– (q – α – β)
(
λf |u|q + μg|v|q). (2.2)
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We split Nλ,μ,Mk into three parts:

N+
λ,μ,Mk =

{
(u, v) ∈ Nλ,μ,Mk | Φλ,μ,Mk (u, v) > 0

}
,

N0
λ,μ,Mk =

{
(u, v) ∈ Nλ,μ,Mk | Φλ,μ,Mk (u, v) = 0

}
,

N–
λ,μ,Mk =

{
(u, v) ∈ Nλ,μ,Mk | Φλ,μ,Mk (u, v) < 0

}
.

The best Sobolev constant Sr (1 < r < 2∗) and Sα,β are respectively defined by

Sr = inf
u∈H1

0 (Ω)\{0}

∫

Ω
|∇u|2

(
∫

Ω
|u|r)2/r ,

Sα,β = inf
u,v∈H1

0 (Ω)\{0}

∫

Ω
(|∇u|2 + |∇v|2)

(
∫

Ω
|u|α|v|β )2/(α+β) .

Lemma 2.1 Assume that conditions (F) and (G) hold. Then the energy functional Iλ,μ,Mk

is coercive and bounded below on Nλ,μ,Mk .

Proof For (u, v) ∈ Nλ,μ,Mk ,

Mk
1
(‖u‖2)‖u‖2 + Mk

2
(‖v‖2)‖v‖2

=
∫

Ω

(
λf |u|q + μg|v|q) +

∫

Ω

|u|α|v|β .

Setting M0 = min{ a1
2 – M1(k)

α+β
, a2

2 – M2(k)
α+β

}, by the Sobolev and Hölder inequalities we obtain

Iλ,μ,Mk (u, v) = Iλ,μ,Mk (u, v) –
1

α + β
Ψλ,μ,Mk (u, v)

=
(

1
2

M̂k
1
(‖u‖2) –

1
α + β

Mk
1
(‖u‖2)‖u‖2

)

+
(

1
2

M̂k
2
(‖v‖2) –

1
α + β

Mk
2
(‖v‖2)‖v‖2

)

–
α + β – q
(α + β)q

∫

Ω

(
λf |u|q + μg|v|q).

To finish this proof, we need the following claims.

Claim 1 1
2 M̂k

1(‖u‖2) – 1
α+β

Mk
1(‖u‖2)‖u‖2 ≥ ( a1

2 – M1(k)
α+β

)‖u‖2.

Claim 2 1
2 M̂k

2(‖v‖2) – 1
α+β

Mk
2(‖v‖2)‖v‖2 ≥ ( a2

2 – M2(k)
α+β

)‖v‖2.

Claim 3
∫

Ω
(λf |u|q + μg|v|q) ≤ S–q/2

q Λ‖(u, v)‖q
H .

First, by the Sobolev and Hölder inequalities we easily obtain Claim 3. Then, since the
proof of Claim 2 is the same as that of Claim 1, here we only give the proof of Claim 1. If
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‖u‖2 ≤ k, then we have that

1
2

M̂k
1
(‖u‖2) –

1
α + β

Mk
1
(‖u‖2)‖u‖2 –

(
a1

2
–

M1(k)
α + β

)

‖u‖2

=
1

α + β
b1‖u‖2(k – ‖u‖2) +

b1

4
‖u‖4 ≥ 0,

and if ‖u‖2 > k, then we conclude that

1
2

M̂k
1
(‖u‖2) –

1
α + β

Mk
1
(‖u‖2)‖u‖2 –

(
a1

2
–

M1(k)
α + β

)

‖u‖2

=
1
2

∫ k

0
M1(s) ds +

1
2

∫ ‖u‖2

k
M1(k) ds –

a1

2
‖u‖2

=
1
4

b1k
(
2‖u‖2 – k

) ≥ 0,

which completes the proof of Claim 1.
Thus, we could obtain that

Iλ,μ,Mk (u, v) ≥
(

a1

2
–

M1(k)
α + β

)

‖u‖2 +
(

a2

2
–

M2(k)
α + β

)

‖v‖2 –
α + β – q
(α + β)q

S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H

≥ M0
∥
∥(u, v)

∥
∥2

H –
α + β – q
(α + β)q

S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H . (2.3)

Since k < min{ a1(α+β–2)
2b1

, a2(α+β–2)
2b2

}, we have M0 > 0. Thus Iλ,μ,Mk is coercive and bounded
below on Nλ,μ,Mk . �

Lemma 2.2 Suppose that (u0, v0) is a local minimizer for Iλ,μ,Mk on Nλ,μ,Mk , (u0, v0) /∈
N0

λ,μ,Mk . Then I ′
λ,μ,Mk (u0, v0) = 0 in H–1.

Proof We refer to Theorem 2.3 of [22]. �

Since 2 < α + β < 4, we have k < a1(α+β–2)
2b1

< a1(α+β–2)
b1(4–α–β) and k < a2(α+β–2)

2b2
< a2(α+β–2)

b2(4–α–β) , so that
a1(α + β – 2) – b1(4 – α – β)k > 0 and a2(α + β – 2) – b2(4 – α – β)k > 0.

Setting

Λ̃ =
C̃2Sq/2

q

α + β – q

( (2 – q)C̃1S(α+β)/2
α,β

α + β – q

)(2–q)/(α+β–2)

,

where C̃1 = min{a1, a2, M1(k), M2(k)}, and C̃2 = min{a1(α + β – 2) – b1(4 – α – β)k,
a2(α + β – 2) – b2(4 – α – β)k, M1(k)(α + β – 2), M2(k)(α + β – 2)}, we obtain the following
result.

Lemma 2.3 Assume that conditions (F) and (G) hold. If α + β < 2∗, then N0
λ,μ,Mk = ∅ for

Λ ∈ (0, Λ̃).

Proof For each (u, v) ∈ N0
λ,μ,Mk , in (2.1), we discuss the problem in four cases.
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Case 1: If ‖u‖2 ≤ k, ‖v‖2 ≤ k, and

Φλ,μ,Mk (u, v) = (2 – q)a1‖u‖2 + (4 – q)b1‖u‖4 + (2 – q)a2‖v‖2 + (4 – q)b2‖v‖4

– (α + β – q)
∫

Ω

|u|α|v|β ,

then

(2 – q)a
∥
∥(u, v)

∥
∥2

H ≤ (2 – q)a1‖u‖2 + (2 – q)a2‖v‖2

≤ (α + β – q)
∫

Ω

|u|α|v|β

≤ (α + β – q)S–(α+β)/2
α,β

∥
∥(u, v)

∥
∥α+β

H , (2.4)

where a = min{a1, a2} > 0.
Case 2: If ‖u‖2 ≤ k, ‖v‖2 > k, and

Φλ,μ,Mk (u, v) = (2 – q)a1‖u‖2 + (4 – q)b1‖u‖4 + (2 – q)M2(k)‖v‖2

– (α + β – q)
∫

Ω

|u|α|v|β ,

then

(2 – q)ak
1
∥
∥(u, v)

∥
∥2

H ≤ (2 – q)a1‖u‖2 + (2 – q)M2(k)‖v‖2

≤ (α + β – q)S–(α+β)/2
α,β

∥
∥(u, v)

∥
∥α+β

H , (2.5)

where ak
1 = min{a1, M2(k)}.

Case 3: If ‖u‖2 > k, ‖v‖2 ≤ k, and

Φλ,μ,Mk (u, v) = (2 – q)M1(k)‖u‖2 + (2 – q)a2‖v‖2 + (4 – q)b2‖v‖4

– (α + β – q)
∫

Ω

|u|α|v|β ,

then

(2 – q)ak
2
∥
∥(u, v)

∥
∥2

H ≤ (2 – q)M1(k)‖u‖2 + (2 – q)a2‖v‖2

≤ (α + β – q)S–(α+β)/2
α,β

∥
∥(u, v)

∥
∥α+β

H , (2.6)

where ak
2 = min{a2, M1(k)}.

Case 4: If ‖u‖2 > k, ‖v‖2 > k, and

Φλ,μ,Mk (u, v) = (2 – q)M1(k)‖u‖2 + (2 – q)M2(k)‖v‖2 – (α + β – q)
∫

Ω

|u|α|v|β ,

then

(2 – q)M(k)
∥
∥(u, v)

∥
∥2

H ≤ (α + β – q)
∫

Ω

|u|α|v|β
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≤ (α + β – q)S–(α+β)/2
α,β

∥
∥(u, v)

∥
∥α+β

H , (2.7)

where M(k) = min{M1(k), M2(k)}.
For (2.2), we also split the proof into four cases as follows.
Case 1: If ‖u‖2 ≤ k, ‖v‖2 ≤ k, and

Φλ,μ,Mk (u, v) =
(
b1(4 – α – β)‖u‖2 – a1(α + β – 2)

)‖u‖2

+
(
b2(4 – α – β)‖v‖2 – a2(α + β – 2)

)‖v‖2

+ (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q),

then since k < a1(α+β–2)
2b1

< a1(α+β–2)
b1(4–α–β) and k < a2(α+β–2)

2b2
< a2(α+β–2)

b2(4–α–β) , we have a1(α + β – 2) –
b1(4 – α – β)k > 0 and a2(α + β – 2) – b2(4 – α – β)k > 0. Thus

(
a1(α + β – 2) – b1(4 – α – β)k

)‖u‖2 +
(
a2(α + β – 2) – b2(4 – α – β)k

)‖v‖2

≤ (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q)

≤ (α + β – q)S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H .

Let T1 = min{a1(α + β – 2) – b1(4 – α – β)k, a2(α + β – 2) – b2(4 – α – β)k}. Then

T1
∥
∥(u, v)

∥
∥2

H ≤ (α + β – q)S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H . (2.8)

Case 2: If ‖u‖2 ≤ k and ‖v‖2 > k, then

Φλ,μ,Mk (u, v) =
(
b1(4 – α – β)‖u‖2 – a1(α + β – 2)

)‖u‖2 – M2(k)(α + β – 2)‖v‖2

+ (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q)

and

T2
∥
∥(u, v)

∥
∥2

H ≤ (
a1(α + β – 2) – b1(4 – α – β)k

)‖u‖2 + M2(k)(α + β – 2)‖v‖2

≤ (α + β – q)S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H , (2.9)

where T2 = min{a1(α + β – 2) – b1(4 – α – β)k, M2(k)(α + β – 2)}.
Case 3: If ‖u‖2 > k, ‖v‖2 ≤ k, then

Φλ,μ,Mk (u, v) = –M1(k)(α + β – 2)‖u‖2 +
(
b2(4 – α – β)‖v‖2 – a2(α + β – 2)

)‖v‖2

+ (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q)

and

T3
∥
∥(u, v)

∥
∥2

H ≤ M1(k)(α + β – 2)‖u‖2 +
(
a2(α + β – 2) – b2(4 – α – β)k

)‖v‖2

≤ (α + β – q)S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H , (2.10)



Lou and Qin Advances in Difference Equations         (2020) 2020:88 Page 8 of 13

where T3 = min{M1(k)(α + β – 2), a2(α + β – 2) – b2(4 – α – β)k}.
Case 4: If ‖u‖2 > k, ‖v‖2 > k, then

Φλ,μ,Mk (u, v) = –M1(k)(α + β – 2)‖u‖2 – M2(k)(α + β – 2)‖v‖2

+ (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q)

and

T4
∥
∥(u, v)

∥
∥2

H ≤ M1(k)(α + β – 2)‖u‖2 + M2(k)(α + β – 2)‖v‖2

≤ (α + β – q)S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H , (2.11)

where T4 = min{M1(k)(α + β – 2), M2(k)(α + β – 2)}.
So, it follows from (2.4)–(2.7) that

(2 – q)C̃1
∥
∥(u, v)

∥
∥2

H ≤ (α + β – q)S–(α+β)/2
α,β

∥
∥(u, v)

∥
∥α+β

H . (2.12)

Similarly, by (2.8)–(2.11) we also get that

C̃2
∥
∥(u, v)

∥
∥2

H ≤ (α + β – q)S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H , (2.13)

and by (2.12)–(2.13) we have

( (2 – q)C̃1S(α+β)/2
α,β

α + β – q

)1/(α+β–2)

≤ ∥
∥(u, v)

∥
∥

H ≤
(

(α + β – q)Λ
C̃2Sq/2

q

)1/(2–q)

.

Consequently,

Λ ≥ C̃2Sq/2
q

α + β – q

( (2 – q)C̃1S(α+β)/2
α,β

α + β – q

)(2–q)/(α+β–2)

= Λ̃.

Therefore N0
λ,μ,Mk = ∅ for Λ ∈ (0, Λ̃). �

Similarly to the argument of [20], we conclude that for Λ ∈ (0, Λ̃), Nλ,μ,Mk = N+
λ,μ,Mk ∪

N–
λ,μ,Mk and N±

λ,μ,Mk �= ∅. Denoting

α+
λ,μ,Mk = inf

(u,v)∈N+
λ,μ,Mk

Iλ,μ,Mk (u, v), α–
λ,μ,Mk = inf

(u,v)∈N–
λ,μ,Mk

Iλ,μ,Mk (u, v),

we have the following conclusion.

Lemma 2.4 Assume that conditions (F) and (G) hold. If α + β < 4, then
(i) α+

λ,μ,Mk < 0 for all Λ ∈ (0, Λ̃);

(ii) for some D0 > 0, α–
λ,μ,Mk > D0 for all Λ ∈ (0, (α+β)qM0Λ̃

C̃2
).

In particular, for each 0 < Λ < Λ0 = min{1, (α+β)qM0
C̃2

}Λ̃, α+
λ,μ,Mk = inf(u,v)∈N

λ,μ,Mk Iλ,μ,Mk (u, v).

Proof (i) For (u, v) ∈ N+
λ,μ,Mk , we prove it in four cases.
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Case 1: If ‖u‖2 ≤ k and ‖v‖2 ≤ k, then we obtain that

(
a1(α + β – 2) – b1(4 – α – β)k

)‖u‖2 +
(
a2(α + β – 2) – b2(4 – α – β)k

)‖v‖2

≤ (
a1(α + β – 2) – b1(4 – α – β)‖u‖2)‖u‖2

+
(
a2(α + β – 2) – b2(4 – α – β)‖v‖2)‖v‖2

< (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q).

Since (α + β – 2)a1 – b1(4 – α – β)k > 0 and (α + β – 2)a2 – b2(4 – α – β)k > 0, we have

Iλ,μ,Mk (u, v) =
1
2

M̂k
1
(‖u‖2) +

1
2

M̂k
2
(‖v‖2) –

1
α + β

Mk
1
(‖u‖2)‖u‖2

–
1

α + β
Mk

2
(‖v‖2)‖v‖2 –

α + β – q
(α + β)q

∫

Ω

(
λf |u|q + μg|v|q)

=
α + β – 2
2(α + β)

(
a1‖u‖2 + a2‖v‖2) +

α + β – 4
4(α + β)

(
b1‖u‖4 + b2‖v‖4)

–
α + β – q
q(α + β)

∫

Ω

(
λf |u|q + μg|v|q)

<
[

α + β – 2
2(α + β)

a1 +
α + β – 4
4(α + β)

b1k –
a1(α + β – 2) – b1(4 – α – β)k

q(α + β)

]

‖u‖2

+
[

α + β – 2
2(α + β)

a2 +
α + β – 4
4(α + β)

b2k –
a2(α + β – 2) – b2(4 – α – β)k

q(α + β)

]

‖v‖2

< 0.

Case 2: If ‖u‖2 ≤ k and ‖v‖2 > k, then we get

(
a1(α + β – 2) – b1(4 – α – β)k

)‖u‖2 + M2(k)(α + β – 2)‖v‖2

< (α + β – q)
∫

Ω

(
λf |u|q + μg|v|q).

Therefore

Iλ,μ,Mk (u, v)

=
α + β – 2
2(α + β)

a1‖u‖2 +
α + β – 4
4(α + β)

b1‖u‖4 +
1
2
(
M̂2(k) – M2(k)k

)

+
M2(k)(α + β – 2)

2(α + β)
‖v‖2 –

α + β – q
q(α + β)

∫

Ω

(
λf |u|q + μg|v|q)

<
(

α + β – 2
2(α + β)

a1 +
α + β – 4
4(α + β)

b1k –
a1(α + β – 2) – b1(4 – α – β)k

q(α + β)

)

‖u‖2

+
1
2

(

a2k +
b2k2

2
– (a2 + b2k)k

)

+
M2(k)(α + β – 2)

2(α + β)
‖v‖2 –

M2(k)(α + β – 2)
q(α + β)

‖v‖2

< 0.
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Case 3: If ‖u‖2 > k and ‖v‖2 ≤ k, then we have that

Iλ,μ,Mk (u, v)

<
1
2

(

a1k +
b1k2

2
– (a1 + b1k)k

)

+
M1(k)(α + β – 2)

2(α + β)
‖u‖2 –

M1(k)(α + β – 2)
q(α + β)

‖u‖2

+
(

α + β – 2
2(α + β)

a2 +
α + β – 4
4(α + β)

b2k –
a2(α + β – 2) – b2(4 – α – β)k

q(α + β)

)

‖v‖2

< 0.

Case 4: If ‖u‖2 > k and ‖v‖2 > k, then we deduce that

Iλ,μ,Mk (u, v)

< –
b1

4
k2 +

M1(k)(α + β – 2)(q – 2)
22∗q

‖u‖2 +
M2(k)(α + β – 2)(q – 2)

2(α + β)q
‖v‖2 –

b2

4
k2

< 0.

Therefore α+
λ,μ,Mk = inf(u,v)∈N+

λ,μ,Mk
Iλ,μ,Mk (u, v) < 0.

(ii) For (u, v) ∈ N–
λ,μ,Mk , by (2.4)–(2.7) we have

C̃1(2 – q)
∥
∥(u, v)

∥
∥2

H < (α + β – q)
∫

Ω

|u|α|v|β

≤ (α + β – q)S–(α+β)/2
α,β

∥
∥(u, v)

∥
∥α+β

H ,

which implies that

∥
∥(u, v)

∥
∥

H >
( C̃1(2 – q)S(α+β)/2

α,β

α + β – q

)1/(α+β–2)

.

From (2.3) we get that

Iλ,μ,Mk (u, v)

≥ M0
∥
∥(u, v)

∥
∥2

H –
α + β – q
(α + β)q

S–q/2
q Λ

∥
∥(u, v)

∥
∥q

H

>
( C̃1(2 – q)S(α+β)/2

α,β

α + β – q

)q/(α+β–2)

·
(

M0

( C̃1(2 – q)S(α+β)/2
α,β

α + β – q

)(2–q)/(α+β–2)

–
α + β – q
(α + β)q

S–q/2
q Λ

)

.

Thus, if Λ < (α + β)qM0
Λ̃

C̃2
, then α–

λ,μ,Mk > D2 for some D2 > 0. �

3 The (PS) condition
Lemma 3.1 Every bounded Palais–Smale sequence for Iλ,μ,Mk on H has a strongly conver-
gent subsequence.
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Proof Let {(un, vn)} be a bounded Palais–Smale sequence for Iλ,μ,Mk on H . Then the se-
quence {un} ({vn}) is bounded on H1

0 (Ω). Thus there exist a subsequence {un} ({vn}) and
u0 ∈ H1

0 (Ω) (v0 ∈ H1
0 (Ω)) such that

un ⇀ u0 weakly in H1
0 (Ω)

(
vn ⇀ v0 weakly in H1

0 (Ω)
)
,

un → u0 strongly in Lr(Ω)
(
vn → v0 strongly in Lr(Ω)

)
for 1 < r < 2∗.

Then

∣
∣
∣
∣

∫

Ω

f |un|q–2un(un – u0) dx
∣
∣
∣
∣ ≤ ‖f ‖∞

(∫

Ω

|un|q dx
)(q–1)/q(∫

Ω

|un – u0|q dx
)1/q

→ 0, (3.1)
∣
∣
∣
∣

∫

Ω

g|vn|q–2vn(vn – v0) dx
∣
∣
∣
∣ ≤ ‖g‖∞

(∫

Ω

|vn|q dx
)(q–1)/q(∫

Ω

|vn – v0|q dx
)1/q

→ 0, (3.2)
∣
∣
∣
∣

∫

Ω

|un|α–2un(un – u0)|vn|β dx
∣
∣
∣
∣ ≤

(∫

Ω

|un|α+β dx
)(α–1)/(α+β)

·
(∫

Ω

|un – u0|α+β dx
)1/(α+β)

·
(∫

Ω

|vn|α+β dx
)β/(α+β)

→ 0, (3.3)

and

∣
∣
∣
∣

∫

Ω

|un|α|vn|β–2vn(vn – v0) dx
∣
∣
∣
∣ ≤

(∫

Ω

|un|α+β dx
)α/(α+β)(∫

Ω

|vn – v0|α+β dx
)1/(α+β)

·
(∫

Ω

|vn|α+β dx
)(β–1)/(α+β)

→ 0 (3.4)

as n → ∞. Since {(un, vn)} is a Palais–Smale sequence for Iλ,μ,Mk , it follows that

〈
I ′
λ,μ,Mk (un, vn), (un – u0, 0)

〉

= Mk
1
(‖un‖2)

∫

Ω

∇un∇(un – u0) dx – λ

∫

Ω

f |un|q–2un(un – u0) dx

–
α

4

∫

Ω

|un|α–2un(un – u0)|vn|β dx

→ 0 (3.5)

and

〈
I ′
λ,μ,Mk (un, vn), (0, vn – v0)

〉
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= Mk
2
(‖vn‖2)

∫

Ω

∇vn∇(vn – v0) dx – μ

∫

Ω

g|vn|q–2vn(vn – v0) dx

–
β

4

∫

Ω

|un|α|vn|β–2vn(vn – v0) dx

→ 0 (3.6)

as n → ∞. By (3.1), (3.3), and (3.5) we get that

∫

Ω

∇un∇(un – u0) dx → 0 as n → ∞.

By (3.2), (3.4), and (3.6) we obtain that

∫

Ω

∇vn∇(vn – v0) dx → 0 as n → ∞.

Thus

∥
∥(un, vn) – (u0, v0)

∥
∥2

H = ‖un – u0‖2 + ‖vn – v0‖2 → 0 as n → ∞. �

Proof of Theorem 1.1 Take Λ < Λ0. By Lemma 2.1 and the Ekeland variational principle
[23] there exist two bounded minimizing sequences {(u±

n , v±
n )} for Iλ,μ,Mk on N±

λ,μ,Mk such
that

Iλ,μ,Mk
(
u±

n , v±
n
)

= α±
λ,μ,Mk + o(1), I ′

λ,μ,Mk
(
u±

n , v±
n
)

= o(1) on H–1.

By Lemma 3.1 there exist subsequences {(u±
n , v±

n )} and (u±
λ,μ,Mk , v±

λ,μ,Mk ) ∈ H , the
nonzero solutions of the equation (Eλ,μ,Mk ), such that (u±

n , v±
n ) → (u±

λ,μ,Mk , v±
λ,μ,Mk ) strongly

in H . So (u±
λ,μ,Mk , v±

λ,μ,Mk ) ∈ N±
λ,μ,Mk and Iλ,μ,Mk (u±

λ,μ,Mk , v±
λ,μ,Mk ) = α±

λ,μ,Mk . Since
Iλ,μ,Mk (u±

λ,μ,Mk , v±
λ,μ,Mk ) = Iλ,μ,Mk (|u±

λ,μ,Mk |, |v±
λ,μ,Mk |), by Lemma 2.2 and Lemma 2.4 we could

obtain that (u+
λ,μ,Mk , v+

λ,μ,Mk ) and (u–
λ,μ,Mk , v–

λ,μ,Mk ) are two distinct solutions of equation
(Eλ,μ,Mk ) such that u±

λ,μ,Mk ≥ 0 and v±
λ,μ,Mk ≥ 0 in Ω . By an argument similar to Lemma 2.6

and Theorem 3.2 in [15] we get u±
λ,μ,Mk �= 0 and v±

λ,μ,Mk �= 0. By the strong maximum prin-
ciple [24] we get that u±

λ,μ,Mk > 0 and v±
λ,μ,Mk > 0. �

Acknowledgements
The authors sincerely thank the reviewers for their valuable suggestions and useful comments.

Funding
This work is supported by the Key Scientific Research Projects of the Higher Education Institutions of Henan Province
(20B410001) and the Doctoral Fund of Henan Institute of Technology (KQ1860).

Availability of data and materials
All data generated or analyzed during this study are included in this paper.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. Both authors read and
approved the final manuscript.

Author details
1School of Mathematical Sciences, University of Jinan, Jinan, P.R. China. 2School of Science, Henan Institute of
Technology, Xinxiang, P.R. China.



Lou and Qin Advances in Difference Equations         (2020) 2020:88 Page 13 of 13

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 26 April 2019 Accepted: 18 February 2020

References
1. Kirchhoff, G.: Mechanik. Teubner, Leipzig (1883)
2. He, X., Zou, W.: Infinitely many positive solutions for Kirchhoff-type problems. Nonlinear Anal. 70, 1407–1414 (2009)
3. He, X., Zou, W.: Multiplicity of solutions for a class of Kirchhoff type problems. Acta Math. Appl. Sin. 26, 387–394 (2010)
4. He, X., Zou, W.: Existence and concentration behavior of positive solutions for a Kirchhoff equation in R

3 . J. Differ. Equ.
252, 1813–1834 (2012)

5. Ma, T., Munoz Rivera, J.: Positive solutions for a nonlinear nonlocal elliptic transmission problem. Appl. Math. Lett. 16,
243–248 (2003)

6. Perera, K., Zhang, Z.: Nontrivial solutions of Kirchhoff-type problems via the Yang index. J. Differ. Equ. 221, 246–255
(2006)

7. Lou, Q.: A Kirchhoff-type equation involving critical exponent and sign-changing weight functions in dimension four.
Math. Methods Appl. Sci. 41, 5159–5177 (2018)

8. Tariboon, J., Ntouyas, S., Agarwal, P.: New concepts of fractional quantum calculus and applications to impulsive
fractional q-difference equations. Adv. Differ. Equ. 2015, Article ID 18 (2015)

9. Ruzhansky, M., et al. (eds.): Advances in Real and Complex Analysis with Applications. Springer, Singapore (2018)
10. Ruzhansky, M., et al. (eds.): Advances in Real and Complex Analysis with Applications. (2017)
11. Liu, X., Zhang, L., Agarwal, P., Wang, G.: On some new integral inequalities of Gronwall–Bellman–Bihari type with delay

for discontinuous functions and their applications. Indag. Math. 27, 1–10 (2016)
12. Agarwal, P., El-Sayedc, A.: Non-standard finite difference and Chebyshev collocation methods for solving fractional

diffusion equation. Phys. A, Stat. Mech. Appl. 500, 40–49 (2017)
13. Chen, C., Wu, T.: The Nehari manifold for indefinite semilinear elliptic systems involving critical exponent. Appl. Math.

Comput. 218, 10817–10828 (2012)
14. Brown, K., Wu, T.: A semilinear elliptic system involving nonlinear boundary condition and sign-changing weight

function. J. Math. Anal. Appl. 337, 1326–1336 (2008)
15. Wu, T.: The Nehari manifold for a semilinear elliptic system involving sign-changing weight functions. Nonlinear Anal.

68, 1733–1745 (2008)
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