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1 Introduction and preliminaries

Let p, g be quantum constants satisfying 0 < g < p < 1. The (p, g)-number, [#],4, is defined
by

r'-q
sy

If n is a positive integer, then

n—-1 n—-2 n—-2 n—1 .
1y, = + +oet + and lim [n],,=n.
(Mlpg=p"" +P""q prq q ool <1,1>[ lpa

The (p, q)-difference of a function f on [0, 00) is defined by

Dyf ) =TEL0, oo )

and D, 4f(0) = f'(0). If f(£) = t*, @ > 0, then we have
Dy t* = [alp " (1.2)

Note that if the function f is defined on [0, T'], then the function D, ,f(t) is defined on

[0, T/p]. For some details of the shifting property and nonlocal boundary value problems
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for first-order (p, q)-difference equations, we refer the reader to [1]. In addition, in [2], the

authors defined the second-order (p, g)-difference by

af @*t) - (v + 9)f (pqt) + pf (¢°1)
ik pa(p - q)*t* '

Then we see thatif f(¢) is defined on [0, T'] then the function Dzza, qf (t)is defined on [0, T/p?].
The (p, g)-integral of a function f on [0, 00) is defined by

[ 10 dys= -0y q"f< 7 t). (13)

+1 +1
— pn pn

Iff(¢) =% o > 0, then we have the formula

t
b9 1
/0' s¢ dp’qS— Wﬁ” . (14')

Now we observe that if the function f is defined on a finite interval [0, T'] then the function
fot f(s)dpgs is defined on [0,pT]. In [1], the authors gave the formula of the double (p, q)-

integral

t s 1 t 1
/0 /0 (W) dpgrdygs = I; /0 (t - qs)f<1—gs) dpgs

1 S n n
_ ];(p_q)tzngfmz (pn+1 _qn+1)f( q t>,

7+2
n=0 p

which implies that if f is defined on [0, T], then the function fot fos f(r)dpgr dygs is defined
on [0, p?T].

The (p, g)-calculus was introduced in [3]. For some recent results, see [4—10] and ref-
erences cited therein. For p = 1, the (p, g)-calculus is reduced to the classical g-calculus
initiated by Jackson [11, 12]. See also [13, 14].

In [15, 16], M. Tung and E. G6v defined the quantum (p, q)-difference of a function f on
the finite interval [a, b] by

(pt + (1 -p)a) —f(gt + (1 - q)a)
p-q)(t-a) ’

Doaf ) =L t4a, (L5)

and ,D,.f(a) = f'(a). The (p,q)-difference of a power function f(¢) = (£ — a)*, & > 0, is
given by

Dp,q(t -a)” = [a]p,q(t - a)oz—l. (1.6)

Furthermore, they defined the (p, g)-integral of a function f on [a, D] as

t o qn qn qn
/ﬂ f(8) adlpgs = (p— q)(t - a) 2(; i f(pm t+ (1 - o )a) (1.7)
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As is customary, we put the following relation:

/(s @) adlpqs = (,,af Za+l)(t—a)°‘+1, «=0. (18)

It is obvious that if & = 0, then equations (1.5)—(1.8) are reduced to (1.1)—(1.4), respectively.
The domain-shift properties of the (p, g)-difference and (p, q)-integral operators for a
function f(¢), t € [a, b] are respectively given by

aDpof ), te |:a, ;(b —a)+ a] and /tf(s)ﬂdp,qs, te [a,p(b —a)+ a].

Also we remark that if p = 1, then both domains are reduced to [a, b]. For the shifting of

the second order (p, q)-difference and integral domains, we consider the following result.

Lemma 1.1 Let f be a function defined on an interval [a, b] with a > 0. The domains of
Dlzuif and f; farf(s)adp,qsudp,qr are

[u, -+ ﬂ] and [a,p*(b~a)+al,
p

respectively.

Proof We have

an,yqf(t) = aDp,q(aDp,qf)(t) = aDp,q (f(pt . (l _(ﬁ)jl)q)_({(_q;; (1 — q)“)>
_ {f(p(pt +(1-p)a) + (1 -p)a) - f(q(pt + (1 - p)a) + (1 - q)a)
(-9 (pt+(1~-p)a)-a)
_flolgt + (1 —q)a) + (1 - p)a) - fq(qt + (A - g)a) + (1 - g)a) }
(p-9((qt+(1-q)a)-a)

I -q)(t-a)

_f@?t+ (1 -p*)a) - (p+9)f (pgt + (1 - pga) + pf (g°t + (1 - qz)a)
pap - q)*(t —a)?

Setting p*t + (1 — p*)a = b, we have
1
=—(b-a)+a
V4

Then D, f is defined on [a, (b - a)/p® + a].
Next we write the double (p, g)-integral in the form of an infinite sum of a function f
defined on [a, b]. We have

t ps t o qn qn qn
/ﬂ / ) alp gt adlpgs = / |:(p —q)(s—a) Z(; P f<pm1 s+ {1 - }a) adp,qs}
=(p-q) HX:O: pZu [/; (s— ”)f<p2+15 + {1 - pZ“ }a) adp,qs].
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Now we consider

2m m+n m+n
q q
- (P q)(t a)z Zp2m+2f< m+n+2 + { pm+n+2 }a)’

m=0

~

]

which leads to the expression

t s
/ /f(r)udpyq’"udpyqs

2m+n m+n m+n
q
= ([7 q) (- a)z Z Z 2m+n+3 < m+n+2 {1 - pm+n+2 }(l) (1.9)

nOmOp

For m = n = 0 and setting

1 1
—2t+{1——}ﬂ b
b P’

we obtain ¢ = p*(b — a) + a, which implies that [ [7f(s)adpSadpqr is valid on
la, p*(b — a) + a). The proof is completed. O

Before going to the next result, we would like to recall the operator ,®, defined by
oD, (m)=rm+ (1 -r)a,

where m,a € R and r € [0, 1]. Some properties of this operator can be found in [17].

Lemma 1.2 Let f be a function defined on [a,b]. Then the double (p, q)-integral of f can
be written as a single one by

//f(r)adp,qradpvqs=}9/ (t=aPg9))f (a <1§1(s)) dpgs, te[ap*(b-a)+al

(1.10)

Proof The double summation in (1.9) can be formulated by a single summation as

o q2m+n qm+n qm+n
Z Z p2m+n+3f (pm+n+2 L+ {1 - pm+n+2 }a>
oo n n n n+2 n+1 n+1
q q q q q q
= Z[pn+3f(pn+2t+ {1 - pn+2 }ﬂ) + pn+5f<pn+3t + {1 - pn+3 }61)
n=0

Page 4 of 20
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V4
o n n+1 n+l n n
q9 (P -9 q q

= t+11- a

ZO: ”*3<p "(p-q) ( 2 { P”*Z} )
0 qn 1 qn+1 qn qn
mel <P pn+2)’/<pn+2t+ {l_pn+2 }ﬂ)
n=0
Substituting into (1.9) yields

t s
/ /f(r)adpyq’”udpyqs

Lp-a-a Z
p w0 P

([
Xf(p%“{l—;il}ﬁ
G

Lp-ae-a Z 1
p w0 ¥

‘ -

"G
»Q

1

- / (= a2, ) o

p

which is completed the proof. g
Remark 1.3 If a = 0, then (1.10) is reduced to a result of Theorem 3 in [1].
The following theorem has been proved in [16].

Theorem 1.4 The fundamental relations of (p, q)-calculus can be stated as
(i) aDp,q f;f(s) adp,qs :f(t);
() [} uDpaf (5) adpgs = () - f(a).

In this paper we study the impulsive (p, g)-difference equations with initial and boundary
conditions. We consider four types of problems, two impulsive (p, g)-difference equations
of type I and two impulsive (p, g)-difference equations of type II (explained in the next
section). Existence and uniqueness results are proved via Banach’s contraction mapping
principle. Examples illustrating the obtained results are also constructed.

2 Impulsive (p, q)-difference equations
In this section, we consider the first and second order (p, q)-difference equations with
initial or boundary conditions and also prove the existence and uniqueness of solutions
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for impulsive problems. Firstly, let &, k = 1,..., m, be the impulsive points such that 0 = ¢ <
B < <t <+ <by<tma=Tand Ji = (t, tis1], k=1,...,m, Jo = [0, t1] be the intervals
such that [ J;" Jk = [0, T] := J. The investigations are based on (p, g)-calculus introduced
in the previous section by replacing a point 4 by ¢, quantum numbers p by px and g by gx,
k=0,1,...,m, and also applying the (px, qx)-difference and (px, gx)-integral operators only
on a finite subinterval of J. In addition, the consecutive subintervals can be related with
jump conditions which provide a meaning of quantum difference equations with impulse
effects. There are two types of impulsive problems which will be established in the next
two subsections. The consecutive domains of impulsive (p, g)-difference equations of type
I are overlapped, while the unknown functions of impulsive equations of type Il are defined

on disconnected consecutive domains.

2.1 Impulsive (p, q)-difference equations of type |
Consider the first-order impulsive (p, g)-difference impulsive boundary value problem of

the form

tkDpk,qu(t) =f(t,x(t), te (t pik(tkﬂ —b) + ], k=0,1,...,m,
Ax(te) = pex(t)), k=1,2,...,m, (2.1)
ax(0) + Bx(T) =y,

where «, 8, and y are real constants with o # -8, the quantum numbers py, gi satisfy
O<qr<pr <1, k=0,1,....m, f:[0,(T - )/ pm) + ty] x R—>Rand ¢4 : R > R, k =
1,2,...,m, are given functions, and ; Dy, 4, is the quantum (py, qi)-difference operator
starting at a point &, k=0, 1,...,m.

We remark that there are some overlapped intervals of domains of the first equation in
(2.1). For example, if the unknown function x(¢) is defined on J = [0,2] and if there is an
impulse point ¢; = 1, that is, x(1*) # x(17), with py = 1/2, qo = 1/3, p1 = 1/4, and ¢q; = 1/5.

Then we have the (p, g)-difference equations

x(t) =f(t,x()), te(0,2] and (D1 1x(t)=f(t,x(2), te(1,5].

11
5

However, by the shifting property of (p, g)-integration applied to the two above equations,

we have

x(t) = x(0) + /tf(s,x(s)) od11s te(0,1],
0

and
x(t) :x(1+) + / f(S,x(s)) ld%’;s, te(1,2],
1 5

respectively.
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Theorem 2.1 The nonlinear first-order (p, q)-difference boundary value problem (2.1) can

be transformed into an integral equation

oy B Mo et m . ‘
x(t) = @+ B @+ P (;ft, f(5,%(5)) p, g, + j=21¢1(x(t1)))
. Z /

s,x(s) tl ;i qlS+Z(/J1 x(t] /f S,x(s) tk Appis tel, (2.2)

with ¥°() =0, if b< a.

Proof From 4Dy, 4,%(t) = f(£,%(2)), t € (to, (1/po)(t1 —to) + o], by taking the (po, go)-integral,
we obtain

x(t) = %(0) + / S(5%(9) topo.q0s: £ € (f0,11],

by using Theorem 1.4 and the shifting property. Next, for ; D, ,,x(t) = f(t,x(t)), t €
(t1,(1/p1)(t2 — t1) + t1], where £, is the first impulsive point in ], we also obtain by applying
the (p1, q1)-integration,

x(t) =x(8]) + / f(5%09) udp g5 t€(t1,12].

By the impulsive condition x(£]) = x(¢1) + ¢1(x(t1)), it follows, for ¢ € (£, £,], that

x(¢) = %(0) + / 1f(s,x(s)) t08po.g0S + ¥1 (x(tl)) + / f(s,x(s)) 18101 S-

0

For , Dy, 4,%(t) = f(t,%(2)), t € (t2, (1/p2)(t3 — 12) + t], we get

x(t) = x(tg) + / f(s,x(s)) ty8pyyS L E (L2, 83,

by (p2,g2)-integration and

x(t) = x(0) +/ 1f(5’x(5)) t0Bpo.q08 + / Zf(s’x(s)) 011 S

0

+<p1(x(t1))+(p2 tz /f S, t2 Apygys L€ (23],

due to the impulsive condition x(£3) = x(£;) + @2 (x(22)).

Repeating this process, we obtain, for t € Jy, k=0, 1,...,m, that

k1 ey k t
() =x(0) + Y / F(5,50) upigs + Y 0i(x(ty)) + / f(5%6)) ydppqes. (2.3
i=0 Yl j=1 K
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After that from the boundary condition ax(0) + Bx(T) = y, we have

oy B m tiv1 i ’ ‘
%(0) = @+p) @t p) (;:/t, f(5,%(5)) 55 + jzzlw,(x(t,))).

Putting the value of x(0) into (2.3), shows that (2.2) is true and the proof is completed. [

Remark 2.2 If « #0 and B = 0, then the boundary value problem (2.1) can be reduced to
the initial value problem with initial condition x(0) = y /a.

Before going to the second-order impulsive problem, we define

1
Tk:—(tk—tk,1)+tk,1, k=1,2,...,m,
Pk-1

which are impulsive shifting points of the (p, gx)-derivative of the unknown function in

our system. In addition, we introduce a notation

tiv1, b1 <tk

(ti+1>k =
t, tiv1 > t.
For example,
2
Z((tm)z —;)K; = ((t1)2 — o) Ko + ({(t2)2 — 22) Ky + ({t3)2 — 12) Ky
i=0

= (t1 — to)Ko + (2 — 1)K + (t — £)K>,

where K; e R, i=0,1,2.
Now, we consider the second-order impulsive (p, g)-difference initial value problem of

the form

1Dy (0 =f(6.5(0), £ € (o (e = 0 + i,k = 0,1, m,

Ax(te) = oex(te)), k=1,2,...,m,

tkDpk,qu(t]:) - tk—lek—l’qk—lx(Tk) = (p];k(x(tk))r k = 17 27 N
x(O) = )\1, tODPO,qu(O) = )»2,

where f : [0, (T = t,)/p%) + tw] X R = R, ¢ : R — R and ¢} : R — R, are given functions,
A1, Ag are given constants. Observe that the distance between the impulsive points £ and
7x in the third equation of (2.4) depends on the value of py_; for k= 1,2,...,m. Indeed,

(tk — te-1),

1 (1-pr-1)
Te—tr=— (G —tk1) + i —tr = ————
Pr-1 Pk-1

which has appeared by the shifting property of (p, g)-calculus as discussed in the previous
section.
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Theorem 2.3 The impulsive initial value problem of type I given by the (p, q)-difference

equation (2.4) can be expressed as an integral equation of the form

t)_)‘1+2 fin1)k = i) |:A2+Z{/H F(5:%(5)) ydlyyq5 + 9] (% (;+1))}]

+ Z{ / r+1 tr+1 ¢qr(5)) x( 1) 1 S)) 4 g S + <pr+1(x(t,+1))}

1 t
+— / (t= 4Py )4, @ L(5) uppqss tEJk=0,1,...,m, (2.5)
Pk ti Pk

Wheref;f(trqjl (S)) :f(tr¢L (S)rx(tr¢L (S)))r r= 0) 1; .o -)kr dl’ld ZZ() = 0, Whe}’l b <da.
pr pr pr

Proof By computing the (po, qo)-integral of both sides of the first equation of (2.4), we get

¢ 1
t()Dp(),qox(t) = tono,qox(O) + ‘/t f(s,x(s)) ,fodpo,qos, te (O, —tl].
0

Po

Applying another (po, ¢o)-integration, we obtain, for ¢ € (0,¢;],

t r
x(t) = %(0) + t;yDpy,q0%(0) + / / f(s,x(s)) 100,008 to Apo.go
to Jip

1 t
= A+ Aol + — / (t - tOCDqO(s))ﬁC(tO@i(s)) t0%po.q05-
Po to po

For t € (1, ((t2 — t1)/p?) + t1], applying the double (p;,q;)-integration to both sides of the

first equation of (2.4), we have

x(t) = x(t{r) + (- tl)tlelvqlx(tT) * i / ( 0 Paq (S)) x( ( )) 0%aS
P1

31
where t € (¢, £,]. Due to the impulsive conditions

x(tf) =x(t1) + o1 (x(tl))
= A1+ gl + — f )fx(to@D L (5)) to@po.005 + 91 (x(tl))

and

tlDPI:QIx(tI) = toDpo.go®(T1) + @1 (x(tl))

= Ay + / 1f(s,x(s)) t0po.qos + 5 (%(t1)),

to

Page 9 of 20
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we have
1 a
x(t) = Ay + Aoty + — / (t1 = 1P (9)fa (1P 1 (5)) topo.q08 + 01 (x(21))
Po to po
71
+(t-1t) |:A2 + / S (5,%(9) to@po.q08 + 95 (x(tl))i|
to
1 t
+ — f (t - qu (S)) x(tl ¢L (S)) tldpl,qlsr te (tl; t2]
Pl t r1

Similarly, we deduce the integral equation (2.5), as desired. O

Now, the existence and uniqueness results for problems (2.1) and (2.4) will be proved by
using the Banach’s contraction mapping principle. Let us define the space PC(J,R) = {x:
J — R:x(¢) is continuous everywhere except for some f; in which x(£;) and x(¢;) exist and
x(t;) = x(t), k = 1,2,...,m}. The set PC(J,R) is a Banach space equipped with the norm
[lx]l = sup{|x(£)| : £ € J}. For convenience, we put

o IBl+latpl Z(t”l

o + Bl
92:m<|ﬂ|+|a+ﬁ|),
lo + Bl
m i-1 m
93=Z (ti+1—ti)Z(T/+1—t; +Z b1 =
i=0 j=0 o Prrdr

m
24 = Z(tm —4)i.
i=0

Theorem 2.4 Let f: [0,((T — ty)/pm) + tm] X R—>Rand ¢ :R—-> R, k=1,2,...,m, be
given functions satisfying
(H1) There exist positive constants Ly and L, such that

[ft.2) - ft.9)| < Lilx =yl and  |oi(x) - o) < Lalx - 1,

forallt € [0,((T = t)/Pm) + tm), %,y €Rand k=1,2,...,m
If

LI.QI +L292 <1, (26)
then the boundary value problem (2.1) has a unique solution on J.

Proof In view of Theorem 2.1, we define the operator A : PC(J,R) — PC(J,R) by

y B m tis1 m
@+f) (@+p) (ZO/ S5 s + ,Zl g”’(x(t’))>
k-1

tiv1 k t
* Z/ I (5,2(5)) 1,8 + Z‘P/‘(x(t/)) + / F(5%(5)) e dppqpss  EEJ.
t; j=1 173

i=0

Ax(t) =

Page 10 of 20
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Define the ball B,, = {x € PC(/,R) : ||x|| < 1} where the positive constant r; is defined by

(v /e + Bl) + M1821 + M3 82,
1— (L1821 + La£2,)

The Banach contraction mapping principle is used to claim that there exists a unique
fixed point of an operator equation x = Ax in B,,. By setting sup,.; |f(t,0)| = M1, and
sup{|e;(0)|,i = 1,2,...,m} = M, and using the inequalities |[f(¢,x)| < |f(¢,x) — f(£,0)| +
f(£,0)] < Liry + M1 and |@i(x)| < |@i(x) — @i(0)| + [:i(0)| < Liry + Mo, i = 1,2,...,m, we
have

| Ax()

Sk Ioz“f'ﬁI(Z/ Al ‘”‘HZM o) )

1t k t
3 [ s+ L)+ [ 17556 s
i=0 Vi j=1 fi

¥ Il

= PRV IRATEYd (Z(LUH +M1)/ (1) A, q;8 + (Lot +M2)j=21(1)>

+ (L1 +M1)Z/ (1) ydp, g8 + (Lary +M2)Z(1

j=1
tm+l
+ (L +M1)/ oS
Iyl 1B <
= + (L1r1 +M1) (t' 1— t') + Wl(LQVl +M2)
o+ B Ia+ﬂl( XO: e
m-1
+(Lyry + M) Z(tm = t;) + m(Lyry + M) + (Lyry + My) (st — tm)
i=0
= |)/| +L1917’1+L2927’1+M191+M292<7‘1,
o + Bl

which leads to AB,, C B,,. To prove that A is a contraction, we let x,y € B,,. Then we have

[ Ax(t) — Ay(@)|
< 1Al Z / I (5,%(5)) — £ (5,9(9)) | o s+ij| (x(t) = ¢ (1®))]
@+ B f Y t;%pi.q; ~ @i\x\L; (ZAVAY
+Z/ Hl S x(S) (S y(s)) t:%p;qiS

+Z\¢1 (6 =00+ [ 11(550) =656 s

8
<t P (1||x ynz o1 1)+ mLs - yn)

Page 11 of 20



Nuntigrangjana et al. Advances in Difference Equations (2020) 2020:98 Page 12 of 20

m
+ Lyl =yl Y (tn — &) + mLy|lx -y
i=0

= (L1921 + Ly $25)Ix - yll.

Therefore, || Ax — Ay|| < (L1521 + L1§2;)||x — y||. By means of the Banach contraction map-
ping principle, the operator A has a unique fixed point in B,, which is a unique solution

of boundary value problem (2.1). The proof is completed. d

Theorem 2.5 Assume that the functions f : [0, (T - t,u)/p2,) + tm] X R > R and ¢ : R —
R, k=1,2,...,m, satisfy (H,). In addition, we suppose that the functions ¢; : R — R, k =
1,2,...,m, satisfy

(Hy) There exists a positive constant Lz such that

|0k (®) — 0i ()| < Lalx -y,

forallx,y e R.
if

ngg +L2m+L3£24 <1, (27)
then the boundary value problem (2.4) has a unique solution on [0, T.
Proof The proof is similar to that of Theorem 2.4 and is omitted. O

Example2.6 Consider the following first-order impulsive quantum (p, q)-difference equa-

tion of type I subject to the boundary condition of the form:

_ 1 XE0+2x0)] 3 _
kDF12,k1?x(t)— 18+t2(w)+§’ te(k,2k+2],k—0,1,2,
Ax(k) = é sinx(tx), k=1,2, (2.8)

3x(0) + 1x(3) = 1.

Here pr = 1/(k +2), qx = 1/(k +3), k=0,1,2, 0 =1/2, =1/3, y = 1/4, tx = k, k= 1,2,
T =3, and m = 2. The given data leads to constants £2; = 21/5, §2, = 14/5. Setting

1 22+ 2|« 3 1
t,x = — |+ = and X)=— Sinx,
J&) 18+t2(1+|x| 2 o) = o

we have |[f(t,x) — f(t,y)| < (1/9)|x — y| and |gi(x) — k()| < (1/6)|x — y| which satisfy Con-
dition (H7) in Theorem 2.4 with L; = 1/9 and L, = 1/6. Since L1§2; + L2, = 14/15< 1, by

Theorem 2.4, the boundary value problem (2.8) has a unique solution x on [0, 3].
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Example 2.7 Consider the following second-order impulsive quantum (p, q)-difference
equation of type I with the initial conditions of the form:
«D?

x(t) = tan”! [x(¢)| + 1, te(kk*+5k+4],k=0,1,2,

% % t+5)
(&) _
Ax(k) = TOk(I+x(z)])? k=12, (2.9)
kal pn x(k) = (k-1) % k12x(2k) = 15](2 sin [x(¢)], k=1,2,
x0)=3, oDy x(0)=2.

Here the quantum constants py, gx and impulsive points #, are as in Example 2.6. In
addition, 7y = 2k, k = 1,2, and initial constants A; = 3/5, A, = 5/7. Next, we can compute
that £25 = 12.1365 and £24 = 3. Set

x|

1
t -1 ) = — d * =
5crp M Ky eWs gy e

Sftx) =

_sin
in |x|.
15k >
It is easy to see that f, ¢, and ¢; satisfy (H;) and (H) with L; = 1/25, L, = 1/10, and
L3 = 1/15. Therefore, we have L1 §25 + Lym + L3§2,4 = 0.8855 < 1. Hence the boundary value
problem (2.9) has a unique solution x on [0, 3] by Theorem 2.5.

2.2 Impulsive (p, q)-difference equations of type Il
Now we study the first-order impulsive (p, g)-difference boundary value problem of the
form

Do ®(8) = f(,x(2)),  t€ (o tral, k=0,1,...,m
x(t7) —x(or) = o (x(ox)),  k=1,2,...,m, (2.10)
ax(0) + Bx(om+1) = ¥,

where f : ] x R — R and the functions ¢y, k = 1,2,...,m, and constants «, 8, y are defined
as in Sect. 2.1. The constant py is defined by

Pk = Pr1(te — k) + e, k=12, ,mym+ 1.

Then the lagging distance is & — px = (1 — px_1)(tx — tk-1) which depends on the value of
Pk-1 € (0: 1]

To observe the special characteristic of this type, by the shifting property of the (p, g)-
derivative, we see that the unknown function x(¢) is defined on [y, 1] U (¢, px+1], k =
1,2,....m

Example 2.8 Let] = [0,2] and ¢; = 1 be an impulsive point. Then

x(t) =f(t,x(2)), te(0,1],

ll
2’3

and

1D

x(t) =f(6,x(), te(1,2],

11
4’5
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can be presented as

x(t) = x(O) + /Otf(s,x(s)) Od%,%, te |:O, %i|,

and

5
x(t) = x /fsx 1d%%, te(l,z].

Theorem 2.9 The first-order type II (p, q)-difference boundary value problem (2.10) can
be expressed as an integral equation

x(t) = 7 +,3) 7 +ﬁ) (Z/ S x(s) t, piaiS t Zﬁﬂl x(0)) ))

j=1

Pi+1

+Zf

f(5,%(5)) 4y, q,S+Z¢, x(0})) / £(5,%(5)) 4 i (2.11)

with ¥°() =0, if b< a.

Proof Firstly, the (po, qo)-integration of the first equation in (2.10) yields

x(t) = %(0) + / f(s,x(s)) t0%poq0S T € (to, p1].

In particular, for £ = p;, we have

1
x(p1) = x(0) + / f(s,x(s)) t0%po.005-

to

For k = 1, by (p1,41)-integration, we obtain

x(t) = x(tf) + / f(s,x(s)) 8.5t e (t,p2],

which leads to
p1

x(t) = x(0) + /

to

S (5,5(5)) 1o po.q08 + 1 (x(01)) + / S(5,%(5)) 1y dpy 155

by using the impulse condition x(¢]) = x(01) + ¢1(x(01)).
Repeating the process for any ¢ € (£, prs1], we get

x(t) = x(0)+2/ s x s) tl pinaiS + Z(p] x(,o, /f s, x(s) tk oarS
Since

*(omar) = x<0>+Z / F556)) s+ 3 01(x(0),

j=1



Nuntigrangjana et al. Advances in Difference Equations (2020) 2020:98 Page 15 of 20

by the boundary condition, we have

w0 = e (5 [ x0) i et )
(Ol+ﬁ) (O[+ﬂ) ~J, i P P 7 7

which implies that (2.11) holds. This completes the proof. O

Next we define the points o} = pi_l(tk —tie1) + -1, k=1,2,...,m,m+1. Now we consider
the second-order type II impulsive (p, g)-difference initial value problem of the form

tszk,qu(t) :f(tx x(t)): te (tk: tk+l]’k =0,1,...,m,
x(t7) —x(07) = oe(x(0)), k=1,2,...,m,

() — x(pg) = e (x(pz)) (2.12)
tkDpk,qu(t]:) - tk—lDPk—l’qk—l x(pk) = q)[f(x(p]f))) k = 11 2) cee,m,

x(O) = )\.1, tonolqox(O) = )\,2,

where f : ] x R — R, while other functions and constants are defined as in Sect. 2.1.
Since 0 < px < 1, we have p{ < t, and consequently (¢, 0] S (& tks1] for all k =
0,1,...,m. By Lemma 1.1, the unknown function x(¢) of problem (2.12) is defined on
(to, 1 UL (B 01 )-

Theorem 2.10 The initial value problem (2.12) of the impulsive (p, q)-difference equation
of type I can be stated as an integral equation of the form

k i-1 Pj+1
x(t) = A1 + Z((,o;il)k - ti) |:A2 + Z{/ f(s,x(s)) t/dp/,qjs + gpltl(x(pjtl)) }:|
i=0 j=0 V4

k-1 «

1 pr+1

+ 2 :{IJ_ /t (p;k+1 - frqa%(s))fx(tr¢pir (S)) trdprvqrs + <Pr+1(x(/):<+1))}
r=0 r

v

1 t
+ P_k / (t— tk¢qk(s)).ﬁc(tk¢1%k (s)) wBpas L€ (ol k=0,1,...,m. (2.13)
73

Proof The mathematical induction will be used to prove that (2.13) holds. To do this, by
applying the double (py, go)-integration to the first equation of (2.12), we obtain

1 t
x(t) = A+ hot + — / (t = 19 Pao ())fi(t0P 1L (9) topoges:  t € (t0, p}1
Po Jiy )

which implies that (2.13) is true for k = 0. In the next step, we suppose that (2.13) holds
for t € (f, pj,;]- By mathematical induction, we shall show that (2.13) holds on (¢x,1, o}, ]
Now, the double (po, go)-integration of the first equation of (2.12) yields on ¢ € (.1, 0f,,]
that

x(8) = 2(¢61) + (¢ = 1)ty Do #(81)

t
+ / (t Ttk (qu+l (S))ﬁc (tk+1 @ 1 (S)) 7351 de+1»qk+1S' (214)
Pi+1 Jy Pk+1
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We have
x(tlirl) = x(plirl) + Qk+1 (x(plj))
k
=+ Z(p}il |:)»2 + Z{f S (s,%(5)) t, A58 + <p,+1( (P,ﬁl))”
i=0

+ Z{Pr /t Pr+1 Py, (5) ) x( ( )) t:0py g, + (le( (p:+1))}

and
tk+1DPk+1:Qk+1x(t;<—+l) = uDppqe®(picr1) + Picn (x(,o;:))
/’/+1 . .
= Ay + Z{/ t]dp].,ql.s + (p/+1(x(pj+1))}

Pk+1
+ / f(S’x(S)) tAppaS + P (x(plirl))

Ik
=Ay+ Z{/ S’x(s) t/ P/ 48+ (ﬂ1+1( (9;1))}‘

Substituting above two values into (2.14), we obtain

k p]+l
() = A1 + Z(pi*ﬂ |:)‘2 + Z{/ t;dP/:q/‘S + ‘pﬁl(x(pitl)) ”
i=0

k *
1 Pri1
i Z{p_ / (le br ¢qr (S)) x(t’¢plr (S)) trdpr,qrs + ¢r+1(x(p:+l)) }

p]+l

k
+(t- tk+1)()»2 + Z

j=0

S (s,x(s)) t, p,q,5+€0]+1( (P;il))})

+

/ (t tks1 Qk+1(s)) x(tk+1(p 1 (S))tku Pre1dk1S

Pr+1 17951

k+1

= A+ Z((pitl)kﬂ [)‘2 + Z{/ S’x(s) t; Ap;.q8 + ¢;+1( (p/tl))}
i=0

| IS

pr+1
’ Z{pr /t pr+1 Tt Qq’ (S)) "(t’¢p% (S)) trdprvqrs + <Pr+1(x(/):<+1))}

1 t
/ (t Ttk (qu+1 (S)) x(tk+1 (DL (S)) tk+ldpk+1)qk+ls’
Prk+1 trs1 Pl+1

+

which holds for (¢x.1, of,,]. This completes the proof.

To investigate the impulsive (p, q)-difference equations of type II, we define intervals of
solutions as A1 = (o (txs prs1]) U {0} and Ay = (Lo (¢ £f,;]) U {0}, and also the spaces

Page 16 of 20
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PC1(A1,R) = {x: A1 — R:x(f) is continuous everywhere on A; such that x(¢}) and x(ox.1)

exist for all k =0,1,...,m} and PCy(A2,R) = {x: Ay — R: x(t) is continuous everywhere

on Ay such that x(¢{) and x(of,,) exist for all k = 0,1,...,m}. Both of them are Banach

spaces equipped with the norms ||x||; = sup{|x(¢)|, £ € A1} and ||x||2 = sup{|x(¢)|,t € A,}.
In proving our next results, we use the constants:

25 = M Z(,Om - ),

o+ pl =
m i-1 (

96 = Z /0,+1 Z Pjr1 — + Z pr+1
i=0 j=0 r=0 Prdr
m

97 = Z(p;:_l - ti)i.
i=0

Applying Theorem 2.9 to define the operator on PC;(A;,R) and following the method of
Theorem 2.4, we can easily prove the existence of a unique solution of problem (2.10).

Theorem 2.11 Assume that the functions f : [0,T] x R - R and ¢ : R - R, k =
1,2,...,m, satisfy condition (Hy). If

L195 +L292 <1, (215)

then the boundary value problem of type II (2.10) has a unique solution on A;.

Theorem 2.12 Assume that the functionsf : [0, T] xR - R, ¢ : R — Rand ¢} : R — R,
k=1,2,...,m, satisfy (H1)—(H>). If

LIQG + LzVI’l + L397 <1, (2.16)
then the problem of type 1I (2.12) has a unique solution on A,.

Proof To show the technique of computation of constants §2¢ and §2;, we give a short
proof. Now we prove that the operator equation x = Bx has a unique fixed point, where
the operator B : PCy(A;, R) — PCy( A3, R) is defined, in view of Theorem 2.10, by

k i-1 Pj+1
Bx(t) = 1 + Z((pil)k - ti) |:)‘2 + Z{/ f(s,x(s)) ;)8 + (p/il(x(p}il)) }:|
i=0 o W

j=
k1 1 Pre1

+ Z{p_ \/t (p;k+1 ¢%(S ) x( ( )) trdpr Qrs + (pr+l( (p:+1))}

+ —/ 4 Pg, (5) ﬁc( (o] 1 (s)) 4S5 t€ o ppal k=0,1,...,m

By a similar method as in Theorem 2.4, we can show that the operator B maps a subset
of PCy(A,,R) into subset of PCy(A,, R). Next, we will prove that 5 is a contraction. Let
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%,y € PCy(A3, R). Then we have

|Bx(2) - By(t)|

<>t -]

i—

1 ﬂ;+1
{ / (5,%(5)) —f (5, 7(9)) | 458

j=0

6ol 05 01 |

Pr QVS

L[ oo 0) 52y 0,
|§Dr+1( pr+1)) - (pr+l(y(:0j+1)) | }
o [ PGP, 0) 52, O

m i-1 Pj+1
<Y (pfa-1t) Z{Llnx—ynz / <1)t,dp,,q,s+L3||x—y||2}
i=0 j=0

Ul
+ Z{ Lillx— }/||2/t (0f1 = 6P, () (1) 1, dp, q,8 + Lollx —}’||2}

1 Prs1
+ p_LIHx_J’”Z/ (p;knJrl _fm¢QM(S))(1) tmdpqums
tm

m
m i-1
=Y (oha-ti [Z{Llnx—ynz(pﬁl—tj)+L3||x—yn2}}
i=0 j=0
m—1
(o 1~ r) (o 1_tm)2
+ Lillx = ylla—""——+ Lallx = ylla  + Lillx = yll,—"—
YZO:{ 1 y ot 2 Y2 1 Y2 P+ D

= (L1926 + Lom + L3827) |x — |2,

which implies that || Bx — By||a < (L182¢ + Lom + L3$27)||x — y||2. Condition (2.16) and the
Banach contraction mapping principle guarantee that the impulsive (p, g)-difference ini-

tial value problem of type II (2.12) has a unique solution on A,. The proofis completed. [J

Example 2.13 Consider the following first-order impulsive (p, q)-difference equation of

type II subject to the boundary condition of the form:

(Dt g x(t) = 520 (* 20200 13y e (kk+11,k=0,1,2,
k+27 k+3
(k) — x( k1 ;f;l) =& L tan~! (x(Kotk=1 ;f;l)) k=1,2, (2.17)

7%(0) + 3x(5) = 1

Here the quantum numbers are py = (k+1)/(k+2), qx = (k+1)/(k+3),k=0,1,2,] = [0,3],
o=k, k=1,2,0=1/2, B =1/3, y = 1/4, and px = (k> + k — 1)/(k + 1). We can find that

Page 18 of 20
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£2, =2.8000, £25 = 2.6833, and

ool 02)

By setting

5 22+ 2|x| 3 1
Lx) = Z d orlx) = — tan(x),
&) 6(3+t)2( 1+ >+ g nd )= pan(x)
we see that the functions f and ¢y satisfy (H;) with L; = 5/27 and L, = 1/6, respectively.
Then we get L1825 + Ly§29 = 0.9543 < 1. Therefore, by Theorem 2.11, the boundary value
problem (2.17) has a unique solution x on A;.

Example 2.14 Consider the following second-order impulsive (p, g)-difference equation
of type II with the initial conditions of the form:

kD2, i x(t) = HG) sin|x(6)| + 2, te(kk+1],k=0,1,2,

k+27k+3

3 2 3 2
a(k*) - (4 +i]i1)2k H) = k+1)2 tan™ (W(%)), k=1,2, 2.18)
2 3,952 .
kD%,%x(k ) = (k- 1D ko x(kk++/<11) 5k3| (%)L k=1,2,
_3 _ é
%(0) = 2, OD%,%JC(O) 2.

The quantum numbers py, g, impulsive points t, px, and interval J are defined the same
as in Example 2.13. We have the constants A; = 3/5, A, = 5/7, and points p} = (k3 +2k* -
k —1)/(k + 1)%. Next we can find that £2¢ = 18.4273, £2; = 1.5694, and

1 13 41
Ay=10,— (UL — U2, —]|
4 9 16
By setting

1 5 3
flt,x) = ——sinlx[+=, @)= ———tan"'(x), and @;@x)=—=|«,

1
10(¢ + 6) 6 5(k +1)2 5k3
we deduce that (H;)—(H,) are fulfilled with L; = 1/60, L, = 3/20, and L3 = 1/5. Hence, it
follows that L;2¢ + Lom + L3827 = 0.9210 < 1. Therefore, by applying Theorem 2.12, the

boundary value problem (2.18) has a unique solution x on A,.

3 Conclusion

In this research, we initiated the study of the first and second order (p, q)-difference equa-
tions with initial or boundary conditions. Firstly, we let tx, k = 1,...,m, be the impulsive
points such that 0 = fp <t < -+ < <+ < by < b1 = T and Jx = (g, tis1], k= 1,...,m,
Jo = [0,1] be the intervals such that |}, Jk = [0, T] := J. The investigations were based
on (p,q)-calculus introduced in the first section of this paper, by replacing a point a by
tx, quantum numbers p by px and g by gx, k=0, 1,...,m, and also applying the (p, qx)-
difference and (px, qx)-integral operators only on a finite subinterval of /. In addition, the
consecutive subintervals could be related with jump conditions which led to a meaning
of quantum difference equations with impulse effects. There are two types of impulsive
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problems. The consecutive domains of impulsive (p, g)-difference equations of type I are
overlapped, while the unknown functions of impulsive equations of type II are defined
on disjoint consecutive domains. Four types of problems were considered, two impulsive
(p, q)-difference equations of type I and two impulsive (p, g)-difference equations of type I1.
Existence and uniqueness results were proved via Banach’s contraction mapping principle.
Examples illustrating the obtained results were also presented.
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