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1 Introduction

Fractional calculus has several applications in science and engineering [1, 2]. It is exten-
sively used in modeling physical and engineering phenomena in the form of fractional
partial differential equations [3—6]. Many definitions of the fractional derivative have been
introduced in the literature, such as the Riemann-Liouville definition [2], the Caputo def-
inition [2], the Riesz definition [2], the the Caputo—Fabrizio definition [7], and Atangana—
Baleanu definition [8]. In recent years, a novel fractional derivative has appeared in the
literature called the generalized fractional derivative [9, 10]

wp pa 1-p d t ‘L’p_l )
oD f(t) = mt 7 mf(r)dt, 0<a<1,pisaconstant,
_ 0 _

which generalizes the Riemann-Liouville fractional derivative. This generalized fractional
derivative has attracted the interest of many researchers. Many properties and applications
of this generalized fractional derivative can be found in [9-16]. Some basic properties of
the generalized fractional derivative are given in the Appendix.

The invariant subspace method (ISM) is a very effective method that can be used for
obtaining exact solutions of fractional partial differential equations. It is widely used in
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getting exact solutions of fractional differential equations with Riemann-Liouville and
Caputo fractional derivatives [17-20]. It is also successfully utilized for getting exact solu-
tions of fractional partial differential equations with conformable derivatives [21]. In this
paper, we adapt the ISM to be utilized for obtaining exact solutions for some fractional par-
tial differential equations with the generalized fractional Riemann-Liouville derivative. In

the next section, we will introduce the ISM.

2 The invariant subspace method
The ISM can be used for solving the following fractional system of PDEs:

oDy u = Fy[u,v] = Hy(%, v, tt, Vi, Uy Vs Uy - - ),

1
OD(Z')OV = FZ[M’ V] = H2(x; Vo Uy Vs Uy Vixy Uy + « )
The ISM can be summarized in the following steps:
Step 1. Assume the solution of Eq. (1) in the form
J k
ux,0) =y AOBx),  vx1)=) COD(x) (2)
i=1 i=1
where j and k depend upon the dimension of the invariant subspace.
Step 2. Determine the functions B;(x), D;(x) as follows:
« Solve the system of determining equations
d a! d
(% + Cj_l(X)% R Cl(x)% + CO(x)>F1 [yl(x)ryZ(x)] = 0,
3)
dk dk-1 d
(ﬂ + rk_l(x)m +ee (x)% + ro(x)>Fz [y1(®),92(x)] =0,
to obtain the coefficients co(x),...,cj—1(x) and ro(x), ..., -1 (%);
« Solve the system of ordinary differential equations
d a! d
(% + Cj_l(x)M +oot cl(x)a + co(x))yl(x) =0,
(4)
da* a1 d
(ﬂ + ’"k—l(x)m +oee Vl(x)a + ro(x))yz(x) =0,
to obtain the solution
j k
yi=) hBix),  y=)Y siDi(x), (5)
i=1 i=1

where h;,i=1,...,j,8;,i=1,...,k are arbitrary constants.
Step 3. Substitute Eq. (2) into Eq. (1) to obtain a system of fractional ordinary differential
equations in A;(t) and C;(z).

In the following section, we solve some fractional differential equations using ISM.
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3 Numerical examples

Example 3.1 Let us consider the time fractional Hunter—Saxton equation [19, 21]
oD} u = (0D} 1), = Ulhyy + 2yl (6)

Using the ISM, we have obtained the following:
Four-Dimensional Invariant Subspace Classification of Eq. (6). Here, Eq. (4) is given by

y(4) + ag(x)y(S) +ay(x)y" + ar(x)y +ao(x)y =0. (7)
Also,
F[y] :yy”/ + 2y/y//‘ (8)

Substituting Eqgs. (7) and (8) into Eq. (3) (with j = 4), we obtain determining equations
in as, a;,ay, ao. After solving them, we get

as=dy=d; =ay=0. 9)
Substituting Eq. (9) into Eq. (7) and solving Eq. (7), we obtain

Y= Cp+ CoX + Cax% + Cax°. (10)
The solution of Eq. (6) can be written in the form

ulx,t) = A1) + Ax(O)x + As(0)x® + As(£)x>. (11)
Substituting Eq. (11) into Eq. (6), we obtain

—42A3A4 + OD?'pAg = O,

—8A2 — 184544 + (D"’ Ay — 60D; Ay = 0,

(12)
—4A2A3 — 6A1A4 + oD?’pAl - ZQD?'pAg =0,
—42A% + (DA, = 0.
Assume
A1 :Sltvl, A2 :Sztv2, Ag :SgtVB, A4 :S4tv4. (123)
Using relation (A1) in the Appendix, system (12) becomes
“« F(% b 137 _ 42535, = 0 (12b)
30 1,(%3_0“_1) 8384 =0,
o V2 o va
520 (%2 + l)th—ap Lsysa g2 6s4p* (% + 1)tv4_ap o, (12¢)

va _ Ya _
F(p a+1) F(p a+1)
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s10°T (2 +1) 2830% (2 +1)
) ) ¢

_6 U1+ F1er g, Fr2tvs _ L A ) 12d
S154 " F(%—a+1) 5253 F(%—a+1) (12d)
o LGHD £ — 4253 = 0 (12¢)
YTE e Sab =0 ¢
Equation (12e) is satisfied when
0TI (1-a)
= —ap, L e 12f
s ST (- 2a) (126)
Substituting Eq. (12f) into Eq. (12c), we obtain
1 7r(2+1)  3r(1- 20 1(1 — )220
5y 0% 2 0P . P _ (1-a) _ 8S§t21/3 P (1-0a) -0. (129
7 1"(72—04+1) r'(l-2u) 7 (1 - 2a)?
Equation (12g) is satisfied when
ari- 14s3p™ I (1-2
V3 =Vy = —ap, Sy = prri-a + 550 ( o) (12h)
4 (1 - 2a) I'(l-a)
Substituting Eq. (12f) and Eq. (12h) into Eq. (12d), we get
(20 _56s§p‘°’1"(1 —2) B 35304 (1 — @)
rl-a) r(1-2a)
1 r(+1)  ra-
+ =5 p%t" 7 7 - 1-a) =0. (12i)
7 1“(71—0(+1) Ir'(l-2au)
Equation (12i) is satisfied when
196 5 o (T(1-2a)\> 7s3 ,
.y -2 ) 2 12
vy =—ap S1=—5S3p Fi—w t5 (12)

When substituting Eq. (12f), Eq. (12h) and Eq. (12j) into Eq. (12b), we can see that
Eq. (12b) is satisfied identically. Hence, the solution of the system (12) is given by

196 ra-2a)1? 7s
A=t == 3 2« =, 1,
! (333" |:F(1—a)] o) 7

(P T(1-a) 14s3p™T'(1-2a) _, 1
2_<4F(1—2a)+ r-a) )t oAy

’

2 (13)
Ag = Sgtiap,

P’ r(l-a)

YT r1-2q)

’

where s3 is a constant. Finally, the solution of Eq. (6) is given by

196 5 L, [T1-2a)T" 7s3\ .
o= (Se Ty | )
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(p"‘F(l —a) . 148307 (1 - 2a)

4T (1 - 2a) rl-oa)

. 0°Ir(1-a)
42 (1 - 20)

) %% + s5t7 %P %2
T (14)
Example 3.2 Let us consider the time fractional nonlinear diffusion equation [22]
o0 L
oD U = Kty — E(ux) . (15)

Using the same technique used in Example 3.1, we obtain the following case for Eq. (15):
Three-Dimensional Invariant Subspace of Eq. (15). It is easy to show that Eq. (15) admits
the invariant subspace [22] L{1,x,x2}. The solution of Eq. (15) can be formulated as

u=As(t) + Ag()x + A7 (£)x2. (16)

Substituting Eq. (16) into Eq. (15) and comparing both sides of Eq. (15), we get

A2
76 — 2/(A7 + ()D(:,pA5 = 0,

246A7 + oD} Ag = 0, (17)
242 + (D" A7 = 0.
We now solve system (17), to get
- _k(F(l —a))? B b2p~*I"(1 - 2a) -
I'(1-2a) 2I' (1 —a)
Ag = byt™”, (18)
“r(1-
P ( a)t_ap,
2r(1-2a)
where b, is a constant. Finally, the exact solution of Eq. (15) is given by
2 K2,
_ _/<(F(1 —-a)) ~ b2p= (1 - 2a)t_ap 4 byt p*I(1 —ot)g62 —ap
I'(1-2a) 2r(l-a) 2r(1-2a)
Example 3.3 Let us consider the time fractional thin-film equation [19, 21]
OD(:]pu = —Ullyypy + BllxUsry + y(uxx)z' (19)

Using the same technique used in Example 3.1, we obtain the following cases for Eq. (19):
Case 1: Two-Dimensional Invariant Subspace Classification of Eq. (19). The two-
dimensional invariant subspace admitted by Eq. (19) is {1, (b3 + x)*}, where b3 is a constant.

Therefore, the solution of Eq. (19) can be written in the form

u(x, t) = Ag(t) + Ao() (b3 + x)*. (20)
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Substituting Eq. (20) into Eq. (19), we get

—24(=1+4p + 6y)A2 + (D" Ay = 0,

(21)
24148149 + ()D?’pAg =0.
Upon solving Eq. (21), we get
0°T(1-a) B 1
= £, —,4B8+6y —1+0,
* T 24 (1-2a)(@B + 6y — 1) a7 5 +6y-17 22)
Ag = byt
where s; satisfies the equation
I +1) rl-o)
4B +6y -1 - =0, 23
(46 + 6y )F(%—a+1)+1"(1—2a) (23)
and by is a constant.
The solution of Eq. (19), in this case, is given by
“ra-
u(x, 1) = byt™ + p Il —a) (bs +x)* " (24)

245 (1 - 20)(4B + 6y — 1)

Case 2: Three-Dimensional Invariant Subspace Classification of Eq. (19). The first three-

dimensional invariant subspace admitted by Eq. (19) is {1, sin(bsx), cos(bsx)} with =1 -y

and bs being a constant. Therefore, the solution of Eq. (19) can be written in the form

u(x,t) = A10(2) + A11(t) cos(bsx) + A1a(t) sin(bsx).
Substituting Eq. (25) into Eq. (19), we get
~ba(-1+y)(A], + A]) + 0D Ayo =0,
bgAloAu +oD{" A1 =0,
biA10A1s + 0Dy A1y = 0.
Upon solving Eq. (26), we get

~ o°Tr'(1-a) —ap
bir(1-2a)

p¥ (1 -a)? -
A==+ - b, 1,
1 \/b§(1_y)r(1_2a)2 6 i

1
10 = ’ 01715,

Aqy = bet™,

where bg is a constant.
The solution of Eq. (19), in this case, is given by

(25)

(26)

(27)

u:t_ap(_ pPrr-a) | per-ap
br(1-2a) b¥(1- ) (1 -2a)?

— b cos(bsx) + b sin(b5x)). (28)
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The second three-dimensional invariant subspace admitted by Eq. (19) is {1,x, (b7 + x)*}
with 8 =1 -y and b; being a constant. Therefore, the solution of Eq. (19) can be written

in the form
u(x,t) = A13(t) + Ara(t)x + As(8)(b7 + %)™ (29)
Substituting Eq. (29) into Eq. (19), we get

24A15(A1s + br(=1 + y)A1a — b3(3 + 2y) A1) + oDy Ars(£) + oDy Ars(£) = 0,
24y A14Ass + oD} A14(t) = 0, (30)

24(3 + 2y)ATs — D" Ays5(t) = 0.
Upon solving Eq. (30), we get

bibg(-1+y)Fr1-a)[(1-a+ %)
T -l (I-a+2)+301-2e) (2 +1)+2y T (1 -2)1 (2 +1)

2
)

Az =

Ay = bgt®, (31)

P (1-aw)

- —ap
24(3 +2y) (1 - 2a)

’

15

where by is a constant and s; is the root of the equation

yIr1-a) re+1
B+2)(1-20) T(1-a+%)

’

andy #{L,-3}a#3,1-a+2 70,271

The solution of Eq. (19), in this case, is given by

brbs(-1+ ) (1—e)[ (1 - +2)
TA-o)l(l-a+2)+3r1-2a) (2 +1)+2y (1 -20) (2 +1)

U= %2

p*I(1-a)
24(3 +2y) (1 - 2a)

+ bgt2x + £ (bs + x)*. (32)

Example 3.4 Let us consider the fractional Whitman—Broer—Kaup-type equation [19, 21]

,p 1 1
ODt u zfuxx —8BUxxx — ZVUy — ZUVy,
2 2 (33)

a.p
oD,V = —fuyy — VVy — Uy

For a two-dimensional invariant subspace, we can assume the solution of (33) in the

form

u=A(t) + Ar7(2)x,
(34)
v=Ai(t) + Ao(t)x.
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Substituting (34) into (33), we obtain

A19Are + A1gA17 + 20D7 " A + 2x(A19A17 + oDy Ar7) = 0, 35)
A18A19 +A17 + oD?’pAlg + x(A%9 + oD(:’pAlg) =0.

Equating the coefficients of x with zero, we obtain

AroAre + A13A17 + 20D  A16 = 0,
AoAr7 + D" A17 =0,

(36)
AgAig + Ay + oD A15 =0,

Afg + OD?'pAlg =0.
The determining equations (36) have the solution

Bl (22— + 1)(M(2 —a+1)* = T2+ DI(2 - 20 +1)

Mo+ YN(Z-a+ DI(E2 —a+1) =20 (2 + )12 - 20 + 1))

bo 0% (2 -—a+1)?
A17 = (s 2P (F S’; 2 - F<s_3 + 1)>t53—ap,
(;—Ol‘l'l) (7— (X+1) 1% (37)

Ag = bot™,

2s3

A =

p"‘F(%3 —a+1)

O —
2 -2a+1)

’

19 =

where by is a constant and s3 satisfies the equation

rG-oe+l)  r-a

F(%3 -20+1) I'(l1-2)
Substituting (37) into (34), we obtain

bgr(z% —a+ D2 —a+ 1) = T(2 + )2 -20 +1)
u=
FE-a+)(E-a+ DI —a+ 1) -2 (B2 + )2 - 20+ 1)

bop® rE-a+1)?
A . ~r( 2 a))ees, (38)
F(;—a+1) F(;—2a+1) 0

t283

04T (2 —a+1)
sp—xt
[(2-20+1)

—ap

V=b9t‘g3—

Example 3.5 Let us consider the following system of time fractional diffusion equations
[20]:

oD 1 = Uy + p1(VVi)x + UV,
(39)
oDF V= Vg + Bkyy + YU + 0.

Page 8 of 13
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It is easy to show that Eq. (39) admits the invariant subspace [20] L{cos(\/aox),
sin(y/aox)} x L{e~?*}. The solution of Eq. (39) can be formulated as

u = Ago(t) cos(y/aox) + Az (¢) sin(/aox),

(40)
V= Ay (t)e 0%,

where y = Bag and p = —2p1b3. We now substitute Eq. (40) into Eq. (39) and compare both
sides of Eq. (39) to get

oDy} Azg = —aoAzo,
oD} Ay = —aoAs, (41)

OD?'pAZZ = (8 + bg)Azz

The determining equations (41) have the solution [11]

p a-1 tp o
A20=b10<—) Ea,a<—6lo<—) ),

P P

tp a-1 tp a
A21=b11<—) Ea,a<—ﬂo<—) ),

p P
o) (009(5))

= - o0 + - ’

n=bu| 7 A

where by, b11 and by, are constants. In this case, the solution of Eq. (39) is given by

tP a-1 P o
U= (—) Eup (—ao(;> )(1710 cos(y/aopx) + b11 sin(\/a—ox)),

P
v=b <K>DHE ((8+b2)<ﬁ)a)e_b°x
12 0 oL,0 0 0 )

where E, g(2) is the Mittag-Leffler function defined by [2]

(42)

Er = 2 Pt

Also, Eq. (39) admits the invariant subspace [20] L{1,e?13% e 2013%} x [{1,e7?13%}, The

solution of Eq. (39) can be formulated as

U = Ag3(2) + Aga(t)e 3% + Ans(t)e 2013%,
(43)
v = Agg(t) + Agr(£)e 3%,

Page9of 13
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where y = —48b?},. We now substitute Eq. (43) into Eq. (39) and compare both sides of
Eq. (39) to get

oDy Ags = pA3g,

oD}’ Agy = (,0119%3 + 2M)A26A27 + bl As,

oD}"" Ags = 4bT3Azs + (201635 + 1) A3, (44)
0D’ Age = A2 — 4Bb35 A3,

oD"" Axy = (8 + b}3) Ay — 3Bb5 A0,

The exact solution of the system (44) can’t be obtained, in general. A special solution of
the system (44) when p = —2p1 b2, is given by

Axz =Ay =0,

en ) e (2))
wn=is(5) e (15(5) ),
reanl) (7))
tP—t?
o [(557)
1P 0 1Y
tP — P ¢ P a_lEa,a(b%g(i)a)
el (5 B
In this case, the solution of Eq. (39) is given by
P a-1 P a P a-1 tP o
14=b14<—> Ea,a(bfg(—> )e‘b13x+b15<—> Ea,a(él-b%(—) )e‘Zbe,
o P o P
P a-1 ( P o
v=|\bis| — Eyol (8 + 62 (—))
<16<p) At
trpp _pp o1 P — 7P\
[ (452 (oo ()
0 P P

a-1 2 (1 \a
() D

o ol

(45)

where, b13, b1a, b15, b1 are constants.

4 Conclusions

In this paper, we have utilized the ISM for getting exact solutions for some nonlinear frac-
tional partial differential equations with generalized fractional derivatives. The obtained
solutions in this paper are given in generalized forms which depend upon the parameter
p. We can retrieve the obtained solutions in [19, 20, 22] by putting p = 1 in our obtained
solutions. The ISM is a very powerful method that can be used to solve various fractional
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PDEs. In our future work, we will use the ISM for getting exact solutions of some fractional
PDEs with Hilfer—Katugampola fractional derivatives [23].

Appendix: Certain basic properties of the generalized fractional derivative
The definitions and properties of the generalized derivative used in this paper can be found

in [9-16]. In this appendix, we give some basic properties of the generalized derivative.

Theorem A1 ([10]) ForO<a < 1and p € R, the generalized fractional derivative of f (t) =
t" is given by
r (% +1)

DDt;Ptvz o
0™ p F(%+1—a)

e, (A1)

where v is arbitrary constant.
Proof Using the definition of the generalized fractional derivative [13—16], we get

o d t .L,p—l
oDt = P tl_p—/ —1'dt
F'l-a) dt )y (tr—1P)

pa l—pd /t Ip+v—1
=—¢t P — —drt. A2
T-a) di)y @—or) " (A2)

Let

t .L,p+v—1 t o
I:/ ——drt =/ r‘”"’l(t” - r") dr.
o (tP—tr) 0

1
Assume T = tur. So we get

1 Ly 1 v
I= —t‘”"‘""‘/ ur(l—u)*du=—t"""gl—-+1,1-«a|,
o 0 P o

where B(m, n) is beta function defined as

I'(m)I"(n)

! -1 -1
ﬂ(m,n):/ou (1-uw)""du= Tonin)

So we obtain

14
.- ltpﬂ/—pot 1“(; +1)Ir 1l -ow)

0 F(% —a+2)
Substituting Eq. (A3) into Eq. (A2), we obtain
ODrx,ptv — pa tl—pi lthrv—pot F(; + 1)F(1 B Ol)
‘ rl-o) dt\p re-a+2)

1 pa 1-p F(% + 1)F(1 B Ol) i( p+v—po¢)

T oT(1-a) FE-a+2) dt
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1 atl—p F(%-}-l) ( )tp+v—pa—l
= — — +V—-pc

P’ T e

o v
_PTGAED (v N e
F(%—a+2) 0

Using the relation I'(y + 1) = y I'(y), we obtain

o v v
QD(;("D[V — p F(; + 1) (V )tv—pa _ N F(E + 1) tv—,aot

—+l-« = .
(C+1-a)(Z+1-a)\p PrEvi-a O

v

Remark In [10], the generalized fractional derivative of f(¢) = ¢” is obtained as (see

Eq. (5.7)) as
F(% +1)
F(% +1-a)

v—po

OD(:”DtV — pa—l

So we can see that there is a misprint in this relation. The correct relation is given by Eq.
(Al).

Theorem A2 ([11]) The Cauchy problem

oD y(t) = Ay() =f(t), t>0,0<a<1,AeR

oI y(0)=b, beR

has the solution

a-1 o t a-1 o
0 b)) [ (55 o5 o
o o 0 o o T
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